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A.1. Marginal expectation and variance of the NBGMM  
We derive the marginal expectation and variance of 𝑦𝑖𝑗  under the NBGMM defined in eq. (5) in the main 

text. Here, by marginal expectation, we mean the expectation conditional only on 𝒙𝑖𝑗  and 𝜋𝑖𝑗, but not 

𝜔𝑖 or 𝜐𝑖𝑗. Based on the model specification, the first and second moments of 𝑦𝑖𝑗  conditional on 𝜔𝑖 and 

𝜐𝑖𝑗 are  

𝐸(𝑦𝑖𝑗|𝜔𝑖, 𝜐𝑖𝑗) = 𝜋𝑖𝑗 exp(𝒙𝑖𝑗𝜷 + log(𝜔𝑖) + log(𝜐𝑖𝑗)) 

𝐸(𝑦𝑖𝑗
2|𝜔𝑖, 𝜐𝑖𝑗) = 𝐸(𝑦𝑖𝑗|𝜔𝑖, 𝜐𝑖𝑗) + 𝐸

2(𝑦𝑖𝑗|𝜔𝑖, 𝜐𝑖𝑗), 

where 𝒙𝑖𝑗 = (𝑥𝑖𝑗1, … , 𝑥𝑖𝑗𝑘) and 𝜷 = (𝛽1, … , 𝛽𝑘)
𝑇. As 𝜔𝑖 follows a gamma distribution defined by eq. (3), 

we have its first and second moments  

𝐸(𝜔𝑖) =
𝛼

𝜆
= exp(𝜎2/2) 

𝐸(𝜔𝑖
2) = 𝐸2(𝜔𝑖) + 𝑉𝑎𝑟(𝜔𝑖) =

𝛼2 + 𝛼

𝜆2
= exp(2𝜎2). 

Thus, after taking the expectation over 𝜐𝑖𝑗 and 𝜔𝑖 and substituting 𝐸(𝜔𝑖), it follows that   

𝐸(𝑦𝑖𝑗) = 𝐸𝜔𝑖 (𝐸𝜐𝑖𝑗 (𝐸(𝑦𝑖𝑗|𝜔𝑖, 𝜐𝑖𝑗))) 



= 𝐸𝜔𝑖 (𝐸𝜐𝑖𝑗(𝜐𝑖𝑗)𝜋𝑖𝑗exp⁡(𝒙𝑖𝑗𝜷 + log(𝜔𝑖))) 

= 𝐸𝜔𝑖(𝜔𝑖𝜋𝑖𝑗exp⁡(𝒙𝑖𝑗𝜷)) = 𝜋𝑖𝑗 exp (𝒙𝑖𝑗𝜷 +
𝜎2

2
), 

and 

𝐸(𝑦𝑖𝑗
2) = 𝐸𝜔𝑖 (𝐸𝜐𝑖𝑗 (𝐸(𝑦𝑖𝑗

2|𝜔𝑖, 𝜐𝑖𝑗))) 

= 𝐸(𝑦𝑖𝑗) + 𝐸𝜔𝑖 (𝐸𝜐𝑖𝑗 (𝐸
2(𝑦𝑖𝑗|𝜔𝑖, 𝜐𝑖𝑗))) 

= 𝐸(𝑦𝑖𝑗) + 𝐸𝜔𝑖 (𝐸𝜐𝑖𝑗(𝜐𝑖𝑗
2)𝜋𝑖𝑗

2 exp (2(𝒙𝑖𝑗𝜷 + log(𝜔𝑖)))) 

= 𝐸(𝑦𝑖𝑗) + (1 +
1

𝜙
)𝐸𝜔𝑖(𝜔𝑖

2𝜋𝑖𝑗
2 exp(2𝒙𝑖𝑗𝜷)) 

= 𝐸(𝑦𝑖𝑗) + (1 +
1

𝜙
) exp(2𝜎2)𝜋𝑖𝑗

2 exp(2𝒙𝑖𝑗𝜷) 

= 𝐸(𝑦𝑖𝑗) + (1 +
1

𝜙
)exp(𝜎2) 𝐸2(𝑦𝑖𝑗) 

Therefore, the marginal variance of 𝑦𝑖𝑗  is  

𝑉𝑎𝑟(𝑦𝑖𝑗) = 𝐸(𝑦𝑖𝑗
2) − 𝐸2(𝑦𝑖𝑗) = 𝐸(𝑦𝑖𝑗) + (exp(𝜎

2) − 1)𝐸2(𝑦𝑖𝑗) +
1

𝜙
exp(𝜎2) 𝐸2(𝑦𝑖𝑗). 

A.2. Proof of convergence in probability  
Denote by plim

𝑛𝑖→∞
 convergence in probability of a sequence to a random variable when 𝑛𝑖 → ∞. Here, we 

show that under the condition that 𝜇𝑖𝑗
∗ = exp (𝒙𝑖𝑗𝜷 + log(𝜋𝑖𝑗)) has a finite non-zero first moment, we 

have 

plim
𝑛𝑖→∞

(𝑋𝑛𝑖 =
∑ (𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗𝑛𝑖
𝑗=1

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
) = 0, 

that is, given any 𝜀 > 0, we have lim
𝑛𝑖→∞

Pr(|𝑋𝑛𝑖| > 𝜀) = 0. Rewrite the sequence 𝑋𝑛𝑖 as  

𝑋𝑛𝑖 =

∑ (𝜐𝑖𝑗−1)𝜇𝑖𝑗
∗𝑛𝑖

𝑗=1

𝑛𝑖

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗

𝑛𝑖

. 

In fact, as 𝜐𝑖𝑗 are i.i.d. gamma random variables defined by eq. (5), and 𝜇𝑖𝑗
∗  is assumed to be i.i.d with a 

finite first moment, by the weak law of large numbers (WLLN), it follows that  



plim
𝑛𝑖→∞

∑ (𝜐𝑖𝑗 − 1)𝜇𝑖𝑗
∗𝑛𝑖

𝑗=1

𝑛𝑖
= 𝐸 ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗ ) = 𝐸(𝜇𝑖𝑗
∗ )𝐸(𝜐𝑖𝑗) − 𝐸(𝜇𝑖𝑗

∗ ) = 0, 

in which we also use the assumption that the random effects 𝜐𝑖𝑗 and the fixed effects 𝜇𝑖𝑗
∗  are 

independent. Applying the WLLN again to the denominator gives 

plim
𝑛𝑖→∞

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗

𝑛𝑖
= 𝐸(𝜇𝑖𝑗

∗ ), 

in which we use plim
𝑛𝑖→∞

𝜆

𝑛𝑖
= 0. Thus, it follows by Slutsky's theorem and the assumption 𝐸(𝜇𝑖𝑗

∗ ) > 0 that  

plim
𝑛𝑖→∞

(𝑋𝑛𝑖) = 0. 

A.3. Approximation of the marginal likelihood using the WLLN  
Here we show that the integral for subject 𝑖 in eq. (6)  

𝐼𝑖 = ∫ (∏ 𝜐𝑖𝑗
𝑦𝑖𝑗

𝑗
)(𝜆 +∑ (𝜐𝑖𝑗 exp (𝒙𝑖𝑗𝜷 + log(𝜋𝑖𝑗)))

𝑗
)

−(∑ 𝑦𝑖𝑗𝑗 +𝛼)

⏟                                
(Θ)

∏ 𝑓(𝜐𝑖𝑗)
𝑗

𝑑𝝊𝑖

+∞

0

 

can be approximated by eq. (8) 

𝐼𝑖 ≈ (𝜆 +∑ 𝜇𝑖𝑗
∗

𝑗
)

−(∑ 𝑦𝑖𝑗𝑗 +𝛼)

×∏∫ 𝜐𝑖𝑗
𝑦𝑖𝑗 exp(−

(∑ 𝑦𝑖𝑗𝑗 + 𝛼)(𝜐𝑖𝑗 − 1)𝜇𝑖𝑗
∗

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
)
𝜙𝜙

𝚪(𝜙)
𝜐𝑖𝑗

𝜙−1 exp(−𝜙𝜐𝑖𝑗) 𝑑𝜐𝑖𝑗

+∞

0

𝑛𝑖

𝑗=1

 

under the condition 𝑛𝑖 → ∞. Rewrite Θ in eq.(6) as 

Θ = exp (−(∑ 𝑦𝑖𝑗𝑗 + 𝛼) log((𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 ) (1 +
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
))). 

As proved in A.2 that plim
𝑛𝑖→∞

(
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
) = 0, we ignore the contribution to the integral from those 

𝝊𝑖 ∉ 𝒮 where 𝒮 ∶= (𝝊𝑖| |
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
| < 𝜀 ≪ 1) for a small positive 𝜀 because 𝑃(𝝊𝑖 ∉ 𝒮) is very small 

when 𝑛𝑖 is large. Thus, plugging 𝑓(𝜐𝑖𝑗) with the gamma density function defined in eq. (5), we can end 

up with eq. (8) as follows 



∫ (∏ 𝜐𝑖𝑗
𝑦𝑖𝑗

𝑗 ) exp(−(∑ 𝑦𝑖𝑗𝑗 + 𝛼) log((𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 ) (1 +
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
))) ×

+∞

0

∏
𝜙𝜙

𝚪(𝜙)
𝜐𝑖𝑗

𝜙−1 exp(−𝜙𝜐𝑖𝑗)
𝑛𝑖
𝑗=1 𝑑𝝊𝑖  

≈ ∫ (∏ 𝜐𝑖𝑗
𝑦𝑖𝑗

𝑗 ) exp(−(∑ 𝑦𝑖𝑗𝑗 + 𝛼)(log(𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 ) + log(1 +
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
))) ×

𝝊𝑖∈𝒮

∏
𝜙𝜙

𝚪(𝜙)
𝜐𝑖𝑗

𝜙−1 exp(−𝜙𝜐𝑖𝑗)
𝑛𝑖
𝑗=1 𝑑𝝊𝑖  

≈ ∫ (∏ 𝜐𝑖𝑗
𝑦𝑖𝑗

𝑗 ) exp(−(∑ 𝑦𝑖𝑗𝑗 + 𝛼)(log(𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 ) +
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
)) ×

𝝊𝑖∈𝒮

∏
𝜙𝜙

𝚪(𝜙)
𝜐𝑖𝑗

𝜙−1 exp(−𝜙𝜐𝑖𝑗)
𝑛𝑖
𝑗=1 𝑑𝝊𝑖  

≈ exp(−(∑ 𝑦𝑖𝑗𝑗 + 𝛼) log(𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 )) ∫ (∏ 𝜐𝑖𝑗
𝑦𝑖𝑗

𝑗 ) exp(−(∑ 𝑦𝑖𝑗𝑗 + 𝛼)
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
) ×

+∞

0

∏
𝜙𝜙

𝚪(𝜙)
𝜐𝑖𝑗

𝜙−1 exp(−𝜙𝜐𝑖𝑗)
𝑛𝑖
𝑗=1 𝑑𝝊𝑖   

= (𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 )
−(∑ 𝑦𝑖𝑗𝑗 +𝛼)

∏ ∫ 𝜐𝑖𝑗
𝑦𝑖𝑗 exp (

−(∑ 𝑦𝑖𝑗𝑗 +𝛼)

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
(𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗ )
𝜙𝜙

𝚪(𝜙)
𝜐𝑖𝑗

𝜙−1 exp(−𝜙𝜐𝑖𝑗) 𝑑𝜐𝑖𝑗
+∞

0

𝑛𝑖
𝑗=1   

where the approximations in the second and fourth lines are due to ignoring and adding those Monte 

Carlo samples 𝝊𝑖 ∉ 𝒮, respectively. The approximation in the third line uses the first-order Taylor 

expansion of a logarithm function, i.e., log(1 + 𝑥) ≈ 𝑥 for 𝑥 close to zero. In the last equation, we 

change the order between the integral and the product because 𝜐𝑖𝑗 are now completely factorized in 

the integrand. After moving the terms exp (
(∑ 𝑦𝑖𝑗𝑗 +𝛼)𝜇𝑖𝑗

∗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
) out of the integral, the integrand is now 

recognized as a kernel of a gamma density function with respect to 𝜐𝑖𝑗. Calculating this integral explicitly 

gives eq. (9).      

A.4. The estimating equations in NEBULA-LN 
The estimating equations in NEBULA-LN are obtained by taking the first derivative of the approximated 

marginal likelihood ∑ 𝑙𝑖(𝜷, 𝜎
2, 𝜙)𝑖  with respect to the parameters (𝜷, 𝜎2, 𝜙), where  

𝑙𝑖(𝜷, 𝜎
2, 𝜙) = 𝛼log𝜆 + log

𝚪(∑ 𝑦𝑖𝑗𝑗 +𝛼)

𝚪(𝛼)
+ ∑ 𝑦𝑖𝑗log(𝜇𝑖𝑗

∗ )
𝑛𝑖
𝑗=1 − (∑ 𝑦𝑖𝑗𝑗 + 𝛼) log(𝜆 + ∑ 𝜇𝑖𝑗

∗
𝑗 ) +

∑ (𝜙 log𝜙 + log
𝚪(𝑦𝑖𝑗+𝜙)

𝚪(𝜙)
− (𝑦𝑖𝑗 + 𝜙) log (𝜙 +

(∑ 𝑦𝑖𝑗𝑗 +𝛼)𝜇𝑖𝑗
∗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
) +

(∑ 𝑦𝑖𝑗𝑗 +𝛼)𝜇𝑖𝑗
∗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
)𝑗 . 

To simplify the notations, we define  

𝜇̌𝑖 ∶= 𝜆 +∑ 𝜇𝑖𝑗
∗

𝑗
 



𝜔̌𝑖 ∶=
∑ 𝑦𝑖𝑗𝑗 + 𝛼

𝜇̌𝑖
 

𝜐̌𝑖𝑗 ∶=
𝜙+𝑦𝑖𝑗

𝜙+𝜔̌𝑖𝜇𝑖𝑗
∗ . 

We denote by 𝛼′ and 𝜆′ the first derivatives of 𝛼 and 𝜆 with respect to 𝜎2, respectively (i.e., 𝛼′ =
𝑑𝛼

𝑑𝜎2
 

and 𝜆′ =
𝑑𝜆

𝑑𝜎2
). Through tedious but relatively straightforward calculation, the first derivatives are  

𝐷𝑛𝑖,𝑚
𝜷

=∑
𝜕𝑙𝑖(𝜷, 𝜎

2, 𝜙)

𝜕𝜷𝑖
=∑ 𝑿𝑖

𝑇𝒚𝑖 −
𝜔̌𝑖
𝜇̌𝑖
(∑ (1 − 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗

𝑗
)𝑿𝑖

𝑇𝝁𝑖
∗ − 𝜔̌𝑖𝑿𝑖

𝑇(𝝁𝑖
∗⨀𝝊̌𝑖)

𝑖
 

𝐷𝑛𝑖,𝑚
𝜙

=∑
𝜕𝑙𝑖(𝜷, 𝜎

2, 𝜙)

𝜕𝜙𝑖
=∑ ∑ (log𝜙 + Ψ(𝑦𝑖𝑗 +𝜙) −Ψ(𝜙) − log(𝜙 + 𝜔̌𝑖𝜇𝑖𝑗

∗ ) + 1 − 𝜐̌𝑖𝑗)
𝑗𝑖

 

𝐷𝑛𝑖,𝑚
𝜎2 =∑

𝜕𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝜎2𝑖

=∑ 𝛼′ (log𝜆 + Ψ(∑ 𝑦𝑖𝑗
𝑗

+ 𝛼) − Ψ(𝛼) − log(𝜇̌𝑖)) + 𝜆
′ (
𝛼

𝜆
− 𝜔̌𝑖)

𝑖

+
𝛼′ − 𝜆′𝜔̌𝑖

𝜇̌𝑖
∑ (1− 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗

𝑗
 

where Ψ(𝑥) =
𝑑log(𝚪(𝑥))

𝑑𝑥
 is the digamma function, ⨀ stands for the Hadamard product, 𝒚𝑖 =

(𝑦𝑖1, … , 𝑦𝑖𝑛𝑖)
𝑇, 𝑿𝑖 = (𝒙𝑖1

𝑇 , … , 𝒙𝑖𝑛𝑖
𝑇)𝑇, 𝝁𝑖

∗ = (𝜇𝑖1
∗ , … , 𝜇𝑖𝑛𝑖

∗ )𝑇, and 𝝊̌𝑖 = (𝜐̌𝑖1, … , 𝜐̌𝑖𝑛𝑖)
𝑇. Setting 𝐷𝑛𝑖,𝑚

𝜷
, 

𝐷𝑛𝑖,𝑚
𝜙

 and 𝐷𝑛𝑖,𝑚
𝜎2  to zero gives a group of estimating equations for (𝜷, 𝜎2, 𝜙). 

A.5. Asymptotic consistency of NEBULA-LN 
We prove that the estimating equations 𝐷𝑛𝑖,𝑚 given in A.4 lead to a consistent estimator 𝑇𝑛𝑖,𝑚 for 

(𝜷, 𝜎2, 𝜙) when 𝑛𝑖 → ∞ and 𝑚 → ∞, that is, we need to show that 𝑇𝑛𝑖,𝑚 asymptotically converges in 

probability to its true value  

plim
𝑛𝑖→∞
𝑚→∞

𝑇𝑛𝑖,𝑚 = (𝜷, 𝜎
2, 𝜙) 

The estimator 𝑇𝑛𝑖,𝑚 defined implicitly by the sequence of solutions to the estimation equations 

𝐷𝑛𝑖,𝑚
𝜷,𝜎2,𝜙

= 0 is an M-estimator 1 (also known as a Z-estimator 2). Asymptotically, the empirical equations 

𝐷𝑛𝑖,𝑚
𝜷,𝜎2,𝜙

 under suitable normalization (that is, divided by 𝑛𝑖 and/or 𝑚 as described below) will converge 

to its deterministic equation 𝐷𝜷,𝜎
2,𝜙 by the WLLN (see e.g., 3 section 7.2).  

We assume that the following regularity conditions are satisfied. First, the model is identifiable within 

the parameter space. This requires that, for example, the columns of the design matrix for 𝜷 should be 

linearly independent. Additionally, we assume that the parameter space that we are interested in lies in  



a compact subset and contains the true values that are a unique zero of 𝐷
𝜷,𝜎2,𝜙

. As 𝐷𝑛𝑖,𝑚
𝜷,𝜎2,𝜙

 is 

continuous, it is also bounded in the compact subset. Provided that these conditions are met, the 

asymptotic consistency of 𝑇𝑛𝑖,𝑚 amounts to proving that the true values of (𝜷, 𝜎2, 𝜙) are the solutions 

to 𝐷𝜷,𝜎
2,𝜙 = 0 (see e.g., 3 section 7.2 or 2 section 5.2).  

First, we notice that 𝐷𝑛𝑖,𝑚
𝜷

 and 𝐷𝑛𝑖,𝑚
𝜙

 are 𝑜𝑝(𝑚𝑛𝑖) and 𝐷𝑛𝑖,𝑚
𝜎2  is only 𝑜𝑝(𝑚). Therefore, 𝑚 → ∞ is 

necessary in order to have an asymptotically consistent 𝜎̂2. This means that we need a large number of 

subjects to obtain an accurate subject-level overdispersion 𝜎2. On the other hand, 𝑛𝑖 → ∞ is required 

by all three equations to converge.  

We begin by examining the term 1 − 𝜐̌𝑖𝑗 present in 𝐷𝑛𝑖,𝑚
𝜙

. By the WLLN and 𝐸(𝑦𝑖𝑗|𝜇𝑖𝑗
∗ , 𝜔𝑖) = 𝜔𝑖𝜇𝑖𝑗

∗  in 

A.1, it follows that    

plim
𝑛𝑖→∞

𝜔̌𝑖 = plim
𝑛𝑖→∞

∑ 𝑦𝑖𝑗𝑗 +𝛼

𝑛𝑖
𝜆+∑ 𝜇𝑖𝑗

∗
𝑗

𝑛𝑖

=
𝜔𝑖𝐸(𝜇𝑖𝑗

∗ )

𝐸(𝜇𝑖𝑗
∗ )

= 𝜔𝑖. 

Then because 𝜐̌𝑖𝑗 is continuous at 𝜔𝑖 uniformly in 𝑦𝑖𝑗  and 𝑥𝑖𝑗, and its first moment is finite, by the 

conditional expectation and Lemma 7.2.2A in 3, we have  

plim
𝑛𝑖→∞

∑ 𝜐̌𝑖𝑗𝑗

𝑛𝑖
= 𝐸𝑥𝑖𝑗,𝑦𝑖𝑗 (

𝜙 + 𝑦𝑖𝑗

𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ ) = 𝐸𝑥𝑖𝑗 (

𝜙 + 𝐸(𝑦𝑖𝑗|𝜇𝑖𝑗
∗ , 𝜔𝑖)

𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ ) = 𝐸𝑥𝑖𝑗 (

𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗

𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ ) = 1. 

Hence, the terms in 𝐷𝑛𝑖,𝑚
𝜙

 involving 1 − 𝜐̌𝑖𝑗 cancel out. By this argument, we can also see that the terms 

involving 
∑ (1−𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗
𝑗

𝜇̌𝑖
 in 𝐷𝑛𝑖,𝑚

𝜷
 and 𝐷𝑛𝑖,𝑚

𝜎2  are all 𝑜𝑝(1) under 𝑛𝑖 → ∞. This is because under the 

assumption given in A.2 that 𝜇𝑖𝑗
∗  has a finite non-zero first moment, we have 

plim
𝑛𝑖→∞

∑ (1 − 𝜐̌𝑖𝑗)𝜇𝑖𝑗
∗

𝑗

𝜇̌𝑖
= plim
𝑛𝑖→∞

∑ (1 − 𝜐̌𝑖𝑗)𝜇𝑖𝑗
∗

𝑗 𝑛𝑖⁄

𝜇̌𝑖 𝑛𝑖⁄
=
𝑜𝑝(1)

𝐸(𝜇𝑖𝑗
∗ )
= 0 

Following 4,   

plim
𝑚→∞

∑ 𝜔̌𝑖𝑖

𝑚
= 𝐸(𝜔̌𝑖) = 𝐸(𝐸(𝜔̌𝑖|𝜔𝑖)) 

= 𝐸 (
∑ 𝐸(𝑦𝑖𝑗|𝜔𝑖)𝑗 + 𝛼

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
) = 𝐸 (

𝜔𝑖 ∑ 𝜇𝑖𝑗
∗

𝑗 + 𝛼

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
) =

𝛼
𝜆
∑ 𝜇𝑖𝑗

∗
𝑗 + 𝛼

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
=
𝛼

𝜆
. 

Hence, the term 
𝛼

𝜆
− 𝜔̌𝑖 in 𝐷𝑛𝑖,𝑚

𝜎2  cancels out. In 𝐷𝑛𝑖,𝑚
𝜷

, it remains to show that under suitable 

normalization, 

plim
𝑛𝑖→∞

𝑿𝑖
𝑇𝒚𝑖 − 𝜔̌𝑖𝑿𝑖

𝑇(𝝁𝑖
∗⨀𝝊̌𝑖)

𝑛𝑖
= 0. 



In fact, for the kth component in 𝜷, by the WLLN and conditional expectation, we have for the first term 

plim
𝑛𝑖→∞

𝑿𝑖
𝑇𝒚𝑖
𝑛𝑖

= plim
𝑛𝑖→∞

∑ 𝑥𝑖𝑗𝑘𝑦𝑖𝑗𝑗

𝑛𝑖
= 𝐸𝑥 (𝑥𝑖𝑗𝑘𝐸𝑦(𝑦𝑖𝑗|𝑥𝑖𝑗𝑘)) = 𝜔𝑖𝐸𝑥(𝑥𝑖𝑗𝑘𝜇𝑖𝑗

∗ ) 

and for the second term by the continuous mapping theorem, Slutsky's theorem and Lemma 7.2.2A in 3, 

plim
𝑛𝑖→∞

𝑿𝑖
𝑇𝜔̌𝑖(𝝁𝑖

∗⨀𝝊̌𝑖)

𝑛𝑖
= plim
𝑛𝑖→∞

𝜔̌𝑖 ∙ plim
𝑛𝑖→∞

∑ 𝑥𝑖𝑗𝑘𝜇𝑖𝑗
∗ 𝜐̌𝑖𝑗𝑗

𝑛𝑖
= 𝜔𝑖𝐸𝑥 (

𝑥𝑖𝑗𝑘𝜇𝑖𝑗
∗ (𝜙 + 𝐸𝑦(𝑦𝑖𝑗|𝜇𝑖𝑗

∗ , 𝜔𝑖))

𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ )

= 𝜔𝑖𝐸𝑥(𝑥𝑖𝑗𝑘𝜇𝑖𝑗
∗ ) 

which proves that plim
𝑛𝑖→∞
𝑚→∞

𝐷𝑛𝑖,𝑚
𝜷

𝑛𝑖
= 0. 

In 𝐷𝑛𝑖,𝑚
𝜎2 , it remains to show that plim

𝑛𝑖→∞
𝑚→∞

1

𝑚
(log 𝜆 − Ψ(𝛼) + Ψ(∑ 𝑦𝑖𝑗𝑗 + 𝛼) − log(𝜇̌𝑖)) = 0. As 𝜔𝑖 follows a 

gamma distribution defined by eq. (3), it can be verified based on the density function of log⁡(𝜔𝑖) (also 

see 4) that its expectation is  

𝐸(log(𝜔𝑖)) = Ψ(𝛼) − log 𝜆. 

Now consider the posterior distribution of 𝜔𝑖 conditional on 𝒚𝑖 and 𝝊𝑖, which can be shown as 

𝑓(𝜔𝑖|𝒚𝑖, 𝝊𝑖) 

∝ 𝑓(𝒚𝑖|𝜔𝑖, 𝝊𝑖)𝑓(𝜔𝑖) 

=∏ 𝑃𝑜𝑖𝑠(𝑦𝑖𝑗|𝜔𝑖𝜐𝑖𝑗𝜇𝑖𝑗
∗ )

𝑗
𝐺𝑎𝑚𝑚𝑎(𝜔𝑖|𝛼, 𝜆) 

= 𝐺𝑎𝑚𝑚𝑎(𝛼 + ∑ 𝑦𝑖𝑗𝑗 , 𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗 ). 

Therefore, it follows that  

𝐸(log(𝜔𝑖) |𝒚𝑖, 𝝊𝑖) = Ψ(∑ 𝑦𝑖𝑗
𝑗

+ 𝛼) − log(𝜆 +∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗
) 

and 

𝐸(log(𝜔𝑖) |𝒚𝑖) = 𝐸𝝊𝑖(𝐸(log(𝜔𝑖) |𝒚𝑖 , 𝝊𝑖)) = Ψ(∑ 𝑦𝑖𝑗
𝑗

+ 𝛼) − 𝐸𝝊𝑖 log (𝜆 +∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗
) 

Under the limit 𝑚 → ∞, by substituting 𝐸(log(𝜔𝑖) |𝒚𝑖), we have 

plim
𝑚→∞

∑ Ψ(∑ 𝑦𝑖𝑗𝑗 + 𝛼) − log 𝜇̌𝑖𝑖

𝑚
 



= plim
𝑚→∞

∑ Ψ(∑ 𝑦𝑖𝑗𝑗 + 𝛼) − 𝐸𝝊𝑖 log(𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗 ) + 𝐸𝝊𝑖 log(𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗 ) − log 𝜇̌𝑖𝑖

𝑚
 

= plim
𝑚→∞

∑ Ψ(∑ 𝑦𝑖𝑗𝑗 + 𝛼) − 𝐸𝝊𝑖 log(𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗 )𝑖

𝑚
+ lim
𝑚→∞

∑ 𝐸𝝊𝑖 log(𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗 ) − log 𝜇̌𝑖𝑖

𝑚
 

= 𝐸𝒚𝑖(𝐸(log(𝜔𝑖) |𝒚𝑖)) + lim
𝑚→∞

∑ 𝐸𝝊𝑖 log (
𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗

∗
𝑗

𝜇̌𝑖
)𝑖

𝑚
= 𝐸(log(𝜔𝑖)). 

The second term in the above equation converges to zero under 𝑛𝑖 → ∞, that is,    

lim
𝑛𝑖→∞

𝐸𝝊𝑖 log (
𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗

∗
𝑗

𝜇̌𝑖
) = 0. 

This is because by WLLN, Slutsky's theorem, and the continuous mapping theorem, we have  

plim
𝑛𝑖→∞

log (
𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗

∗
𝑗

𝜇̌𝑖
) = plim

𝑛𝑖→∞
log (

𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
) = plim

𝑛𝑖→∞
log

(

 

𝜆 + ∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗

𝑛𝑖
𝜆 + ∑ 𝜇𝑖𝑗

∗
𝑗

𝑛𝑖 )

 = 0. 

Under the reasonable and mild assumption that 
𝜆+∑ 𝜐𝑖𝑗𝜇𝑖𝑗

∗
𝑗

𝜇̌𝑖
 has a finite second moment, 

𝜆+∑ 𝜐𝑖𝑗𝜇𝑖𝑗
∗

𝑗

𝜇̌𝑖
 is 

uniformly integrable. By Theorem 1.4A in 3, convergence in probability implies convergence in mean in 

this case. Hence, we end up with plim
𝑛𝑖→∞
𝑚→∞

𝐷𝑛𝑖,𝑚
𝜎2

𝑚
= 0.   

Finally, we show that plim
𝑛𝑖→∞
𝑚→∞

1

𝑚
∑

1

𝑛𝑖
∑ log𝜙 + Ψ(𝑦𝑖𝑗 +𝜙) −Ψ(𝜙) − log(𝜙 + 𝜔̌𝑖𝜇𝑖𝑗

∗ )
𝑛𝑖
𝑗=1

𝑚
𝑖=1 = 0 in 𝐷𝑛𝑖,𝑚

𝜙
. 

As 𝜐𝑖𝑗 follows a gamma distribution defined by eq. (3), it can be verified that  

𝐸(log(𝜐𝑖𝑗)) = Ψ(𝜙) − log𝜙. 

Again, consider the conditional posterior distribution  

𝑓(𝜐𝑖𝑗|𝑦𝑖𝑗 , 𝜔𝑖) 

∝ 𝑓(𝑦𝑖𝑗|𝜔𝑖, 𝜐𝑖𝑗)𝑓(𝜐𝑖𝑗) 

= 𝑃𝑜𝑖𝑠(𝑦𝑖𝑗|𝜔𝑖𝜐𝑖𝑗𝜇𝑖𝑗
∗ )𝐺𝑎𝑚𝑚𝑎(𝜐𝑖𝑗|𝜙, 𝜙) 

= 𝐺𝑎𝑚𝑚𝑎(𝑦𝑖𝑗 + 𝜙,𝜔𝑖𝜇𝑖𝑗
∗ + 𝜙). 

Therefore, conditional on 𝜔𝑖, we have 

𝐸(log(𝜐𝑖𝑗) |𝑦𝑖𝑗 , 𝜔𝑖) = Ψ(𝑦𝑖𝑗 + 𝜙) − log(𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ ), 



and 

𝐸(log(𝜐𝑖𝑗) |𝑦𝑖𝑗) = 𝐸𝜔𝑖 (𝐸(log(𝜐𝑖𝑗) |𝑦𝑖𝑗 , 𝜔𝑖)) = Ψ(𝑦𝑖𝑗 + 𝜙) − 𝐸𝜔𝑖(log(𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ )) 

Now by the continuous mapping theorem and plugging in the result plim
𝑛𝑖→∞

𝜔̌𝑖 = 𝜔𝑖, it follows that   

plim
𝑛𝑖→∞
𝑚→∞

1

𝑚
∑

∑ Ψ(𝑦𝑖𝑗 + 𝜙) − log(𝜙 + 𝜔̌𝑖𝜇𝑖𝑗
∗ )𝑗

𝑛𝑖𝑖
 

= plim
𝑛𝑖→∞
𝑚→∞

1

𝑚
∑

∑ Ψ(𝑦𝑖𝑗 + 𝜙) − log(𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ )𝑗

𝑛𝑖𝑖
. 

Applying the WLLN to the first summation over 𝜔𝑖 and then to the second summation over 𝑦𝑖𝑗, it follows 

that  

plim
𝑛𝑖→∞
𝑚→∞

1

𝑚
∑

∑ Ψ(𝑦𝑖𝑗 + 𝜙) − log(𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ )𝑗

𝑛𝑖𝑖
 

= plim
𝑛𝑖→∞

𝐸𝜔𝑖
∑ Ψ(𝑦𝑖𝑗 + 𝜙) − log(𝜙 + 𝜔𝑖𝜇𝑖𝑗

∗ )𝑗

𝑛𝑖
 

= 𝐸𝜔𝑖 (𝐸𝑦𝑖𝑗(Ψ(𝑦𝑖𝑗 +𝜙) − log(𝜙 + 𝜔𝑖𝜇𝑖𝑗
∗ ))) 

= 𝐸𝜔𝑖 (𝐸𝑦𝑖𝑗 (𝐸(log(𝜐𝑖𝑗) |𝑦𝑖𝑗 , 𝜔𝑖))) = 𝐸(log(𝜐𝑖𝑗)) 

This completes the proof of the asymptotical consistency of the estimator 𝑇𝑛𝑖,𝑚.  

A.6. Proof of asymptotic normality  

We show that under mild conditions and the null model, 𝑋𝑛𝑖 =
∑ ((𝜐𝑖𝑗−1)𝜇𝑖𝑗

∗ )𝑗

𝜆+∑ 𝜇𝑖𝑗
∗

𝑗
 asymptotically follows a 

zero-mean normal distribution with a variance at the rate of 1 (𝑛𝑖𝜙 +
2𝜙𝜆

𝐸(𝜇𝑖𝑗
∗ )
+𝑂 (

1

𝑛𝑖
))⁄ . In A.1., we 

have shown that  

plim
𝑛𝑖→∞

(𝑋𝑛𝑖 =
∑ (𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗𝑛𝑖
𝑗=1

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
) = 0. 

Hence, it remains to prove the asymptotical normality of 𝑋𝑛𝑖 and show that the variance of 𝑋𝑛𝑖 is 

1 (𝑛𝑖𝜙 +
2𝜙𝜆

𝐸(𝜇𝑖𝑗
∗ )
+ 𝑂 (

1

𝑛𝑖
))⁄ . As 𝜐𝑖𝑗 is i.i.d gamma random variable, by the Lindeberg central limit 

theorem, when 𝑛𝑖 → ∞ and the Lindeberg’s condition is satisfied, we have 



∑ ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗
∗ )𝑗

√∑ (𝑉𝑎𝑟 ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗
∗ ))𝑗

𝑑
→𝒩(0,1), 

where 
𝑑
→ denotes convergence in distribution. Then, plugging in 𝑉𝑎𝑟(𝜐𝑖𝑗) = 1/𝜙, it follows that  

𝑋𝑛𝑖 =
∑ ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗ )𝑗

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗
 

=
√∑ (𝑉𝑎𝑟 ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗ ))𝑗

𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗

∑ ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗
∗ )𝑗

√∑ (𝑉𝑎𝑟 ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗
∗ ))𝑗

 

𝑑
→𝑁(0, 𝜏𝑋𝑛𝑖

2 =
∑ (𝑉𝑎𝑟 ((𝜐𝑖𝑗 − 1)𝜇𝑖𝑗

∗ ))𝑗

(𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 )
2 ) 

= 𝑁(0, 𝜏𝑋𝑛𝑖
2 =

∑ 𝜇𝑖𝑗
∗ 2

𝑗

𝜙(𝜆 + ∑ 𝜇𝑖𝑗
∗

𝑗 )
2). 

where 𝜏𝑋𝑛𝑖
2  is the variance of the normal distribution. For simplicity but without loss of generality, we 

first consider the null model where 𝜇𝑖𝑗
∗ = 𝜋𝑖𝑗 exp(𝛽0) has only the intercept term and all variation of 𝑦𝑖𝑗  

is included in 𝜙 and 𝜎2. In this case, 𝜏𝑋𝑛𝑖
2  can be expressed as 

𝜏𝑋𝑛𝑖
2 =

exp(2𝛽0)∑ 𝜋𝑖𝑗
2

𝑗

𝜙(𝜆2 + 2𝜆 exp(𝛽0)∑ 𝜋𝑖𝑗𝑗 + exp(2𝛽0)(∑ 𝜋𝑖𝑗𝑗 )2)
. 

Denote by 𝜋 = 𝐸(𝜋𝑖𝑗) the mean of the scaling factor, and by 𝑐 =
√𝑉𝑎𝑟(𝜋𝑖𝑗)

𝜋
⁄

 the coefficient of 

variation of the scaling factor. We found that 𝑐2 is often small (~0.25) in most cell types (microglia, 

oligodendrocytes, astrocytes, and OPCs) in e.g., the snRNA-seq data in 5 when the total library size of a 

cell is used as the scaling factor. In excitatory and inhibitory neurons, we observed 𝑐2 ≈ 0.8, probably 

because different types of neurons varied significantly in terms of morphology. Then, when 𝑛𝑖 is large, 

we can approximately rewrite 𝜏𝑋𝑛𝑖
2  by plugging in 𝜋 and 𝑐 as 

𝜏𝑋𝑛𝑖
2 =

exp(2𝛽0)∑ 𝜋𝑖𝑗
2

𝑗

𝑛𝑖
2⁄

𝜙 (𝜆2 + 2𝜆 exp(𝛽0)∑ 𝜋𝑖𝑗𝑗 + exp(2𝛽0)(∑ 𝜋𝑖𝑗𝑗 )
2
)

𝑛𝑖2
⁄

 



≈

exp(2𝛽0)(𝑉𝑎𝑟(𝜋𝑖𝑗) + 𝜋
2)
𝑛𝑖
⁄

𝜙 (
𝜆2

𝑛𝑖
2 +

2𝜆 exp(𝛽0)𝜋
𝑛𝑖

+ exp(2𝛽0)𝜋
2)

 

=
1

𝜙𝑛𝑖
1 + 𝑐2

+
2𝜆𝜙

(1 + 𝑐2) exp(𝛽0)𝜋
+

𝜙𝜆2

(1 + 𝑐2) exp(2𝛽0)𝜋
2𝑛𝑖

 

=
(1 + 𝑐2)

𝜙𝑛𝑖 +
2𝜆𝜙

exp(𝛽0)𝜋
+

𝜙𝜆2

exp(2𝛽0)𝜋
2𝑛𝑖

. 

Thus, the leading term in 𝜏𝑋𝑛𝑖
2 is 

𝜙𝑛𝑖

1+𝑐2
 when 𝑛𝑖 → ∞. It is also clear that the second term can be large for 

low-expressed genes because of exp(𝛽0) 𝜋 ≪ 1. Compared to the brain snRNA-seq data, some 

covariates such as ribosomal and mitochondrial mRNA abundance in scRNA-seq data in e.g., peripheral 

blood mononuclear cells can have very large effect sizes. In this case, we should take into account the 

contribution of these covariates as well when deriving and using the asymptotic variance 𝜏𝑋𝑛𝑖
2 . Consider 

an alternative model 𝜇𝑖𝑗
∗ = 𝜋𝑖𝑗 exp(𝛽0 + ∑ 𝒙𝑖𝑗𝛽𝑘𝑘 ) = 𝜋𝑖𝑗exp⁡(∑ 𝒙𝑖𝑗𝛽𝑘𝑘 ) exp(𝛽0). After replacing with 

𝜋 = 𝐸(𝜋𝑖𝑗exp⁡(∑ 𝒙𝑖𝑗𝛽𝑘𝑘 )) and 𝑐 =
√𝑉𝑎𝑟(𝜋𝑖𝑗exp⁡(∑ 𝒙𝑖𝑗𝛽𝑘𝑘 ))

𝜋
⁄

 in the above derivation, we end up 

with the same formula for 𝜏𝑋𝑛𝑖
2 .  

A.7. The Newton-Raphson algorithm for optimizing the h-likelihood 
Here, we derive the NR algorithm for optimization of the h-likelihood in NEBULA-HL, which requires 

calculating the first and second derivatives of the h-likelihood. After parametrizing using 𝜂𝑖 = log(𝜔𝑖) in 

eq. (10), we obtain the following h-likelihood  

ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙) =∑ ℎ𝑙𝑖(𝜷, 𝜂𝑖|𝜎
2, 𝜙)

𝑖

=∑ ∑ 𝑦𝑖𝑗(𝒙𝑖𝑗𝜷 + log(𝜋𝑖𝑗) + 𝜂𝑖)
𝑗

− (𝑦𝑖𝑗 +𝜙) log(𝜙 + exp(𝒙𝑖𝑗𝜷 + log(𝜋𝑖𝑗) + 𝜂𝑖))
𝑖

+ 𝛼𝜂𝑖 − 𝜆 exp(𝜂𝑖), 

in which 𝜷 and 𝜼 are now on the canonical scale, and thus can be optimized simultaneously. For 

readability, we introduce the definition 𝜇𝑖𝑗
∗∗ = exp(𝒙𝑖𝑗𝜷 + log(𝜋𝑖𝑗) + 𝜂𝑖). Taking the first derivative 

with respect to 𝜷 and 𝜂𝑖  gives 

𝜕ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜷
=∑ ∑ (𝑦𝑖𝑗 −

(𝑦𝑖𝑗 +𝜙)𝜇𝑖𝑗
∗∗

𝜙 + 𝜇𝑖𝑗
∗∗ )𝒙𝑖𝑗

𝑗𝑖
 

𝜕ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜂𝑖
=∑ (𝑦𝑖𝑗 −

(𝑦𝑖𝑗 + 𝜙)𝜇𝑖𝑗
∗∗

𝜙 + 𝜇𝑖𝑗
∗∗ )

𝑗
+ 𝛼 − 𝜆 exp(𝜂𝑖). 



Taking the derivative of 
𝜕ℎ𝑙𝑖(𝜷,𝜂𝑖|𝜎

2,𝜙)

𝜕𝜷
 and 

𝜕ℎ𝑙𝑖(𝜷,𝜂𝑖|𝜎
2,𝜙)

𝜕𝜂𝑖
 again with respect to 𝜷 and 𝜂𝑖  gives the Hessian 

matrix 𝑯 with the following entries 

𝜕2ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝛽𝑠𝜕𝛽𝑡
=∑ ∑ −

𝑗
𝑧𝑖𝑗𝑥𝑖𝑗𝑠𝑥𝑖𝑗𝑡

𝑖
 

𝜕2ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜂𝑖
2

= −𝜆exp(𝜂𝑖) −∑ 𝑧𝑖𝑗
𝑗

 

𝜕2ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝛽𝑠𝜕𝜂𝑖
=∑ −

𝑗
𝑧𝑖𝑗𝑥𝑖𝑗𝑠𝜂𝑖 

where 𝑧𝑖𝑗 =
𝜙(𝑦𝑖𝑗+𝜙)𝜇𝑖𝑗

∗∗

(𝜙+𝜇𝑖𝑗
∗∗)

2 . And all second derivatives 
𝜕2ℎ𝑙𝑖(𝜷,𝜂𝑖|𝜎

2,𝜙)

𝜕𝜂𝑖𝜕𝜂𝑗
 equal zero. Therefore, 𝑯 is highly 

sparse and the bottom-right block matrix is diagonal. Then, an NR algorithm updates (𝜷, 𝜼) at each 

iteration using  

(𝜷𝑛𝑒𝑤, 𝜼𝑛𝑒𝑤)𝑇 = (𝜷𝑜𝑙𝑑 , 𝜼𝑜𝑙𝑑)𝑇 −𝑯−1 (
𝜕ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜷
,
𝜕ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜂𝑖
)

𝑇

 

until the increase of the h-likelihood is smaller than a pre-defined tolerance parameter and reaches 

convergence.  

A.8. The Hessian matrix for the Newton-Raphson algorithm in 

NEBULA-LN 
We derive an NR algorithm for optimizing 𝑙𝑖(𝜷, 𝜎

2, 𝜙) in NEBULA-LN. The first derivatives of 𝑙𝑖(𝜷, 𝜎
2, 𝜙) 

are given in A.4. It remains to calculate the Hessian matrix by taking the second derivatives. We use an 

approximation for some terms by taking the expectation over 𝑦𝑖𝑗  to simplify the results. For the sake of 

readability, it is convenient to introduce the following definitions: 𝜙𝑖𝑗
∗ ∶= 𝜙 + 𝜔̌𝑖𝜇𝑖𝑗

∗ , 𝒙̅𝑖 ∶= 𝝁𝑖
∗𝑇𝑿𝑖, and 

𝑿̅𝑖 ∶= 𝑿𝑖
𝑇diag(𝝁𝑖

∗)𝑿𝑖. We denote by 𝛼′′ and 𝜆′′ the second derivative of 𝛼 and 𝜆 with respect to 𝜎2. 

Through some calculations, it follows that  

𝜕2𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝛽𝑠𝜕𝛽𝑡
= −

𝜔̌𝑖
2𝑥̅𝑖𝑠
𝜇̌𝑖

∑
𝜐̌𝑖𝑗𝜇𝑖𝑗

∗ 2𝑥𝑖𝑗𝑡

𝜙𝑖𝑗
∗

𝑗
−
𝜔̌𝑖
2𝑥̅𝑖𝑡
𝜇̌𝑖

∑
𝜐̌𝑖𝑗𝜇𝑖𝑗

∗ 2𝑥𝑖𝑗𝑠

𝜙𝑖𝑗
∗

𝑗
+
𝜔̌𝑖
2𝑥̅𝑖𝑠𝑥̅𝑖𝑡

𝜇̌𝑖
2 ∑

𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 2

𝜙𝑖𝑗
∗

𝑗

− 𝜔̌𝑖∑ 𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 𝑥𝑖𝑗𝑠

𝑗
𝑥𝑖𝑗𝑡 +

𝜔̌𝑖𝑥̅𝑖𝑡
𝜇̌𝑖

∑ 𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 𝑥𝑖𝑗𝑠

𝑗
+
𝜔̌𝑖𝑥̅𝑖𝑠
𝜇̌𝑖

∑ 𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 𝑥𝑖𝑗𝑡

𝑗

+ 𝜔̌𝑖
2∑

𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 2𝑥𝑖𝑗𝑠𝑥𝑖𝑗𝑡

𝜙𝑖𝑗
∗

𝑗
−
𝜔̌𝑖𝑥̅𝑖𝑠𝑥̅𝑖𝑡
𝜇̌𝑖

+
𝜔̌𝑖𝑿̅𝑖𝑠𝑡
𝜇̌𝑖

∑ (1− 𝜐̌𝑖𝑗)𝜇𝑖𝑗
∗

𝑗

+
2𝜔̌𝑖𝑥̅𝑖𝑠𝑥̅𝑖𝑡

𝜇̌𝑖
2 ∑ (1− 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗

𝑗
 



𝜕2𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝜙2
=∑

1

𝜙
+Ψ′(𝑦𝑖𝑗 + 𝜙) − Ψ

′(𝜙) −
2 − 𝜐̌𝑖𝑗

𝜙𝑖𝑗
∗

𝑗
 

𝜕2𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝜎4
= 𝛼′′ log 𝜆 +

2𝛼′𝜆′

𝜆
−
𝛼𝜆′

2

𝜆2
+
𝛼𝜆′′

𝜆
+ 𝛼′′ (Ψ(∑ 𝑦𝑖𝑗

𝑗
+ 𝛼) − Ψ(𝛼))

+ 𝛼′ (Ψ′ (∑ 𝑦𝑖𝑗
𝑗

+ 𝛼) − Ψ′(𝛼)) −
2𝛼′𝜆′

𝜇̌𝑖
− 𝛼′′ log 𝜇̌𝑖 − 𝜆

′′𝜔̌𝑖 +
𝜆′
2
𝜔̌𝑖
𝜇̌𝑖

+ (
𝛼′ − 𝜆′𝜔̌𝑖

𝜇̌𝑖
)

2

∑
𝜐̌𝑖𝑗𝜇𝑖𝑗

∗ 2

𝜙𝑖𝑗
∗

𝑗
+ (

𝛼′′ − 𝜆′′𝜔̌𝑖
𝜇̌𝑖

−
2𝛼′𝜆′ − 2𝜆′

2
𝜔̌𝑖

𝜇̌𝑖
2 )∑ (1 − 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗

𝑗
⁡ 

𝜕2𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝜙𝜕𝜎2
= −

𝛼′ − 𝜆′𝜔̌𝑖
𝜇̌𝑖

∑
(1− 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗

𝜙𝑖𝑗
∗

𝑗
 

𝜕2𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝜙𝜕𝛽𝑠
= −𝜔̌𝑖∑

(1− 𝜐̌𝑖𝑗)𝜇𝑖𝑗
∗ 𝑥𝑖𝑗𝑠

𝜙𝑖𝑗
∗

𝑗
−
𝜔̌𝑖𝑥̅𝑖𝑠
𝜇̌𝑖

∑
(1− 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗

𝜙𝑖𝑗
∗

𝑗
 

𝜕2𝑙𝑖(𝜷, 𝜎
2, 𝜙)

𝜕𝜎2𝜕𝛽𝑠
≈ −

𝛼′

𝜇̌𝑖
∑ 𝜐̌𝑖𝑗𝜇𝑖𝑗

∗ 𝑥𝑖𝑗𝑠
𝑗

+
𝜆′𝜔̌𝑖
𝜇̌𝑖

∑ 𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 𝑥𝑖𝑗𝑠

𝑗

+ (
𝛼′ − 𝜆′𝜔̌𝑖

𝜇̌𝑖
) 𝜔̌𝑖 (∑

𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 2𝑥𝑖𝑗𝑠

𝜙𝑖𝑗
∗

𝑗
−
𝑥̅𝑖𝑠
𝜇̌𝑖
∑

𝜐̌𝑖𝑗𝜇𝑖𝑗
∗ 2

𝜙𝑖𝑗
∗

𝑗
), 

where Ψ′(𝑥) =
𝑑2log(𝚪(𝑥))

𝑑𝑥2
 is the trigamma function, and 

𝜕2𝑙𝑖(𝜷,𝜎
2,𝜙)

𝜕𝜎2𝜕𝛽𝑠
 is approximated by plugging in 

1

𝜇̌𝑖
∑ (1 − 𝜐̌𝑖𝑗)𝜇𝑖𝑗

∗ ≈ 0𝑗 . 

A.9. The higher-order Laplace approximation in NEBULA-HL 
We find that the first-order LA is not sufficient for the NBGMM to obtain an accurate estimate of the 

subject-level overdispersion 𝜎2 when the count variable is highly sparse or 𝜎2 is relatively large 

(Supplementary Fig. S17). For example, when the count per subject of a gene is ≤2, NEBULA-HL using the 

first-order LA underestimates 𝜎2 with a substantial bias. This issue arises because the h-likelihood of the 

NBGMM becomes highly skewed when almost all of the counts are zero (Supplementary Fig. S18). The 

skewness results from the penalizing term in the h-likelihood, which, unlike the NBLMM, is an 

exponential function rather than quadratic. Therefore, the first-order LA, which relies on a Gaussian 

distribution to approximate the integral, produces a large bias under this setting. In contrast, this issue is 

less serious in the NBLMM because its distribution of the random effects is quadratic (See 

Supplementary Fig. S18).  

To improve the performance of estimating 𝜎2 for low-expressed genes, we develop an efficient higher-

order LA method for NEBULA-HL when the non-zero count per subject is <4. This method includes 

second-order and higher-order terms in the multivariate Taylor expansion to correct for the skewness. 

Following the notation used in 6, we modify the marginal log-likelihood in eq. (12) into 



𝑙ℎ(𝜎2, 𝜙|𝜷∗, 𝜼∗) = ℎ𝑙(𝜷∗, 𝜼∗|𝜎2, 𝜙) −
1

2
log (|

𝜕2ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜼∗2
|) + log(𝚲), 

where 𝚲 = 1 + 𝐸(𝑇4) + 𝐸(𝑇3𝑇5) + 𝐸(𝑇3
2) 2⁄  is a correction including three higher-order terms in the 

Taylor expansion of the exponential of the Taylor expansion of the h-likelihood in eq. (11). The 

evaluation of 𝐸(𝑇4), 𝐸(𝑇3𝑇5), and 𝐸(𝑇3
2) is given in the next paragraph. The optimization algorithm in 

NEBULA-HL for low-expressed genes thus iterates between the h-likelihood in eq. (11) and the modified 

marginal log-likelihood 𝑙ℎ(𝜎2, 𝜙|𝜷∗, 𝜼∗). In this algorithm, we use the h-likelihood to estimate 𝜷 and 𝜼, 

and then use 𝑙ℎ(𝜎2, 𝜙|𝜷∗, 𝜼∗) to estimate 𝜎2 and 𝜙. This is conceptually equivalent to the method 

named as 𝐻𝐿(0,2) in 7 except for a minor modification. The difference is that 𝐻𝐿(0,2) evaluates the 

derivative with respect to both 𝜷 and 𝜼 in 𝑙ℎ(𝜎2, 𝜙|𝜷∗, 𝜼∗), while our method computes the derivative 

with respect to 𝜂𝑖  only. This modification can be justified by two facts. First, as the sample size of single-

cell data is generally large, ignoring the uncertainty of the estimate of 𝜷 practically has little effect on 

estimating 𝜎2 and 𝜙. Second, omitting the derivative with respect to 𝜷 will dramatically simplify the 

calculation of those higher-order terms in 𝚲 (i.e., 𝐸(𝑇4), 𝐸(𝑇3
2), etc) as we show in the following 

derivation.   

Briefly, the higher-order LA method first rewrites the h-likelihood ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙) in eq. (11) using the 

Taylor expansion. If we view the second-order term 𝑇2 =
𝜕2ℎ𝑙(𝜷,𝜼|𝜎2,𝜙)

𝜕𝜼∗2
(𝜼−𝜼∗)2

2
 in the Taylor expansion as 

a kernel of the normal distribution, the marginal likelihood in eq. (10) is proportional to the expectation 

of the exponential of the third- and higher-order terms, denoted by 𝑇3, 𝑇4, and so on, under the normal 

distribution. By applying the Taylor expansion to the expectation again, we can rewrite the marginal 

likelihood as 

𝐿(𝜎2, 𝜙|𝜷∗, 𝜼∗) = exp(ℎ𝑙(𝜷∗, 𝜼∗|𝜎2, 𝜙) −
1

2
log (|

𝜕2ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜼∗2
|))𝐸(1 + 𝑅 +

𝑅2

2!
+ ⋯), 

where 𝑅 = ∑ 𝑇𝑖
∞
𝑖≥3  and 𝐸(∙) is the expectation over 𝜼. The detailed derivation of the higher-order 

multivariate LA can be found in e.g., 6, the first equation on p. 89 in 9, or Chapter 6 in 8. Hence the 

marginal log-likelihood becomes  

log(𝐿(𝜎2, 𝜙|𝜷∗, 𝜼∗))

= ℎ𝑙(𝜷∗, 𝜼∗|𝜎2, 𝜙) −
1

2
log (|

𝜕2ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜼∗2
|) + log (1 + 𝐸(R) + 𝐸 (

𝑅2

2!
) +⋯), 

and keeping the first few items gives 𝑙ℎ(𝜎2, 𝜙|𝜷∗, 𝜼∗). In principle, we can achieve any accuracy as much 

as we want by adding more higher-order terms 𝑇𝑖. On the other hand, including more terms requires the 

additional computation of higher-order multivariate derivatives. We find that including 𝐸(𝑇4), 𝐸(𝑇3
2)/2, 

and 𝐸(𝑇3𝑇5) =
𝐸(𝑇3𝑇5)+𝐸(𝑇5𝑇3)

2
 works practically well as a trade-off between accuracy and efficiency, and 

already achieves a substantial improvement in reducing the bias of estimating 𝜎2 for the NBGMM 

(Supplementary Fig. S17). Taking the logarithm of 𝐿(𝜎2, 𝜙|𝜷∗, 𝜼∗) by including 𝐸(𝑇4), 𝐸(𝑇3
2)/2, and 

𝐸(𝑇3𝑇5) leads to ∑ 𝑙ℎ𝑖(𝜎
2, 𝜙|𝜷∗, 𝜼∗)𝑖 .  



Next, we turn to the calculation of the terms 𝐸(𝑇4), 𝐸(𝑇3
2), and 𝐸(𝑇3𝑇5) in 𝚲. As 

𝜕𝑘ℎ𝑙(𝜷,𝜼|𝜎2,𝜙)

𝜕𝜼∗𝑘
(𝑘 =

3,4,5) are all constants, the expectation is equivalent to the higher-order joint moments of a zero-mean 

normal distribution, the calculation of which follows from Isserlis' theorem (see e.g, 9, p. 85). More 

specifically, we have the following formulae in general 

𝐸(𝑇4) = −
ℎ𝑖𝑗𝑘𝑙ℎ

𝑖𝑗ℎ𝑘𝑙

8
 

𝐸(𝑇3
2) =

9ℎ𝑖𝑗𝑘ℎ𝑙𝑚𝑛ℎ
𝑖𝑗ℎ𝑘𝑙ℎ𝑚𝑛 + 6ℎ𝑖𝑗𝑘ℎ𝑙𝑚𝑛ℎ

𝑖𝑙ℎ𝑗𝑚ℎ𝑘𝑛

36
 

𝐸(𝑇3𝑇5) =
45ℎ𝑖𝑗𝑘ℎ𝑙𝑚𝑛𝑜𝑝ℎ

𝑖𝑗ℎ𝑘𝑙ℎ𝑚𝑛ℎ𝑜𝑝+60ℎ𝑖𝑗𝑘ℎ𝑙𝑚𝑛𝑜𝑝ℎ
𝑖𝑙ℎ𝑗𝑚ℎ𝑘𝑛ℎ𝑜𝑝

720
,  

where ℎ𝑖𝑗𝑘𝑙ℎ
𝑖𝑗ℎ𝑘𝑙 = ∑ ∑ ∑ ∑ ℎ𝑖𝑗𝑘𝑙ℎ

𝑖𝑗ℎ𝑘𝑙𝑚
𝑙=1

𝑚
𝑘=1

𝑚
𝑗=1

𝑚
𝑖=1  (𝑚 is the number of subjects) uses the Einstein 

summation notation described in 9, ℎ𝑖𝑗𝑘 , ℎ𝑖𝑗𝑘𝑙 , ℎ𝑙𝑚𝑛𝑜𝑝 are the corresponding elements in the third, 

fourth, and fifth derivatives of the negative h-likelihood, and ℎ𝑖𝑗 is the corresponding element in the 

inverse of −
𝜕2ℎ𝑙(𝜷,𝜼|𝜎2,𝜙)

𝜕𝜼∗2
. The coefficients in the numerator of these formulae can be derived using 

Table 1 of the Appendix of 9. Note that another option can be further expressing the log of the 

expectation log (𝐸 (1 + 𝑅 +
𝑅2

2!
+⋯)) in terms of the cumulant generating function as proposed in 9,10. 

This method requires counting complementary partitions (that is, only those complementary partitions 

should be included in the numerator, although there is no difference for the three terms that we 

consider here). Because the Hessian matrix is diagonal (ℎ𝑖𝑗 = 0 if 𝑖 ≠ 𝑗) in our model, these formulae 

then simplify to  

𝐸(𝑇4) = −
ℎ𝑖𝑖𝑖𝑖ℎ

𝑖𝑖ℎ𝑖𝑖

8
 

𝐸(𝑇3
2) =

5ℎ𝑖𝑖𝑖ℎ𝑖𝑖𝑖ℎ
𝑖𝑖ℎ𝑖𝑖ℎ𝑖𝑖

24
 

𝐸(𝑇3𝑇5) =
7ℎ𝑖𝑖𝑖ℎ𝑖𝑖𝑖𝑖𝑖ℎ

𝑖𝑖ℎ𝑖𝑖ℎ𝑖𝑖ℎ𝑖𝑖

48
.  

The same results can also be reached by using Theorem 2 in 6. Hence, the major additional 

computational burden in this higher-order LA is to calculate the higher-order derivatives ℎ𝑖𝑖𝑖, ℎ𝑖𝑖𝑖𝑖, and 

ℎ𝑖𝑖𝑖𝑖𝑖 , which takes 𝒪(𝑛) time. It follows through a straightforward calculation based on 
𝜕2ℎ𝑙(𝜷,𝜼|𝜎2,𝜙)

𝜕𝜂𝑖
2  in 

A.7 that  

ℎ𝑖𝑖𝑖 =
𝜕3ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜂𝑖
3

= −𝜆 exp(𝜂𝑖) −∑
𝜙(𝑦𝑖𝑗 +𝜙)𝜇𝑖𝑗

∗∗(𝜙 − 𝜇𝑖𝑗
∗∗)

(𝜙 + 𝜇𝑖𝑗
∗∗)

3
𝑗

 



ℎ𝑖𝑖𝑖𝑖 =
𝜕4ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜂𝑖
4

= −𝜆 exp(𝜂𝑖) −∑
𝜙(𝑦𝑖𝑗 + 𝜙)𝜇𝑖𝑗

∗∗(𝜙2 − 4𝜙𝜇𝑖𝑗
∗∗ + 𝜇𝑖𝑗

∗∗2)

(𝜙 + 𝜇𝑖𝑗
∗∗)

4
𝑗

 

ℎ𝑖𝑖𝑖𝑖𝑖 =
𝜕5ℎ𝑙(𝜷, 𝜼|𝜎2, 𝜙)

𝜕𝜂𝑖
5

= −𝜆 exp(𝜂𝑖) −∑
𝜙(𝑦𝑖𝑗 + 𝜙)𝜇𝑖𝑗

∗∗(𝜙3 − 11𝜙2𝜇𝑖𝑗
∗∗ + 11𝜙𝜇𝑖𝑗

∗∗2 − 𝜇𝑖𝑗
∗∗3)

(𝜙 + 𝜇𝑖𝑗
∗∗)

5
𝑗

. 
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Supplementary Figures 
 



Supplementary Figure S1. The computational time (measured in log10(seconds)) of fitting an 
NBMM by NEBULA, glmer.nb, and glmmTMB for 10,000 genes with respect to the number of 
fixed-effects variables included in the model. The number of subjects was set at 50, and CPS 
was set at 100. The average benchmarks are summarized from scenarios of varying subject-
level and cell-level overdispersions and the mean count per cell ranging from exp(-4) to 1. 
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Supplementary Figure S2. Comparison of estimated cell-level and subject-level overdispersions 
between NEBULA-LN and NEBULA-HL under a situation in which the CV of the scaling factor 
(𝜋𝑖𝑗) is one. The summary statistics were calculated from n=500 simulated replicates in each of 

the scenarios. (A) The cell-level overdispersion estimated by NEBULA-LN and NEBULA-HL 
under different combinations of CPS, 𝛽0 (a lower 𝛽0 corresponding to a lower CPC value), and 
𝜙. The number of subjects was set at 50. (B) The subject-level overdispersion estimated by 

NEBULA-LN and NEBULA-HL under different combinations of 𝛽0, 𝜎2, and 𝜙. The number of 
subjects was set at 50. The CPS value was set at 400. (C) The subject-level overdispersion 
estimated by NEBULA-LN and NEBULA-HL under different combinations of the number of 

subjects, 𝜎2, and 𝜙. The CPS value was set at 400, and 𝛽0 was set at 0.05. (D) The subject-
level overdispersion estimated by NEBULA-LN and NEBULA-HL under different combinations of 

CPS, 𝜎2, and 𝜙. The number of subjects was set at 50, and 𝛽0 was set at 1. 
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D



Supplementary Figure S3. Comparison of estimated cell-level overdispersion between 
NEBULA-LN and NEBULA-HL under different combinations of the number of subjects, 𝛽0, and 

𝜙. The CPS value was set at 200. The summary statistics were calculated from n=500 
simulated replicates in each of the scenarios. 
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Supplementary Figure S4. Comparison of estimated cell-level and subject-level overdispersions 
between NEBULA-LN and NEBULA-HL under an unbalanced design in which the cell counts 
across the subjects were sampled from a negative binomial distribution with size=3. The 
summary statistics were calculated from n=500 simulated replicates in each of the scenarios. 
(A) The cell-level overdispersion estimated by NEBULA-LN and NEBULA-HL under different 
combinations of CPS, 𝛽0 (a lower 𝛽0 corresponding to a lower CPC value), and 𝜙. The number 
of subjects was set at 50. (B) The subject-level overdispersion estimated by NEBULA-LN and 

NEBULA-HL under different combinations of 𝛽0, 𝜎2, and 𝜙. The number of subjects was set at 
50. The CPS value was set at 400. (C) The subject-level overdispersion estimated by NEBULA-

LN and NEBULA-HL under different combinations of the number of subjects, 𝜎2, and 𝜙. The 
CPS value was set at 400, and 𝛽0 was set at 0.05. (D) The subject-level overdispersion 

estimated by NEBULA-LN and NEBULA-HL under different combinations of CPS, 𝜎2, and 𝜙. 
The number of subjects was set at 50, and 𝛽0 was set at 1. 
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Supplementary Figure S5. Empirical type I error rate of testing a subject-level variable using 

NEBULA-LN under different combinations of CPC, 𝜎2, and 𝜙. The CPS value was set at 400 
and the number of subjects was set at 50. The empirical type I error rate was calculated from 
n=500 simulated replicates in each of the scenarios and was evaluated at the significance level 
of 0.05 (the dashed lines). 
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Supplementary Figure S6. Empirical type I error rate of testing a cell-level variable using 

NEBULA-LN under different combinations of CPC, 𝜎2, and 𝜙. The number of subjects was set 
at 50 and the CPS value was set at 400. The empirical type I error rate was calculated from 
n=500 simulated replicates in each of the scenarios and was evaluated at the significance level 
of 0.05 (the dashed lines). 
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Supplementary Figure S7. Empirical type I error rate of testing a subject-level variable using 

PGMM under different combinations of the number of individuals, 𝜎2, and 𝜙. The CPS value 
was set at 200. The empirical type I error rate was calculated from n=500 simulated replicates in 
each of the scenarios and was evaluated at the significance level of 0.05 (the dashed lines). 
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Supplementary Figure S8. Distribution of the library size (the total number of reads) of each cell 
grouped by the seven major cell types in the snRNA-seq data in the human frontal cortex. 
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Supplementary Figure S9. The cell-level overdispersion of genes with CPC>0.1% in five major 
cell types in the frontal cortex estimated by NEBULA with respect to the CPC of the gene. No 
covariates other than the intercept were included in the model. 
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Supplementary Figure S10. The subject-level overdispersion of genes with CPC>0.1% in five 
major cell types in the frontal cortex estimated by NEBULA with respect to the CPC of the gene. 
No covariates other than the intercept were included in the model. 
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Supplementary Figure S11. The distribution of (A) the estimated cell-level overdispersion and 
(B) subject-level overdispersion in the excitatory neurons (Ex) and the 11 subpopulations in the 
excitatory neurons (Ex0-Ex12) annotated in the ROSMAP 48-subject snRNA-seq data set. All 
genes with CPC>0.1% in each of the cell populations were included. 
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Supplementary Figure S12. The cell-level overdispersion estimated by NEBULA versus those 
estimated by glmer.nb with nAGQ=0 for 16,207 genes with CPC>0.1% in the excitatory neurons 
in the ROSMAP 48-subject snRNA-seq data set. 
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Supplementary Figure S13. The subject-level overdispersion estimated by NEBULA versus 
those estimated by glmer.nb with nAGQ=0 for 16,207 genes with CPC>0.1% in the excitatory 
neurons in the ROSMAP 48-subject snRNA-seq data set. 
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Supplementary Figure S14. The log(FC) of a subject-level variable estimated by NEBULA 
versus those estimated by glmer.nb with nAGQ=0 for 16,207 genes with CPC>0.1% in the 
excitatory neurons in the ROSMAP 48-subject snRNA-seq data set. 
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Supplementary Figure S15. The cell frequency of the four subclusters in astrocytes across the 
48 individuals. The 3386 astrocytes in the human frontal cortex are from the ROSMAP 48-
subject snRNA-seq data.  
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Supplementary Figure S16. Scatter plots of the normalized expression for the calculation of the 
Pearson correlation in the co-expression analysis of BCL3 with two genes (CX3CR1 and 
LINC02446) in the memory CD4+ T cell population. The outliers are highlighted in red.  
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Supplementary Figure S17. The comparison of the performance of estimating 𝜎2 between the 
first-order and the higher-order LA methods. The simulation results are based on the parameter 
setting with 𝜙 = 2,  CPS=100, and 30 subjects. The dashed horizontal lines are the true value of 

𝜎2. The summary statistics were calculated from n=500 simulated replicates in each of the 
scenarios. 
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Supplementary Figure S18. The comparison between the h-likelihoods of the NBGMM and 

NBLMM. The sample size in all h-likelihoods is 100. The plotted h-likelihood functions with 

respect to 𝜂𝑖 are based on the parameter setting with 𝜙 = 1, 𝜎2 = 0.5, and 𝛽0 = −5. (A) An h-

likelihood of the NBGMM in which there are no positive counts in the sample. (B) An h-likelihood 

of the NBGMM in which there are two positive counts in the sample. (C) An h-likelihood of the 

NBLMM in which there are no positive counts in the sample. 
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