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Introduction 

In this study, the velocity distribution outside of the 

catheter is calculated based on the analytical solution 

provided in the previous studies [1, 2]. A brief 

overview of this solution is described here. 

Methods 

To calculate the velocity distribution outside of the 

catheter, the following assumptions were made: 

 The catheter centerline is parallel to the arterial 

centerline. 

 The vessel cross-section is circular. Therefore, the 

vessel and catheter form an eccentric annulus 

(Fig. S1). 

 The annulus is long enough that the flow becomes 

fully developed. 

The flow in the eccentric annulus was solved using the 

following transformation [1] 

𝑥 + 𝑖𝑦 = 𝑖𝑐 𝑐𝑜𝑡((𝜎 + 𝑖𝜏) 2⁄ ) (1) 

𝑐 = 𝑅 sinh 𝛼 = 𝑟𝑣  sinh 𝛽 (2) 

where c is a constant, i = (-1)1/2, (τ,σ) are the bipolar 

coordinates, R is the catheter radius, and rv is the vessel 

radius. In this bipolar system, the catheter and vessel 

are represented by α and β which are lines of constant 

τ. These lines can be calculated as [1] 

cosh 𝛼 =  (𝛾(1 + 𝜑2) + (1 − 𝜑2)) 2𝛾𝜑⁄  (3) 

cosh 𝛽 =  (𝛾(1 − 𝜑2) + (1 + 𝜑2)) 2𝜑⁄  (4) 

𝛾 = 𝑅/𝑟𝑣  (5) 

𝜑 = 𝑒/(𝑟𝑣 − 𝑅) (6) 

where e is the eccentricity. Considering the boundary 

conditions [2], the general solution of the equation of 

motion for fully-developed laminar flow may be 

written as [1] 

𝑢 = 𝐹 + 𝐸𝜏 − coth 𝜏 /2 + ∑ {𝐴𝑛𝑒𝑛𝜏 + (𝐵𝑛 −∞
𝑛=1

coth 𝜏)𝑒−𝑛𝜏} cos 𝑛𝜎 (7) 

where u is the dimensionless velocity in the eccentric 

annulus between the vessel and the catheter, and 

𝐹 = (𝛼 coth 𝛽 − 𝛽 coth 𝛼)/2(𝛼 − 𝛽) (8) 

𝐸 = (coth 𝛼 − coth 𝛽)/2(𝛼 − 𝛽) (9) 

𝐴𝑛 = (coth 𝛼 − coth 𝛽)/(𝑒2𝑛𝛼 − 𝑒2𝑛𝛽) (10) 

𝐵𝑛 = (𝑒2𝑛𝛼 coth 𝛽 − 𝑒2𝑛𝛽 coth 𝛼)/(𝑒2𝑛𝛼 −
𝑒2𝑛𝛽) (11) 
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Fig. S1 Eccentric annulus formed between the vessel 

and the catheter. 


