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Information processing can leave distinct footprints on the statistics of neural spiking.
For example, efficient coding minimizes the statistical dependencies on the spiking
history, while temporal integration of information may require the maintenance of
information over different timescales. To investigate these footprints, we developed a
novel approach to quantify history dependence within the spiking of a single neuron,
using the mutual information between the entire past and current spiking. This
measure captures how much past information is necessary to predict current spiking.
In contrast, classical pairwise measures of temporal dependence like the
autocorrelation capture how long—--potentially redundant-—past information can still be
read out. Strikingly, we find for model neurons that our method disentangles the
strength and timescale of history dependence, whereas the two are mixed in
classical approaches. When applying the method to experimental data, which are
necessarily of limited size, a reliable estimation of mutual information is only possible
for a coarse temporal binning of past spiking, a so called past embedding. To still
account for the vastly different spiking statistics and potentially long history
dependence of living neurons, we developed an embedding-optimization approach that
does not only vary the number and size, but also an exponential stretching of past
bins. For extra-cellular spike recordings, we found that the strength and timescale of
history dependence indeed can vary independently across experimental preparations.
While hippocampus indicated strong and long history dependence, in visual cortex it
was weak and short, while in vitro the history dependence was strong but short. This
work enables an information theoretic characterization of history dependence in
recorded spike trains, which captures a footprint of information processing that is
beyond pairwise measures of temporal dependence. To facilitate the application of the
method, we provide practical guidelines and a toolbox.
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Gottingen, March 9, 2021

Resubmission of our manuscript to PLOS Computational Biology

Dear editors, dear reviewers,

we thank you for your editorial consideration and the very helpful comments. Please find
enclosed a point-to-point response to the reviewer’s comments, and a manuscript file with
changes highlighted in colour.

In brief, the main improvements in the revised version of the manuscript comprise (1) a
clarification of our approach with respect to previous approaches that quantify temporal
dependence in neural spike trains, (2) we compare our approach to classical measures, and
show more simulated example neurons to illustrate the properties of the new approach, and
(3) we revised the definition of the timescale.

In more detail, first, we carve out more clearly that our measure of history dependence as-
sesses the window over which unique predictive information is accumulated; in contrast to
e.g. autocorrelation, which assesses how long—potentially redundant—past information can
still be read out. Moreover, the conventional estimate of timescale, the autocorrelation time,
mixes the effects of strength and timescale of history dependence. In contrast, these are
disentangled with our method.

Second, as proposed, we compare the novel measure on the example data sets to other well-
established statistics, such as the median interspike interval, the coefficient of variation and
the autocorrelation time. Moreover, we demonstrate its properties at a range of simulated
model neurons, including the Izhikevich neuron. Third, we replaced the temporal depth
of history dependence by a measure of a generalized timescale, which is equivalent to the
autocorrelation time, but can also be applied to our measure of history dependence. With its
similarity to the autocorrelation time, it facilitates the comparison to past work. In addition,
this measure of timescale is more robust to the recording length, and thus further improves
quantification.

With grounding our work in a more familiar terrain, and by introducing the robust measure
of timescale, we could improve the clarity of our manuscript and method.

We thank you very much for your editorial consideration and are looking forward to your
reply,

Lucas Rudelt & Viola Priesemann
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Reviewer 1 This paper proposes new metrics for measuring history dependence in neural
spike trains, and uses a particular coarse-graining in combination with existing entropy/mutual
information estimation methods to estimate this metric for a range of neural spike trains. The
authors then try to draw conclusions about their estimated metrics for various real neural
spike trains.

The methods aspect of this seems relatively sound. I do have a suggestion for the authors,
though, in terms of presentation: I'd put the vast majority of the methods in the Methods
rather than the Results section. Basically, the discussion of the curse of dimensionality and
the Data Processing Inequality in various forms (large number of bins is curse of dimen-
sionality, can lead to overestimation and small number of bins yields lower MI due to Data
Processing Inequality) seem to me to be well-worn statistical ground and not worthy of so
much of the Results section.

Thank you for your summary and your helpful comments. Indeed, we agree
with you and had similar discussions during the writing process. However, since
the article is aimed at a broad readership that might not be familiar with the
issue of over- or underestimation, we found it important to illustrate it here. To
incorporate your feedback in the revised manuscript, we included a statement at
the beginning of the benchmark results section that encourage readers familiar
with the concepts to skip this part (lines 341-344 in the new manuscript).

I’d also emphasize more that your main contribution to estimation of these information quan-
tities is a particularly clever coarse-graining that assumes the recency hypothesis.

Thank you for this suggestion. We clarified this contribution for the estimation
by mentioning it explicitly in the abstract. The relevant passage reads

“To still account for the vastly different spiking statistics and potentially long
history dependence of living neurons, we developed an embedding-optimization
approach that does not only vary the number and size, but also an exponential
stretching of past bins.”

However, we would also like to point out that while our approach is based on
established estimators, the way the approach uses them for regularization during
the embedding optimization is novel and key to the estimation. As you point out,
the coarse-graining with the recency hypothesis is an additional important step,
but the approach could be used to optimize any other embedding model.

But that’s not my main worry. I'm mainly worried that the metric isn’t necessarily the right
one for the job. On the chopping block is not just your R(T") (which I would not call a redun-
dancy, but rather just a version of the predictive information divided by H) and Tp (which
I have a few comments on later), but also the autocorrelation function (which you discard,
for reasons that make sense) and the predictive information (which you essentially have a
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version of in your numerator, but see Nemenman et al) and all the information measures in
”Anatomy of a Bit” by Ryan James et al.

Thank you very much for pointing this out. About the predictive information,
we regularly refer to it using both terms, predictable or redundant information.
It depends on the decoder perspective, whether the information is used or not. In
addition, we refer now explicitly to these measures and the additional literature
you quote. The relevant passage in the methods summary now reads

“We quantify history dependence based on the mutual information

I(spiking; past(7T")) = H (spiking) — H (spiking|past(T)) (1)

between current spiking in a time bin [t, ¢ + At) and its own past in a past range
[t — T,t) (Fig 1B). Here, we assume stationarity and ergodicity, such that the
measure is an average over all times ¢. This mutual information is also called ac-
tive information storage [5], and is related to the predictive information [18,19].
It quantifies how much of the current spiking information H (spiking) can be
predicted from past spiking.”

However, we want to stress that there are two important differences between
R(T) and the predictive information: First, R(T") quantifies how well spiking
in the next time bin can be predicted, similar to the active information storage
[5], whereas predictive information also increases the range of predicted spiking
with T. Therefore, R(T) can have very distinct behavior as one increases T’
(for example, the asymptotic rate is zero, see next comment). We chose active
information storage over predictive information, because we want to quantify
how redundant or predictable the current spiking is, based on its immediate past.
From a practical point of view, this quantify is also easier to estimate, because
only the past range 7" has to be embedded.

Second, we normalize the mutual information by the spiking entropy. This is a
crucial step to obtain a measure of statistical dependence, instead of information,
similar to the correlation coefficient that normalizes covariance by the variance
of the process. See below for more details where we discuss this in light of our
novel results.

Finally, we would like to stress that the main goal here was not to introduce a
new information theoretic measure, but to use existing tools from information
theory to address a problem that was previously only tackled using measures
like the autocorrelation. However, in order to do so, we find it necessary to
normalize by the entropy.

Based on my experience playing with these metrics, I'd say the following: - it is likely that
T'p will grow with the size of your data set, and so what’s really relevant is the rate of growth;
that may be a better way to distinguish between different time series;
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Your are right, the previous measure of temporal depth T was highly sensitive
to the size of the data set, which we showed in the old S2 and S3 Figs. Therefore,
we revised this measure completely. We now define the information timescale
TR, which is more robust with respect to data size (see new S2 and S3 Figs),
and its definition has a nice analogy to the autocorrelation time. However, we
feel that you are referring to an asymptotic rate of growth R(7T')/T as one lets
T — oo, similar to the predictive information in [19]. In the case of R(T),
this rate will always be zero, because R(T) (with or without normalization) is
bounded by one (or the spiking entropy; see previous comment). Thus, no such
rate of growth can be defined for this measure.

— it is likely that R(T) has some weird behavior with the time bin size for the present neural
patterning that has not yet been discussed and should be;

We added a supplementary figure (S16 Fig) that shows the dependence of R(T)
on the time bin size for the experimental data. While the information timescale
TR is quite insensitive to the choice of At, the total history dependence decreases
for small At. We added a passage in the methods summary where we discuss
and explain our choice of At = 5 ms, which reads

“Finally, all the above measures can depend on the size of the time bin At, which
discretizes the current spiking activity in time. Too small a time bin holds the
risk that noise in the spike emission reduces the overall predictability or his-
tory dependence, whereas an overly large time bin holds the risk of destroying
coding relevant time information in the neuron’s spike train. Thus, we chose
the smallest time bin At = 5ms that does not yet show a decrease in history
dependence (516 Fig)”

- I still have no idea how or if either R(T") or Tp (data set size) capture anything related to
history dependence.

To clarify this, we would like to point you to the new first section in Results,
as well as Figs 1, 3, 4, and S14 Fig that clarify the difference between R(T') or
TR and the autocorrelation time, time-lagged mutual information and the total
mutual information (R, without normalization). For more details see below.

Before I recommend acceptance, I would ask for simulations of an Izhikevich neuron that
can adopt different neuron types. The strawmen, in my opinion, should be first the autocor-
relation function and then the predictive information. I believe that information measures
of time series can reveal the type of neuron or aspects of how it behaves, but I don’t see
why I should switch from using the predictive information to using R(T") or its relative Tp.
What am I getting from R(7T') that I'm not getting from predictive information? What is the
intuition behind introducing this new measure? What do the authors even mean by “history
dependence”? If I am to normalize something like predictive information by single symbol
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entropy, as the authors do here, what neural spike train do I now correctly classify as hav-
ing long history dependence that I before believed had little history dependence? AsIam
missing this intuition from the paper, I cannot recommend acceptance- yet.

Thank you very much for this comment. First of all, we added the analysis of the
Izhikevich neuron, together with the GLIF and a stochastic branching process,
as comparison (Fig 4). The history dependence, and the correlation or lagged
mutual information clearly show distinct behavior. In addition, we analyzed a
binary autoregressive process, where we could control the firing rate via an un-
correlated, external input, as well as the strength and temporal depth of past
dependencies in the process (Fig 3). We find that the total history Ry, correctly
captures an increase in the strength m of past dependencies, whereas the infor-
mation timescale 7 is only sensitive to the temporal depth of the process. In
contrast, the two aspects are mixed in the autocorrelation time.

The example also addresses your question why the normalized mutual infor-
mation or redundancy R(T') is the right measure for our purpose. The mutual
information is proportional to the spiking entropy, which depends crucially on
the time bin, as well as the neuron’s firing rate. As a consequence, the total
mutual information increases strongly with increasing strength of uncorrelated
inputs, whereas Ry, stays almost unaffected, or rather decreases (Fig 3B). Thus,
the mutual information cannot clearly distinguish between an increase in input,
or history dependence. In addition, we found that the total mutual information
is correlated with the firing rates of the neurons, whereas the normalization al-
lows to compare history dependence in neurons with vastly different firing rates
(S13 Fig).

Smaller things:
— I would not say that this measure of history dependence has anything to do with the ef-
ficient coding hypothesis, which is more about how stimulus is transformed by a neuron so
that the neuron has maximal entropy, or sometimes (depending on who’s using the term) is
about how mutual information between stimulus and neuron is close to the entropy of the
neural activity;

Thank you for this comment. As you point out, there are different formulations
of the efficient coding hypothesis. We refer to the first formulation, where a
stimulus is transformed by neurons so that they have maximal entropy — here
by reducing temporal redundancy within a single spike train. We refer to this
line of efficient coding in the introduction when we write “In classical, noise-less
efficient coding, history dependence should be low to minimize redundancy and
optimize efficiency of neural information transmission [1-3]”

Temporal redundancy is quantified by R, such that one can test for signatures
of this kind of efficient coding using this measure of history dependence. All
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of this, however, only makes sense if little noise is present, such that the stim-
ulus information is close to the capacity H (spiking) of the neuron. In contrast,
when significant noise is present, low history dependence can also be a signa-
ture of strong, uncorrelated noise, and cannot be attributed to the efficiency of
the encoding. In such a case, additional analyses that assess the noisiness in the
stimulus encoding are required. As first hint, we find in an ongoing follow-up
project on a data set where neurons are classified as having a significant or no
significant receptive field (which could be associated to noisiness of their encod-
ing), that neurons with no significant receptive field actually have higher Ry,
consistently across different visual areas (not published yet).

- I would add some words on when your embedding method is likely to fail, which is pre-
cisely when initial conditions really really matter and the recency hypothesis is inaccurate-
e.g. network of Izhikevich neurons— and which (notably) some might call long-term history
dependence.

We totally agree and mention possible limitations in the discussion:

“Finally, our approach uses an embedding model that ranges from uniform em-
bedding to an embedding with exponentially stretching past bins—assuming that
past information farther into the past requires less temporal resolution. This
embedding model might be inappropriate if for example spiking depends on the
exact timing of distant past spikes, with gaps in time where past spikes are irrel-
evant. In such a case, embedding optimization could be used to optimize more
complex embedding models that can also account for this kind of spiking statis-
tics”

However, we would like to emphasize that the degree of coarse-graining is op-
timized in our approach, so if the recency hypothesis is inaccurate, a uniform
binning will be chosen. If more detailed knowledge about past dependencies
is available, more specific embedding models could be optimized using our ap-
proach.

If the authors can convince me that their metric R(T") and its relative Tp (which should
really be some aspect of how Tp changes with recording length) contain useful information
that stumps the predictive information, then I will happily recommend acceptance.

We hope that with the new figures and clarifications in the text we have con-
vinced you of the usefulness of the analysis using R, and 7, and the differences
to predictive information. In addition, for cases where the predictive informa-
tion is of interest, the embedding optimization approach presented in this paper
could facilitate its estimation, as is the case for R(T).



Page 7

Reviewer 2 This paper is a potentially important contribution to neuroscientific toolbox.
The authors propose an extension of existing information theoretic approaches that allows
for an unbiased estimation of a neuron’s history dependence on temporal depth and history
dependence. The paper presents a thorough approach to controlling bias and overfitting.
Further, the method is applied to several open datasets and an intriguing finding is described.
Finally, the code to apply the methods described in the paper is made available with thorough
documentation.

Thank you for the great summary, your helpful requests and comments and your
support for improving the usability of the tool. To summarize our changes, we
now extended to link to existing approaches, which will facilitate to put our re-
sults into context. We expanded and improved our work, first by introducing a
measure of timescale that is technically much closer related to the autocorrela-
tion time, second by extending the analysis to several example model neurons,
and finally by including the additional analyses on the experimental data sets
that you proposed. We think that now the advantages, the distinction from pre-
vious approaches, and also the limitations are now much clearer. In the follow-
ing, we address each point you raised.

I am enthusiastic but have one minor concern and a few related requests for additional anal-
yses described below. In addition, I made a pull request on Github that may help improve
the usability of this tool; hopefully, the authors will build on it to include a few tests of the
code. This is not a requirement for this review, but it would be great to see code coverage
increase to > 50%.

Thank you very much for your contribution to the tool! That is really great!
Building on your pull request, we have increased testing coverage to 86 %.

The concern is the following. History dependence R depends on the entropy of current
spiking conditional on the past, as well as on the entropy of current spiking. The average
firing rate of a neuron changes its entropy; presumably, this is the reason that entropy of
current spiking is in the denominator. In theory, the product does not depend on the neuron’s
average firing rate; however, it would be nice to get a demonstration that Ry, or Tp do
not vary as a function of the GLIF neuron’s average firing rate, median ISI, or CV. More
importantly, I'd like to see a scatterplot of these quantities vs Ry, and Tp in the datasets
from Fig. 5.

We conducted the proposed analyses on the data sets and included them in S13
and S14 Figs. We have also added a paragraph in the results section that analyzes
the relation between Ry or Tg and the median ISI, CV or autocorrelation time.
The paragraph reads

“To better understand how other well-established statistical measures relate to
the total history dependence R, and the information timescale 7z, we show
Ry, and TR versus the median interspike inteval (ISI), the coefficient of variation
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Cy = oys1/ st of the ISI distribution, and the autocorrelation time 7¢ in S14 Fig.
Estimates of the total history dependence R tend to decrease with the median
IS], and to increase with the coefficient of variation C'y . This result is expected
for a measure of history dependence, because a shorter median ISI indicates
that spikes tend to occur together, and a higher C'y indicates a deviation from
independent Poisson spiking. In contrast, the information timescale 7 tends
to increase with the autocorrelation time, as expected, with no clear relation
to the median ISI or the coefficient of variation Cy. However, the correlation
between the measures depends on the recorded system. For example in retina
(n = 111), Ry is significantly anti-correlated with the median ISI (Pearson
correlation coefficient: r = —0.69, p < 107°) and strongly correlated with
the coefficient of variation Cy (r = 0.90, p < 1075), and 7 is significantly
correlated with the autocorrelation time 7¢ (r = 0.75, p < 107°). In contrast,
for mouse primary visual cortex (n = 142), we found no significant correlations
between any of these measures. Thus, the relation between Ry, or 7 and the
established measures is not systematic, and therefore one cannot replace the
history dependence by any of them”

Regarding the firing rate, we did not find any statistical influence on R and 7p
(which replaces Tp) on the data sets (513 Fig, bottom). In contrast, if one does
not normalize by the entropy, one observes an increase in total mutual informa-
tion with the firing rate (513 Fig, top) - as expected. We also demonstrate the
importance of the normalization in the new Fig 3B, where R does not increase
as one increases the strength of uncorrelated input, whereas the total mutual
information does increase. The relevant passage in the results section reads

“The input strength h increases the firing rate and thus the spiking entropy
H (spiking). This leads to a strong increase in the total mutual information
LIyt = Tlgn I(spiking; past(T)), whereas the total history dependence Ry is

o0

normalized by the entropy and does slightly decrease (Fig 3B). This slight de-
crease is expected from a sensible measure of history dependence, because the
input is random and has no temporal dependence. In addition, input activations
may fall together with internal activations, which slightly reduces the total his-
tory dependence.”

Note however, that normalizing by the entropy does not mean that R, will
not increase for higher firing rates. As an example, consider the GLIF model
neuron, where higher firing rates will result in more past spikes that trigger the
spike adaptation. In this case, the total history dependence increases with the
rate. Yet, for the GLIF model, it is hard to tune parameters such that one can vary
the firing rate, median ISI or CV in a controlled way; hence we did not include
such an analysis in the paper.

If authors find no correlation there, it may be instructive to look for a different connection to
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traditional statistics as described in the first section of Discussion. Surely, we won’t find any
perfect replacements for history dependence, but if T is loosely related to some function of
autocorrelation, it will help ground researchers in more familiar terrain.

This is a great point, and a relation to previous measures of temporal dependence
was clearly missing. We added a new introduction Figure (Fig 1) that clarifies
the difference between R(T") and measures of temporal dependence such as the
autcorrelation C(T') and the lagged mutual information L(T). Moreover, we
added two figures (Figs 3 and 4) that clearly show, for three different models,
how R(T) capture aspects of history dependence that are not captured by C(T")
or L(T'). Finally, we added plots that compare the autocorrelation time 7¢ to
Ryt and 7R in S14 Fig, and added a scatter plot of Ry, versus 7¢ in the Results
section in Fig 7B (previously Fig 5). The relevant passage from the Results sec-
tion reads

“Notably, total history dependence and the information timescale varied inde-
pendently among recorded systems, and studying them in isolation would miss
differences between recorded systems, whereas considering them jointly allows
to distinguish the different systems. Moreover, no clear differentiation between
cortical culture, retina and primary visual cortex is possible using the autocorre-
lation time 7¢ (Fig 7B), with medians 7¢ ~ 68 ms (culture), 7¢ ~ 60 ms (retina)
and 7¢ =~ 80 ms (primary visual cortex), respectively.”

We also discuss these results in the first section of Discussion, where the rele-
vant paragraph reads

“A key difference between history dependence R(7') and the autocorrelation
or lagged mutual information is that R(T") quantifies statistical dependencies
between current spiking and the entire past spiking in a past range T (Fig 1B).
This has the following advantages as a measure of statistical dependence, and as
a footprint of information processing in single neuron spiking. First, R(T) al-
lows to compute the total history dependence, which, from a coding perspective,
represents the redundancy of neural spiking with all past spikes; or how much
of the past information is also represented when emitting a spike. Second, be-
cause past spikes are considered jointly, R(T") captures synergistic effects and
dismisses redundant past information (Fig 4). Finally, we found that this en-
ables R(T') to disentangle the strength and timescale of history dependence for
the binary autoregressive process. (Fig 3). In contrast, autocorrelation C'(T') or
lagged mutual information L(7T') quantify the statistical dependence of neural
spiking on a single past bin with delay 7', without considering any of the other
bins (Fig 1A). Thereby, they miss synergistic effects; and they quantify redun-
dant past dependencies that vanish once spiking activity in more recent past is
taken into account (Fig 4). As a consequence, the timescales of these measures
reflect both, the strength and the temporal depth of history dependence in the
binary autoregressive process (Fig 3).
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The following lists a few minor suggestions.
In most citations, the name of the journal is missing. Is this by design?

Thank you very much for your attention, we fixed this issue. The problem was
an incompatibility between the biblatex translator and the PLOS template.

In line 78, what does ’discrete past embedding of spiking activity’ mean? Do you refer to
a ‘reduced representation’ of the past, or the discrete nature of spiking data? I am trying
to discern whether past embedding with binary data has been described in practical terms
before.

The ’discrete’ refers to the ‘reduced representation’ of the past, because, from
an information theoretic view, spikes hold an infinite amount of information
due to the continuous nature of their time information. We have changed the
term to ’binary past embedding’, because this is a more precise description of the
reduced representation that we use in this paper (even if multiple spikes occur
in the same time bin, we represent them by 0 or 1).

In line 152, you may wish to say something like *while minimizing the risk of overestima-
tion’.

Thank you for your suggestion, we adopted this formulation in the current manuscript.

Line 163 mentions errorbars, but none are visible in Fig. 2D. I think a different place in the
paper mentions 2xSTD errorbars being too small to be visible, but does that come later?

Thank you for pointing this out. The statement about errorbars not being visible
was made in the corresponding results section. To avoid confusion, we included
this statement also in the figure caption.

I am confused regarding the status of GLM in this paper. Line 337 justly points out its sys-
tematic underestimation of history dependence, while line 194 claims that the authors used
GLM as ground truth for R(T, d, ). Please clarify.

The difference in the two cases is that for the data sets, the model assumptions of
the GLM are not met, whereas for the GLIF neuron, they are accurate. Therefore,
in case of the GLIF neuron, we use the GLM as an analytical tool to benchmark
the model-free estimation approach. On the data sets, however, the underlying
model is not known. There, we use the model-free estimates to show that the
GLM systematically underestimates history dependence, because the model as-
sumptions do not fully agree with the data. To avoid confusion, we removed the
sentence on how the ground truth for the GLIF was computed in the results sec-
tion, and only refer to Materials and methods. There, we clarify that the GLM
only serves as ground truth to this particular model, and not in general. The
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corresponding passage reads

“We can thus fit a GLM to the simulated data for the given past embedding T, d, s
to obtain a good approximation of the corresponding true history dependence
R(T,d, k). Note that this is a specific property if this model and does not hold
in general. For example in experiments, we found that the GLM accounted for
less history dependence than model-free estimates (Fig 6).”

In Fig 4, why are bootstrapping errorbars not centered around the median (bars’ height)?

The bootstrapping errorbars or 95 % confidence intervals (here bootstrapped
over different sorted units) are not centered around the median, because they
do not assume a normal distribution. This is different from errorbars on esti-
mates of R(T"), which result from “blocks of blocks” bootstrapping of the time
series and assume a normal distribution.

When referring to results from extracellular recordings, it may be best to call the units identi-
fied through spikesorting “single units” rather than “neurons” to remind us that spikesorting
is somewhat subjective.

This is a great suggestion. As some units are multi units, and others are sin-
gle units, we now call them all "sorted units” or simply "units” throughout the
manuscript.

In Fig 5, would it be possible to include a scatterplot of history dependence estimated from
GLM?

The GLM is very costly to optimize, such that it is infeasible to estimate R(T") as a
function of T for all the sorted units, which is required to estimate the timescale
Tr. Therefore, we did not include such a scatterplot in Fig 7 (old Fig 5).

Please attempt to interpret the results of Fig 6 further. Why is it that single unit 3 has such
a distinctive shape? What might this mean for the corresponding neuron’s information pro-
cessing? What follow-up would you suggest for researchers using your tool when they see
shapes like these? Would inspecting autocorrelograms help? Include any diagnostic infor-
mation you find helpful.

Thank you for digging deeper here. We extended the interpretation in the results
section and followed your suggestion to add the autocorrelograms to Fig 8 (old
Fig 6). The relevant passage in the results reads
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“In particular, sorted units display different signatures of history dependence
R(T') as a function of the past range T. For some units, history dependence
builds up on short past ranges 1’ (e.g. Fig 8A), for some it only shows for higher
T (e.g. Fig 8B), and for some it already saturates for very short 7" (e.g. Fig 8C).
A similar behavior is captured by the autocorrelation C(T') (Fig 8, second row).
The rapid saturation in Fig 8C indicates history dependence due to bursty firing,
which can also be seen by strong positive correlation with past spikes for short
delays 1" (Fig 8C, bottom). To exclude the effects of different firing modes or
refractoriness on the information timescale, we only considered past ranges 7" >
Ty = 10ms when estimating 7, or delays 7' > Ty = 10 ms when fitting an
exponential decay to C'(T') to estimate 7. The reason is that differences in the
integration of past information are expected to show for larger 7. This agrees
with the observation that timescales among recorded systems were much more
similar if one instead sets Ty = 0 ms, whereas they showed clear differences for
Ty = 10ms or Ty = 20 ms (S15 Fig)”

Related: What is the interpretation of a peak followed by decay in R(T') as in Fig S7, row 2,
middle two?

This is a great question. A peak as in Fig S7, row 2 is an artefact of the estimation.
It arises because the embedding-optimized estimator first captures relevant past
dependencies as 7" increases. For larger T', however, these dependencies cannot
be resolved due to the regularization and thus limited number of past bins. In
theory, R(T) is monotonously increasing with T', because more past information
can only increase the mutual information. We explicitly use this knowledge
when estimating R, and 7x (see lines 846-866 in Materials and methods), such
that this behavior has no negative impact on our key observables.

There is a typo in line 1298 and in caption to S4.
Thank you, both has been updated.

The sentence that starts on line 1326 is too long. Also, it may be good to italicize "blocks of
blocks’ here.

Thank you, we adapted both.
Reviewer 3

Embedding optimization reveals long-lasting history dependence in neural spiking Activ-
ity
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« Summary of the paper and novelties This work investigates how to reliably quantify the
dependence of a single neuron’s spiking on its own preceding activity, called history de-
pendence. Previous studies used limited representations of past activity (the so-called past
embedding) to estimate information theory-based measures. Here it is argued that a careful
embedding of past activity is crucial. A novel embedding-optimization method is proposed
here that optimizes temporal binning of past spiking to capture most of the magnitude and
the temporal depth of history dependence. The new method is validated against simulated
data of a LIF neuron model and empirical data from different databases that account for a
large variety of spiking statistics.

» Strengths The main strengths of the work are:

- It is demonstrated that previous ad hoc embedding strategies are likely to capture much
less history dependence, or lead to estimates that severely overestimate the true history de-
pendence. The new method maximizes the estimated history dependence while avoiding
overestimation.

- The new method is flexible enough to account for the variety of spiking statistics encoun-
tered in experiments.

Thank you for the great summary and your positive and helpful comments. Be-
low, you clearly pointed out the problems with estimating the temporal depth.
Thereby, you stimulated us to come up with a different measures of a timescale.
This new measure, which we call information timescale, is not only more robust
with respect to the data size, but also allows a much better comparison to the
timescale of autocorrelation. We also agree with you that the limitations of the
approach should be discussed explicitly in the discussion, and have added addi-
tional paragraphs that address the limitations that you pointed out. Below, we
address your points one by one.

« Weaknesses and suggestions A weak point of the work is that for spike trains with long
temporal depths (e.g., larger than 3 seconds, as in Fig. 3 C), the temporal depth estimated by
the optimization method is much smaller (630 ms). This is a critical point to discuss in terms
of possible limitations to estimate the timescale of neural processing at different stages of
the brain.

This is a very important point that we now solved by improving our measure of
the timescale of history dependence, the information timescale 7. This quan-
tity is more robust with respect to the data size (see S2 and S3 Figs), while still
resolving the differences in timescale between the data sets (Fig 7). Nonetheless,
it remains challenging to estimate the correct timescale 7 if the true timescale
is so large as in the GLIF model neuron, where adaptation effects last up to 22s
into the past (although the underestimation is much less than for the tempo-
ral depth). We added a paragraph in the discussion about this limitation. The
relevant passage reads
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“Moreover, there might be cases where a model-free estimation of the true timescale
might be infeasible because of the complexity of past dependencies (S2 Fig, neu-
ron with a 22 seconds past kernel). In this case, only ~ 80 % of the true timescale
could be estimated on a 90 minute recording”

However, to demonstrate that the method can in principle estimate the true
timescale, we replaced the results on the GLIF model with 22s kernel with re-
sults on a truncated version of the adaptation kernel with 1s kernel (Fig 5), and
moved the previous results to Supplementary information (S1 and S2 Figs).

Another drawback of the new optimization methods is that they perform worse on short
recordings: the estimated history dependence is overestimated when applying BBC to record-
ings of 3 minutes (S1 Fig) and the estimated temporal depth is underestimated to half of the
real temporal depth (S2 Fig). This aspect might be discussed in the paper, analyzing possible
limitations on application of optimization techniques to experimental data of short length.

We totally agree with you. Originally, these limitations were only discussed in
the practical guidelines at the end of Methods and Materials section. However,
as these limitations are of key relevance to the embedding optimization and anal-
ysis of history dependence, we added two paragraphs on these limitations in the
discussion. The relevant passages read

“In contrast, the generalized timescale can be directly applied to estimates of
the history dependence R(T') to yield the information timescale 7x without any
further assumptions or fitting models. However, we found that estimates of 7
can depend strongly on the estimation method and embedding dimension (S12
Fig) and the size of the data set (52 and S3 Figs). The dependence on data size
is not so strong for the practical approach of optimizing up to dp.c = 5 past
bins, but still we recommend to use data sets of similar length when aiming for
comparability across experiments”

and

“Another downside of quantifying the history dependence R(T) is that its esti-
mation requires more data than fitting the autocorrelation time 7¢. To make best
use of the limited data, we here devised the embedding optimization approach
that allows to find the most efficient representation of past spiking for the esti-
mation of history dependence. Even so, we found empirically that a minimum
of 10 minutes of recorded spiking activity are advisable to achieve a meaningful
quantification of history dependence and its timescale (S2 and S3 Figs). In addi-
tion, for shorter recordings, the analysis can lead to mild overestimation due to
over-optimizing embedding parameters on noisy estimates (51 Fig). This over-
estimation can, however, be avoided by cross-validation, which we find to be
particularly relevant for the Bayesian bias criterion (BBC) estimator.”
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Regarding the underestimation of the temporal depth, we would like to point
out that the information timescale that we introduce in the revised version is
more robust to underestimation (new S2 Fig).

Some minor suggestions:
- Line 60: Could you comment on why the time bin of current spiking is chosen to be 5 ms?

This is an important question, and we have added a part to the Methods summary
that explains how we chose the time bin, which we also support by a compari-
son of the experimental results for different choices of time bins (S16 Fig). The
relevant passage reads

“Finally, all the above measures can depend on the size of the time bin A¢, which
discretizes the current spiking activity in time. Too small a time bin holds the
risk that noise in the spike emission reduces the overall predictability or his-
tory dependence, whereas an overly large time bin holds the risk of destroying
coding relevant time information in the neuron’s spike train. Thus, we chose
the smallest time bin A¢ = 5ms that does not yet show a decrease in history
dependence (516 Fig)”

- Fig. 1 it is included in the Methods summary but is not well described in the text. Either
move it to Methods, or further explain it here. In the figure caption, please provide more
details of the figure, e.g., explain what is ML, NSB and BBC.

Thank you. We moved the figure to the Methods (now Figure 10), and expanded
the figure caption.

- Fig S1 and paragraph between lines 272 and 286: how is each half of the data selected for
cross-validation? Are multiple rounds of cross-validation performed using different parti-
tions (in this case different halves) of the data?

We chose the most simple solution and literally take the first half of the data for
the optimization of embedding parameters, and the second half for the optimiza-
tion. Only one round of cross-validation is performed. What matters is that the
set of embedding parameters is optimized on a different data set than the data
set that is used to estimate R(T"). We edited the results paragraph and the figure
caption to make this point more clear.

- Fig 4C: why BBC is computed with d = 20, and shuffling with d = 5?

We agree that this selection of estimates might be confusing, and have added
Shuffling with d,,x = 20 to Fig 6C (old Fig 4C). Now, all estimates from Fig 6B,D
that allow exponential embedding are shown.

- Fig S4 is not referenced in the text.

Thank you for pointing this out, S4 and S5 Figs are now referenced in the results
section on the benchmark model in lines 350 and 424.
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- Typo: “errorbars” instead of “error bars” (for example, in line 262).
Thank you, this was fixed.
- The publication year is missing in references.

Thank you for your attention, the issue is fixed in the current version of the
manuscript.

Methods are written in an appropriate and informative way

The paper is well written and concepts are provided in a correct, clear and suitable way.
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Abstract

Information processing can leave distinct footprints on the statistics of neural spiking.
For example, efficient coding minimizes the statistical dependencies on the spiking
history, while temporal integration of information may require the maintenance of
information over different timescales. To investigate these footprints, we developed a
novel approach to quantify history dependence within the spiking of a single neuron,
using the mutual information between the entire past and current spiking. This measure
captures how much past information is necessary to predict current spiking. In contrast,
classical time-lagged measures of temporal dependence like the autocorrelation capture
how long—potentially redundant—past information can still be read out. Strikingly, we
find for model neurons that our method disentangles the strength and timescale of
history dependence, whereas the two are mixed in classical approaches. When applying
the method to experimental data, which are necessarily of limited size, a reliable
estimation of mutual information is only possible for a coarse temporal binning of past
spiking, a so called past embedding. To still account for the vastly different spiking
statistics and potentially long history dependence of living neurons, we developed an
embedding-optimization approach that does not only vary the number and size, but also
an exponential stretching of past bins. For extra-cellular spike recordings, we found that
the strength and timescale of history dependence indeed can vary independently across
experimental preparations. While hippocampus indicated strong and long history
dependence, in visual cortex it was weak and short, while in vitro the history
dependence was strong but short. This work enables an information theoretic
characterization of history dependence in recorded spike trains, which captures a
footprint of information processing that is beyond time-lagged measures of temporal
dependence. To facilitate the application of the method, we provide practical guidelines
and a toolbox.

Author summary

Even with exciting advances in recording techniques of neural spiking activity,
experiments only provide a comparably short glimpse into the activity of only a tiny
subset of all neurons. How can we learn from these experiments about the organization
of information processing in the brain? To that end, we exploit that different properties
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of information processing leave distinct footprints on the firing statistics of individual
spiking neurons. In our work, we focus on a particular statistical footprint: How much
does a single neuron’s spiking depend on its own preceding activity, which we call
history dependence. By quantifying history dependence in neural spike recordings, one
can, in turn, infer some of the properties of information processing. Because recording
lengths are limited in practice, a direct estimation of history dependence from
experiments is challenging. The embedding optimization approach that we present in
this paper aims at extracting a maximum of history dependence within the limits set by
a reliable estimation. The approach is highly adaptive and thereby enables a meaningful
comparison of history dependence between neurons with vastly different spiking
statistics, which we exemplify on a diversity of spike recordings. In conjunction with
recent, highly parallel spike recording techniques, the approach could yield valuable
insights on how hierarchical processing is organized in the brain.

Introduction

How is information processing organized in the brain, and what are the principles that
govern neural coding? Fortunately, footprints of different information processing and
neural coding strategies can be found in the firing statistics of individual neurons, and
in particular in the history dependence, the statistical dependence of a single neuron’s
spiking on its preceding activity.

In classical, noise-less efficient coding, history dependence should be low to minimize
redundancy and optimize efficiency of neural information transmission [1H3]. In
contrast, in the presence of noise, history dependence and thus redundancy could be
higher to increase the signal-to-noise ratio for a robust code [4]. Moreover, history
dependence can be harnessed for active information storage, i.e. maintaining past input
information to combine it with present input for temporal processing [5H7] and
associative learning [§]. In addition to its magnitude, the timescale of history
dependence provides an important footprint of processing at different processing stages
in the brain [9-11]. This is because higher-level processing requires integrating
information on longer timescales than lower-level processing |12]. Therefore, history
dependence in neural spiking should reach further into the past for neurons involved in
higher level processing) [9,13]. Quantifying history dependence and its timescale could
probe these different footprints and thus yield valuable insights on how neural coding
and information processing is organized in the brain.

Often, history dependence is characterized by how much spiking is correlated with
spiking with a certain time lag [14}[15]. From the decay time of this lagged correlation,
one obtains an intrinsic timescale of how long past information can still be read
out [9H11}/16]. However, to quantify not only a timescale of statistical dependence, but
also its strength, one has to quantify how much of a neuron’s spiking depends on its
entire past. Here, this is done with the mutual information between the spiking of a
neuron and its own past [17], also called (active information storage (57|, or predictive
information [18}(19].

Estimating this mutual information directly from spike recordings, however, is
notoriously difficult. The reason is that statistical dependencies may reside in precise
spike times, extend far into the past and contain higher-order dependencies. This makes
it hard to find a parametric model, e.g. from the family of generalized linear
models [20L21], that is flexible enough to account for the variety of spiking statistics
encountered in experiments. Therefore, one typically infers mutual information directly
from observed spike trains [22H26]. The downside is that this requires a lot of data,
otherwise estimates can be severely biased [27,28]. A lot of work has been devoted to
finding less biased estimates, either by correcting bias [28H31], or by using Bayesian
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inference [32134]. Although these estimators alleviate to some extent the problem of
bias, a reliable estimation is only possible for a much reduced representation of past
spiking, also called past embedding [35]. For example, many studies infer history
dependence and transfer entropy by embedding the past spiking using a single
bin [26},36].

While previously most attention was devoted to a robust estimation given a
(potentially limited) embedding, we argue that a careful embedding of past activity is
crucial. In particular, a past embedding should be well adapted to the spiking statistics

of a neuron, but also be low dimensional enough such that reliable estimation is possible.

To that end, we here devise an embedding optimization scheme that selects the
embedding that maximizes the estimated history dependence, while reliable estimation
is ensured by two independent regularization methods.

In this paper, we first provide a methods summary where we introduce the measure
of history dependence and the information timescale, as well as the embedding
optimization method employed to estimate history dependence in neural spike trains. A
glossary of all the abbreviations and symbols used in this paper can be found at the
beginning of the Materials and methods section. In the Results, we first compare the
measure of history dependence with classical time-lagged measures of temporal
dependence on different models of neural spiking activity. Second, we test the
embedding optimization approach on a tractable benchmark model, and also compare it
to existing estimation methods on a variety of experimental spike recordings. Finally, we
demonstrate that the approach reveals interesting differences between neural systems,
both in terms of the total history dependence, as well as the information timescale. For
the reader interested in applying the method, we provide practical guidelines in Fig[J]
and in the end of the Materials and methods section. The method is readily applicable
to highly parallel spike recordings, and a toolbox for Python3 is available online [37].

Methods summary

Definition of history dependence. First, we define history dependence R(T) in
the spiking of a single neuron. We quantify history dependence based on the mutual
information

I(spiking; past(T')) = H (spiking) — H (spiking|past(T)) (1)

between current spiking in a time bin [¢,t + At) and its own past in a past range
[t—T,t) (Fig ) Here, we assume stationarity and ergodicity, such that the measure is
an average over all times ¢. This mutual information is (@lso called active information
storage (5], and is related to the predictive information [18[19]. It quantifies how much
of the current spiking information H (spiking) can be predicted from past spiking. The
spiking information is given by the Shannon entropy [38]

H (spiking) = —p(spike) log, p(spike) — (1 — p(spike)) logy(1 — p(spike)),  (2)

where (p(spike) = 7A#% is the probability to spike within the time bin At for a neuron
with average firing rate r. The Shannon entropy H (spiking) quantifies the average
information that a spiking neuron could transmit within one bin, assuming no statistical
dependencies on its own past. In contrast, the conditional entropy H (spiking|past(T))
(see [Materials and methods)) quantifies the average spiking information (in the sense of
entropy) that remains when dependencies on past spiking are taken into account. Note
that past dependencies can only reduce the average spiking information, i.e.

H (spiking|past(T')) < H(spiking). The difference between the two then gives the
amount of spiking information that is redundant or entirely predictable from the past.
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To transform this measure of information into a measure of statistical dependence, we
normalize the mutual information by the entropy H (spiking) and define history
dependence R(T) as

e = W) D) o

While the mutual information quantifies the amount of predictable information, R(T')
gives the proportion of spiking information that is predictable or redundant with past
spiking. As such, it interpolates between the following intuitive extreme cases:

R(T') = 0 corresponds to independent and R(T") = 1 to entirely predictable spiking.
Moreover, while the entropy and thus the mutual information I(spiking; past(T'))
increases with the firing rate (see for an example on real data), the normalized
R(T) is comparable across recordings of neurons with very different firing rates. Finally,
all the above measures can depend on the size of the time bin At¢, which discretizes the
current spiking activity in time. (Too small a time bin holds the risk that noise in the
spike emission reduces the overall predictability or history dependence, whereas an
overly large time bin holds the risk of destroying coding relevant time information in the
neuron’s spike train. Thus, we chose the smallest time bin At = 5ms that does not yet

show a decrease in history dependence (S16 Fig]).

Fig 1. Illustration of history dependence and related measures in a neural
spike train. (A) For the analysis, spiking is represented by 0 or 1 in a small time bin
At (grey box). Autocorrelation C(T') or the lagged mutual information L(T) quantify
the statistical dependence of spiking on past spiking in a single past bin with time lag
T; (green box). (B) In contrast, history dependence R(T;) quantifies the dependence of
spiking on the entire spiking history in a past range 7;. The gain in history dependence
AR(T;) = R(T;) — R(T;—1) quantifies the increase in history dependence by increasing
the past range from T;_; to T;, and is defined in analogy to the lagged measures. (C)
Autocorrelation C(T) and lagged mutual information L(T) for a typical example neuron
(mouse, primary visual cortex). Both measures decay with increasing T', where L(T)
decays slightly faster due to the non-linearity of the mutual information. Timescales 7¢
and 77, (vertical dashed lines) can be computed either by fitting an exponential decay
(autocorrelation) or by using the generalized timescale (lagged mutual information). (D)
In contrast, history dependence R(T') increases monotonically for systematically
increasing past range T', until it saturates at the total history dependence Ri;. From
R(T), the gain AR(T;) can be computed between increasing past ranges T;_; and T;
(grey dashed lines). The gain AR(T) decays to zero like the time-lagged measures, with
information timescale 7 (dashed line).

Total history dependence and the information timescale. Here, we introduce
measures to quantify the strength and the timescale of history dependence
independently. First, note that the history dependence R(T") monotonically increases
with the past range T' (Fig ), until it converges to the total history dependence

Rios = lim R(T). (4)
T—o0

The total history dependence R:,; quantifies the proportion of predictable spiking
information once the entire past is taken into account.

While the history dependence R(T) is monotonously increasing, the gain in history
dependence AR(T;) = R(T;) — R(T;-1) between two past ranges T; > T;_1 tends to
decrease, and eventually decreases to zero for T;,T;_1 — oo (Fig ) This is in analogy
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to time-lagged measures of temporal dependence such as the autocorrelation C(T) or
lagged mutual information L(T') (Fig[IJA,C). Moreover, because R(T') is monotonically
increasing, the gain cannot be negative, i.e. AR(T) > 0. From AR(T;), we quantify a
characteristic timescale T of history dependence similar to an autocorrelation time. In
analogy to the integrated autocorrelation time [39], we define the generalized timescale

TR_ZTEJ 1ARE T —Tp. (5)

as the average of past ranges T; = (T; + T;_1)/2, weighted with their gain

AR(T;) = R(T;) — R(T;—1). Here, steps between two past ranges T;_; and T; should be
chosen small enough, and summing the middle points 7T} of the steps further reduces the
error of discretization. Ty is the starting point, i.e. is the first past range for which
R(T) is computed, and was set to Ty = 10ms to exclude short-term past dependencies
like refractoriness (see [Materials and methods| for details). Moreover, the last past range
T, has to be high enough such that R(T,) has converged, i.e. R(T,) = Ryot. Here, we
set T,, = bs unless stated otherwise.

To illustrate the analogy to the autocorrelation time, we note that if the gain decays

T;
Tauto

exponentially, i.e. AR(T;) x exp ( ) with decay constant T.ut0, then 7g = Tauto

for n — oo and sufficiently small steps T; — T;_1. The advantage of 75 is that it also
generalizes to cases where the decay is not exponential. Furthermore, it can be applied
to any other measure of temporal dependence (e.g. the lagged mutual information) as
long as the sum in Eq . ) remains finite, and the coefficients are non-negative. Note
that estimates of AR(T;) can also be negative, so we included corrections to allow a
sensible estimation of 75 (Materials and methods]). Finally, since 7r quantifies the
timescale over which unique predictive information is accumulated, we refer to it as the
information timescale.

Binary past embedding of spiking activity. In practice, estimating history
dependence R from spike recordings is extremely challenging. In fact, if data is limited,
a reliable estimation of history dependence is only possible for a reduced representation
of past spiking, also called past embedding [35]. Here, we outline how we embed past
spiking activity to estimate history dependence from neural spike recordings.

First, we choose a past range T, which defines the time span of the past embedding.

For each point in time ¢, we partition the immediate past window [t — 7', ) into d bins
and count the number of spikes in each bin. The number of bins d sets the temporal
resolution of the embedding In addition, we let bin sizes scale exponentially with the
bin index j =1,...,d as 7; = 71100 -1Dx Flg ). A scaling exponent of k = 0 translates
into equal bin sizes, whereas for x > 0 bin sizes increase. For fixed d, this allows to
obtain a higher temporal resolution on recent past spikes by decreasing the resolution
on distant past spikes.

The past window [t — T, t) of the embedding is slided forward in steps of At through
the whole recording with recording length Ty, starting at ¢ = T'. This gives rise to
N = (Tyee — T)/ At measurements of current spiking in [¢,¢ + At), and of the number of
spikes in each of the d past bins (Fig ) We chose to use only binary sequences of
spike counts to estimate history dependence. To that end, a count of 1 was chosen for a
spike count larger than the median spike count over the N measurements in the
respective past bin. A binary representation drastically reduces the number of possible
past sequences for given number of bins d, such that history dependence can be
estimated even from short recordings.
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Sticky Note
Seems like this is Riemann sum and that it converges to (\int_{T_0}^{\infty} TR'(T) dT)/R_{tot} - T_0, which in my intuition is probably something like T_0((R'(T_0)/R_{tot})-1) or something of that sort as there are diminishing returns, as you've noted.  I like the idea of studying the rate of change of R(T)-- maybe adding this intuition in will make that more explicit.


Fig 2. Illustration of embedding optimization to estimate history
dependence and the information timescale. (A) History dependence R is
estimated from the observed joint statistics of current spiking in a small time bin

[t + At] (dark grey) and the embedded past, i.e. a binary sequence representing past
spiking in a past window [t — T, t). We systematically vary the number of bins d and
bin sizes for fixed past range T'. Bin sizes scale exponentially with bin index and a
scaling exponent ~ to reduce resolution for spikes farther into the past. (B) The joint
statistics of current and past spiking are obtained by shifting the past range in steps of
At and counting the resulting binary sequences. (C) Finding a good choice of
embedding parameters (e.g. embedding dimension d) is challenging: When d is chosen
too small, the true history dependence R(T') (dashed line) is not captured appropriately
(insufficient embedding) and underestimated by estimates R(T,d) (blue solid line).
When d is chosen too high, estimates R(T,d) are severely biased and R(T,d), as well as
R(T), are overestimated (biased regime). Past-embedding optimization finds the
optimal embedding parameter d* that maximizes the estimated history dependence
R(T, d) subject to regularization. This yields a best estimate R(T") of R(T) (blue
diamond). (D) Estimation of history dependence R(T') as a function of past range 7.
For each past range T', embedding parameters d and x are optimized to yield an
embedding-optimized estimate R(T) From estimates R(T), we obtain estimates 7r and
Rtot of the information timescale 7 and total history dependence Ry (vertical and
horizontal dashed lines). To compute Riot We average estimates R(T) in an interval

Tp, Tyaxl, for which estimates R(T') reach a plateau (vertical blue bars, see
and methods)). For high past ranges T, estimates R(T') may decrease because a reliable

estimation requires past embeddings with reduced temporal resolution.

Estimation of history dependence with binary past embeddings. To
estimate history dependence R, one has to estimate the probability of a spike occurring
together with different past sequences. The probabilities 7; of these different joint
events i can be directly inferred from the frequencies n; with which the events occurred
during the recording. Without any additional assumptions, the simplest way to estimate
the probabilities is to compute the relative frequencies #; = n;/N, where N is the total
number of observed joint events. This estimate is the maximum likelihood (ML)
estimate of joint probabilities m; for a multinomial likelihood, and the corresponding
estimate of history dependence will also be denoted by ML. This direct estimate of
history dependence is known to be strongly biased when data is too limited [28,/30]. The
bias is typically positive, because, under limited data, probabilities of observed joint

events are given too much weight. Therefore, statistical dependencies are overestimated.

Even worse, the overestimation becomes more severe the higher the number of possible
past sequences K. Since K increases exponentially with the dimension of the past
embedding d, i.e. K = 2% for binary spike sequences, history dependence is severely
overestimated for high d (Fig[2C). The potential overestimation makes it hard to choose
embeddings that represent past spiking sufficiently well. In the following, we outline
how one can optimally choose embeddings if appropriate regularization is applied.

Estimating history dependence with past-embedding optimization. Due to
systematic overestimation, high-dimensional past embeddings are prohibitive for a
reliable estimation of history dependence from limited data. Yet, high-dimensional past
embeddings might be required to capture all history dependence. The reason is that
history dependence may reside in precise spike times, but also may extend far into the
past.

To illustrate this trade-off, we consider a discrete past embedding of spiking activity
in a past range T, where the past spikes are assigned to d equally large bins (k = 0).
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We would like to obtain an estimate R(T) of the maximum possible history dependence
R(T) for the given past range T, with R(T) = R(T,d — o0) (Fig2IC). The number of
bins d can go to infinity only in theory, though. In practice, we have estimates I%(T ,d)
of the history dependence R(T, d) for finite d. On the one hand, one would like to choose
a high number of bins d, such that R(T, d) approximates R(T") well for the given past
range T'. Too few bins d otherwise reduce the temporal resolution, such that R(T,d) is
substantially less than R(T) (Fig[2C). On the other hand, one would like to choose d
not too large in order to enable a reliable estimation from limited data. If d is too high,
estimates R(T,d) strongly overestimate the true history dependence R(T,d) (Fig )

Therefore, if the past embedding is not chosen carefully, history dependence is either
overestimated due to strong estimation bias, or underestimated because the chosen past
embedding was too simple.

Here, we thus propose the following past-embedding optimization approach: For a
given past range T, select embedding parameters d*, k* that maximize the estimated
history dependence R(T ,d, k), while overestimation is avoided by an appropriate
regularization. This yields an embedding-optimized estimate R(T) = R(T,d*, x*) of the
true history dependence R(T"). In terms of the above example, past-embedding
optimization selects the optimal embedding dimension d*, which provides the best lower
bound R(T) = R(T,d*) to R(T) (Fig )

Since we can anyways provide only a lower bound, regularization only has to ensure
that estimates R(T, d, k) are either unbiased, or a lower bound to the observable history
dependence R(T,d, k). For that purpose, in this paper we introduce a Bayesian bias
criterion (BBC) that selects only unbiased estimates. In addition, we use an established
bias correction, the so called Shuffling estimator [31] that, within leading order of the
sample size, is guaranteed to provide a lower bound to the observable history
dependence (see [Materials and methods| for details).

Together with these regularization methods, the embedding optimization approach

enables complex embeddings of past activity while minimizing the risk of overestimation.

See [Materials and methods| for details on how we used embedding optimized estimates
R(T) to compute estimates Rior and 75 of the total history dependence and
information timescale (Fig [2| ' blue dashed lines).

Results

In the first part, we demonstrate the differences between history dependence and

classical measures of temporal dependence for several models of neural spiking activity.

We then benchmark the estimation of history dependence using embedding optimization
on a tractable neuron model with long-lasting spike adaptation. Moreover, we compare
the embedding optimization approach to existing estimation methods on a variety of
extra-cellular spike recordings. In the last part, we apply this to analyze history
dependence for a variety of recorded systems, and compare the results to the
autocorrelation and other statistical measures on the data.

Differences between history dependence and time-lagged
measures of temporal dependence

The history dependence R(T') quantifies how predictable neural spiking is, given activity
in a certain past range T In contrast, time-lagged measures of temporal dependence
like the autocorrelation C'(T) [40] or lagged mutual information L(T) [41,42] quantify
the dependence of spiking on activity in a single past bin with delay T (Fig 7C;
[Materials and methods]). In the following, we showcase the main differences between the
two approaches.
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History dependence disentangles the effects of input activation,
reactivation and temporal depth of a binary autoregressive process. To
show the behavior of the measures in a well controlled setup, we analyzed a simple
binary autoregressive process with varying temporal depth [ (Fig[3). The process
evolves in discrete time steps, and has an active (1) or inactive (0) state (Fig[3A).
Active states are evoked either by external input with probability h, or by internal
reactivations that are triggered by activity within the past [ steps. Each past activation
increases the reactivation probability by m, which regulates the strength of history
dependence in the process. In the following, we describe how the measures behave as we
vary each of the different model parameters, and then summarize the key difference
between the measures.

Fig 3. History dependence disentangles the effects of input activation,
reactivation and temporal depth of a binary autoregressive process. (A) In
the binary autoregressive process, the state of the next time step (grey box) is active
(one) either because of an input activation with probability h, or because of an internal
reactivation. The internal activation is triggered by activity in the past [ time steps
(green), where each active state increases the activation probability by m. (B) Increasing
the input activation probability h increases the total mutual information, although
input activations are random and therefore not predictable. Normalizing the total
mutual information by the entropy yields the total history dependence, which decreases
mildly with h. (C) Autocorrelation C(T), lagged mutual information L(7T") and gain in
history dependence AR(T') decay differently with the delay 7. For [ = 1 and m = 0.8
(top), autocorrelation C'(T) decays exponentially with autocorrelation time 7¢, whereas
L(T) decays faster due to the non-linearity of the mutual information. AR(T) is
non-zero only for delays shorter or equal to the temporal depth of the process, with
much shorter timescale 7r. For [ =5, C(T') and L(T) plateau over the temporal depth,
and then decay much slower than for [ = 1. Again, AR(T) is non-zero only within the
temporal depth of the process. Parameters m and h were adapted to match the firing
rate and total history dependence between { =1 and [ = 5. (D) When increasing the
reactivation probability m for [ = 1, timescales of time-lagged measures 7« and 7,
increase. For history dependence, the information timescale 7 remains constant, but
the total history Ryt increases. (E) When varying the temporal depth [, all timescales
increased. Parameters h and m were adapted to hold the firing rate and R4 constant.

The input strength h increases the firing rate and thus the spiking entropy
H (spiking). This leads to a strong increase in the total mutual information
Loy = Tlim I(spiking; past(T)), whereas the total history dependence Ryqy is
— 00

normalized by the entropy and does slightly decrease (Fig ) This slight decrease is
expected from a sensible measure of history dependence, because the input is random
and has no temporal dependence. In addition, input activations may fall together with
internal activations, which slightly reduces the total history dependence.

In contrast, the total history dependence Ry, increases with the reactivation
probability m, as expected (Fig[3D). For the autocorrelation, the reactivation
probability m not only influences the magnitude of the correlation coefficients, but also
the decay of the coefficients. For autoregressive processes (and [ = 1), autocorrelation
coefficients C(T") decay exponentially [14] (Fig[3(C), where the autocorrelation time
Tc = —At/log(m) increases with m and diverges as m — 1 (Fig[BD). The lagged
mutual information L(T) is a non-linear measure of time-lagged dependence, and has a
very similar behavior as the autocorrelation, with a slightly faster decay and thus
smaller generalized timescale 7/, (FigB|C,D). Note that we normalized L(T') by the
spiking entropy H to make it directly comparable to AR(T). In contrast to the
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time-lagged measures, the gain in history dependence AR(T) is only non-zero for T
smaller or equal to the true temporal depth [ of the process (Fig ) As a consequence,
the information timescale 7 does not increase with m for fixed ! (Fig[3D).

Finally, the temporal depth [ controls how far into the past activations depend on
their preceding activity. Indeed, we find that the information timescale 7r increases
with [ as expected (Fig ,E). Similarly, the timescales of the time-lagged measures 7¢
and 77, increase with the temporal depth [. Note that parameters m and h were adapted
for each [ to keep the firing rate and total history dependence R;. constant, such that
differences in the timescale can be unambiguously attributed to the increase in [.

To conclude, history dependence disentangles the effects of input activation,
reactivation and temporal depth, which provides a comprehensive characterization of
past dependencies in the autoregressive model. This is different from the total mutual
information, which lacks the entropy normalization and is sensitive to the firing rate.
This is also different from time-lagged measures, whose timescales are sensitive to both,
the reactivation probability m and the temporal depth [. The confusion of effects in the
timescales is rooted in the time-lagged nature of the measures—by quantifying past
dependencies out of context, C(T') and L(T) also capture indirect, redundant
dependencies onto past events. Indirect, redundant dependencies arise from unique
dependencies, because past states that are uniquely predictive of future activities were
in turn uniquely dependent on their own past. The stronger the unique dependence, the
longer the indirect dependencies reach into the past, which increases the timescale of
time-lagged measures. In contrast, indirect dependencies do not contribute to the
history dependence, because they add no predictive information once more-recent past
is taken into account.

History dependence dismisses redundant past dependencies and captures
synergistic effects. A key property of history dependence is that it evaluates past
dependencies in the light of more recent past. This allows the measure to dismiss
indirect, redundant past dependencies and to capture synergistic effects. In three
common models of neural spiking activity, we demonstrate how this leads to a
substantially different characterization of past dependencies compared to time-lagged
measures of temporal dependence.

First, we simulated a subsampled branching process [14], which is a minimal model
for activity propagation in neural networks and captures key properties of spiking
dynamics in cortex [15]. Similar to the binary autoregressive process, active neurons
activate neurons in the next time step with probability m, the so called branching
parameter, and are activated externally with some probability h. The process was
simulated in time steps of At = 4 ms with a population activity of 500 Hz, which was
subsampled to obtain a single spike train with a firing rate of 5 Hz (Fig ) Similar to
the binary autoregressive process, the autocorrelation decays exponentially with
autocorrelation time 7o = —At/log(m) = 198 ms, and the lagged mutual information
decays slightly faster (Fig[4B). In comparison, the gain in history dependence AR
decays much faster. When increasing the branching parameter m (for fixed firing rate),
the total history dependence increased, as in the autoregressive process .
Strikingly, the timescale Tr remained constant or even decreased for larger m > 0.967
and thus higher autocorrelation time 7¢ > 120ms (S11 Fig)), which is different from the
binary autoregressive process. The reason is that the branching process evolves at the
population level, whereas history dependence is quantified at the single neuron level.
Thereby, history dependence also captures indirect dependencies, because the own
spiking history reflects the population activity. The higher the branching parameter m,
the more informative past spikes are about the population activity, and the shorter is
the timescale 7p over which all the relevant information about the population activity
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Fig 4. History dependence dismisses redundant past dependencies and
captures synergistic effects (A,B) Analysis of a subsampled branching process. (A)
The population activity was simulated as a branching process (m = 0.98) and
subsampled to yield the spike train of a single neuron (Materials and methods]). (B)
Autocorrelation C(T') and lagged mutual information L(T') include redundant
dependencies and decay much slower than the gain AR(T), with much longer timescales
(vertical dashed lines). (C,D) Analysis of an Izhikevich neuron in chattering mode with
constant input and small voltage fluctuations. The neuron fires in regular bursts of
activity. (D) Time-lagged measures C(T) and L(T') measure both, intra- (T' < 10 ms)
and inter-burst (7' > 10 ms) dependencies, which decay very slowly due to regularity of
the firing. The gain AR(T) reflects that most spiking can already be predicted from
intra-burst dependencies, whereas inter-burst dependencies are highly redundant. In
this case, only AR(T) yields a sensible time scale (blue dashed line). (E,F') Analysis of
a generalized leaky integrate and fire neuron with long-lasting adaptation filter £ [3}|43)
and constant input. Figure adapted from [44]. (F) Here, AR(T) decays slower to zero
than the autocorrelation C(T'), and is higher than L(T') for long delays T. Therefore,
the dependence on past spikes is stronger when taking more recent past spikes into
account (AR(T')), as when considering them independently (L(T")). Due to these
synergistic past dependencies, AR(T) is the only measure that captures the long-range
nature of the spike adaptation.

can be collected. Thus, for the branching process, the total history dependence Ry
captures the influence of the branching parameter, whereas the information timescale
Tr behaves very differently from the timescales of time-lagged measures.

Second, we demonstrate the difference of history dependence to time-lagged
measures on an Izhikevich neuron, which is a flexible model that can produce different
neural firing patterns similar to those observed for real neurons [45]. Here, parameters
were chosen according to the ”chattering mode” [45], with constant input and small
voltage fluctuations (Materials and methods)). The neuron fires in regular bursts of
activity, with consistent timing between spikes within and between bursts (Fig )
While time-lagged measures capture all the regularities in spiking and oscillate with the
bursts of activity, history dependence correctly captures that spiking can almost be
entirely predicted from intra-burst dependencies alone (Fig ) History dependence
dismisses the redundant inter-burst dependencies and thereby yields a sensible measure
of a timescale (blue dashed line).

Finally, we analyzed a generalized leaky integrate-and-fire neuron with long-range
spike adaptation (22 seconds) (Fig ), which reproduces spike-frequency adaptation as
observed for real layer 2/3 pyramidal neurons [343]. For this model, time-lagged
measures C(T) and L(T) actually decay to zero much faster than the gain in history
dependence AR(T'), which is the only measure that captures the long-range adaptation
effects of the model (Fig[dF). This shows that past dependencies in this model include

synergistic effects, where the dependence is stronger in the context of more recent spikes.

This is most likely due to the non-linearity of the model, where past spikes cause a
different adaptation when taken together as when considered as the sum of their
contributions.

Thus, due to its ability to dismiss redundant past dependencies and to capture
synergistic effects, history dependence really provides a complementary characterization
of past dependencies compared to time-lagged measures. Importantly, because the
approach better disentangles the effects of timescale and total history dependence, the
results remain interpretable for very different models, and provide a more
comprehensive view on past dependencies.
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Embedding optimization captures history dependence for a
neuron model with long-lasting spike adaptation

On a benchmark spiking neuron model, we first demonstrate that without optimization
and proper regularization, past embeddings are likely to capture much less history
dependence, or lead to estimates that severely overestimate the true history dependence.
Readers that are familiar with the bias problem of mutual information estimation might
want to jump to the next part, where we validate that embedding-optimized estimates
indeed capture the model’s true history dependence, while being robust to systematic
overestimation. As a model we chose a generalized leaky integrate-and-fire (GLIF)
model with spike frequency adaptation, whose parameters were fitted to experimental
data [3,|43]. The model was chosen, because it is equipped with a long-lasting spike
adaptation mechanism, and its total history dependence Ry can be directly computed
from sufficiently long simulations (Materials and methods]). For demonstration, we show
results on a variant of the model where adaptation reaches one second into the past,
and show results on the original model with a 22 second kernel in [S1] [S2] and [S5] Figs.
For simulation, the neuron was driven with a constant input current to achieve an
average firing rate of 4 Hz. In the following, estimates ]%(T) are shown for a simulated
recording of 90 minutes, whereas the true values R(T) were computed on a 900 minute
recording (Materials and methods)).

Without regularization, history dependence is severely overestimated for
high-dimensional embeddings. For demonstration, we estimated the history
dependence R(T,d) for varying numbers of bins d and a constant bin size 7 = 20ms (i.e.
k=0and T =d-7). We compared estimates R(r,d) obtained by maximum likelihood
(ML) estimation [28], or Bayesian estimation using the NSB estimator [33], with the
model’s true R(7,d) (Fig[fJA). Both estimators accurately estimate R(r,d) for up to

d = 20 past bins. As expected, the NSB estimator starts to be biased at higher d than
the ML estimator. For embedding dimensions d > 30, both estimators severely
overestimate R(7,d). Note that &+ two standard deviations are plotted as shaded areas,
but are too small to be visible. Therefore, any deviation of estimates from the model’s
true history dependence R(7,d) can be attributed to positive estimation bias, i.e. a
systematic overestimation of the true history dependence due to limited data.

The aim is now to identify the largest embedding dimension d* for which the
estimate of R(7,d) is not yet biased. A biased estimate is expected as soon as the two
estimates ML and NSB start to differ significantly from each other (Fig , red
diamond), which is formalized by the Bayesian bias criterion (BBC) (Materials and |
methods)). According to the BBC, all NSB estimates R(7,d) with d lower or equal to d*
are unbiased (solid red line). We find that indeed all BBC estimates agree well with the
true R(7,d) (grey line), but d* yields the largest unbiased estimate.

The problem of estimation bias has also been addressed previously by the so-called
Shuffling estimator [31]. The Shuffling estimator is based on the ML estimator and
applies a bias correction term (Fig ) In detail, one approximates the estimation bias
using surrogate data, which are obtained by shuffling of the embedded spiking history.
The surrogate estimation bias (yellow dashed line) is proven to be larger than the actual
estimation bias (difference between grey solid and blue dashed line). Therefore,
Shuffling estimates R(7,d) provide lower bounds to the true history dependence R(r, d).
As with the BBC, one can safely maximize Shuffling estimates R(T, d) over d to find the
embedding dimension d* that provides the largest lower bound to the model’s total
history dependence Ryo (Fig , blue diamond).

Thus, using a model neuron, we illustrated that history dependence can be severely
overestimated if the embedding is chosen too complex. Only when overestimation is
tamed by one of the two regularization methods, BBC or Shuffling, embedding
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Fig 5. Embedding optimization captures history dependence for a neuron
model with long-lasting spike adaptation. Results are shown for a generalized
leaky integrate-and-fire (GLIF) model with long-lasting spike frequency

adaptation [3}43] with a temporal depth of one second (Methods and material). (A) For
illustration, history dependence R(7,d) was estimated on a simulated 90 minute
recording for different embedding dimensions d and a fixed bin width 7 = 20 ms.
Maximum likelihood (ML) [28] and Bayesian (NSB) [33] estimators display the
insufficient embedding versus estimation bias trade-off: For small embedding dimensions
d, the estimated history dependence is much smaller, but agrees well with the true
history dependence R(r,d) for the given embedding. For larger d, the estimated history
dependence R(r,d) increases, but when d is too high (d > 20), it severely overestimates
the true R(7,d). The Bayesian bias criterion (BBC) selects NSB estimates R(7, d) for
which the difference between ML and NSB estimate is small (red solid line). All selected
estimates are unbiased and agree well with the true R(7,d) (grey line). Thus,
embedding optimization selects the highest, yet unbiased estimate (red diamond). (B)
The Shuffling estimator (blue solid line) subtracts estimation bias on surrogate data
(yellow dashed line) from the ML estimator (blue dashed line). Since the surrogate bias
is higher than the systematic overestimation in the ML estimator (difference between
grey and blue dashed lines), the Shuffling estimator is a lower bound to R(7,d).
Embedding optimization selects the highest estimate, which is still a lower bound (blue
diamond). For A and B, shaded areas indicate 2 standard deviations obtained from 50
repeated simulations, which are very small and thus hardly visible. (C) Embedding
optimized BBC estimates R(T) (red line) yield accurate estimates of the model neuron’s
true history dependence R(T'), total history dependence Ryo¢ and information timescale
7r (horizontal and vertical dashed lines). The zoom-in (right panel) shows robustness of
both regularization methods: For all T' the model neuron’s R(T,d*, k*) lies within
errorbars (BBC), or consistently above the Shuffling estimator that provides a lower
bound. Here, the model’s R(T, d*, x*) was computed for the optimized embedding
parameters d*, k* that were selected via BBC or Shuffling, respectively (dashed lines).
Shaded areas indicate £ two standard deviations obtained by bootstrapping, and
colored vertical bars indicate past ranges over which estimates R(T) were averaged to
compute Rtot dMaterials and methodsl).

parameters can be safely optimized to yield better estimates of history dependence.

Optimized embeddings capture the model’s true history dependence. In
the previous part, we demonstrated how embedding parameters are optimized for the
example of fixed x and 7. Now, we optimize all embedding parameters for fixed past
range T’ to obtain embedding-optimized estimates R(T) of R(T'). We find that
embedding-optimized BBC estimates R(T') agree well with the true R(T), such that the
model’s total history dependence R;o; and information timescale 7z are well estimated
(Fig[BIC, vertical and horizontal dashed lines). In contrast, the Shuffling estimator
underestimates the true R(T') for past ranges T' > 200 ms, such that the model’s Ryot
and Tr are underestimated (blue dashed lines). For large past ranges T' > 1000 ms,
estimates R(T) of both estimators decrease again, because no additional history
dependence is uncovered, whereas the constraint of an unbiased estimation decreases
the temporal resolution of the embedding.

Embedding-optimized estimates are robust to overestimation despite
maximization over complex embeddings. In the previous part, we investigated
how much of the true history dependence for different past ranges T (grey solid line) we
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miss by embedding the spiking history. An additional source of error is the estimation
of history dependence from limited data. In particular, estimates are prone to
overestimate history dependence systematically (Fig 7B).

To test explicitly for overestimation, we computed the true history dependence
R(T,d*,k*) for exactly the same sets of embedding parameters T', d*, k* that were
found during embedding optimization with BBC (grey dash-dotted line), and the
Shuffling estimator (grey dotted line, Fig [5IC, zoom-in). We expect that BBC estimates
are unbiased, i.e. the true history dependence should lie within errorbars of the BBC
estimates (red shaded area) for a given T'. In contrast, Shuffling estimates are a lower
bound, i.e. estimates should lie below the true history dependence (given the same
T,d*, k*). We find that this is indeed the case for all T'. Note that this is a strong
result, because it requires that the regularization methods work reliably for every single
set of embedding parameters used for optimization—otherwise, parameters that cause
overestimation would be selected.

Thus, we can confirm that the embedding-optimized estimates do not systematically
overestimate the model neuron’s history dependence, and are on average lower bounds
to the true history dependence. This is important for the interpretation of the results.

Mild overfitting can occur during embedding optimization on short
recordings, but can be overcome with cross-validation. We also tested
whether the recording length affects the reliability of embedding-optimized estimates,
and found very mild overestimation (1-3%) of history dependence for BBC for
recordings as short as 3 minutes and [S4| Figs). The overestimation is a consequence
of overfitting during embedding optimization: variance in the estimates increases for
shorter recordings, such that maximizing over estimates selects embedding parameters
that have high history dependence by chance. Therefore, the overestimation can be
overcome by cross-validation, e.g. by optimizing embedding parameters on the first half,
and computing estimates on the second half of the data . In contrast, we found
that for the model neuron, Shuffling estimates do not overestimate the true history
dependence even for recordings as short as 3 minutes (S1 Fig]). This is because the
effect of overfitting was small compared to the systematic underestimation of Shuffling
estimates. Here, all experimental recordings where we apply BBC are long enough

(= 90 minutes), such that no cross-validation was applied on the experimental data.

Estimates of the information timescale are sensitive to the recording
length. Finally, we also tested the impact of the recording length on estimates Ryot Of
the total history dependence as well as estimates 7r of the information timescale. While
on recordings of 3 minutes embedding optimization still estimated ~ 95 % of the true
Ryiot, estimates 7 were only = 75 % of the true 7 . Thus, estimates of the
information timescale 7r are more sensitive to the recording length, because they
depend on the small additional contributions to R(T") for high past ranges 7', which are
hard to estimate for short recordings. Therefore, we advice to analyze recordings of
similar length to make results on 7z comparable across experiments. In the following,
we explicitly shorten some recordings such that all recordings have approximately the
same recording length.

In conclusion, embedding optimization accurately estimated the model neuron’s true
history dependence. Moreover, for all past ranges, embedding-optimized estimates were
robust to systematic overestimation. Embedding optimization is thus a promising
approach to quantify history dependence and the information timescale in experimental
spike recordings.
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Embedding optimization is key to estimate long-lasting history
dependence in extra-cellular spike recordings

Here, we apply embedding optimization to long spike recordings (= 90 minutes) from rat
dorsal hippocampus layer CA1 [46,47], salamander retina [48}49] and in vitro recordings
of rat cortical culture [50]. In particular, we compare embedding optimization to other
popular estimation approaches, and demonstrate that an exponential past embedding is
necessary to estimate history dependence for long past ranges.

Embedding optimization reveals history dependence that is not captured
by a generalized linear model or a single past bin. We use embedding
optimization to estimate history dependence R(T') as a function of the past range T (see
Fig[6B for an example single unit from hippocampus layer CA1, and [S6} [S7] and [S8| Figs
for all analyzed sorted units). In this example, BBC and Shuffling with a maximum of
dmax = 20 past bins led to very similar estimates for all 7. Notably, embedding
optimization with both regularization methods estimated high total history dependence
of almost Rt ~ 40% with a temporal depth of almost a second, and an information
timescale of 7 ~ 100ms (Fig [6]B). This indicates that embedding-optimized estimates
capture a substantial part of history dependence also in experimental spike recordings.

Fig 6. Embedding optimization is key to estimate long-lasting history
dependence in extra-cellular spike recordings. (A) Example of recorded spiking
activity in rat dorsal hippocampus layer CAl. (B) Estimates of history dependence
R(T) for various estimators, as well as estimates of the total history dependence Riot
and information timescale 7 (dashed lines) (example single unit from CA1).
Embedding optimization with BBC (red) and Shuffling (blue) for dpax = 20 yields
consistent estimates. Embedding-optimized Shuffling estimates with a maximum of

dmax = 5 past bins (green) are very similar to estimates obtained with dy.x = 20 (blue).

In contrast, using a single past bin (dmax = 1, yellow), or fitting a GLM for the
temporal depth found with BBC (violet dot), estimates much lower total history
dependence. Shaded areas indicate + two standard deviations obtained by
bootstrapping, and small vertical bars indicate past ranges over which estimates of R(T)
were averaged to estimate Ryt (Materials and methods|). (C) An exponential past
embedding is crucial to capture history dependence for high past ranges T'. For

T > 100 ms, uniform embeddings strongly underestimate history dependence. Shown is
the median of embedding-optimized estimates of R(T") with uniform embeddings,
relative to estimates obtained by optimizing exponential embeddings, for BBC with
dmax = 20 (red) and Shuffling with dyax = 20 (blue) and diax = 5 (green). Shaded
areas show 95 % percentiles. Median and percentiles were computed over analyzed
sorted units in CA1 (n = 28). (D) Comparison of total history dependence Ry for
different estimation and embedding techniques for three different experimental
recordings. For each sorted unit (grey dots), estimates are plotted relative to
embedding-optimized estimates for BBC and dp,,x = 20. Embedding optimization with
Shuffling and dyn.x = 20 yields consistent but slightly higher estimates than BBC.
Strikingly, Shuffling estimates for as little as dpnax = 5 past bins (green) capture more
than 95 % of the estimates for dp,.x = 20 (BBC). In contrast, Shuffling estimates
obtained by optimizing a single past bin, or fitting a GLM, are considerably lower. Bars
indicate the median and lines indicate 95 % bootstrapping confidence intervals on the
median over analyzed sorted units (CAl: n = 28; retina: n = 111; culture: n = 48).

Importantly, other common estimation approaches fail to capture the same amount
of history dependence (Fig ,D). To compare how well the different estimation
approaches could capture the total history dependence, we plotted for each so the
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different estimates of Ryt relative to the corresponding BBC estimate (Fig @D)
Embedding optimization with Shuffling yields estimates that agree well with BBC
estimates. The Shuffling estimator even yields slightly higher values on the
experimental data. Interestingly, embedding optimization with the Shuffling estimator
and as little as dyax = 5 past bins captures almost the same history dependence as
BBC with d.x = 20, with a median above 95 % for all recorded systems. In contrast,
we find that a single past bin only accounts for 70% to 80% of the total history
dependence. A GLM bears little additional advantage with a slightly higher median of
~ 85%. To save computation time, GLM estimates were only computed for the
temporal depth that was estimated using BBC (Fig , violet square). The remaining
embedding parameters d and x of the GLM’s history kernel were separately optimized
using the Bayesian information criterion (Materials and methods]). Since parameters
were optimized, we argue that the GLM underestimates history dependence because of
its specific model assumptions, i.e. no interactions between past spikes. Moreover, we
found that the GLM performs worse than embedding optimization with only five past
bins. Therefore, we conclude that for typical experimental spike trains, interactions
between past spikes are important, but do not require very high temporal resolution. In
the remainder of this paper we use the reduced approach (Shuffling dy.x = 5) to
compare history dependence among different recorded systems.

Increasing bin sizes exponentially is crucial to estimate long-lasting history
dependence. To demonstrate this, we plotted embedding-optimized BBC estimates
of R(T) using a uniform embedding, i.e. equal bin sizes, relative to estimates obtained
with exponential embedding (Fig [6C), both for BBC with dpax = 20 (red) and Shuffling
with dpax = 20 (blue) or dmax = 5 (green). For past ranges T' > 100 ms, estimates using
a uniform embedding miss considerable history dependence, which becomes more severe
the longer the past range. In the case of dyyax = 5, a uniform embedding captures
around 80 % for T' = 1s, and only around 60 % for T'= 5s (median over analyzed sorted
units in CA1). Therefore, we argue that an exponential embedding is crucial for
estimating long-lasting history dependence.

Together, total history dependence and its timescale show clear
differences between recorded systems and individual sorted
units

Finally, we present results from diverse extracellular spike recordings that show
interesting differences in history dependence between sorted units of different recorded
systems. In addition to recordings from rat dorsal hippocampus layer CA1, salamander
retina and rat cortical culture, we analyzed sorted units in a recording of mouse primary
visual cortex using the novel Neuropixels probe [51]. Recordings from primary visual
cortex were approximately 40 minutes long. Thus, to make results comparable, we
analyzed only the first 40 minutes of all recordings.

We find clear differences between the recorded systems, both in terms of the total
history dependence, as well as the information timescale (Fig |2|A) Sorted units in
cortical culture and hippocampus layer CA1 have high total history dependence Ryt
with median over sorted units of ~ 24 % and ~ 25 %, whereas sorted units in retina and
primary visual cortex have typically low Ryt of &~ 11 % and ~ 8 %. In terms of the
information timescale 7g, sorted units in hippocampus layer CA1 display much higher
Tr with a median of ~ 96 ms than units in cortical culture with median 7 of =~ 12 ms.
Similarly, sorted units in primary visual cortex have higher 7g with median of &~ 37 ms
than units in retina with median of ~ 23 ms. These differences could reflect differences
between early visual processing (retina, primary visual cortex) and high level processing
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and memory formation in hippocampus, or likewise, between neural networks that are
mainly input driven (retina) or exclusively driven by recurrent input (culture). Notably,
total history dependence and the information timescale varied independently among
recorded systems, and studying them in isolation would miss differences between
recorded systems, whereas considering them jointly allows to distinguish the different
systems. Moreover, no clear differentiation between cortical culture, retina and primary
visual cortex is possible using the autocorrelation time 7¢ (Fig mB), with medians

To ~ 68 ms (culture), 7¢ ~ 60 ms (retina) and 7¢ &~ 80 ms (primary visual cortex),
respectively.

Fig 7. Together, total history dependence and its timescale show clear
differences between recorded systems. (A) Embedding-optimized Shuffling
estimates (dmax = 5) of the total history dependence Ry are plotted against the
information timescale 75 for individual sorted units (dots) from four different recorded
systems (raster plots show spike trains of different sorted units). No clear relationship
between the two quantities is visible. The analysis shows systematic differences between
the recorded systems: sorted units in rat cortical culture (n = 48) and rat dorsal
hippocampus layer CA1 (n = 28) have higher median total history dependence than
units in salamander retina (n = 111) and mouse primary visual cortex (n = 142). At
the same time, sorted units in cortical culture and retina show smaller timescale than
units in primary visual cortex, and much smaller timescale than units in hippocampus
layer CA1. Overall, recorded systems are clearly distinguishable when jointly
considering the total history dependence and information timescale. (B) Total history
dependence Ryt versus the autocorrelation time 7¢ shows no clear relation between the
two quantities, similar to the information timescale 7z. Also, the autocorrelation time
gives the same relation in timescale between retina, primary visual cortex and CAl,
whereas the cortical culture has a higher timescale (different order of medians on the
x-axis). In general, recorded systems are harder to differentiate in terms of the
autocorrelation time 7o as compared to 7. Errorbars indicate median over sorted units
and 95 % bootstrapping confidence intervals on the median.

To better understand how other well-established statistical measures relate to the
total history dependence Rio¢ and the information timescale 7r, we show Rio; and 7
versus the median interspike inteval (ISI), the coefficient of variation Cy = o1/ st of
the ISI distribution, and the autocorrelation time 7¢ in Estimates of the total
history dependence Ry, tend to decrease with the median ISI, and to increase with the
coefficient of variation Cy,. This result is expected for a measure of history dependence,
because a shorter median ISI indicates that spikes tend to occur together, and a higher
Cy indicates a deviation from independent Poisson spiking. In contrast, the information
timescale Tr tends to increase with the autocorrelation time, as expected, with no clear
relation to the median ISI or the coefficient of variation Cy . However, the correlation
between the measures depends on the recorded system. For example in retina (n = 111),
Ryt is significantly anti-correlated with the median IST (Pearson correlation coefficient:
r = —0.69, p < 107°) and strongly correlated with the coefficient of variation Cy
(r =0.90, p < 1077), and 7g is significantly correlated with the autocorrelation time 7¢
(r =0.75, p < 1079). In contrast, for mouse primary visual cortex (n = 142), we found
no significant correlations between any of these measures. Thus, the relation between
Ryt or Tr and the established measures is not systematic, and therefore one cannot
replace the history dependence by any of them.

In addition to differences between recorded systems, we also find strong heterogeneity
of history dependence within a single recorded system. Here, we demonstrate this for
three different sorted units in primary visual cortex (Fig|8l see for all analyzed
sorted units in primary visual cortex). In particular, sorted units display different
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signatures of history dependence R(T) as a function of the past range 7. For some
units, history dependence builds up on short past ranges T (e.g. Fig ), for some it
only shows for higher T (e.g. Fig ), and for some it already saturates for very short T’
(e.g. Fig[8C). A similar behavior is captured by the autocorrelation C(T') (Fig[8] second
row). The rapid saturation in Fig indicates history dependence due to bursty firing,
which can also be seen by strong positive correlation with past spikes for short delays T'
(Fig[BC, bottom). To exclude the effects of different firing modes or refractoriness on
the information timescale, we only considered past ranges T > Ty = 10 ms when
estimating 7g, or delays T > Ty = 10 ms when fitting an exponential decay to C(T) to
estimate 7¢. The reason is that differences in the integration of past information are
expected to show for larger T'. This agrees with the observation that timescales among
recorded systems were much more similar if one instead sets Ty = O ms, whereas they
showed clear differences for Ty = 10 ms or Ty = 20 ms .

Fig 8. Distinct signatures of history dependence for different sorted units
within mouse primary visual cortex. (Top) Embedding-optimized estimates of
R(T) reveal distinct signatures of history dependence for three different sorted units
(A,B,C) within a single recorded system (mouse primary visual cortex). In particular,
sorted units have similar total history dependence Ry, but differ vastly in the
information timescale 7 (horizontal and vertical dashed lines). Note that for unit C,
Tgr is smaller than 5ms and thus doesn’t appear in the plot. Shaded areas indicate +
two standard deviations obtained by bootstrapping, and vertical bars indicate the
interval over which estimates of R(T') were averaged to estimate Riot
methods|). Estimates were computed with the Shuffling estimator and dpax = 5.
(Bottom) Autocorrelograms for the same sorted units (A,B, and C, respectively) roughly
show an exponential decay, which was fitted (solid grey line) to estimate the
autocorrelation time 7o (grey dashed line). Similar to the information timescale 7g,
only coefficients for delays larger than Ty = 10 ms were considered during fitting.

We also observed that history dependence can build up on all timescales up to
seconds, and that it shows characteristic increases at particular past ranges, e.g.

T =~ 100 ms and T =~ 200 ms in CA1 (Fig ), possibly reflecting phase information in
the theta cycles [46,47]. Thus, the analysis does not only serve to investigate differences
in history dependence between recorded systems, but also resolves clear differences
between sorted units. This could be used to investigate differences in information
processing between different cortical layers, different neuron types or neurons with
different receptive field properties.

Overall, our results demonstrate that embedding optimization is powerful enough to
reveal clear differences in history dependence between sorted units of different recorded
systems, but also between units within the same system. Even more importantly,
because units are so different, ad hoc embedding schemes with a fixed number of bins or
fixed bin width will miss considerable history dependence.

Discussion

To estimate history dependence in experimental data, we developed a method where the
embedding of past spiking is optimized for each individual spike train. Thereby, it can
estimate a maximum of history dependence, given what is possible for the limited
amount of data. We found that embedding optimization is a robust and flexible tool to
estimate history dependence in neural spike trains with vastly different spiking
statistics, where ad hoc embedding strategies would estimate substantially less history
dependence. Based on our results, we arrived at practical guidelines that are
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summarized in Fig @} In the following, we contrast history dependence R(T') with
time-lagged measures such as the autocorrelation in more detail, clearly discussing the
advantages—but also the limitations of the approach. We then discuss how one can
relate estimated history dependence to neural coding and information processing based
on the example data sets analyzed in this paper.

1) Embedding optimization: The embedding of past-spiking activity should be
individually optimized to each spike train, in order to account for very different spiking
statistics. This also applies to other information metrics like transfer entropy [52].

2) Regularization: Estimates have to be reliable lower bounds, otherwise one cannot
interpret the results (apply Bayesian bias criterion or Shuffling correction).

3) Exponential embedding: Given the limitations on the number of bins, a non-uniform
embedding is required to capture long-lasting dependencies. An exponential embedding
with max. 5 bins is typically a good compromise between accuracy and computation speed,
and enables embedding optimization for large, highly parallel spike recordings.

4) Data requirements: For practical purpose, spike recordings should be sufficiently long
(at least 10 minutes). If several recordings are to be analyzed, these should be of similar
length to allow for a meaningful comparison of history dependence and its timescale
between recordings.

Fig 9. Practical guidelines for the estimation of history dependence in
single neuron spiking activity. More details regarding the individual points can be
found at the end of [Materials and methods|

Advantages and limitations of history dependence in comparison to the
autocorrelation and lagged mutual information. A key difference between
history dependence R(T) and the autocorrelation or lagged mutual information is that
R(T) quantifies statistical dependencies between current spiking and the entire past
spiking in a past range T' (Fig[1B). This has the following advantages as a measure of
statistical dependence, and as a footprint of information processing in single neuron
spiking. First, R(T') allows to compute the total history dependence, which, from a
coding perspective, represents the redundancy of neural spiking with all past spikes; or
how much of the past information is also represented when emitting a spike. Second,
because past spikes are considered jointly, R(T) captures synergistic effects and
dismisses redundant past information (Fig[4). Finally, we found that this enables R(T)
to disentangle the strength and timescale of history dependence for the binary
autoregressive process. (Fig . In contrast, autocorrelation C'(T) or lagged mutual
information L(T') quantify the statistical dependence of neural spiking on a single past
bin with delay T', without considering any of the other bins (Fig ) Thereby, they
miss synergistic effects; and they quantify redundant past dependencies that vanish
once spiking activity in more recent past is taken into account (Fig . As a
consequence, the timescales of these measures reflect both, the strength and the
temporal depth of history dependence in the binary autoregressive process (Fig .
Moreover, technically, the autocorrelation time 7 depends on fitting exponential
decay to coefficients C'(T'). Computing the autocorrelation time with the generalized
timescale is difficult, because coefficients C(T') can be negative, and are too noisy for
large delays 7. While model fitting is in general more data efficient than the model-free
estimation presented here, it can also produce biased and unreliable estimates [16].
Furthermore, when the coefficients do not decay exponentially, a more complex model
has to be fitted |53], or the analysis simply cannot be applied. In contrast, the
generalized timescale can be directly applied to estimates of the history dependence
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R(T) to yield the information timescale 7g without any further assumptions or fitting
models. However, we found that estimates of 7 can depend strongly on the estimation
method and embedding dimension and the size of the data set and
Figs). The dependence on data size is not so strong for the practical approach of
optimizing up to dyax = 5 past bins, but still we recommend to use data sets of similar
length when aiming for comparability across experiments. Moreover, there might be
cases where a model-free estimation of the true timescale might be infeasible because of
the complexity of past dependencies (S2 Figl neuron with a 22 seconds past kernel). In

this case, only ~ 80 % of the true timescale could be estimated on a 90 minute recording.

Another downside of quantifying the history dependence R(T') is that its estimation
requires more data than fitting the autocorrelation time 7. To make best use of the
limited data, we here devised the embedding optimization approach that allows to find
the most efficient representation of past spiking for the estimation of history
dependence. Even so, we found empirically that a minimum of 10 minutes of recorded
spiking activity are advisable to achieve a meaningful quantification of history
dependence and its timescale and [S3| Figs). In addition, for shorter recordings, the
analysis can lead to mild overestimation due to over-optimizing embedding parameters
on noisy estimates . This overestimation can, however, be avoided by
cross-validation, which we find to be particularly relevant for the Bayesian bias criterion
(BBC) estimator. Finally, our approach uses an embedding model that ranges from
uniform embedding to an embedding with exponentially stretching past bins—assuming
that past information farther into the past requires less temporal resolution. This
embedding model might be inappropriate if for example spiking depends on the exact
timing of distant past spikes, with gaps in time where past spikes are irrelevant. In such
a case, embedding optimization could be used to optimize more complex embedding
models that can also account for this kind of spiking statistics.

Differences in total history dependence and information timescale between
data sets agree with ideas from neural coding and hierarchical information
processing. First, we found that the total history dependence R;.t clearly differs
among the experimental data sets. Notably, Ryt was low for recordings of early visual
processing areas such as retina and primary visual cortex, which is in line with the
theory of efficient coding [1,[54] and neural adaptation for temporal whitening as
observed in experiments [3[55]. In contrast, Ryo; was high for neurons in dorsal
hippocampus (layer CA1) and cortical culture. In CA1, the original study [47] found
that the temporal structure of neural activity within the temporal windows set by the
theta cycles was beyond of what one would expect from integration of feed-forward
excitatory inputs. The authors concluded that this could be due to local circuit
computations. The high values of Ry support this idea, and suggest that local circuit
computations could serve the integration of past information, either for the formation of
a path integration—based neural map [56], or to recognize statistical structure for
associative learning [§]. In cortical culture, neurons are exclusively driven by recurrent
input and exhibit strong bursts in the population activity [57]. This leads to strong
history dependence also at the single neuron level.

To summarize, history dependence was low for early sensory processing and high for
high level processing or past dependencies that are induced by strong recurrent feedback
in a neural network. We thus conclude that estimated total history dependence Riqt
does indeed provide a footprint of neural coding and information processing.

Second, we observed that the information timescale 7r increases from retina
(~ 23 ms) to primary visual cortex (= 37ms) to CAl (= 96 ms), in agreement with the
idea of a temporal hierarchy in neural information processing |12]. These results
qualitatively agree with similar results obtained for the autocorrelation time of
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spontaneous activity [9], although the information timescales are overall much smaller
than the autocorrelation times. Our results suggest that the hierarchy of intrinsic
timescales could also show in the history dependence of single neurons measured by the
mutual information.

Conclusion. Embedding optimization enables to estimate history dependence in a

diversity of spiking neural systems, both in terms of its strength, as well as its timescale.

The approach could be used in future experimental studies to quantify history
dependence across a diversity of brain areas, e.g. using the novel Neuropixels probe [58],
or even across cortical layers within a single area. To this end we provide a toolbox for
Python3 [37]. These analyses might yield a more complete picture of hierarchical
processing in terms of the timescale and a footprint of information processing and
coding principles, i.e. information integration versus redundancy reduction.

Materials and methods

In this section, we provide all mathematical details required to reproduce the results of
this paper. We first provide the basic definitions of history dependence, the past
embedding as well as the total history dependence and the information timescale. We
then describe the embedding optimization approach that is used to estimate history
dependence from neural spike recordings, and provide a description of the workflow.
Next, we delineate the estimators of history dependence considered in this paper, and
present the novel Bayesian bias criterion. Finally, we provide details on the benchmark
model and how we approximated its history dependence for given past range and
embedding parameters. All code for Python3 that was used to analyze the data and to
generate the figures is available online at
https://github.com/Priesemann-Group/historydependencel

Glossary

Terms
e Past embedding: discrete, reduced representation of past spiking through temporal
binning
e Past-embedding optimization: Optimization of temporal binning for better estimation of
history dependence

e Embedding-optimized estimate: Estimate of history dependence for optimized embedding
Abbreviations

e GLM: generalized linear model

e ML: Maximum likelihood

e BBC('": Bayesian bias criterion

e Shuffling: Shuffling estimator based on a bias correction for the ML estimator
Symbols

e At: bin size of the time bin for current spiking

e T': past range of the past embedding
[t — T,t): embedded past window

d: embedding dimension or number of bins
e rx: scaling exponent for exponential embedding

o Ticc: recording length
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https://github.com/Priesemann-Group/historydependence

o N = (Ttec — T)/At: number of measurements, i.e. number of observed joint events of
current and past spiking

e X: random variable with binary outcomes z € [0, 1], which indicate the presence of a
spike in a time bin At

e X T: random variable whose outcomes are binary sequences &~ * € {0, l}d, which
represent past spiking activity in a past range T’

Information theoretic quantities

e H(spiking) = H(X): average spiking information

e H(spiking|past) = H(X|X~7T): average spiking information for given past spiking in a
past range 1T’

e I(spiking; past) = I(X; XfT): mutual information between current spiking and past
spiking in a past range T'

e R(T)=1I(X; X T)/H(X): history dependence for given past range T

e R(T,d,k)=1(X; X;:)/H(X): history dependence for given past range T' and past
embedding d, K

o Riot = Th_r)r;(7 R(T): total history dependence

e AR(T;) = R(T;) — R(Ti—1): gain in history dependence

e 7r: information timescale or generalized timescale of history dependence R(T")

o L(T)=I(X;X_r): lagged mutual information with time lag T

e 71: generalized timescale of lagged mutual information L(T)

Estimated quantities
° R(T, d, k): estimated history dependence for given past range T and past embedding d, x
. R(T): embedding-optimized estimate of R(T) for optimal embedding parameters d*, x*

o Rio: estimated total history dependence, i.e. average R(T) for T € [Tp, Twmax|, with
interval of saturated estimates [T, Tmax]

e 7r: estimated information timescale

Basic definitions

Definition of history dependence. We quantify history dependence R(T') as the
mutual information (X, X _T) between present and past spiking X and X 7,
normalized by the binary Shannon information of spiking H(X), i.e.

(X, X)) | HXXT) (©)
H(X) H(X)
Under the assumption of stationarity and ergodicity the mutual information can be

computed either as the average over the stationary distribution p(x,~7), or the time
average [211[59], i.e.

R(T) =

I(X, X" ") =H(X) - HX|XT) (7)
1 1
= p(z)logy — — ple, ") logy ———=  (8)
we%;l} p(x) m—TZ{;),l}d plale=T)
=T
_ T\
= Z Z plz, T) log, P(|(x)) (9)
z€{0,1} x—T€{0,1}4 p
N _
. 1 p(xt” Ty )

Here, z;, € {0,1} indicates the presence of a spike in a small interval [t,, t, + At) with
At = 5ms throughout the paper, and z; LT encodes the spiking history in a time window
[tn, — T,t,) at times ¢, = nAt that are shifted by At.
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Definition of lagged mutual information. The lagged mutual information
L(T) [41] for a stationary neural spike trains is defined as the mutual information
between present spiking X and past spiking X_r with delay T, i.e.

L(T)=1(X; X_71) (11)
T|T—
=YY pew ) log, 1) (12)
z€{0,1} x_7€{0,1} p(z)
1 o, plar, |ze,—7)
= lim — ) I b1t =12 1
NS N 2:21 082 p(ze,) (13)

Here, z;, € {0,1} indicates the presence of a spike in a time bin [¢,,t, + At) and

x¢, —7 € {0,1} the presence of a spike in a single past bin [¢t,, — T, ¢, — T + At) at times
t, = nAt that are shifted by At. In analogy to R(T), one can apply the generalized
timescale to the lagged mutual information to obtain a timescale 77, with

TL_;E%TO. (14)

Definition of autocorrelation. The autocorrelation C(T) for a stationary neural
spike trains is defined as

_ Covlzy,, 2, —7] (T4, %4, -T) — (z¢,,)?
O="Nalm] ~ @) @2 (%)

with delay T" and x;, and z;,_7 as above. For an exponentially decaying

autocorrelation C(T') x exp (—%), Tc is called autocorrelation time.
Past embedding. Here, we encode the spiking history in a finite time window
[t —T,t) as a binary sequence x; © = (act_zT)f:1 of binary spike counts xt_ZT €{0,1} ind
past bins (Fig . When more than one spike can occur in a single bin, z, ZT =1is
chosen for spike counts larger than the median activity in the ith bin. This type of
temporal binning is more generally referred to as past embedding. It is formally defined
as a mapping

Lr(0) : Fr — S¢ (16)

from the set of all possible spiking histories Fr = (X, : 7 € [t — T, 1)), i.e. the sigma
algebra generated by the point process X' (neural spiking) in the time interval [t — T, 1),
to the set of d-dimensional binary sequences S%. We can drop the dependence on the
time ¢ because we assume stationarity of the point process. Here, T is the embedded
past range, d the embedding dimension, and 6 denotes all the embedding parameters
that govern the mapping, i.e. 8 = (d, ...). The resulting binary sequence at time ¢ for
given embedding 6 and past range T" will be denoted by x, GT . In this paper, we consider
the following two embeddings for the estimation of history dependence.

Uniform embedding. If all bins have the same bin width 7 = T'/d, the embedding
is called uniform. The main drawback of the uniform embedding is that higher past
ranges T enforce a uniform decrease in resolution 7 when d is fixed.

Exponential embedding. One can generalize the uniform embedding by letting bin
widths increase exponentially with bin index j =1, ...,d according to 7; = 7 1060—D~,
Here, 1 gives the bin size of the first past bin, and is uniquely determined when T, d
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and k are specified. Note that k£ = 0 yields a uniform embedding, whereas x > 0
decreases resolution on distant past spikes. For fixed embedding dimension d and past
range 7', this allows to retain a higher resolution on spikes in the more recent past.

Sufficient embedding. Ideally, the past embedding preserves all the information
that the spiking history in the past range T has about the present spiking dynamics. In
that case, no additional past information has an influence on the probability for x; once
the embedded spiking history x, g is given, i.e.

pladarg ) = pladeg ) (17)

for any other past embedding x;_ Z . If Eq holds for all times ¢, the embedding
T'r(0) is called a sufficient embedding. For the remainder of this paper, the sequences

of sufficient embeddings are denoted by x, T

Insufficient embeddings cause underestimation of history dependence. The
past embedding is essential when inferring history dependence from recordings, because
an insufficient embedding causes underestimation of history dependence. To show this,
we note that for any embedding parameters 6 and past range T the Kullback-Leibler
divergence between the spiking probability for the sufficient embedding p(z¢|x; Ty and
p(xt|a:t_ﬂT) cannot be negative [60], i.e.

-7
_ _ _ p(xe|x
Dict [plecla Dlip(edari)] = S pleda; lom, W) 50 )

T
z:€{0,1} p(xt|$t,0 )

with equality iff p(xt|w;9T) = p(xy|x; 7). By taking the average over all times t,,, we
arrive at /

N T
) 1 _ p(xe,|z;")
0< lim — p(xtn|mtnT) logy —— (19)
N—oco N nz::l ztnez{%,l} p(l‘tn wtjﬂe)
N
—tm <> Y plar,2rT @) logy —— (20)
N—oco N "1z, {01} p(xtn|wtn,0)
N
1 1
— lim — p(a, @, ") logy ———— (21)
N—oo N nz—:la:tn;:(),l} ' p(ze, -’Etn,T)
—H(X|X;T) — HX|XT), (22)

where the last step follows from stationarity and ergodicity and marginalizing out x; T
in the first term. From here, it follows that one always underestimates the history
dependence in neural spiking, as long as the embedding is not sufficient, i.e.

H(X|X5") H(X|XT)
=1-———<]1-— = .
R(T,0) =1 - =5 58— <1- =555 R(T) (23)
Estimation of history dependence using past-embedding
optimization
The past embedding is crucial in determining how much history dependence we can

capture, since an insufficient embedding 6 leads to an underestimation of the history
dependence R(T') > R(T,0). In order to capture as much history dependence as
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possible, the embedding € should be chosen to maximize the estimated history
dependence R(T,0). Since the history dependence has to be estimated from data, we
formulate the following embedding optimization procedure in terms of the estimated
history dependence R(T ,0).

Embedding optimization. For given T, find the optimal embedding #* that
maximizes the estimated history dependence

0* = argmax R(T, ). (24)
6

This yields an embedding-optimized estimate R(T) = R(T,0*) of the true history
dependence R(T).

Requirements. Embedding optimization can only give sensible results if the
optimized estimates R(T ,0) are guaranteed to be unbiased or a lower bound to the true
R(T,0). Otherwise, embeddings will be chosen that strongly overestimate history
dependence. In this paper, we therefore use two estimators, BBC and Shuffling, the
former of which is designed to be unbiased, and the latter a lower bound to the true
R(T,0) (see below). In addition, embedding optimization works only if the estimation
variance is sufficiently small. Otherwise, maximizing over variable estimates can lead to
a mild overestimation. We found for a benchmark model that this overestimation was
negligibly small for a recording length of 90 minutes for a model neuron with a 4 Hz
average firing rate (S1 Figf). For smaller recording lengths, potential overfitting can be
avoided by cross-validation, i.e. optimizing embeddings on one half of the recording and
computing embedding-optimized estimates on the other half.

Implementation. For the optimization, we compute estimates R(T, d, k) for a range
of embedding dimensions d € [1,2, ..., dmax| and scaling parameter x = [0, ..., Kmax]. For
each T, we then choose the optimal parameter combination d*, x* for each T that
maximizes the estimated history dependence R(T7 d, k), and use R(T7 d*, k*) as the best
estimate of R(T).

Estimation of total history dependence and the information timescale.
When estimating history dependence R(T') from data, there are some adjustments

required to estimate the total history dependence Rio and the information timescale 7g.

First, estimates R(T') are not guaranteed to converge for large past ranges T, but
might decrease due to a reduced resolution of embeddings for higher T (Fig ) Thus,
we estimated an interval [Tp, Tinax] for which estimates have converged. Here, the
temporal depth Tp and the upper bound T,.x are the first and the last past ranges T
for which estimates R(T) are within one standard deviation of the highest estimate
Rumax, i.e. R(T) > Ronax — oh (Fig |§|D7 vertical blue bars). The standard deviation
was estimated by bootstrapping (see [Bootstrap confidence intervals). From this interval,
an estimate of the total history dependence Ryot is obtained by averaging R(T') over
past ranges T € [T, Timax) (Fig 2D, vertical dashed blue line).

Second, noisy estimates R(T ) are not guaranteed to be monotonously increasing,
such that increments A]:?(T) can be negative. Moreover, noisy estimates can lead to
positive AR(T)) even though the true R(T') has already converged to Ryo. This can
have a huge effect on the estimated information timescale 7x if one simply uses these
estimates in Eq . To avoid this, we use knowledge about the behavior of the true

R(T') when estimating AR(T). In particular, we set estimates R(T") equal to the largest
previous estimate R(T") for T < T if they fall below it, and equal to Ry if they are
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larger than Riot. This enforces that the estimated gain A]:?(T) > 0 is non-negative, and
excludes spurious gain for high T due to noisy estimates.

Finally, the information timescale 7 can crucially depend on the choice of the
minimum past range 7Ty in the sum in Eq . A Ty > 0 larger than zero allows to
ignore short term effects on the history dependence such as the refractory period or
different firing modes, which we found beneficial for resolving differences in the
timescale among different recorded systems . In contrast, if the decay is truly
exponential, than 7 is independent of Ty. In this paper, we chose Ty = 10 ms to
exclude short term effects, while also not excluding too much past information.

Workflow. The estimation workflow using embedding optimization is summarized in

(Fig[10).

Fig 10. Workflow of past-embedding optimization to estimate history
dependence and its temporal depth. 1) Define a set of embedding parameters d, k
for fixed past range 7. 2) For each embedding d, x, record sequences of current and
past spiking x¢,, @, Te for all time steps t,, in the recording. 3) Use the frequencies of
the recorded sequences to estimate history dependence for each embedding, either using
maximum likelihood (ML), or fully Bayesian estimation (NSB). 4) Apply regularization,
i.e. the Bayesian bias criterion (BBC) or Shuffling bias correction, such that all
estimates are unbiased or lower bounds to the true history dependence. 5) Select the
optimal embedding to obtain an embedding-optimized estimate of R(T). 6) Repeat the
estimation for a set of past ranges T' to compute estimates of the information timescale
Tr and the total history dependence Rqt.

Different estimators of history dependence

To estimate R(T,0), one has to estimate the binary entropy of spiking H(X) in a small
time bin At, and the conditional entropy H(X|X,”) from data. The estimation of the
binary entropy only requires the average firing probability p(x=1) = rAt with

H(X) = —rAtlogy rAt — (1 — rAt)logy (1 — rAt), (25)

which can be estimated with high accuracy from the estimated average firing rate r
even for short recordings. The conditional entropy H(X|X ;T), on the other hand, is
much more difficult to estimate. In this paper, we focus on a non-parametric approach
that estimates

HX|X,")=H(X,X;") - HX;") (26)

by a non-parametric estimation of the entropies H(XQ_T) and H(X, XQ_T).

The estimation of entropy from data is a well-established problem, and we can make
use of previously developed entropy estimation techniques for the estimation of history
dependence. We here write out the estimation of the entropy term for joint sequences of
present and past spiking H (X, X, T), which is the highest dimensional term and thus
the hardest to estimate. Estimation for the marginal entropy H (X, T) is completely
analogous.

Computing the entropy requires knowing the statistical uncertainty and thus the
probabilities for all possible joint sequences. In the following we will write probabilities
as a vector w = (my,)K_, where m; = p ((z,2, " )=ay,) are the probabilities for the
K = 2441 possible joint spike patterns aj, € {0,1}%+!. The entropy H(X, X, ") then
reads

K
H(X,X;")=H(m) = - mlog,m. (27)
k=1
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Once we are able to estimate the probability distribution 7, we are able to estimate the
entropy. In a non-parametric approach, the probabilities 7w = (77;@)521 are directly
inferred from counts n = (n;)&_; of different spike sequences aj, within the spike
recording. Each time step [t,, t, + At) provides a sample of present spiking x; and its
history x; ?9, such that a recording of length Tyc. provides N = (Tiec — T)/At data
points.

Maximum likelihood estimation. Most commonly, probabilities of spike sequences
ay are then estimated as the relative frequencies &, = ng /N of their occurrence in the
observed data. It is the maximum likelihood (ML) estimator of v for the multinomial
likelihood

K
p(n|m) o [ mpx. (28)
k=1

Plugging the estimates 7; into the definition of entropy results in the ML estimator of
the entropy

K
~ -7\ ng ng
Hu (X, X, )77;W10g2ﬁ (29)
or history dependence
- (X, X, 7)) — Han (X, T
Faan (T,0) = 1 — X Xy ) — Ha(Xy ), (30)

H(X)

The ML estimator has the right asymptotic properties |28/61], but is known to
underestimate the entropy severely when data is limited [28]/62]. This is because all
probability mass is assumed to be concentrated on the observed outcomes. A more
concentrated probability distribution results in a smaller entropy, in particular if many
outcomes have not been observed. This results in a systematic underestimation or
negative bias

Bias [HML(X, x,; 7| <o. (31)

The negative bias in the entropy, which is largest for the highest-dimensional joint
entropy Hyr, (X, X, T), then typically leads to severe overestimation of the mutual
information and history dependence [27,/63]. Because of this severe overestimation, we
cannot use the ML estimator for embedding optimization.

Bayesian Nemenman-Shafee-Bialek (NSB) estimator. In a Bayesian
framework, the entropy is estimated as the posterior mean or minimum mean square
error (MMSE)

Hymse(n) = /dﬂ'H(W)p(ﬂ") = /dWH(W)fdiEZJQE’(;’)(“/). 32

The posterior mean is the mean of the entropy with respect to the posterior distribution
on the probability vector 7 given the observed frequencies of spike sequences n

__ plnlmp(n)
PRI = (i o) )

The probability for i.i.d. observations n from an underlying distribution 7r is given by
the multinomial distribution in Eq .
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If the prior p(7) is a conjugate prior to the multinomial likelihood, then the high 035
dimensional integral of Eq can be evaluated analytically [32]. This is true for a 036

class of priors called Dirichlet priors, and in particular for symmetric Dirichlet priors 037

K

-1

p(wlB) o [ 70" (34) o

k=1
The prior p(7|B) gives every outcome the same a priori weight, but controls the weight 0
B > 0 of uniform prior pseudo-counts. A S =1 corresponds to a flat prior on all 040
probability distributions 7, whereas § — 0 gives maximum likelihood estimation (no oa1
prior pseudo-count). oa2
It has been shown that the choice of £ is highly informative with respect to the 043
entropy, in particular when the number of outcomes K becomes large [64]. This is 044
because the a priori variance of the entropy vanishes for K — oo, such that for any o5
7 ~ p(m|B) the entropy H(w) is very close to the a priori expected entropy o6
€(0) = [ dmH(mp(r|B) = (K5 + 1)~ o(5 + 1), (35) o

where 1y, (z) = 971 log I'(2) are the polygamma functions. In addition, a lot of data is  os
required to counter-balance this a priori expectation. The reason is the prior adds 049
pseudo-counts on every outcome, i.e. it assumes that every outcome has been observed 5 oo
times prior to inference. In order to influence a prior that constitutes K pseudo-counts, o
one needs at least NV > K samples, with more data required the sparser the true 052
underlying distribution. Therefore, an estimator of the entropy for little data and fixed o3
concentration parameter [ is highly biased towards the a priori expected entropy &(3). s

Nemenman et al. [33] exploited the tight link between concentration parameter 8 055
and the a priori expected entropy to derive a mixture prior 056
pnsB(T) dB ’ p(m|B), (36) o5

o€
a5 = K1 (KB+1) —¢1(B+1), (37) o

that weights Dirichlet priors to be flat with respect to the expected entropy £(5). Since oo
the variance of this expectation vanishes for K > 1 [64], for high K the prior is also 960

approximately flat with respect to the entropy, i.e. H(w) ~ U(0,logy K) for 961
7 ~ pnsp(m). The resulting MMSE estimator for the entropy is referred to as the NSB o
estimator 963
HNSB(”) = /dﬂ'H(ﬂ') p(n|ﬂ-)pNSB(ﬂ-) 7 (38) 964

[ dn'p(n|7")pNsp(n’)

A BAB)Bm)

(39) o
JdB 55 (8)p(B',m)
Here, p(3,n) is proportional to the evidence for given concentration parameter 966
K
T'(n; + B)

= 40
p(,é’,n) NJrKﬂ };]1: F ( ) 967
[ dmptrim) pia|3) = pln]), (1)
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where I'(z) is the gamma function. The posterior mean of the entropy for given
concentration parameter is

K

() = 32 5 RN + KB4 1)~ nlni 4.5+ 1) 42)

From the Bayesian entropy estimate, we obtain an NSB estimator for history
dependence
Hysp(X, X5") — Hysp(X, ")

H(X) '
where the marginal and joint entropies are estimated individually using the NSB
method.

To compute the NSB entropy estimator, one has to perform a one-dimensional
integral over all possible concentration parameters 3. This is crucial to be unbiased
with respect to the entropy. An implementation of the NSB estimator for Python3 is
published alongside the paper with our toolbox [37]. To compute the integral, we use a
Gaussian approximation around the maximum a posteriori 8* to define sensible
integration bounds when the likelihood is highly peaked, as proposed in [34].

Rxsp(T,0) =1 —

(43)

Bayesian bias criterion. The goal of the Bayesian bias criterion (BBC) is to
indicate when estimates of history dependence are potentially biased. It might indicate
bias even when estimates are unbiased, but the opposite should never be true.

To indicate a potential estimation bias, the BBC compares ML and BBC estimates
of the history dependence. ML estimates are biased when too few joint sequences have
been observed, such that the probability for unobserved or undersampled joint outcomes
is underestimated. To counterbalance this effect, the NSB estimate adds
pseudo-counts to every outcome, and then infers § with an uninformative prior. For the
BBC, we turn the idea around: when the assumption of no pseudo-counts (ML) versus a
posterior belief on non-zero pseudo-counts (NSB) yield different estimates of history
dependence, then too few sequences have been observed and estimates are potentially
biased. This motivates the following definition of the BBC.

The NSB estimator Rysg(7, 6) is biased with tolerance p > 0, if

|Rxsg (T, 0) — Rae(T,0)] > p - Rnss(T,6). (44)
Similarly, we define the BBC estimator

Rnsp(T,0) if Rnsp(T,6) — Ruu(T,0) < p- Rnss(T, 0),

. (45)
0 otherwise.

Repe(T,0) = {

This estimator is designed to be unbiased, and can thus can be used for embedding
optimization in Eq . We use the NSB estimator for R(T, 6) instead of the ML
estimator, because it is generally less biased. A tolerance p > 0 accounts for this, and
accepts NSB estimates when there is only a small difference between the estimates. The
bound for the difference is multiplied by I%NSB(T, ), because this provides the scale on
which one should be sensitive to estimation bias. We found that a tolerance of p = 0.05
was small enough to avoid overestimation by BBC estimates on the benchmark model

(Fig[5] and [S2 Fig).

Shuffling estimator. The Shuffling estimator was originally proposed in [31] to
reduce the sampling bias of the ML mutual information estimator. It has the desirable
property that it is negatively biased in leading order of the inverse number of samples.
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Because of this property, Shuffling estimates can safely be maximized during embedding
optimization without the risk of overestimation. Here, we therefore propose to use the
Shuffling estimator for embedding-optimized estimation of history dependence.

The idea behind the Shuffling estimator is to rewrite the ML estimator of history
dependence as

R (T, 0) = H(lX) (I:IML(XQ_T) - I:IML(XQ_T|X)) (46)

and to correct for bias in the entropy estimate Hyyr,(X 0 T|X). Since X is well sampled
and thus H (X) is unbiased, and the bias of the ML entropy estimator is always
negative |281|62], we know that

Bias[ Ry (T, 0)] = Bias[Hyr (X, 7)] — Bias[Hyr (X, 7| X)) (47)
< —Bias[Hy, (X, 7| X)) (48)

Therefore, if we find a correction term of the magnitude of Bias[Hyr, (X, 7| X)], we can
turn the bias in the estimate of the history dependence from positive to negative, thus
obtaining an estimator that is a lower bound of the true history dependence. This can
be achieved by subtracting a lower bound of the estimation bias Bias[Hyw (X, " | X))
from fIML(Xg_T|X).

In the following, we describe how [31] obtain a lower bound of the bias in the
conditional entropy Hyr, (X 5 T1X) by computing the estimation bias for shuffled
surrogate data.

Surrogate data are created by shuffling recorded spike sequences such that statistical
dependencies between past bins are eliminated. This is achieved by taking all past
sequences that were followed by a spike, and permuting past observations of the same

bin index j. The same is repeated for all past sequences that were followed by no spike.

The underlying probability distribution can then be computed as

d
pan(@y " |2) = [] plag ) ), (49)
j=1
and the corresponding entropy is
d
H(X54|X) =) H(X;]1X). (50)
j=1

The pairwise probabilities p(as;’ ]T|x) are well sampled, and thus each conditional entropy
in the sum can be estimated with high precision. This way, the true conditional entropy
H(X, T 1X) for the shuffled surrogate data can be computed and compared to the ML

estimate Hyp, (X 9_7£I|X ) on the shuffled data. The difference between the two
AHnL(X 51 X)] = Han(X o 4, 1X) — H(X 5, 1X) (51)

yields a correction term that is on average equal to the bias of the ML estimator on the
shuffled data.

Importantly, the bias of the ML estimator on the shuffled data is in leading order
more negative than on the original data. To see this, we consider an expansion of the
bias on the conditional entropy in inverse powers of the sample size N [27]/63]

Bias[HyL (X, 7| X)] = 72N11n2 > (f{(x) - 1) +0 (;Z) : (52)
z€{0,1}
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Here, K () denotes the number of past sequences with nonzero probability

p(x, T=ay|r) > 0 of being observed when followed by a spike (x = 1) or no spike

(z = 0), respectively. Notably, the bias is negative in leading order, and depends only on
the number of possible sequences K (z). For the shuffled surrogate data, we know that
pan(x, T =ay|r) = 0 implies p(x, " =ax|z) = 0, but Shuffling may lead to novel
sequences that have zero probability otherwise. Hence the number of possible sequences
under Shuffling can only increase, i.e. K(x) > K(x), and thus the bias of the ML
estimator under Shuffling to first order is always more negative than for the original
data

Bias[ A (X 5 2, X)] < Bias[Hur (X5 7] X)). (53)

Terms that could render it higher are of order O(IN~2) and higher and are assumed to
have no practical relevance.

This motivates the following definition of the Shuffling estimator: Compute the
difference between the ML estimator on the shuffled and original data to yield a
bias-corrected Shuffling estimate

Hyrsu(X,7|X) EﬁML(X;TlX)—AﬁML(X;i\X), (54)

and use this to estimate history dependence

RShufﬂing(Ta 9) =

50 (Fran (X5 7) = Mo (X571X)) (55)
Because of Eq and Eq , we know that this estimator is negatively biased in

leading order R
Rshutling(T,0) S0 (56)

and can safely be used for embedding optimization.

Estimation of history dependence by fitting a generalized linear model
(GLM). Another approach to the estimation history dependence is to model the
dependence of neural spiking onto past spikes explicitly, and to fit model parameters to
maximize the likelihood of the observed spiking activity [21]. For a given probability
distribution p(z¢|x; T, v) of the model with parameters parameters v, the conditional
entropy can be estimated as

N
. _ 1 — —
H(X|XT" v) = ) logyplae, 2,7, v) ™! (57)

n=1

which one can plug into Eq @ to obtain an estimate of the history dependence. The
strong law of large numbers [59] ensures that if the model is correct, i.e.

p(xi|e; T, v) = p(ay|e;T) for all ¢, this estimator converges to the entropy H(X|X 1)
for N — oco. However, any deviations from the true distribution due to an incorrect
model will lead to an underestimation of history dependence, similar to choosing an
insufficient embedding. Therefore, model parameters should be chosen to maximize the
history dependence, or to maximize the likelihood

N
V¥ = arg max Z logy p(z4, |2, ", V). (58)

v n=1

We here consider a generalized linear model (GLM) with exponential link function that
has successfully been applied to make predictions in neural spiking data [20] and can be
used for the estimation of directed, causal information [21]. In a GLM with past
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dependencies, the spiking probability at time ¢ is described by the instantaneous rate or
conditional intensity function

et t+ oz y)

5t—0 ot (59)

Since we discretize spiking activity in time as spiking or non-spiking in a small time
window At, the spiking probability is given by the binomial probability
Atz T v)At

14+ Mtlz, T v)At

p(z=1|z; T, v) (60)
The idea of the GLM is that past events contribute independently to the probability of
spiking, such that the conditional intensity function factorizes over their contributions.
Hence, it can be written as

d
Mtlx; T, puh) =exp | u+ Z hjm;j-T , (61)
j=1
where h; gives the contribution of past activity z, ]T in past time bin j to the firing rate,
and p is an offset that is adapted to match the average firing rate.

Although fitting GLM parameters is more data-efficient than computing
non-parametric estimates, overfitting may occur for limited data and high embedding
dimensions d, such that d cannot be chosen arbitrarily high. In order to estimate a
maximum of history dependence for limited d, we apply the same type of binary past
embedding as we use for the other estimators, and optimize the embedding parameters
by minimizing the Bayesian information criterion [65]. In particular, for given past
range T, we choose embedding parameters d*, k* that minimize

BIC(d, k) = (d+ 1) logy N — 2L*(d, k), (62)
where N is the number of samples and
N
Lr(d, k) = logy plar, |z, "y . n* k) (63)
n=1

is the maximized log-likelihood of the recorded spike sequences (¢, ,; ?d N for
optimal model parameters p*, h*. We then use the optimized embedding parameters to
estimate the conditional entropy according to

2 — 1 * [ 7k *
Heom(X|X ") = — LK), (64)
which results in the GLM estimator of history dependence

) . Hoa(X|X57.)
Roim(T) =1 - X : (65)

Bootstrap confidence intervals. In order to estimate confidence intervals of
estimates R(T, 0) for given past embeddings, we apply the blocks of blocks
bootstrapping method [66]. To obtain bootstrap samples, we first compute all the
binary sequences (Jct",a:; Fe) for n =1,..., N that result from discretizing the spike
recording in N time steps ‘At and applying the past embedding. We then randomly

draw N/l blocks of length [ of the recorded binary sequences such that the total number
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of redrawn sequences is the same as the in the original data. We choose [ to be the
average interspike interval (ISI) in units of time steps At, i.e. | = 1/(rAt) with average
firing rate r. Sampling successive sequences over the typical ISI ensures that
bootstrapping samples are representative of the original data, while also providing a
high number of distinct blocks that can be drawn.

The different estimators (but not the bias criterion) are then applied to each
bootstrapping sample to obtain confidence intervals of the estimators. Instead of
computing the 95% confidence interval via the 2.5 and 97.5 percentiles of the
bootstrapped estimates, we assumed a Gaussian distribution and approximated the
interval via [R(T,0) — 26 (T, 0), R(T,0) + 26 g (T, 6)], where 6r(T, 0) is the standard
deviation over the bootstrapped estimates.

We found that the true standard deviation of estimates for the model neuron was
well estimated by the bootstrapping procedure, irrespective of the recording length
. Furthermore, we simulated 100 recordings of the same recording length, and for
each computed confidence interval for the past range T with the highest estimated
history dependence R(T"). By measuring how often the model’s true value for the same
embedding was included in these intervals, we found that the Gaussian confidence
intervals are indeed close to the claimed confidence level . This indicates that
the bootstrap confidence intervals approximate well the uncertainty associated with
estimates of history dependence.

Cross-validation. For small recording lengths, embedding optimization may cause
overfitting through the maximization of variable estimates . To avoid this type
of overestimation, we apply one round of cross-validation, i.e. we optimize embeddings
over the first half of the recording, and evaluate estimates for the optimal past
embedding on the second half. We chose this separation of training and evaluation data
sets, because it allows the fastest computation of binary sequences (z, , z, :,Fe) for the
different embeddings during optimization. We found that none of the cross-validated
embedding-optimized estimates were systematically overestimating the true history
dependence for the benchmark model for recordings as short as three minutes (S1 Fig).
Therefore, cross-validation allows to apply embedding optimization to estimate history
dependence even for very short recordings.

Benchmark neuron model

Generalized leaky integrate-and-fire neuron with spike-frequency
adaptation. As a benchmark model, we chose a generalized leaky integrate-and-fire
model (GLIF) with an additional adaptation filter ¢ (GLIF-£) that captures
spike-frequency adaptation over 20 seconds [43].

For a standard leaky integrate-and-fire neuron, the neuron’s membrane is formalized
as an RC circuit, where the cell’s lipid membrane is modeled as a capacitance C', and
the ion channels as a resistance that admits a leak current with effective conductance
gr,- Hence, the temporal evolution of the membrane’s voltage V' is governed by

CV = —gr(V — Vg) + Ly (t). (66)

Here, Vg denotes the resting potential and Iy (¢) external currents that are induced by
some external drive. The neuron emits an action potential (spike) once the neuron
crosses a voltage threshold Vp, where a spike is described as a delta pulse at the time of
emission ¢. After spike emission, the neuron returns to a reset potential V. Here, we do
not incorporate an explicit refractory period, because interspike intervals in the
simulation were all larger than 10ms. For constant input current Iy, integrating Eq
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yields the membrane potential between two spiking events
V() = Vie + (Vo — Vg )e 710, (67)

where £ is the time of the most recent spike, v = g7, /C' the inverse membrane timescale
and Vi, = Vg + Iext /7 the equilibrium potential.

In contrast to the LIF, the GLIF models the spike emission with a soft spiking
threshold. To do that, spiking is described by an inhomogeneous Poisson process, where
the spiking probability in a time window of width 6t < 1 is given by

t+5t
p(t € [t,t +5t]) =1 —exp </ A(s)ds> ~ A(t)dt. (68)

Here, the spiking probability is governed by the time dependent firing rate

V“)A_VVT“)) : (69)

At) = Aoexp (
The idea is that once the membrane potential V (¢) approaches the firing threshold
Vr(t), the firing probability increases exponentially, where the exponential increase is
modulated by 1/AV. For AV — 0, we recover the deterministic LIF, while for larger
AV the emission becomes increasingly random.
In the GLIF-¢, the otherwise constant threshold V; is modulated by the neuron’s
own past activity according to

Vr(t) =Vi+ > &t —1). (70)

fj <t

Thus, depending on their spike times fj, emitted action potentials increase or decrease
the threshold additively and independently according to an adaptation filter £(¢).
Thereby £(t) = 0 for t < 0 to consider effects of action potentials that were emitted in
the past only. In the experiments conducted in [43], the following functional form for
the adaptation filter was extracted:

Qg 0 <s < T§

s) = —Be 71
¢ ac (%) i Te<s<22s ()
The filter is an effective model not only for the measured increase in firing threshold,
but also for spike-triggered currents that reduce the membrane potential. When
mapped to the effective adaptation filter £, it turned out that past spikes lead to a
decrease in firing probability that is approximately constant over a period T = 8.3 ms,
after which it decays like a power-law with exponent ¢ = 0.93, until the contributions
are set to zero after 22s.

Model variant with 1s past kernel. For demonstration, we also simulated a
variant of the above model with a 1s past kernel

£5(s) =

aés Jif 0<s < T,
(72)

1s [ s —Pe if T, 1
ag” \ 7¢ 1L Le < s < 1s.

All parameters are identical apart from the strength of the kernel a%s = 35.2mV, which
was adapted to maintain a firing rate of 4 Hz despite the shorter kernel.
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Simulation details. In order to ensure stationarity, we simulated the model neuron 123
exposed to a constant external current I, = const. over a total duration of 1204
Trec = 900 min. Thereby, the current I.¢ was chosen such that the neuron fired with a 1205
realistic average firing rate of 4 Hz. During the simulation, Eq was integrated using 120
simple Runge-Kutta integration with an integration time step of §t = 0.5 ms. At every 1o
time step, random spiking was modeled as a binary variable with probability as in Eq 120

. After a burning-in time of 100s, spike times were recorded and used for the 1200
estimation of history dependence. The detailed simulation parameters can be found in 1210
Table m 1211
Table 1. Simulation parameters of the GLIF-£ model.
Term  Description Value Units
Ao Latency 2.0 ms !
1/  Membrane timescale 153  ms
Vs  Equilibrium potential -45.9 mV
Vo Reset potential -38.8 mV
Vi Firing threshold baseline -51.9 mV
AV Firing threshold sharpness 0.75 mV
o Magnitude of the effective adaptation filter & 19.3 mV
Be Scaling exponent of the effective adaptation filter &  0.93 -
T Cutoff of the effective adaptation filter £ 8.3 ms
ot Simulation step 0.5 ms

The parameters were originally extracted from experimental recordings of (n=14) L5
pyramidal neurons [43].

Computation of the total history dependence. In order to determine the total 1
history dependence in the simulated spiking activity, we computed the conditional 1213
entropy H(X|X ™) from the conditional spiking probability in Eq that was used 121
for the simulation. Note that this is only possible because of the constant input current, 125
otherwise the conditional spiking probability would also capture information about the 126

external input. 1217
Since the conditional probability of spiking used in the simulation computes the 1218
probability in a simulation step ot = 0.5 ms, we first have to transform this to a 1219
probability of spiking in the analysis time step At = 5ms. To do so, we compute the 1220
probability of no spike in a time step [¢,t + At) according to 1221
At/5t
psim(xt:Okct_oo) = H [1 — /\(t + (] — 1)(5t)5t], (73) 1222
j=1
and then compute the probability of at least one spike by 1223

p(ze=1lx; °°) = 1 — p(x+=0|x; °°). Here, the rate A(t) is computed as A(t) in Eq , 1224
but only with respect to past spikes that are emitted at times ¢ < ¢. This is because no 12s

spike that occurs within [t, ¢ + At) must be considered when computing 1226

psim(l't:0|w;oo)~ 1227

For sufficiently long simulations, one can make use of the SLLN to compute the 1228

conditional entropy 1220
1

Hsim(X‘Xfoo) = 7N nzl 1Og2 psim(aztn ‘mt—ﬂoo), (74) 1230
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and thus the total history dependence 1231

Hgn (XX ™

Rtot = 1 - #, (75) 1232
H(X)

which gives an upper bound to the history dependence for any past embedding. 1233

Computation of history dependence for given past embedding. To compute 12
history dependence for given past embedding, we use that the model neuron can be well 123
approximated by a generalized linear model (GLM) within the parameter regime of our 12
simulation. We can thus fit a GLM to the simulated data for the given past embedding 123
T,d, k to obtain a good approximation of the corresponding true history dependence 1238

R(T,d, k). Note that this is a specific property if this model and does not hold in 1239
general. For example in experiments, we found that the GLM accounted for less history 120
dependence than model-free estimates (Fig @ 1241
To map the model neuron to a GLM, we plug the membrane and threshold dynamics 124
of Eq @ and Eq into the equation for the firing rate Eq7 i.e. 1243
A(t) =exp |log Ao+ Vo = Vi + D> &(t — 1) + (Vo — Vao)e 7700 | L (T6) 12w

i<t

For the parameters used in the simulation, the decay time of the reset term Vi — Vo is 1215

1/ =15.3ms. When compared to the minimum and mean inter-spike intervals of 1246
ISTnin = 25, ms and ISI = 248 ms, it is apparent that the probability for two spikes to 17
occur within the decay time window is negligibly small. Therefore, one can safely 1248
approximate A A 1249
(Vo — Voo)eiv(tito) ~ Z(Vb - Voo)eiﬂtitj), (77) 1250

f_7‘<t
i.e. describing the potential reset after a spike as independent of other past spikes, 1251
because contributions beyond the last spike (j > 0) are effectively zero. Using the above 1
approximation, one can formulate the rate as in a generalized linear model with 1253

d
)\(t) = exXp /LZ hj:c;j y (78) 1254

j=1

where 1255
w=1log g+ Voo — Vif (79) 1256
hj = 5(]&) + (Vb - Voo)e_vjét, (80) 1257
and z, ; € {0,1} indicates whether the neuron spiked in [t — jét,¢ — (j + 1)dt]. 1258
Therefore, the true spiking probability of the model is well described by a GLM. 1259

We use this relation to approximate the history dependence R(T),d, k) for any past 1s0
embedding T, d, x with a GLM with the same past embedding. Since in that case the  1a

parameters y and h are not known, we fitted them to the simulated 900 minute 1262
recording via maximum likelihood (see above) and computed the history dependence 123
according to 1264
2 -T
~ Haom (X[ X550

RGLM(T, d, K) =1 (81) 1265

H(X)
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Computation of history dependence as a function of the past range. To
approximate the model’s true history dependence R(T'), for each T' we computed GLM
estimates Rarn (T, d, k) (Eq for a varying number of past bins

d € 25,50, 75,100,125, 150]. For each d, the scaling x was chosen such that the size of
the first past bin was equal or less than 0.5 ms. To save computation time, and to
reduce the effect of overfitting, the GLM parameters where fitted on 300 minutes of the
simulation, whereas estimates RGLM (T, d, k) were computed on the full 900 minutes of
the simulated recording. For each T', we then chose the highest estimate Rgry (T,d, k)
among the estimates for different d as the best estimate of the true R(T).

Experimental recordings

We analyzed neural spike trains from in vitro recordings of rat cortical cultures and
salamander retina, as well as in vivo recordings in rat dorsal hippocampus (layer CA1)
and mouse primary visual cortex. Data from salamander retina were recorded in strict
accordance with the recommendations in the Guide for the Care and Use of Laboratory
Animals of the National Institutes of Health, and the protocol was approved by the
Institutional Animal Care and Use Committee (IACUC) of Princeton University
(Protocol Number: 1828). The rat dorsal hippocampus experimental protocols were
approved by the Institutional Animal Care and Use Committee of Rutgers
University [46,47]. Data from mouse primary visual cortex were recorded according to
the UK Animals Scientific Procedures Act (1986).

For all recordings, we only analyzed sorted units with firing rates between 0.5 Hz and

10 Hz to exclude the extremes of either inactive units or units with very high firing rate.

Rat cortical culture. Neurons were extracted from rat cortex (1st day postpartum)
and recorded in vitro on an electrode array 2-3 weeks after plating day. We took data
from five consecutive sessions (L_Prg035_txt_nounstim.txt,
L_Prg036_txt_nounstim.txt, ..., L_Prg039_txt_nounstim.txt) with a total duration
of about Tiec =~ 203 min. However, we only analyzed the first 90 minutes to make the
results comparable to the other recorded systems. We analyzed in total n = 48 sorted
units that satisfied our requirement on the firing rate. More details on the recording

procedure can be found in [67], and details on the data set proper can be found in [50].

Salamander retina. Spikes from larval tiger salamander retinal ganglion cells were
recorded in vitro by extracting the entire retina on an electrode array [68], while a
non-repeated natural movie (leaves moving in the wind) was projected onto the retina.
The recording had a total length of about Ty, &~ 82 min, and we analyzed in total

n = 111 sorted units that satisfied our requirement on the firing rate. More details on
the recording procedure and the data set can be found in [48[[49]. The spike recording
as obtained from the Dryad database [48].

Rat dorsal hippocampus (layer CA1). We evaluated spike trains from a
multichannel simultaneous recording made from layer CA1 of the right dorsal
hippocampus of a Long-Evans rat during an open field task (data set ec014.277). The
data-set provided sorted spikes from 8 shanks with 64 channels. The recording had a
total length of about Ty =~ 90 min. We analyzed in total n = 28 sorted units that were
indicated as single units and satisfied our requirement on the firing rate. More details
on the experimental procedure and the data set can be found in [46,47]. The spike
recording was obtained from the NSF-founded CRCNS data sharing website.
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Mouse primary visual cortex. Neurons were recorded in vivo during spontaneous
behavior, while face expressions were monitored. Recordings were obtained by 8
simultaneously implanted Neuropixel probes, and sorted units were located using the
location of the electrode contacts provided in [51], and the Allen Mouse Common
Coordinate Framework [69]. We analyzed in total n = 142 sorted units from the mouse
”Waksman” that belonged to primary visual cortex (irrespective of their layer) and
satisfied our requirement on the firing rate. Second, we only selected units that were
recorded for more than Tye. &~ 40 min (difference between the last and first recorded
spike time). Details on the recording procedure and the data set can be found in [58]
and [51].

Parameters used for embedding optimization

The embedding dimension or number of bins was varied in a range d € [1, diax|, where
dmax Was either dpax = 20, dimax = 5 (max five bins) or dyax = 1 (one bin). During
embedding optimization, we explored N, = 10 linearly spaced values of the exponential
scaling k within a range [0, Kmax(d)]. The maximum kmax(d) was chosen for each
number of bins d € [1, dyax] such that the bin size of the first past bin was equal to a
minimum bin size, i.e. 71 = 71 min, Which we chose to be equal to the time step

Ti,min = At = 5ms. To save computation time, we did not consider any embeddings
with k > 0 if the past range T and d were such that 7 (kmax(d)) < At for £ = 0.
Similarly, for given T" and each d, we neglected values of x during embedding
optimization if the difference Ak to the previous value of k was less than Akpyin = 0.01.
In Table [2] we summarize the relevant parameters that were used for embedding
optimization.

Table 2. Parameters used for embedding optimization.

Symbol  Value Settings variable name Description

At 0.005 embedding_step_size Time step (in seconds) for the discretiza-
tion of neural spiking activity.

d 1,2,...,dmax embedding_number_of_bins_set Set of embedding dimensions.

Ny 10 number_of_scalings Number of linearly spaced values of the
exponential scaling k.

T1,min 0.005 min_first_bin_size Minimum bin size (in seconds) of the
first past bin.

AKmin 0.01 min_step_for_scaling Minimum required difference between
two values of k.

P 0.05 bbc_tolerance Tolerance for the acceptance of esti-
mates for BBC.

- False cross_validated_optimization Is cross-validation used for optimization
or not.

- 250 number_of_bootstraps_R_max Number of bootstrap samples used to
estimate op .

l 1/rAt block_length_1 Block length used for blocks-of-blocks
bootstrapping.

- all estimation_method Estimators for which embeddings are

optimized (BBC, Shuffling)

To facilitate reproduction, we added the settings variable names of the parameters as they are used in the toolbox [37].

Details to Fig 3. For Fig[3B, the process was considered for [ =1 and an
reactivation probability of m = 0.8. For [ = 1, all probabilities can easily be calculated,
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with marginal probability to be active p(z; = 1) = h/(1 — m + mh), and conditional
probabilities p(x; = 1jzs—1 = 1) = h+ (1 — h)m and p(x; = 1|az—1 = 0) = h. From
these probabilities, the total mutual information I, and total history dependence Ry
could be directly computed. We then plotted these quantities as a function of h, where
values of h were chosen to vary the firing rate between 0.5 and 10 Hz, with a bin size of
At = 5ms. For Fig , the binary autoregressive process was simulated for n = 107 time
steps with m = 0.8 (I = 1), whereas for [ = 5, m was adapted to yield approximately
the same Riot as for [ = 1. The input activation probability h was chosen to lead to a
fixed probability p(x = 1) & 0.025, corresponding to 5 Hz firing rate with At = 5ms.
Autocorrelation C(T) was computed using the MR.estimator toolbox [53], and AR(T)
and L(T) were estimated using plugin estimation. For Fig , the same procedures
were applied as in Fig[B[C, but now m was varied between 0.5 and 0.95, and h was
adapted for each m to hold the firing rate fixed at 5 Hz. For Fig [JE, the same
procedures were applied as in Fig[3|C, but now [ was varied between 1 and 10, and h
and m were adapted for each [ to hold the firing rate fixed at 5 Hz and Ry fixed at the
value for [ =1 and m = 0.8.

Details to Fig 4A,B. The branching process was simulated using the MR.estimator
toolbox, with a time step of At = 4 ms, population rate of 500 Hz and subsampling
probability of 0.01. Thus, the subsampled spike train had a firing rate of ~ 5Hz. The
branching parameter was set to m = 0.98 with analytic autocorrelation time

Tc(m) = 198 ms. For a long simulation, autocorrelation C(T") was computed using the
MR.estimator toolbox, L(T') using plugin estimation, and R(7T) using embedding
optimized Shuffling estimator with dy.x = 20. The generalized timescales 7 and 77,
were computed with Ty = 10 ms.

Details to Fig 4C,D. The Izhikevich model was simulated with the PyNN

toolbox [70], with parameters set to the chattering mode (a = 0.02, b = 0.2, ¢ = —50,
d = 2), simulation time bin d¢t = 0.01 ms, and noisy input with mean 0.011 and standard
deviation 0.001. For the analysis, a time step of At = 1 ms was chosen. Apart from that,
C(T) and L(T) were computed as for Fig[AB. Here, R(T) was computed with BBC and
dmax = 20, which revealed higher R, than Shuffling. To compute 75, we set Ty = 0.

Details to Fig 4E,F. The GLIF model was simulated as described in Benchmark
neuron model (model with 22s past kernel). The analysis time step was At = 5ms.
Apart from that, C(T') and L(T) were computed as for Fig . History dependence
R(T') was estimated using a GLM as described in Benchmark neuron model. To
compute Tr, we set Top = 10ms.

Details to Fig 5A,B. In Fig[JA,B, we applied the ML, NSB, BBC and Shuffling
estimators for R(d) to a simulated recording of 90 minutes. Embedding parameters were
T=d-7and k=0, with 7 =20ms and d € [1,60]. Since the goal was to show the
properties of the estimators, confidence intervals were estimated from 50 repeated 90
minute simulations instead of bootstrapping samples from the same recording. Each
simulation had a burning in period of 100 seconds. To estimate the true R(d), the GLM
was fitted and evaluated on a 900 minute recording.

Details to Fig 5C. In Fig[f[C, history dependence R(T') was estimated on a 90
minute recording for 57 different values of 7" in a range T € [10ms, 3 5].
Embedding-optimized estimates were computed with up to dy.x = 25 past bins, and
95% confidence intervals were computed using the standard deviation over n = 100
bootstrapping samples (see Bootstrap confidence intervals). To estimate the true
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R(T,d*,k*) for the optimized embedding parameters d*, k* with either BBC or
Shuffling, a GLM was fitted for the same embedding parameters on a 300 minute
recording and evaluated on 900 minutes recording for the estimation of R. See above on
how we computed the best estimate of R(T).

Details to Fig 6. For Fig @ history dependence R(T') was estimated for 61 different
values of T in a range T € [10ms, 5s]. For each recording, we only analyzed the first 90
minutes to have a comparable recording length. For embedding optimization, we used
dmax = 20 as a default for BBC and Shuffling, and compared the estimates with the
Shuffling estimator optimized for dmax = 5 (max five bins) and dpax = 1 (one bin). For
the GLM, we only estimated R(Tp) for the temporal depth T, that was estimated with
BBC. To optimize the estimate, we computed GLM estimates of R(Tp) with the
optimal embedding found by BBC, and for varying embedding dimension
de|[l,2,3,..,20,25,30,35,40,45, 50], where for each d we chose x such that 7 = At.
We then chose the embedding that minimized the BIC, and took the corresponding
estimate R(TD) as a best estimate for Ry.. For Fig 6A, we plotted only spike trains of
channels that were identified as single units. For Fig 6B, 95% confidence intervals were
computed using the standard deviation over n = 100 bootstrapping samples. For Fig
6C, embedding-optimized estimates with uniform embedding (x = 0) were computed
with dmax = 20 (BBC and Shuffling) or dimax = 5 (Shuffling). Medians were computed
over the n = 28 sorted units in CA1.

Details to Figs 7 and 8. For Figs|[7|and |8 history dependence was R(T') was
estimated for 61 different values of T' in a range T' € [10ms, 5s] using the Shuffling
estimator with dp.x = 5. The autocorrelation coefficients C(T") were computed with the
MR.Estimator toolbox [53], and the autocorrelation time 7 was obtained using the
exponential_offset fitting function. For each recording, we only analyzed the first 40
minutes to have a comparable recording length. For Fig m medians of 7r, T and Ry
were computed over all sorted units that were analyzed, and 95% confidence intervals on
the medians were obtained by bootstrapping with n = 10000 resamples of the median.
For Fig 8] 95% confidence intervals were computed using the standard deviation over
n = 100 bootstrapping samples.

Practical guidelines: How to estimate history dependence from
neural spike recordings

Estimating history dependence (or any complex statistical dependency) for neural data
is notoriously difficult. In the following, we address the main requirements for a
practical and meaningful analysis of history dependence, and provide guidelines on how
to fulfill these requirements using embedding optimization. A toolbox for Python3 is
available online [37], together with default parameters that worked best with respect to
the following requirements. It is important that practitioners make sure that their data
fulfill the data requirements (points 4 and 5).

1) The embedding of past spiking activity should be individually optimized
to account for very different spiking statistics. It is crucial to optimize the
embedding for each neuron individually, because history dependence can strongly differ
for neurons from different areas or neural systems (Fig , or even among neurons
within a single area (see examples in Fig . Individual optimization enables a
meaningful comparison of temporal depth and history dependency R between neurons.
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2) The estimation has to capture any non-linear or higher-order statistical
dependencies. Embedding optimization using both, the BBC or Shuffling estimators,
is based on non-parametric estimation, in which the joint probabilities of current and
past spiking are directly estimated from data. Thereby, it can account for any
higher-order or non-linear dependency among all bins. In contrast, the classical
generalized linear model (GLM) that is commonly used to model statistical dependencies
in neural spiking activity [20L21] does not account for higher-order dependencies. We
found that the GLM recovered consistently less total history dependence Rio (Fig @D)
Hence, to capture single-neuron history dependence, higher-order and non-linear
dependencies are important, and thus a non-parametric approach is advantageous.

3) Estimation has to be computationally feasible even for a high number of
recorded neurons. Strikingly, while higher-order and non-linear dependencies are
important, the estimation of history dependence does not require high temporal
resolution. Optimizing up to dya.x = 5 past bins with variable exponential scaling x
could account for most of the total history dependence that was estimated with up to
dmax = 20 bins (Fig @D) With this reduced setup, embedding optimization is feasible
within reasonable computation time. Computing embedding-optimized estimates of the
history dependence R(T') for 61 different values of T' (for 40 minute recordings, the
approach used for Fig|7|and Fig|8) took around 10 minutes for the Shuffling estimator,
and about 8.5 minutes for the BBC per neuron on a single computing node. Therefore,
we recommend using dp,.x = 5 past bins when computation time is a constraint. Ideally,
however, one should check for a few recordings if higher choices of dyax lead to different
results, in order to cross-validate the choice of dy,.x = 5 for the given data set.

4) Estimates have to be reliable lower bounds, otherwise one cannot
interpret the results. It is required that embedding-optimized estimates do not
systematically overestimate history dependence for any given embedding. Otherwise,
one cannot guarantee that on average estimates are lower bounds to the total history
dependence, and that an increase in history dependence for higher past ranges is not
simply caused by overestimation. This guarantee is an important aspect for the
interpretation of the results.

For BBC, we found that embedding-optimized estimates are unbiased if the variance
of estimators is sufficiently small . The variance was sufficiently small for
recordings of 90 minutes duration. When the variance was too high (short recordings
with 3-45 minutes recording length), maximizing estimates for different embedding
parameters introduced very mild overestimation due to overfitting (1-3%) (S1 Fig)). The
overfitting can, however, be avoided by cross-validation, i.e. optimizing the embedding
on one half of the recording and computing estimates on the other half. Using
cross-validation, we found that embedding-optimized BBC estimates were unbiased even
for recordings as short as 3 minutes .

For Shuffling, we also observed overfitting, but the overestimation was small
compared to the inherent systematic underestimation of Shuffling estimates. Therefore,
we observed no systematic overestimation by embedding-optimized Shuffling estimates
on the model neuron, even for shorter recordings (3 minutes and more). Thus, for the
Shuffling estimator, we advice to apply the estimator without cross-validation as long as
recordings are sufficiently long (10 minutes and more, see next point).

5) Spike recordings must be sufficiently long (at least 10 minutes), and of
similar length, in order to allow for a meaningful comparison of total
history dependence and information timescale across experiments. The
recording length affects estimates of the total history dependence Ry, and especially of
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the information timescale 7. This is because more data allows more complex
embeddings, such that more history dependence can be captured. Moreover, complex
embeddings are particular relevant for long past ranges 7. Therefore, if recordings are
shorter, smaller R(T') will be estimated for long past ranges T, leading to smaller
estimates of 7. We found that for shorter recordings, estimates of Ryo were roughly the

same as for 90 minutes, but estimates of 7z were considerably smaller and [S3| Figs).

To allow for a meaningful comparison of temporal depth between neurons, one thus
has to ensure that recordings are sufficiently long (in our experience at least 10
minutes), otherwise differences in 7z may not be well resolved. Below 10 minutes, we
found that estimates of 7 could be less than half of the value that was estimated for 90
minutes, and also estimates of Ryo; showed a notable decrease. In addition, all
recordings should have comparable length to prevent that differences in history
dependence or timescale are due to different recording lengths.
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Supporting information

S1 Fig. Embedding optimization leads to mild overfitting for short
recordings, which can be avoided by cross-validation. Shown is the relative
bias for two versions of the GLIF model with spike adaption, one with 1s and the other
with 22s past kernel. The relative bias refers to the relative difference between
embedding-optimized estimates R(T, d*, k*) and the model’s true history dependence
R(T,d*,k*) for the same optimized embedding parameters d*, x*. The relative bias for
Rior was computed by first averaging the relative difference

(R(T, d*, k*) — R(T,d*, k*))/R(T,d*, k*) for T € [T, Tmax], and second averaging
again over 30 different simulations for T}.. between 1 and 20 minutes, and 10 different
simulations for 45 and 90 minutes. Embedding parameters were optimized for each
simulation, respectively, using parameters as in Table [2f with dpa.x = 25. (Left) For
BBC, the relative bias for Ry is zero only if recordings are sufficiently long (> 20
minutes for 1s kernel, and ~ 90 minutes for 22s kernel). When recordings are shorter,
the relative bias increases, and thus estimates are mildly overestimating the model’s
true history dependence for the optimized embedding parameters. For Shuffling,
estimates provide lower bounds to the model’s true history dependence, such that the
relative bias remains negative even in the presence of overfitting. (Right) When one
round of cross-validation is applied, i.e. embedding parameters are optimized on the
first, and estimates are computed on the second half of the data, the bias is
approximately zero for BBC even for short recordings, or more negative for the
Shuffling estimator. Therefore, we conclude that the origin of overfitting is the selection
of embedding parameters on the same data that are used for the estimation of R.
Errorbars show 95 % bootstrapping confidence intervals on the mean over n = 10 (45 or
90 min) or n = 30 (< 20 min) different simulations.

S2 Fig. For the simulated neuron model, recording length has little effect
on the estimated total history dependence, but large impact on the
estimated information timescale. (Left) Mean estimated total history dependence
Rtot for different recording lengths, relative to the true total history dependence Ryq¢ of
the model (GLIF with spike adaption with 1s or 22s past kernel). As the recording
length decreases, so does ]%tot. However, with only 3 minutes, one does still infer about
~ 95% of the true Riot. (Right) In contrast, the estimated information timescale 7
decreases strongly with decreasing recording length. With 3 minutes and less, only

~ 75% of the true 7R is estimated on average. Note that for the simpler 1s model (top),
an accurate estimation of the true 7x is possible for 90 minute recordings, whereas for
the 22s model (bottom), the estimated 7g remains below the true value. Shown are
mean values for 30 different simulations for T;.. between 1 and 20 minutes, and 10
different simulations for 45 and 90 minutes, as well as 95% confidence intervals on the
mean based on bootstrapping.

S3 Fig. For experimental data, too, recording length has little effect on
estimated total history dependence, but larger impact on the estimated
information timescale. (Left) Total history dependence Ry for different recording
lengths, relative to the total history dependence estimated for a 90 minute recording. As
long as recordings are 10 minutes or longer, one does still estimate about =~ 95% as much
or more of Ryt as for 90 minutes, for all three recordings. For less than 10 minutes, the
estimated total history dependence decreases down to 90% (CA1), or increases again
due to overfitting (retina). (Right) Similar to the GLIF model, the estimated
information timescale 7p decreases more strongly with decreasing recording length.
With 10 minutes and more, one estimates around = 75% or more of the Tr that is
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estimated on a 90 minute recording. Note that for the experimental data, the estimated
timescale of the BBC estimator depends more strongly on the recording time, whereas
the Shuffling estimator is more robust, especially for dy,.x = 5. Shown is the median
with 95% bootstrapping confidence intervals over n = 10 randomly chosen sorted units
for each recorded system. Before taking the median over sorted units, for each unit we
averaged estimates over 10 excerpts of the full recording, each with 3 or 5 minutes
duration, and over 8,4 and 2 excerpts with 10, 20 and 45 minutes duration, respectively.

S4 Fig. Example estimation results for the generalized leaky
integrate-and-fire model (GLIF) with 1s past kernel. For each recording length,
we show the embedding-optimized estimates of history dependence R(T') with and
without cross-validation, for BBC (red) and Shuffling (blue) with dpyax = 25, as well as
the ground truth for the same embeddings that were found during optimization (dashed
lines). Dashed lines indicate the estimated information timescale 75 and total history
dependence Rtot. Shaded areas indicate + two standard deviations obtained by
bootstrapping.

S5 Fig. Example estimation results for the generalized leaky
integrate-and-fire model (GLIF) with 22s past kernel. For each recording
length, we show the embedding-optimized estimates of history dependence R(T) with
and without cross-validation, for BBC (red) and Shuffling (blue) with dyax = 25, as
well as the ground truth for the same embeddings that were found during optimization
(dashed lines). Dashed lines indicate the estimated information timescale 7 and total
history dependence Riot. Shaded areas indicate + two standard deviations obtained by
bootstrapping.

S6 Fig. Estimation results for all sorted units in rat dorsal hippocampus
(layer CA1). For each unit, we show the embedding-optimized estimates of history
dependence R(T) for BBC with dpax = 20 (red), as well as Shuffling with dpax = 20
(blue), dmax = 5 (green) and dyax = 1 (yellow). Dashed lines indicate estimates of the
information timescale 7z and total history dependence Riot. Also shown is the
embedding-optimized GLM estimate (violet square) with a past range equal to the
temporal depth that was found with the BBC estimator.

S7 Fig. Estimation results for all sorted units in rat cortical culture. For
each unit, we show the embedding-optimized estimates of history dependence R(T') for
BBC with dpax = 20 (red), as well as Shuffling with dpax = 20 (blue), dmax = 5 (green)
and dpyax = 1 (yellow). Dashed lines indicate estimates of the information timescale 7
and total history dependence Ryq;. Also shown is the embedding-optimized GLM
estimate (violet square) with a past range equal to the temporal depth that was found
with the BBC estimator.

S8 Fig. Estimation results for all sorted units in salamander retina. For
each unit, we show the embedding-optimized estimates of history dependence R(T") for
BBC with diax = 20 (red), as well as Shuffling with dpax = 20 (blue), dpmax = 5 (green)
and dpax = 1 (yellow). Dashed lines indicate estimates of the information timescale 75
and total history dependence Ri:. Also shown is the embedding-optimized GLM
estimate (violet square) with a past range equal to the temporal depth that was found
with the BBC estimator.
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S9 Fig. Estimation results for all sorted units in mouse primary visual
cortex. For each unit, we show the embedding-optimized Shuffling estimates of history
dependence R(T) for dyax = 5. Dashed lines indicate estimates of the information
timescale 7r and total history dependence Ryiot.

S10 Fig. Bootstrapping yields accurate estimates of standard deviation
and confidence intervals. (Left) Shown is the standard deviation on BBC estimates
(blue) obtained from 250 “blocks of blocks” bootstrap samples on a single recording
(GLIF model with 22s past kernel). It agrees well with the true standard deviation
(black), which we estimated from 100 repeated simulations of the same recording length
and embedding. As expected, the standard deviation decreases substantially for longer
recordings. For each recording length, estimates were computed for typical optimal
embedding parameters d*, x* and T = Tp that were found by embedding optimization.
Errorbars show mean and standard deviation of the estimated o(R) over the repeated
simulations. (Right) The 95% confidence intervals based on two standard deviations
o(R) have approximately the claimed confidence level (CI accuracy). Standard
deviation was estimated from 250 “blocks of blocks” bootstrap samples. For each
recording length, we computed estimates R and the bootstrapping confidence intervals
on the 100 simulations. We then computed the confidence level (CI accuracy) by
counting how often the true value of R was contained in the estimated confidence
interval (green line). Estimates and the true value of R were computed for the same
typical embedding parameters d*, k* and T' = Tp as before.

S11 Fig. Total history dependence and information timescale for
increasing branching parameter m. Similar to the binary autoregressive process,
increasing the branching parameter m increases the total history dependence Ry,
whereas the information timescale T stays constant, or even decreases for high m. For
each m, the input activation probability h was adapted to hold the firing rate fixed at 5
Hz.

S12 Fig. The estimated information timescale varies between estimators.
For each sorted unit (grey dots), estimates of the information timescale 75 are plotted
relative to the corresponding BBC estimate for dp,.x = 20. The BBC estimator tends to
estimate higher timescales than the Shuffling estimator on recordings of CA1 and
cortical culture, whereas for retina the medians of different estimators are more similar.
Although estimates of the timescale are highly variable between estimators, Shuffling
with only d.x = 5 past bins still estimates timescales of at least 80 % of the timescales
that are estimated with BBC. Errorbars indicate median over sorted units and 95 %
bootstrapping confidence intervals on the median.

S13 Fig. Total history dependence and information timescale show no
clear dependence on the firing rate, whereas the total mutual information
tends to increase with the rate. Shown are the same estimates of the total history
dependence Ry and information timescale 7x as in Fig E] (Shuffling estimator with
dmax = 5) versus the firing rates of sorted units (dots). The total mutual information
Tiot is equal to Ryot times the spiking entropy H (spiking) of the respective unit. While
Iiot tends to increase with firing rate, no clear relation is visible for Ry, or 7g.
Errorbars indicate median over sorted units and 95 % bootstrapping confidence intervals
on the median.

S14 Fig. Relationship between total history dependence or information
timescale and standard statistical measures of neural spike trains. Estimates

March 9, 2021

49/50)



of the total history dependence Ry tend to decrease with the median interspike
interval (ISI), and to increase with the coefficient of variation Cy . This result is
expected for a measure of history dependence, because a shorter median ISI indicates
that spikes tend to occur together, and a higher C'y indicates a deviation from
independent Poisson spiking. In contrast, the information timescale 7r tends to increase
with the autocorrelation time, as expected, with no clear relation to the median ISI or
the coefficient of variation Cy,. However, the correlation between the measures depends
on the recorded system. For example in retina (n = 111), Ry is significantly
anti-correlated with the median IST (Pearson correlation coefficient: r = —0.69,

p < 107°) and strongly correlated with the coefficient of variation Cy (r = 0.90,

p < 10*5)7 and Tg is significantly correlated with the autocorrelation time 7¢ (r = 0.75,
p < 107%). In contrast, for mouse primary visual cortex (n = 142), we found no
significant correlations between any of these measures. Results are shown for the
Shuffling estimator with dy.x = 5, and T = 10 ms. Errorbars indicate median over
sorted units and 95 % bootstrapping confidence intervals on the median.

S15 Fig. Excluding short-term contributions helps to differentiate the
timescales for different recorded systems. By only considering gains AR(T") for
past ranges T' > T when computing the information timescale 7z, short-term effects
that are related to the refractory period and different firing modes are excluded. The
higher Tp, the higher is the distance in the median 7 between systems (especially
between salamander retina and mouse primiary visual cortex). This is because both
timescales 7 and T¢ increase with Ty for CA1 and primary visual cortex, whereas they
decrease for retina. The same holds for the autocorrelation time 7o, where only delays
T > Ty were considered when fitting an exponential decay to the autocorrelograms.
Note that if the decay is perfectly exponential, then T; does not affect the results.
Estimates of Riot and 7r are shown for the Shuffling estimator with dya.x = 5.
Errorbars indicate median over sorted units and 95 % bootstrapping confidence intervals
on the median.

S16 Fig. Total history dependence decreases for small time bins At. The
choice of the time bin At of the spiking activity has little effect on the information
timescale Tr, whereas the total history dependence Ry, decreases for small time bins
At < 5ms. This is consistent across experiments. The smaller the time bin, the higher
the risk that noise in the spike emission reduces the overall predictability or history
dependence in the spiking, whereas an overly large time bin holds the risk of destroying
coding relevant time information in the spike train. Thus, we chose the smallest time
bin At = 5ms that does not yet show a substantial decrease in Ry,;. We do not plot
results for higher At, because for higher At we observed many instances of multiple
spikes in the same time bin. Results are shown for the Shuffling estimator with

dmax = 5, and Ty = 10ms. Errorbars indicate median over sorted units and 95 %
bootstrapping confidence intervals on the median.
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statistics. This also applies to other information metrics like transfer entropy [52].
2) Regularization: Estimates have to be reliable lower bounds, otherwise one cannot
interpret the results (apply Bayesian bias criterion or Shuffling correction).

3) Exponential embedding: Given the limitations on the number of bins, a non-uniform
embedding is required to capture long-lasting dependencies. An exponential embedding
with max. 5 bins is typically a good compromise between accuracy and computation speed,
and enables embedding optimization for large, highly parallel spike recordings.

4) Data requirements: For practical purpose, spike recordings should be sufficiently long
(at least 10 minutes). If several recordings are to be analyzed, these should be of similar
length to allow for a meaningful comparison of history dependence and its timescale
between recordings.
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Abstract

Information processing can leave distinct footprints on the statistieal-history

*étvwsvtvwwwsd

MW@MWWW
WM&
we developed a novel approach to quantify history dependence within the spiking of a
single neuron, using the mutual information between the entire past and current
spiking. This measure captures how much past information is necessary to predict
current spiking. In contrast, classical time-lagged measures of temporal dependence
like the autocorrelation capture how long—potentially redundant —past information
can still be read out. Strikingly, we find for model neurons that our method
disentangles the strength and timescale of history dependence, whereas the two are
mixed in classical approaches. When applying the method to experimental data.
which are necessarily of limited size, a reliable estimation of mutual information is

only possible for a redueed-representation—coarse temporal binning of past spiking, a so
called past embeddlng Hefe—w&pfe%eﬁbﬁﬂevel—embeddﬁtg—epﬂfm%&ﬁeﬁﬂppfe&eh

for the vastly different spikin statlstlcs and otentlall long history dependence of
living neurons, we developed an embedding-optimization approach that does not only
q&aﬂﬁrfrﬂeﬂ-hﬂea%aﬂé—}ﬁghﬁ-efder—éepeﬂdeﬁaesvar the number and size, but also

M@mmmmﬁp%@aw@wwwmmwmm
history dependence indeed can vary independently across experimental preparations.
While hippocampus indicated strong and long history dependence, in visual cortex it
was weak and short, while in vitro the history dependence was strong but short. This
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work enables an information theoretic characterization of history dependence +showed

se-systens: fwg%i%éplks
trams whrch captures a foot rrnt of 1nforrnat10n rocessing that is beyond time-lagged

measures of temporal dependence. To facilitate the application of the method, we
provrde practlcal guldehnes ﬁHﬂﬂ%papekand a toolboxferPythendatforreaders

Author summary

Even with exciting advances in recording techniques of neural spiking activity,
experiments only provide a comparably short glimpse into the activity of only a tiny
subset of all neurons. How can we learn from these experiments about the organization
of information processing in the brain? To that end, we exploit that different properties
of information processing leave distinct footprints on the firing statistics of individual
spiking neurons. In our work, we focus on a particular statistical footprint: How much
does a single neuron’s spiking depend on its own preceding activity, which we call
history dependence. By quantifying history dependence in neural spike recordings, one
can, in turn, infer some of the properties of information processing. Because recording
lengths are limited in practice, a direct estimation of history dependence from
experiments is challenging. The embedding optimization approach that we present in
this paper aims at extracting a maximum of history dependence within the limits set by
a reliable estimation. The approach is highly adaptive and thereby enables a meaningful
comparison of history dependence between neurons with vastly different spiking
statistics, which we exemplify on a diversity of spike recordings. In conjunction with
recent, highly parallel spike recording techniques, the approach could yield valuable
insights on how hierarchical processing is organized in the brain.

Introduction

How is information processing organized in the brain, and what are the principles that
govern neural coding? Fortunately, footprints of different information processing and
neural coding strategies can be found in the firing statistics of individual neurons, and
in particular in the history dependence, the statistical dependence of a single neuron’s
spiking on its preceding activity.

In classical, noise-less efficient coding, history dependence should be low to minimize
redundancy and optimize efficiency of neural information transmission . In
contrast, in the presence of noise, history dependence and thus redundancy could be
higher to increase the signal-to-noise ratio for a robust code [4]. Moreover, history
dependence can be harnessed for active information storage, i.e. maintaining past input
information to combine it with present input for temporal processing and
associative learning . In addition to its magnitude, the tempeoral-depth-timescale of
history dependence provides an important footprint of processing at different processing
stages in the brain ﬂ [9H11]. This is because higher-level processing requires
integrating information on longer timescales than lower-level processing . Therefore,
history dependence in neural spiking should reach further into the past for neurons
involved in higher level processing Quantifying history dependence and
its timescale could probe these different footprints and thus yield valuable insights on
how neural codlng and information processmg is orgamzed in the brain.

] > —Qften, history dependence
is Characterized b how rnuch S ikin is correlated wrth spiking with a certain time la,
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I /8
uantify not only a tlmebcale of statistical dependence, but also ltb btren th, one has
to uantify how much of a neuron’s spiking depends on its entire past. Here

Mm the mutual information between the spiking of a neuron and its own
past —55{65tH7—_|1

Estimating this mutual information directly from spike recordings, however, is
notoriously difficult. The reason is that statistical dependencies may reside in precise
spike times, extend far into the past and contain higher-order dependencies. This makes
it hard to find a parametric model, e.g. from the family of generalized linear
models 20 . that is flexible enough to account for the variety of spiking statistics
encountered in experiments. Therefore, one typically infers mutual information directly
from observed spike trains [22H26]. The downside is that this requires a lot of data,
otherwise estimates can be severely biased . A lot of work has been devoted to
finding less biased estimates, either by correcting bias [28131], or by using Bayesian
inference [32H34]. Although these estimators alleviate to some extent the problem of
bias, a reliable estimation is only possible for a much reduced representation of past
spiking, also called past embedding . For example, many studies infer history
dependence and transfer entropy by embedding the past spiking using a single
bin .

While previously most attention was devoted to a robust estimation given a
(potentially limited) embedding, we argue that a careful embedding of past activity is
crucial. In particular, a past embedding should be well adapted to the spiking statistics

of a neuron, but also be low dimensional enough such that reliable estimation is possible.

To that end, we here devise an embedding optimization scheme that selects the
embedding that maximizes the estimated history dependence, while reliable estimation
is ensured by two independent regularization methods.

In this paper, we first provide a short-summary-of-the-methods summary where we

introduce the measure of history dependence and the information timescale, as well as
the embedding optimization method employed to estimate history dependence in neural

spike trains. A glossary of all the abbreviations and symbols used in this paper can be
found at the beginning of the Materials and methods section. In the Results, we first

compare the measure of history dependence with classical time-lagged measures of

temporal dependence on different models of neural spiking activity. Second, we test
the embedding optimization approach on a tractable benchmark model, and also

compare it to existing estimation methods on a variety of experimental spike recordings.

Finally, we demonstrate that the approach reveals interesting differences between neural
systems, both in terms of the total history dependence, as well as its-temporal-depththe
information timescale. For the reader interested in applying the method, we provide
practical guidelines in Fig [J and in the end of the Materials and methods section. The
method is readily applicable to highly parallel spike recordings, and a toolbox for
Python3 is available online .

Methods summary

Definition of history dependence. First, we define the-histerydependenceR

history dependence R(T') in the spiking of a single neuron. We quantify history

dependence R-based on the mutual information Hspikingrpast)-between—the-eurrent
I(spiking; past(7T')) = H (spiking) — H (spiking|past(T)) (1)
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between current spiking in a time bin [t,t + At) and its own past

R= I(spikil?gf past) _q_ H(Spiki.ng.|past) e[0.1],
H (spiking) H (spiking) —

3

given by the Shannon entropy P e e
H (spiking) = —p(spike) log, p(spike) — (1 — p(spike)) log,(1 — p(spike)), (2)

where p(spike) = rAt is the probability to spike within the time bin At for a neuron
with average firing rate r. The Shannon entropy H (spiking) quantifies the average
information that a spiking neuron could transmit within one bin, assuming no statistical
dependencies on its own past. In contrast, the conditional entropy H{spikinglpasti{see
M%MMQMMA@QMMMMIS and methods) quantifies the

average spiking information (in the sense of entropy) that weuld-betransmitted-when

histery-dependeneeremains when dependencies on past spiking is-are taken into
account. Note that histery-dependenee-past dependencies can only reduce the average
spiking mformatlon Le. Il{spikinglpast) < I {spiking).

=)

H (spiking|past(T')) < H (spiking). The difference between the two then gives the

amount of spiking information that is redundant or entirely predictable from the past.
To guantify-histery-dependeneeR—we-chose-thenormalized-mutual-information
ransform this measure of information into a measure of statlstlcal de endenc

ﬁf}ﬁgﬁtes—Mefeevefwe normahze the mutual 1nformat10n b the entropy H (spikin
and define history dependence R(T) as

R(T) = I(spiking; past(7T)) 1 H (spiking|past(T")) el0,1]. 3)

H (spiking) H (spiking) o

While the mutual information quantifies the amount of predictable information, R(T

gives the proportion of spiking information that is predictable or redundant with past
spiking. As such, it interpolates between the following intuitive extreme cases: =0

R(T) = 0 corresponds to independent and R=3-R(T) = 1 to entirely predictable
spiking. Moreover, while the entropy and thus the mutual information

; increases with the firing rate (see | for an example on real
data), the normalized R(T') is comparable across recordings of neurons with very
different firing rates. Finally, all the above measures can depend on the size of the
time bin A¢, which discretizes the current spiking activity in time. Too small a time
bin holds the risk that noise in the spike emission reduces the overall predictability or
history dependence, whereas an overly large time bin holds the risk of destroying
coding relevant time information in the neuron’s spike train. Thus, we chose the
smallest time bin At = 5ms that does not yet show a decrease in history dependence
(516 Fig]).
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and-its-temporal-depth-
Fig 1. Illustration of history dependence and related measures in a neural
spike train. (A) For the analysis, spiking is represented by 0 or 1 in a small time bin

At (grey box). Autocorrelation C(T) or the lagged mutual information L(T) quantif

the statistical dependence of spiking on past spiking in a single past bin with time la,

T; (green box).

measures.

dependence AR(T;

B) In contrast, history dependence R(T;) quantifies the dependence

of spiking on the entire spiking history in a past range 7;. The gain in histor

uantifies the increase in history dependence

by increasing the past range from 7;_; to T3, and is defined in analogy to the lagged

C) Autocorrelation C'(T) and lageged mutual information L(T) for a typical

example neuron (mouse, primary visual cortex). Both measures decay with increasin
T, where L(T) decays slightly faster due to the non-linearity of the mutual
information. Timescales 7« and 77 (vertical dashed lines) can be computed either by

fitting an exponential deca

autocorrelation) or by using the generalized timescale

lagged mutual information). (D) In contrast, history dependence R(T) increases
monotonically for systematically increasing past range 7', until it saturates at the total
history dependence R;.:. From R(T), the gain AR(T;) can be computed between

increasin,

ast ranges T;_1 and T; (grey dashed lines). The gain AR(T) decays to

zero like the time-lagged measures, with information timescale 7p (dashed line).

Total history dependence and the information timescale.
measures to quantify the strength and the timescale of history dependence

First note that the history dependence R(7') monotonically increases

independently.

with the past rang

until it converg

Riot = lim R(T).
e B2

Here, we introduce

ges to the total history dependence

(4)

The total history dependence R;.; quantifies the proportion of predictable spikin
information once the entire past is taken into account.
While the history dependence R(7') is monotonously increasing, the gain in histor

dependence AR(T;) = R(T;) — R(T;_1) between two past ranges T; > T;_1 tends to
This is in

monotonicall

we quantify a characteristic timescale 7p of history dependence similar to an

autocorrelation time. In analog

increasin

the generalized timescale

TR‘ZTZJ s ™

, the gain cannot be negative, i.e. AR(T) > 0. From AR(T;

39|, we define

as the average of past ranges T; = (T, + T;_1)/2, weighted with their gain

AR(T;

— R(T;

— R(T;_1). Here, steps between two past ranges T; _

and 7T} should

be chosen small enough, and summing the middle points T; of the steps further
reduces the error of discretization. 7 is the starting point, i.e. is the first past range

for which R(T) is computed, and was set to Ty = 10 ms to exclude short-term past

dependencies like refractoriness (see [Materials and methods| for details). Moreover, the
last past range T;, has to be high enough such that R(7,,) has converged, i.e.

R(T,

:Rt

. Here, we set T,, = 5s unless stated otherwise.
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To illustrate the analogy to the autocorrelation time, we note that if the gain

TR = Tauto for n — oo and sufficiently small steps T; — T;_;. The advantage of 75 is

that it also generalizes to cases where the decay is not exponential. Furthermore, it
can be applied to any other measure of temporal dependence (e.g. the lagged mutual

information) as long as the sum in Eq (5] remains finite, and the coefficients are

non-negative. Note that estimates of AR(T;) can also be negative, so we included
corrections to allow a sensible estimation of 7x (Materials and methods|). Finally, since

Tr_quantifies the timescale over which unique predictive information is accumulated,

Diserete-Binary past embedding of spiking activity. In practice, estimating
history dependence R from spike recordings is extremely challenging. In fact, if data is
limited, a reliable estimation of history dependence is only possible for a reduced
representation of past spiking, also called past embedding [35]. Here, we outline how we

embed past spiking activity to estimate history dependence from neural spike recordings.
First, we choose a past range T, which defines the time span of the past embedding.

For each point in time ¢, we partition the immediate past window [t — T',t) into d bins
and count the number of spikes in each bin. The number of bins d sets the temporal
resolution of the embedding. In addition, we let bin sizes scale exponentially with the
bin index j =1,...,d as 7; = 71001~ (Fig ) A scaling exponent of k = 0 translates
into equal bin sizes, whereas for x > 0 bin sizes increase. For fixed d, this allows to
obtain a higher temporal resolution on recent past spikes by decreasing the resolution
on distant past spikes.

The past window [t — T, ¢) of the embedding is slided forward in steps of At through
the whole recording with recording length T}, starting at ¢ = T'. This gives rise to
N = (Tyec — T')/ At measurements of current spiking in f++AH[t, £ + At), and of the
number of spikes in each of the d past bins (Fig ) We chose to use only binary
sequences of spike counts to estimate history dependence. To that end, a count of 1 was
chosen for a spike count larger than the median spike count over the N measurements
in the respective past bin. A binary representation drastically reduces the number of
possible past sequences for given number of bins d, such that history dependence can be
estimated even from short recordings.

Estimation of history dependence fer-diserete-with binary past embeddings.

To estimate history dependence R, one has to estimate the probability of a spike
occurring together with different past sequences. The probabilities 7; of these different
joint events i can be directly inferred from the frequencies n; with which the events
occurred during the recording. Without any additional assumptions, the simplest way
to estimate the probabilities is to compute the relative frequencies #; = n;/N, where N
is the total number of observed joint events. This estimate is the maximum likelihood
(ML) estimate of joint probabilities m; for a multinomial likelihood, and the
corresponding estimate of history dependence will also be denoted by ML. This direct
estimate of history dependence is known to be strongly biased when data is too
limited [28,/30]. The bias is typically positive, because, under limited data, probabilities
of observed joint events are given too much weight. Therefore, statistical dependencies
are overestimated. Even worse, the overestimation becomes more severe the higher the
number of possible past sequences K. Since K increases exponentially with the
dimension of the past embedding d, i.e. K = 2¢ for binary spike sequences, history
dependence is severely overestimated for high d (Fig ) The potential overestimation
makes it hard to choose embeddings that represent past spiking sufficiently well. In the
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Fig 2. . . . . .
depeﬁdeﬂeeﬁﬂé—ttﬁefﬂpe%&l—dep&k llustratlon of embeddln optimization
to estimate history dependence and the information timescale. (A) History

dependence R is estimated from the observed joint statistics of current spiking in a
small time bin [t + At] (dark grey) and the embedded past, i.e. a binary sequence
representing past spiking in a past window [t — T, t). We systematically vary the
number of bins d and bin sizes for fixed past range T'. Bin sizes scale exponentially with
bin index and a scaling exponent x to reduce resolution for spikes furtherfarther into
the past. (B) The joint statistics of current and past spiking are obtained by shifting
the past range in steps of At and counting the resulting binary sequences. (C) Finding
a good choice of embedding parameters (e.g. embedding dimension d) is challenging:
When d is chosen too small, the true history dependence R(T") (dashed line) is not
captured appropriately (insufficient embedding) and underestimated by estimates
R(T,d) (blue solid line). When d is chosen too high, estimates R(T,d) are severely
biased and R(T,d), as well as R(T), are overestimated (biased regime). Past-embedding
optimization finds the optimal embedding parameter d* that maximizes the estimated
history dependence R(T ,d) subject to regularization. This yields a best estimate }?(T)
of R(T) (blue diamond). (D) Estimation of history dependence R(T') as a function of
past range T. For each past range T, embedding parameters d and  are optimized to
yield an embedding-optimized estimate R(T). From estimates R(T), we obtain

estimates IMQ%NOf the mww%%&ww@g
7g and total history dependence Ry (vertical and horizontal dashed lines). To.
compute Riot we average estimates (T) in an interval [T, Tinas], for which estimates
R(T) reach a plateau (vertical blue bars, see [Materials and methods). For high past

ranges T, estimates R(T) may decrease +-because a reliable estimation requires a-past
embeddings with reduced temporal resolution.

following, we outline how one can optimally choose embeddings if appropriate
regularization is applied.

Estimating history dependence with past-embedding optimization. Due to
systematic overestimation, high-dimensional past embeddings are prohibitive for a
reliable estimation of history dependence from limited data. Yet, high-dimensional past
embeddings might be required to capture all history dependence. The reason is that
history dependence may reside in precise spike times, but also may extend far into the
past.

To illustrate this trade-off, we consider a discrete past embedding of spiking activity
in a past range T, where the past spikes are assigned to d equally large bins (k = 0).
We would like to obtain an estimate ]%(T ) of the maximum possible history dependence
R(T) for the given past range T, with R(T) = R(T,d — o) (Fig[2IC). The number of
bins d can go to infinity only in theory, though. In practice, we have estimates R(T d)
of the history dependence R(T, d) for finite d. On the one hand, one would like to choose
a high number of bins d, such that R(T,d) approximates R(T') well for the given past
range 1. Too few bins d otherwise reduce the temporal resolution, such that R(T,d) is
substantially less than R(T') (Fig[2[C). On the other hand, one would like to choose d
not too large in order to enable a reliable estimation from limited data. If d is too high,
estimates R(T,d) strongly overestimate the true history dependence R(T,d) (Fig )

Therefore, if the past embedding is not chosen carefully, history dependence is either
overestimated due to strong estimation bias, or underestimated because the chosen past
embedding was too simple.

Here, we thus propose the following past-embedding optimization approach: For a
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given past range T, select embedding parameters d*, x* that maximize the estimated
history dependence R(T ,d, k), while overestimation is avoided by an appropriate
regularization. This yields an embedding-optimized estimate R(T) = R(T,d*, x*) of the
true history dependence R(T'). In terms of the above example, past-embedding
optimization selects the optimal embedding dimension d*, which provides the best lower
bound R(T) = R(T,d*) to R(T) (Fig[2C).

Since we can anyways provide only a lower bound, regularization only has to ensure
that estimates IA%(T7 d, k) are either unbiased, or a lower bound to the observable history
dependence R(T,d, k). For that purpose, in this paper we introduce a Bayesian bias
criterion (BBC) that selects only unbiased estimates. In addition, we use an established
bias correction, the so called Shuffling estimator that, within leading order of the
sample size, is guaranteed to provide a lower bound to the observable history
dependence (see Materials-and-metheds{Materials and methods| for details).

Together with these regularization methods, the embedding optimization approach
enables complex embeddings of past activity witheut-while minimizing the risk of
overestimation. See [Materials and methods|for details on how we used embedding

optimized estimates R(T) to compute estimates R « and 7r of the total histor

dependence and information timescale (Fi blue dashed lines).

In the first part, we demonstrate the differences between history dependence and
classical measures of temporal dependence for several models of neural spiking activity.
We then benchmark the estimation of history dependence using embedding
optimization on a tractable neuron model with long-lasting spike adaptation.
Moreover. we compare the embedding optimization approach to existing estimation
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methods on a variety of extra-cellular spike recordings. In the last part, we apply this 2

to analyze history dependence for a variety of recorded systems, and compare the 250
results to the autocorrelation and other statistical measures on the data. 260
Differences between history dependence and time-lagged 261
measures of temporal dependence 262
The history dependence R(T) quantifies how predictable neural spiking is, given 263
activity in a certain past range T'. In contrast, time-lagged measures of temporal 264

dependence like the autocorrelation C(T
[41}/42] quantify the dependence of spikin 266

T (Fig[lA,C; [Materials and methods)). In the following, we showcase the main 267

265

differences between the two approaches. 268
History dependence disentangles the effects of input activation, 269
reactivation and temporal depth of a binary autoregressive process. To 270
show the behavior of the measures in a well controlled setup, we analyzed a simple 271

. The process 272

binary autoregressive process with varying temporal depth [ (Fig

evolves in discrete time steps, and has an active (1) or inactive (0) state (Fig . 273
Active states are evoked either by external input with probability 5, or by internal
reactivations that are triggered by activity within the past [ steps. Fach past
activation increases the reactivation probability by m, which regulates the strength of 2
history dependence in the process. In the following, we describe how the measures a7
behave as we vary each of the different model parameters, and then summarize the key 2
difference between the measures. 219

Fig 3. History dependence disentangles the effects of input activation,
reactivation and temporal depth of a binary autoregressive process. (A) In
the binary autoregressive process, the state of the next time step (grey box) is active
(one) either because of an input activation with probability h, or because of an
internal reactivation. The internal activation is triggered by activity in the past [ time
steps (green), where each active state increases the activation probability by m. (B)
Increasing the input activation probability i increases the total mutual information,
although input activations are random and therefore not predictable. Normalizing the
total mutual information by the entropy yvields the total history dependence, which
decreases mildly with h. (C) Autocorrelation C'(T), lagged mutual information L (7T
and gain in history dependence AR(T) decay differently with the delay T’ For [ =1
and m = 0.8 (top). autocorrelation C(T') decays exponentially with autocorrelation

time 7, whereas L(T') decays faster due to the non-linearity of the mutual

information. AR(T) is non-zero only for delays shorter or equal to the temporal depth
of the process, with much shorter timescale 7. For [ =5, C(T') and L(T) plateau over
the temporal depth, and then decay much slower than for I = 1. Again, AR(T) is
non-zero only within the temporal depth of the process. Parameters m and h were
adapted to match the firing rate and total history dependence between [ = 1 and | = 5.
(D) When increasing the reactivation probability m for I = 1, timescales of
time-lagged measures 7¢ and 7 increase. For history dependence; the information
timescale T remains constant, but the total history Ry, increases. (E) When varyin
the temporal depth [, all timescales increased. Parameters h and m were adapted to
hold the firing rate and Ry constant.

The input strength h increases the firing rate and thus the spiking entro 280
H (spiking). This leads to a strong increase in the total mutual information 281
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Lot = lim I(spiking; past(7')), whereas the total history dependence Ry is
— 00

normalized by the entrop

&R@WWGM(MMW
and has no temporal dependence. In addition, input activations may fall together with
internal activations, which slightly reduces the total history dependence. In contrast,
the total history dependence Ry increases with the reactivation probability m. as

influences the magnitude of the correlation coefficients, but also the decay of the

coefficients. For autoregressive processes (and [ = 1), autocorrelation coefficients C'(T

L(T) is a non-linear measure of time-lagged de endence and has a very similar
behavior as the autocorrelation, with a slightly faster decay and thus smaller

entropy H to make it directly comparable to AR(T). In contrast to the time-lagged

measures, the gain in history dependence AR(T) is onl non-zero for 7' smaller or

equal to the true temporal depth [ of the
information timescale 7_does not increase with m for flxed [ (Fig

Finally, the temporal depth [ controls how far into the past actlvatlons depend on
their preceding activity. Indeed, we find that the information timescale 7z increases

with [ as expected (Fig

7¢ and 77, increase with the temporal depth [. Note that parameters m and h were
adapted for each [ to keep the firing rate and total history dependence R;.; constant

such that differences in the timescale can be unambiguously attributed to the increase

inl.

To conclude, history dependence disentangles the effects of input activation

reactivation and temporal depth, which provides a comprehensive characterization of
past dependencies in the autoregressive model. This is different from the total mutual
information, which lacks the entropy normalization and is sensitive to the firing rate.
This is also different from time-lagged measures, whose timescales are sensitive to

both, the reactivation probability m and the temporal depth [. The confusion of
effects in the timescales is rooted in the time-lagged nature of the measures—b

uantifying past dependencies out of context, C(7) and L(T') also capture indirect

redundant dependencies onto past events. Indirect, redundant dependencies arise from

unique dependencies, because past states that are uniquely predictive of future

activities were in turn uniquely dependent on their own past. The stronger the unique

dependence, the longer the indirect dependencies reach into the past, which increases

the timescale of time-lagged measures. In contrast, indirect dependencies do not

contribute to the history dependence, because they add no predictive information once

more-recent past is taken into account.

History dependence dismisses redundant past dependencies and captures
synergistic effects. A key property of history dependence is that it evaluates past
dependencies in the light of more recent past. This allows the measure to dismiss
indirect, redundant past dependencies and to capture synergistic effects. In three

common models of neural spiking activity, we demonstrate how this leads to a

substantially different characterization of past dependencies compared to time-lagged

measures of temporal dependence.

First, we simulated a subsampled branching process which is a minimal

model for activity propagation in neural networks and captures key properties of

spiking dynamics in cortex [15]. Similar to the binary autoregressive
neurons activate neurons in the next time step with probability m, the so called

process, active
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Fig 4. History dependence dismisses redundant past dependencies and
captures synergistic effects (A.B) Analysis of a subsampled branching process. (A)
The population activity was simulated as a branching process (m = 0.98) and
subsampled to_yield the spike train of a single neuron (Materials and methods). (B)
Autocorrelation C'(T) and lagged mutual information (7)) include redundant
dependencies and decay much slower than the gain AR(T), with much longer

timescales (vertical dashed lines). (C,D) Analysis of an Izhikevich neuron in chatterin

mode with constant input and small voltage fluctuations. The neuron fires in regular
bursts of activity. (D) Time-lagged measures C(T) and L(T) measure both, intra-
(I < 10ms) and inter-burst (7 > 10ms) dependencies, which decay very slowly due to
regularity of the firing, The gain AR(T) reflects that most spiking can already be
predicted from intra-burst dependencies, whereas inter-burst dependencies are highly
redundant. In this case, only AR(T) yields a sensible time scale (blue dashed line).
(E.F) Analysis of a generalized leaky integrate and fire neuron with long:lasting
adaptation filter I i . Fi

AR(T) decays slower to zero than the autocorrelation C(Z), and is higher than L(T)
for long delays T Therefore, the dependence on past spikes is stronger when taking
more recent past spikes into account (AR(T)), as when considering them
independently (L(T)). Due to these synergistic past dependencies, AR(T) is the only
measure that captures the long-range nature of the spike adaptation.

branching parameter, and are activated externally with some probability . The
process was simulated in_time steps of Af = 4ms with a population activity of 500 Hz, s
which was subsampled to obtain a single spike train with a firing rate of 5 Hz 3
(Fig[A). Similar to the binary autoregressive process, the autocorrelation decays %
exponentially with autocorrelation time 7o = —At/log(m) = 198 ms, and the lagged 337

mutual information decays slig i gain in hi 338
dependence AR decays much faster. When increasing the branching parameter m (for 33

fixed firing rate), the total histor de endence increased, as in the autoregressive 340

341

342

mmg%mmmm
branching process evolves at the population level, whereas history dependence is
quantified at the single neuron level. Thereby, history dependence also captures
indirect dependencies, because the own spiking history reflects the population activity. e
The higher the branching parameter m, the more informative past spikes are about w
the population activity, and the shorter is the timescale 7 over which all the relevant s
information about the population activity can be collected. Thus, for the branching s

process, the total history dependence Ryo captures the influence of the branching
parameter, whereas the information timescale 7z behaves very differently from the 2
timescales of time-lagged measures. 2

Second, we demonstrate the difference of history dependence to time-lagged 3

measures on an Izhikevich neuron, which is a flexible model that can produce different sss

355

356

and small voltage fluctuations Materlals and methods T he neuron fires in regular 357

bursts of activity, with consistent timing between spikes within and between bursts s
Fi . While time-lagged measures capture all the regularities in spiking and 3590
oscillate with the bursts of activity, history dependence correctly captures that spiking s
can almost be entirely predicted from intra-burst dependencies alone (Fi . Histor 361
dependence dismisses the redundant inter-burst dependencies and thereby yields a *

sensible measure of a timescale (blue dashed line). 363
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Finally, we analyzed a generalized leaky integrate-and-fire neuron with long-range
spike adaptation (22 seconds) (Fig [ilE). which reproduces spike-frequency adaptation
as observed for real layer 2/3 pyramidal neurons [3/43]. For this model, time-lagged
measures C'(T) and L(T) actually decay to zero much faster than the gain in history
dependence AR(T), which is the only measure that captures the long-range
adaptation effects of the model (Fig . This shows that past dependencies in this
model include synergistic effects. where the dependence is stronger in the context of
more recent spikes. This is most likely due to the non-linearity of the model, where
past spikes cause a different adaptation when taken together as when considered as
the sum of their contributions.

Thus, due to its ability to dismiss redundant past dependencies and to capture
synergistic effects, history dependence really provides a complementary
characterization of past dependencies compared to time-lagged measures. Importantly,
because the approach better disentangles the effects of timescale and total history
dependence, the results remain interpretable for very different models. and provide a
more comprehensive view on past dependencies.

Embedding optimization ean-eapture-long-lasting captures
history dependence for a benehmark-spikingneuron model with
long-lasting spike adaptation

On a benchmark spiking neuron model, we first demonstrate that without optimization
and proper regularization, past embeddings are likely to capture much less history

dependence or lead to estlmates that severely overestimate the true history dependence.

>s-Readers that are familiar with

he blas roblem of mutual mformatlon estimation might want to jump to the next
art, Where we validate that embedding-o tnmzed estimates indeed capture the

model’s 3 true history dependence, while
being robust to systematic overestimation. As a model we chose a generalized leaky

integrate-and-fire newren—(GLIF) model with spike frequency adaptation, whose
parameters were fitted to experlmental data [3| .. The neuron—was-driven—with-&

model was chosen, because it is equlpped with a Qym%splke adaptation
mechanlsm%h&t—}as%seevef%seeeﬁés—aﬂekﬁhegfeﬂﬁé&&ﬂfe%%h% and its total

hlstory dependence Rtot can be dlrectly computed from sufficiently long simulations

(Materi

; / i siMaterials and methods[)\AAFAqg

%IWMIWMW
one second into the past, and show results on the original model with a 22 second
kernel in [T} [S7] and [S5| Figs. For simulation, the neuron was driven with a constant
input current to achieve an average firing rate of 4 Hz. In the following, estimates £(T)
are shown for a simulated recording of 90 minutes, whereas GEM-estimates-the true
values R(T) were computed on a 900 minute recording (Materials and methods)).

Without regularization, history dependence is severely overestimated for
high-dimensional embeddings. For demonstration, we estimated the history
dependence R(T,d) for varying numbers of bins d and a constant bin size 7 = 20ms (i.e.
k=0and T =d-7). We compared estimates R(r,d) obtained by maximum likelihood
(ML) estimation , or Bayesian estimation using the NSB estimator , with the
model’s true R(7,d) —
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(Fig[5]A). Both estimators accurately estimate R(7,d) for up to d-=-+5-d ~ 20 past
bins. As expected, the NSB estimator starts to be biased at higher d than the ML
estimator. For embedding dimensions d > 30, both estimators severely overestimate
R(r,d). Note that £ two standard deviations are plotted as shaded areas, but are too
small to be visible. Therefore, any deviation of estimates from the model’s true history
dependence R(7,d) can be attributed to positive estimation bias, i.e. a systematic
overestimation of the true history dependence due to limited data.

- Embedding optimization captures histor
dependence for a neuron model with long-lasting spike adaptation. Results
are shown for a generalized leaky integrate-and-fire (GLIF) model with long-lastin,

spike frequency adaptation [3}/43] with a temporal depth of one second (Methods and
material). (A) For illustration, history dependence R(7,d) was estimated on a
simulated 90 minute recording for different embedding dimensions d and a fixed bin
width 7 = 20ms. Maximum likelihood (ML) and Bayesian (NSB) estimators
display the insufficient embedding versus estimation bias trade-off: For small embedding
dimensions d, the estimated history dependence is much smaller, but agrees well with
the true history dependence R(7,d) for the given embedding. For larger d, the
estimated history dependence ]%(7'7 d) increases, but when d is too high (d > 20), it
severely overestimates the true R(7,d). The Bayesian bias criterion (BBC) selects NSB
estimates R(7,d) for which the difference between ML and NSB estimate is small (red
solid line). All selected estimates are unbiased and agree well with the true R(7,d)
(grey line). Thus, embedding optimization selects the highest, yet unbiased estimate
(red diamond). (B) The Shuffling estimator (blue solid line) subtracts estimation bias
on surrogate data (yellow dashed line) from the ML estimator (blue dashed line). Since
the surrogate bias is higher than the systematic overestimation in the ML estimator
(difference between grey and blue dashed lines), the Shuffling estimator is a lower bound
to R(7,d). Embedding optimization selects the highest estimate, which is still a lower
bound (blue diamond). For A and B, shaded areas indicate 2 standard deviations efthe

estimates-obtained from 50 repeated simulations, which are very small and thus hardly
visible. (C) Embedding optimized BBC estimates R(T) (red line) yield accurate
estimates of the model neuron’s true history dependence R(T')fer-hundreds-ef
mithiseeonds, total history dependence Ry, and information timescale 7 (horizontal
and vertical dashed lines). The zoom-in (right panel) shows robustness of both
regularization methods: For all T' the model neuron’s R{F}-R(T, d*, x*) lies within
errorbars (BBC), or consistently above the Shuffling estimator that provides a lower
bound. Here, the model’s R{F)}-R(T, d*, k*) was computed for the optimized embedding
parameters d*+4d*, k* that were selected via BBC or Shuffling, respectively (dashed
lines). Shaded areas indicate 95%confidence-intervals—+ two standard deviations
obtained by bootstrapping, and colored dashed-lines-vertical bars indicate past ranges

over which estimates R(T ) were averaged to compute Rtot QMaterials and methodsb.

The aim is now to identify the largest embedding dimension d* for which the
estimate of R(7,d) is not yet biased. A biased estimate is expected as soon as the two
estimates ML and NSB start to differ significantly from each other (Fig , re
diamond), which is formalized by the Bayesian bias criterion (BBC) (Materials—and

{Materials and methods)). According to the BBC, all NSB estimates R(7, d)
with d lower or equal to d* are unbiased (solid red line). We find that indeed all BBC
estimates agree well with the true R(7,d) (grey line), but d* yields the largest unbiased
estimate.
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The problem of estimation bias has also been addressed previously by the so-called
Shuffling estimator [31]. The Shuffling estimator is based on the ML estimator and
applies a bias correction term (Fig ) In detail, one approximates the estimation bias
using surrogate data, which are obtained by shuffling of the embedded spiking history.
The surrogate estimation bias (yellow dashed line) is proven to be larger than the actual
estimation bias (difference between grey solid and blue dashed line). Therefore,

Shuffling estimates E(T, d) provide lower bounds to the true history dependence R(T,d).

As with the BBC, one can safely maximize Shuffling estimates R(T, d) over d to find the
embedding dimension d* that provides the largest lower bound to the model’s total

history dependence Ry (Fig , blue diamond).

Thus, using a model neuron, we illustrated that history dependence can be severely
overestimated if the embedding is chosen too complex. Only when overestimation is
tamed by one of the two regularization methods, BBC or Shuffling, embedding
parameters can be safely optimized to yield better estimates of history dependence.

Optimized embeddings capture the model’s true history dependencefor
hundreds—eof-milliseeends. In the previous part, we demonstrated how embedding
parameters are optimized for the example of fixed x and 7. Now, we optimize all
embedding parameters for fixed past range T' to obtain embedding-optimized estimates

R(T) of R(T). Inpartientar—wetestwhether-We find that embedding-optimized BBC

estimates R(T)) agree well with the true R(T), such that the model’s true-history

the Bayestan-bias-eriterion{BBG)-ertotal history dependence Ry and information

timescale 7 are well estimated (Fi vertical and horizontal dashed lines). In

contrast, the Shuffling estimator -

For-bothregularization-methodsthe-underestimates the true R(7T') for past ranges

T > 200 ms, such that the model’s R, and 7r are underestimated (blue dashed lines).

For large past ranges 7' > 1000 ms, estimates R( ) deereasefor-high-T—ThisHis
beeansetittle-of both estimators decrease again, because no additional history

dependence is uncovered, whereas the conbtramt of an unbiased estlmatlon decreases

the temporal resolutlon .

—of the embedding.

Embedding-optimized estimates de—net-everestimate-histery-dependenee

are robust to overestimation despite maximization over complex
embeddings. In the previous part, we investigated how much of the true history
dependence for different past ranges T (grey solid line) we miss by embedding the
spiking history. An additional source of error is the estimation of history dependence
from limited data. In particular, estimates are prone to overestimate history

dependence systematically (Fig|5/A,B).

To test explicitly for overestimation, we computed the true history dependence
R(T, d*, k*) for exactly the same sets of embedding parameters T, d*, k* that were
found during embedding optimization with BBC (grey dash-dotted line), and the

Shuffling estimator (gray—grey dotted line, Fig

, zoom-in). We expect that BBC
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estimates are unbiased, i.e. the true history dependence should lie within errorbars of
the BBC estimates (red shaded area) for a given T In contrast, Shuffling estimates are
a lower bound, i.e. estimates should lie below the true history dependence (given the
same T, d*, k*). We find that this is indeed the case for all T'. Note that this is a strong
result, because it requires that the regularization methods work reliably for every single
set of embedding parameters used for optimization—otherwise, parameters that cause
overestimation would be selected.

Thus, we can confirm that the embedding-optimized estimates do not systematically
overestimate the model neuron’s history dependence, and are on average lower bounds
to the true history dependence. This is important for the interpretation of the results.

Mild overfitting can occur during embedding optimization on short
recordings, but can be overcome with cross-validation. We also tested
whether the recording length affects the reliability of embedding-optimized estimates,
and found very mild overestimation (1- 3%) of history dependence for BBC for
recordings as short as 3 minutes S4| Figs). The overestimation is a consequence
of overfitting during embedding optlmlzatlon variance in the estimates increases for
shorter recordings, such that maximizing over estimates selects embedding parameters
that have high history dependence by chance. Therefore, the overestimation can be
overcome by cross-validation, i-e-e.g. by optimizing embedding parameters on ene-the
first_half, and computing estimates on the ethersecond half of the data (S1 Fig)). In
contrast, we found that for the model neuron, Shuffling estimates do not overestimate
the true history dependence even for recordings as short as 3 minutes . This is
because the effect of overfitting was small compared to the systematic underestimation
of Shuffling estimates. Here, all eXperlmental recordlngs Where we apply BBC are long
enough (= 90 minutes), such that as

cross-validation was applied on the ex erlrnental dat

Estimates of temperal-depth-the information timescale are sensitive to the
recording length. Finally, we also tested the impact of the recording length on the
va}ﬂeef—ﬂ&ee%ﬁﬁeked—emwes}ﬁlmmtal history dependence Rior-as well as

mﬂa@%@%mmwmmm While on recordings
of 3 mlnutes embeddlng optlmlzatlon still estimated ~ 95 % of Rt—t—%h&tﬂ%%es%ﬁﬂ&%ee}

(S2 Tig).

Thus, estimates of the information timescale 7z are more sensitive to the recordin
length, because they depend on the small additional contributions to R(T for high

past ranges T~

for-, which are hard to ebtlmate for bhort recordln S. Therefore we adv1ce to analyze
recordings of similar reeordingtength-length to make results on 75 comparable across
experiments. In the following, we explicitly shorten some recordings such that all

recordings have approximately the same recording length.

In conclusion, ernbeddlng optlrnlzatlon accurately estlmated the model neuron’s
gl/ggggggggg Morcover for all past ranges, cmboddmg optlrmzod estimates were robust
to systematic overestimation. Embedding optimization is thus a promising approach to
quantify history dependence and temperal-depth-the information timescale in
experimental spike recordings.
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Embedding optimization reveals-is key to estimate long-lasting

history dependence in extra-cellular spike recordingsefspiking
neurens

Here, we apply embedding optimization to long spike recordings (= 90 minutes) from
rat dorsal hippocampus layer CA1 , salamander retina and in vitro
recordings of rat cortical culture . In particular, we compare embedding
optimization to other popular estimation approaches, and demonstrate that an
exponential past embedding is necessary to estimate history dependence for long past
ranges. *

Embedding optimization reveals history dependence that is not captured
by a generalized linear model or a single past bin. We use embedding
optimization to estimate history dependence R@}gw as a function of the past range
T (see Fig B for an example neuren-single unit from hippocampus layer CA1, and .,

and [S8| Figs for all analyzed menrenssorted units). In this example, BBC and

Shufﬂing with a maximum of dya.x = 20 past bins led to very similar estimates for all T
Notably, embedding optimization with both regularization methods estimated high total
history dependence of almost up-te-40%-and-Rioy = 40% with a temporal depth of
almost a second, and an information timescale of 7z & 100 ms (Fig [6B). This indicates
that embedding-optimized estimates capture a substantial part of history dependence
also in experimental spike recordings.

Importantly, other common estimation approaches fail to capture the same amount
of history dependence (Fig 7D). To compare how well the different estimation
approaches could capture the total history dependence, we plotted for each neuren-so

the different estimates Reorof Ry relative to the corresponding BBC estimate

(Fig @D) Embedding optimization with Shuffling yields estimates that agree well with
BBC estimates. The Shuffling estimator even yields slightly higher values on the
experimental data. Interestingly, embedding optimization with the Shuffling estimator
and as little as dax = 5 past bins captures almost the same history dependence as
BBC with dpax = 20, with a median above 95 % for all recorded systems. In contrast,
we find that a single past bin only accounts for 70% to 80% of the total history
dependence. A GLM bears little additional advantage with a slightly higher median of
~ 85%. To save computation time, GLM estimates were only computed for the
temporal depth MEM using BBC (Fig 6B, violet
square). The remaining embedding parameters d and k of the GLM’s history kernel
were separately optimized using the Bayesian information criterion (Materials-and
methodqdMaterials and methods]). Since embeddingand-model-parametersfor-the-GEM
parameters were optnnlzed we argue that the GLM underestirnates history dependence
because of its sspecific model assumptions,
i.e. no interactions between past spikes. Genﬁéeﬂng—%hﬂebjgemw
QM%Wembedding optimization with only five past binsestimates
mueh-higher-history—dependenee, Therefore, we conclude that interdependeneies
MWMW%W

spikes are important, but do not require very high temporal resolution. In the
remainder of this paper we use the reduced approach (Shuffling dy.x = 5) to compare

history dependence among different recorded systems.

Increasing bin sizes exponentially is crucial to estimate long-lasting history

dependencefer-high-past-ranges. To demonstrate this, we plotted
embedding-optimized BBC estimates 2{F}-of R(T') using a uniform embedding, i.e.
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Fig 6. Em i
depefldeiiee&ﬂ—expefmmfrﬁa%spﬁ{&feeefe}mgs E&Mmm
key to estimate long-lasting history dependence in extra-cellular spike
recordings. (A) Example of recorded spiking activity in rat dorsal hippocampus layer
CA1. (B) Estimated-Estimates of history dependence R{(Z-R(T) for various estimators,
as well as estimates of the estimated-total history dependence Rsr—Ryo and temporal
depth-Tp-information timescale 75 (dashed lines) (example nenron-single unit from
CA1l). Embedding optimization with BBC (red) and Shuffling (blue) for dya.x = 20
yields consistent estimates. Embedding-optimized Shuffling estimates with a maximum
of dmax = 5 past bins (green) are very similar to estimates obtained with dpax = 20
(blue). In contrast, using a single past bin (dpax = 1, yellow), or fitting a GLM for the
temporal depth Sﬁfrfound with BBC (violet dot), estimates much lower total history
dependence. Shaded areas shew-indicate £ two standard deviation-deviations obtained
by bootstrapping, and eelered-dashed-lines-small vertical bars indicate past ranges over
which estimates R{(Z)-of R(T) were averaged to Geﬂipﬂ%%gg%
and methods|). (C) An exponential past embedding is crucial to capture history
dependence for high past ranges T. For T' > 100 ms, uniform embeddings strongly
underestimate history dependence. Shown is the median of embedding-optimized
estimates R{7)-of R(T) with uniform embeddings, relative to estimates obtained by
optimizing exponential embeddings, for BBC with d,.x = 20 (red) and Shuffling with
dwax =20 (blue) and dmax = 5 (green). Shaded areas show 95 % percentiles. Median
and percentiles were computed over analyzed neurens-sorted units in CAl (n = 28).
(D) Comparison of estimated-total history dependence Rﬁr]jmfor different estimation
and embedding techniques for three different experimental recordings. For each neuron
sorted unit (grey dots), estimates are plotted relative to embedding-optimized estimates
for BBC and d,.x = 20. Embedding optimization with Shuffling and dy,.x = 20 yields
consistent but slightly higher estimates than BBC. Strikingly, Shuffling estimates for as
little as dmax = 5 past bins (green) capture more than 95 % of the estimates for

dmax = 20 (BBC). In contrast, Shuffling estimates obtained by optimizing a single past
bin, or fitting a GLM, are considerably lower. Bars indicate the median and lines
indicate 95 % bootstrapping confidence intervals on the median over analyzed reurons
sorted units (CAl: n = 28; retina: n = 111; culture: n = 48).

equal bin sizes, relative to estimates obtained with exponential embedding (Fig Ep),
both for BBC with dpax = 20 (red) and Shuffling with dy,x = 20 (blue) or diax = 5
(green). For past ranges T > 100 ms, estimates using a uniform embedding miss
considerable history dependence, which becomes more severe the longer the past range.
In the case of dyax = 5, a uniform embedding captures around 80 % for T'= 1s, and
only around 60 % for #=46s-T = 5s (median over analyzed neurens-sorted units in
CAl) Therefore, we argue that an exponentlal embeddlng is cruc1al wheﬁ—as%e%ﬁg—%he

ity—for estimating

lon, —lastln hlstor de endence
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Embedding-eptimizationreveals-elear-differenees-in-Together,

total history dependence and its timescale show clear differences
between recorded systems and individual neurenssorted units

Finally, we present results from diverse eleetrophysiologieal-extracellular spike
recordings that show interesting differences in history dependence between neurons
sorted units of different recorded systems. In addition to recordings from rat dorsal
hippocampus layer CA1, salamander retina and rat cortical culture, we analyzed neurat

spike-trains—reeorded—n-sorted units in a recordln of mouse primary visual cortex

using the novel Neurepixel-Neuropixels probe [51]. Recordings from primary visual
cortex were approximately 40 minutes long. Thus to make results comparable, we

analyzed only the first 40 minutes of all recordings.

We find clear differences between the recorded systems, both in terms of the total
history dependence, as well as the temperal-depth-information timescale (Fig
Neurens-A). Sorted units in cortical culture and hippocampus layer CA1 have high
total history dependence Ry with median over neurens-sorted units of ~ 24 % and
~ 25 %, whereas renrens-sorted units in retina and primary visual cortex have typically

low Ryot of ~ 11 % and ~ 8 %. In terms of temporal-depthneurens-the information
timescale 7x, sorted units in hippocampus layer CA1 display much higher temporal
depth-Fp-1r with a median of ~-450-ms-than-neurens—= 96 ms than units in cortical
culture with median temperal-depth-of-~=-60msTg of ~ 12ms. Similarly, neurens
sorted units in primary visual cortex have higher o7 with median of ~+60msthan
neurons—2 37 ms than units in retina with median of /~70ss~ 23 ms. These differences
could reflect differences between early visual processing (retina, primary visual cortex)
and high level processing and memory formation in hippocampus, or likewise, between
neural networks that are mainly input driven (retina) or exclusively driven by recurrent

input (culture). Notably, studvinehistory-dependence-or-the-temporal-depth-of history
dependenee-total history dependence and the information timescale varied

independently among recorded systems, and studying them in isolation would miss
differences between recorded systems, Whereas con51der1ng them jointly allows to

distinguish the different systemsi »e. Moreover, no clear

differentiation between cortical culture, retina and primary visual cortex is possible
using the autocorrelation time 7 (Fi , with medians 7o ~ 68 ms (culture

~ 60ms (retina) and 7o ~ 80 ms (primary visual cortex), respectively.

To better understand how other well-established statistical measures relate to the
total history dependence Ryor and the information timescale 7, we show Ry and 7
versus the median interspike inteval (ISI), the coefficient of variation Cy = o 1s1 of

total history dependence Ryoq tend to decrease with the median IS, and to increase
with the coefficient of variation Cy. This result is expected for a measure of history.
dependence, because a shorter median ISI indicates that spikes tend to occur together,
and a higher C'y_indicates a deviation from independent Poisson spiking. In contrast,
the information timescale 7x tends to increase with the autocorrelation time. as
expected, with no clear relation to the median ISI or the coefficient of variation Cty .

However, the correlation between the measures depends on the recorded system. For
example in retina (n = 111), Ry is significantly anti-correlated with the median ISI

Pearson correlation coefficient: r = —0.69, p < 10~°?) and strongly correlated with the
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Fig 7. W
betweeiﬁeeefdeésys%ems EMWWPMMBQQ
timescale show clear differences between recorded systems. (A
Embedding-optimized Shuffling estimates (dmax = 5) of the total history dependence
Ry are plotted against the temperal-depth-information timescale 7 for individual
neurens-sorted units (dots) from four different recorded systems (raster plots show
mke%m%&ﬂivvevtv@g&of therecorded-neuronsdifferent sorted units). No clear

relationship between the two quantities is visible. The analysis shows systematic
differences between the recorded systems: Neurens-sorted units in rat cortical culture

(n = 48) and rat dorsal hippocampus layer CA1 (n = 28) have higher median total
history dependence than newrens-units in salamander retina (n = 111) and mouse
primary visual cortex (n = 142). At the same time, nenrens-sorted units in cortical
culture and retina show smaller temporal-depth-timescale than neuwrens-units in
primary visual cortex, and much smaller temporal-depth-timescale than neurons-units
in hippocampus layer CA1. Overall, recorded systems are clearly distinguishable when
jointly considering the total history dependence and tempeoral-depthinformation

timescale. Error-bars(B) Total history dependence gy versus the autocorrelation
time 7¢: shows no clear relation between the two quantities, similar to the information
timescale 7. Also, the autocorrelation time gives the same relation in timescale
between retina, primary visual cortex and CAL, whereas the cortical culture has a
higher timescale (different order of medians on the x-axis). In general, recorded
systems are harder to differentiate in terms of the autocorrelation time 7¢ as
compared to 7. Errorbars indicate median over senrens-sorted units and 95 %
bootstrapping confidence intervals on the median.

coefficient of variation (! =0. < 107° is significantly correlated with

visual cortex (n = 142), we found no significant correlations between any of these
measures. Thus, the relation between R, or 7p and the established measures is not
systematic, and therefore one cannot replace the history dependence by any of them.
In addition to differences between recorded systems, we also find strong
heterogeneity of history dependence within a single recorded system. Here, we
demonstrate this for three different sewrens-sorted units in primary visual cortex (Fig
see for all analyzed nenrens-sorted units in primary visual cortex). In particular,
neurons—sorted units display different signatures of history dependence R(T) as a
function of the past range 7'. For some netronsunits, history dependence builds up on
short past ranges T (e.g. Fig[8|A), for some it only shows for higher T' (e.g. Fig[8B),
and for some it already saturates for very short T (e.g. Fig ) A similar behavior is

captured by the autocorrelation C(7T") (Fi second row). The rapid saturation in

Fig BIC indicates history dependence due to bursty firing, which can also be seen b
strong positive correlation with past spikes for short delays 7' (Fig[§|C, bottom). To

exclude the effects of different firing modes or refractoryness on the information
timescale, we only considered past ranges T' > Tp = 10ms when estimating 7g, or
delays T' > T, = 10 ms when fitting an exponential decay to C(T) to estimate 7. The
reason is that differences in the integration of past information are expected to show
for larger T This agrees with the observation that timescales among recorded systems

were much more similar if one instead sets T, = 0 ms, whereas they showed clear
differences for Ty = 10ms or Ty =

We also observed that history dependence can build up on all timescales up to
seconds, and that it shows characteristic increases at particular past ranges, e.g.
T ~ 100 ms and T ~ 200 ms in EE&-CA1 (Fig ), possibly reflecting phase information

in the theta cycles . Thus, the analysis does not only serve to investigate
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Fig 8. Distinetsignatures—of-histery-dependenecefor-differentneurens
within—-meuse-primary—visual-eertex: Distinct signatures of histor

dependence for different sorted units within mouse primary visual cortex.
(Top) Embedding-optimized estimates of R(T) reveal distinct signatures of history

dependence for three different neurens-sorted units (A,B,C) within a single recorded

system (mouse primary visual cortex). In particular, renrens-sorted units have similar
total history dependence Rmf]jw but differ vastly in the estimated-temporal-depth

Tglnformatlon timescale 7r (horizontal and vertical dashed lines). Note that for unit
C, 7R is smaller than 5ms and thus doesn’t appear in the plot. Shaded areas indicate
=+ two standard deviation-deviations obtained by bootstrapping, and vertical bars

indicate the dashed-line-indieatespastranges-interval over which estimates RH% f

R(T) were averaged to eempﬁte—ngthlArQMeRodMaterlals and methodsh. Estimates
were computed with the Shuffling estimator and dyax = 5. (Bottom) Autocorrelograms
for the same sorted units (A,B, and C, respectively) roughly show an exponential
decay, which was fitted (solid grey line) to estimate the autocorrelation time 7 e
dashed line). Similar to the information timescale 7p, only coefficients for delays

larger than Tg = 10ms were considered during fitting.

differences in history dependence between recorded systems, but also resolves clear
differences between sorted units. This could be used to investigate differences in
information processing between different cortical layers, different neuron types or

neurons with different receptive field properties.
Overall, this-demonstrates-our results demonstrate that embedding optimization is

powerful enough to reveal clear differences in history dependence between neurens
sorted units of different recorded systems, but also between neurens-units within the
same system. Even more importantly, because neurens-units are so different, ad hoc
embedding schemes with a fixed number of bins or fixed bin width will miss
considerable history dependence.

Discussion

To estimate history dependence in neural-spikineaetivityexperimental data, we
developed a method where the embedding of past spiking is optimized for each

individual neurenspike train. Thereby, it can estimate a maximum of history
dependence, given what is possible for the limited amount of data. We found that
embedding optimization is a robust and flexible tool to estimate history dependence in
neural spike trains with vastly different spiking statistics, where ad hoc embedding
strategies would estimate substantially less history dependence.

Based on our results, we arrived at practical guidelines that are summarized in
Fig[0l In the following, we contrast history dependence R-with-pairwise-R(T) with
time-lagged measures such as the aute-correlationautocorrelation in more detail,
clearly discussing the advantages—but also the limitations of the approach. We then
discuss how one can relate estimated history dependence to neural coding and
information processing at-based on the example data sets analyzed in this paper.

&Hﬁe—iﬂfﬁr—m&t—l@ﬂipﬂﬂ%ﬁ—

Advantages and limitations of history dependence in comparison to the
autocorrelation and lagged mutual information. A key difference between
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1) Embedding optimization: The embedding of past-spiking activity should be

individually optimized to each spike train, in order to account for very different spikin
statistics. This also applies to other information metrics like transfer entrop
2) Regularization: Estimates have to be reliable lower bounds, otherwise one cannot
interpret the results (apply Bayesian bias criterion or Shuffling correction).

3) Exponential embedding: Given the limitations on the number of bins, a non-uniform
embedding is required to capture long-lasting dependencies. An exponential embedding

4) Data requirements: For practical purpose, spike recordings should be sufficiently long_
between recordings.

Fig 9. Practical guidelines for the estimation of history dependence in
single neuron spiking activity. More details regarding the individual points can be
found at _the end of [Materials and methods}

history dependence R(T) e&p%ufes—aﬂﬁmpefbaﬂ%fee%pﬂ%ef—ﬁewjﬂ—eeehﬂg%hﬁhiﬁ%

or lagged mutual information is that R(T) quantlﬁes statistical dependencies between
current splklng and p&%t—ﬁ-pﬂﬂﬂg—iﬂ—ﬁh&eﬂﬁﬁ”—& the entire past spikin Wyast range 1 -

mmwm
First, R(T) allows to compute the total history dependence, which, from a coding
perspective, it-gives-represents the redundancy of neural splklng with all past spikesin
the-past—rangeT5_or how much pas ¢ of the past
information is also represented when emitting a spike. MWMW
considered jointly, R(T) captures synergistic effects and dismisses redundant past
information (Fig[l). Finally, we found that this enables R(T) to disentangle the
&MWW%MWW
(Fig ). In contrast, aute-eorrelation-or-aute-information-autocorrelation C(T') or
g\gg%quuanmfy the statistical dependenes—dependence of
neural spiking ente-on a single past bin —independent-of-all-otherpast-bins—Thereby;
mﬁm@%@mmeﬂb%vmeﬁm
Moreovery they miseount-with delay 1, without considering any of the other bins

dependenc1es that vanish once splkmg activity in more recent past is taken into
eonsideration—account (Figld]). As a consequence, the timescales of these measures

reflect both, the strength and the temporal depth of history dependence in the binar
autoregressive process (Fig|3).

meée}—hewever—%hejﬂﬁeeemfel&‘&m&ﬂﬁfghth de ends on f1tt1n exponential deca to

coefficients C'(T). Computing the autocorrelation time with the generalized timescale
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is difficult, because coefficients C'(T') can be negative, and are too noisy for large

delays 7. While model fitting is in general more data efficient than the model-free
estimation presented here, it can also produce biased and unreliable estimates

Furthermore, when the coefficients do not decay exponentially,

eontributions-alikea more com plex model has to be fitted [53], or the analysis simpl

cannot be applied. In contrast, the generalized timescale can be directly applied to

estimates of the history dependence R(T') to yield the information timescale 7

without any further assumptions or fitting models. However, we found that estimates
of 73 can depend strongly on the estimation method and embedding dimension (S12 |
and [S3| Figs). The dependence on data size is not
so strong for the practical a roach of optimizing up to dy.x = 5 past bins, but still
we recommend to use data sets of similar length when aiming for comparability across
experiments. Moreover, there might be cases where a model-free estimation of the true
timescale might be infeasible because of the complexity of past dependencies ,
neuron with a 22 seconds past kernel). In this case, only 2 80 % of the true timescale
could be estimated on a 90 minute recording.

A-Another downside of quantifying the history dependence #-R(T) is that its
estimation requires more data than fitting the autocorrelation time 7. To make best
use of the limited data, we here devised an-the embedding optimization approach that
allows to find an-the most efficient representation of past spiking for the estimation of
history dependence NenethelessEven so, we found empirically that a minimum of 10
minutes of recorded spiking activity are advisable to allew-achieve a meamngful

quantification of history dependence and its %eﬂapeﬁﬂ—éep’eh—&t
E&memwwwwwmm
due to over-optimizing embedding parameters on noisy estimates (S2 Fig)). This
overestimation can, however, be avoided by cross-validation, which we find to be
particularly relevant for the Bayesian bias criterion (BBC) estimator. Finally, our
approach uses an embedding model that ranges from uniform embedding to an
embedding with exponentially stretching past bins_—assuming that past information
farther into the past requires less temporal resolution. This embedding model might
be inappropriate if for example spiking depends on the exact timing of distant past
spikes, with gaps in time where past spikes are irrelevant. In such a case, embedding
optimization could be used to optimize more complex embedding models that can also
account for this kind of spiking statistics.

Differences in total history dependence and temperal-depth-information
timescale between data sets agree with ideas from neural coding and
hierarchical information processing. First, we found that the estimated-total
history dependence Rt(—)r%clearly differs among the experimental data sets. Notably,
%@WW&S low for recordings of early visual processing areas such as retina and
primary visual cortex, which is in line with the theory of efficient coding and
neural adaptation for temporal whitening as observed in experiments . In contrast,
Rres—Ryor, was high for neurons in dorsal hippocampus (layer CAl) and cortical culture.
In CA1, the original study found that the temporal structure of neural activity
within the temporal windows set by the theta cycles was beyond of what one would
expect from integration of feed-forward excitatory inputs. The authors concluded that
this could be due to local circuit computations. The high values of Rmrwlﬁ%\support
this idea, and suggest that local circuit computations could serve the integration of past
information, either for the formation of a path integration—based neural map 7 or to
recognize statistical structure for associative learning . In cortical culture, neurons
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are exclusively driven by recurrent input and exhibit strong bursts in the population

activity [58]. This leads to strong history dependence also at the single neuron le

vel.

To summarize, history dependence was low for early sensory processing and high for

high level processing or past dependencies that are induced by strong recurrent fee

dback

in a neural network. We thus conclude that estimated total history dependence Reor

Ryt does indeed provide a footprint of neural coding and information processing.

Second, we observed that the temporal-depth-Tp-ofhistery-dependenee-information

timescale 7g increases from retina (/=76ms~ 23 ms) to primary visual cortex

(2 160-msrtoECH{~450ms~ 37 ms) to CAl (= 96 ms), in agreement with the idea of

a temporal hierarchy in neural information processing [12] These results qualitativel

agree with similar results obtained for the autocorrelation time of spontaneous

activity [9], although the information timescales are overall much smaller than the

autocorrelation times. Our results indieate-suggest that the hierarchy of intrinsic
timescales is-als eted-could also show in the history dependence of single ne
measured by the mutual information.

urons

Conclusion. Embedding optimization enables to estimate history dependence in a

diversity of spiking neural systems, both in terms of the-magnitude-its strength, as well
as the-temporal-depthits timescale. The approach could be used in future experimental

studies to quantify history dependence across a diversity of brain areas, e.g. using the

novel reurepixel-prebe-Neuropixels probe [59], or even across cortical layers vvlthln a

smgle area. To this end we prov1de a toolbox for Python3 [37]:
‘ ‘ jorr. These analyses might yield a more comple
picture of hierarchical processing in terms of the timescale and a footprint of
information processing and coding principles, i.e. information integration versus
redundancy reduction.

Materials and methods

te

In this section, we provide all mathematical details required to reproduce the results of

this paper. We first provide the basic definitions of history dependence, the past
embedding as well as the total history dependence and itstemporal-depththe

information timescale. We then describe the embedding optimization approach that is

used to estimate history dependence from neural spike recordings, and provide a

description of the workflow. Next, we delineate the estimators of history dependence
considered in this paper, and present the novel Bayesian bias criterion. Finally, we

provide details on the benchmark model and how we approximated its history

dependence for given past range and embedding parameters. All code for Python3 that

was used to analyze the data and to generate the figures is available online at
https://github.com/Priesemann-Group/historydependencel

Glossary

Terms

e Past embedding: discrete, reduced representation of past spiking through temporal

binning

e Past-embedding optimization: Optimization of temporal binning for better estimation of

history dependence

e FEmbedding-optimized estimate: Estimate of history dependence for optimized embedding

Abbreviations

e GLM: generalized linear model

March 9, 2021

23,54

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

816

817

818

819

820

821

822

823

824

825

826


https://github.com/Priesemann-Group/historydependence

e ML: Maximum likelihood

e BBC(': Bayesian bias criterion

e Shuffling: Shuffling estimator based on a bias correction for the ML estimator

Symbols

e At: bin size of the time bin for current spiking

e T': past range of the past embedding

e [t —T,t): embedded past window

e d: embedding dimension or number of bins

e rx: scaling exponent for exponential embedding

e Ticc: recording length

o N = (Tiec — T')/At: number of measurements, i.e. number of observed joint events of
current and past spiking

e X: random variable with binary outcomes z € [0, 1], which indicate the presence of a
spike in a time bin At

e X~ T: random variable whose outcomes are binary sequences &~ T € {0, l}d, which

represent past spiking activity in a past range T’

Information theoretic quantities

H (spiking) = H(X): average spiking information

H (spiking|past) = H(X|X ~T): average spiking information for given past spiking in a
past range 1T’

I(spiking; past) = I(X; X ~T): mutual information between current spiking and past
spiking in a past range T'

R(T) = I(X; X~ T)/H(X): history dependence for given past range T

R(T,d, k) = I(X; X;’:)/H(X): history dependence for given past range T and past
embedding d, K

Riot = Tlim R(T): total history dependence
—00

dependence

Tr: information timescale or generalized timescale of history dependence R(T
L(T) = 1(X; X_7): lagged mutual information with time lag T ferwhieh-R{(T ) =R
7r: generalized timescale of lagged mutual information L(T

Estimated quantities

R(T, d, k): estimated history dependence for given past range 7" and past embedding d, x
R(T): embedding-optimized estimate of R(7T) for optimal embedding parameters d*, "

errorbars
Riot: estimated total history dependence, i.e. average R(T) for F-c{Lr Pt
T € [Tp, Tinax], with interval of saturated estimates [Tp, Tmax
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Basic definitions

Definition of history dependence. We estimate-quantify history dependence
R(T) as the mutual information I(X, X ~7) between present and past spiking X and

X T, normalized by the binary Shannon information of spiking H (X), ie.

_IXx, X"

R(T) L, HXXT)

X)L E®) (6)

Under the assumption of stationarity and ergodicity the mutual information can be
computed either as the average over the stationary distribution p(x, £~7), or the time

average , ie.

XX = HOXO) = HXIX ) 7)
: S
) IG%:»l}p(x) o p() QETGZ{O,l}dp(JU7 w)logy plxlze=T) (8)

S S ple e T log HEZ) o)

z€{0,1} x—T€{0,1}4 p(.’l?)

— lim 2 Nl P, |=i,") 10
—Ngnooﬁnz::logg play,) (10)

Here, z;, € {0,1} indicates the presence of a spike in a small interval ft—+-A#
by, b, + At) with At = 5ms throughout the paper, and w;LT encodes the spiking
history in a time window [t,, — T\, t,,) at times t,, = nAt that are shifted by At.

Definition of lagged mutual information. The lagged mutual information L(7'
[41] for a stationary neural spike trains is defined as the mutual information between

resent spiking X and past spiking X _r with delay T, i.e. =0
L(T=1(X;X_r) (11)

Z Z p(z, x_7)log, M (12)

xe{0,1} z_7€{0,1} p()

1 & p(zy, |z )
. to |Vt =T
g,y 2o P "

Here, ;. € {0,1} indicates the presence of a spike in a time bin [t,, {, + At) and
zy 7 € 40,1} the presence of a spike in a single past bin [¢t,, — T,t, — T + At) at
times ¢, = nAt that are shifted by At. In analogy to R(T), one can apply the

eneralized timescale to the lagged mutual information to obtain a timescale 77, with
L

L= Z_; Tnﬁgz;) —Ty. (14)

Definition of autocorrelation. The autocorrelation /(1) for a stationary neural
spike trains is defined as

B Covlzy, ,x¢, —7] B (x4, @y, —T) — <LL‘tn>2
O =Nl @) - (@) 15
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with delay T and x; and z; _7 as above. For an exponentially decayin

autocorrelation C(T) o exp ( —-L ), 7¢ is called autocorrelation time.

Past embedding. Here, we encode the spiking history in a finite time window
[t — T,t) as a binary sequence @, © = (. lT)z , of binary spike counts z; T'c{0,1}ind
past bins (Fig . When more than one spike can occur in a single bin, xm-T =1is
chosen for spike counts larger than the median activity in the ith bin. This type of
temporal binning is more generally referred to as past embedding. It is formally defined
as a mapping

Ir(6): Fr — 8¢ (16)
from the set of all possible spiking histories Fr = o(X,; : 7 € [t — T, 1)), i.e. the sigma

algebra generated by the point process X' (neural spiking) in the time interval [t — T, t),

to the set of d-dimensional binary sequences S%. We can drop the dependence on the
time ¢ because we assume stationarity of the point process. Here, T is the embedded
past range, d the embedding dimension, and 6 denotes all the embedding parameters
that govern the mapping, i.e. 8 = (d, ...). The resulting binary sequence at time ¢ for
given embedding 6 and past range 7" will be denoted by x, g . In this paper, we consider
the following two embeddings for the estimation of histor}; dependence.

Uniform embedding. If all bins have the same bin width 7 = T'/d, the embedding
is called uniform. The main drawback of the uniform embedding is that higher past
ranges T enforce a uniform decrease in resolution 7 when d is fixed.

Exponential embedding. One can generalize the uniform embedding by letting bin
widths increase exponentially with bin index j = 1, ..., d according to

Fr=rt0U=5r, = 710UV Here, +1; gives the b1n size of the first past bin, and is
uniquely determined when T', d and k are specified. Note that x = 0 yields a uniform
embedding, whereas k > 0 decreases resolution on distant past spikes. For fixed
embedding dimension d and past range 7T, this allows to retain a higher resolution on
spikes in the more recent past.

Sufficient embedding. Ideally, the past embedding preserves all the information
that the spiking history in the past range T has about the present spiking dynamics. In
that case, no additional past information has an influence on the probability for x; once
the embedded spiking history x, GT is given, i.e.

pladarg ) = pledayg ) (17)

for any other past embedding x; ,, T If Eq (17) holds for all times ¢, the embedding
T'r(0) is called a sufficient embeddlng For the remainder of this paper, the sequences
of sufficient embeddings are denoted by x, T

Insufficient embeddings cause underestimation of history dependence. The
past embedding is essential when inferring history dependence from recordings, because
an insufficient embedding causes underestimation of history dependence. To show this,
we note that for any embedding parameters 6 and past range T the Kullback-Leibler
divergence between the spiking probability for the sufficient embedding p(z¢|z; ") and
p(xt|x;g) cannot be negative [61], i.e.

T -7 _T plaz, ")
Dice, [plaler Mlip(elary)] = > plaler ) log, 22 >0, (18)
z,€{0,1} p(zt|a:t79 )
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with equality iff p(mt|w;9T) = p(xy|x; 7). By taking the average over all times t,,, we

arrive at

0< A}gnoo — Z Z p(xy, |wtn log,

n=1gz; €{0,1}

p(zy, |z;")
(

1
. -
= Jlim N E E pla, 2,0 2, ")) log, ]

n=1gz, €{0,1}
N

1
— Mim o> bl lz)log,

n=1g,, €{0,1}
=H(X|X,;") - H(X|X™T),

where the last step follows from stationarity and ergodicity and marginalizing out x;

o)

pla, |2

(19)

(20)

(21)

(22)
T

in the first term. From here, it follows that one always underestimates the history
dependence in neural spiking, as long as the embedding is not sufficient, i.e.

H(X|X, ")

R(T,0)=1— <1

H(X|X™T)

H(X) — HX)

= R(T).

Estimation of history dependence using past-embedding

optimization

(23)

The past embedding is crucial in determining how much history dependence we can
capture, since an insufficient embedding 6 leads to an underestimation of the history
dependence R(T) > R(T,0). In order to capture as much history dependence as
possible, the embedding 6 should be chosen to maximize the estimated history
dependence R(T,0). Since the history dependence has to be estimated from data, we
formulate the following embedding optimization procedure in terms of the estimated

history dependence R(T',6).

Embedding optimization. For given T, find the optimal embedding #* that

maximizes the estimated history dependence

0* = argmax R(T,0).
0

This yields an embedding-optimized estimate R(T)
dependence R(T).

= R(T, 6*) of the true history

(24)
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Requirements. Embedding optimization can only give sensible results if the
optimized estimates R(T, ) are guaranteed to be unbiased or a lower bound to the true
R(T,0). Otherwise, embeddings will be chosen that strongly overestimate history
dependence. In this paper, we therefore use two estimators, BBC and Shuffling, the
former of which is designed to be unbiased, and the latter a lower bound to the true
R(T,0) (see below). In addition, embedding optimization works only if the estimation
variance is sufficiently small. Otherwise, maximizing over variable estimates can lead to
a mild overestimation. We found for a benchmark model that this overestimation was
negligibly small for a recording length of 90 minutes for a model neuron with a 4 Hz
average firing rate . For smaller recording lengths, potential overfitting can be
avoided by cross-validation, i.e. optimizing embeddings on one half of the recording and
computing embedding-optimized estimates on the other half.

Implementation. For the optimization, we compute estimates R(T, d, k) for a range
of embedding dimensions d € [1,2, ..., dmax| and scaling parameter x = [0, ..., Kmax]. For
each T, we then choose the optimal parameter combination d*, x* for each T" that
maximizes the estimated history dependence ]:B(T7 d, k), and use ]:B(T7 d*, k*) as the best
estimate of R(T).

Estimation of temporal-depth-and-total history dependence and the
information timescale. Using-the-embedding-optimized-When estimating history
dependence R(T') from data, there are some adjustments required to estimate the total
history dependence Ryoe and the information timescale 7.

First, estimates R(T ) are not guaranteed to converge for large past ran es T, but

mlht decrease due to a reduced resolution of embeddings for hig

MW&@WLM%%U@&@WWM&E the
temporal depth Tp %eeﬂm&teé%ﬁheﬂmﬂﬂﬁfkpﬁfaﬁg&@@@emwrmg&%
WWT for Wthh estimates R(T)) Yies-are within one
standard deviation of the ms S > -ehighest estimate

B\mm Le.
Tp = min T‘R(T)zél\lax*(’famax )
i A A
Riax = max R(T).
R(T) > R — 05 Fi vertical blue bars). The standard deviation T ——Was

estimated by bootstrapping (see below)—TFaking-the-standard-deviationinto-account
makes estimates of the temporal depth-more robust Lo statistical fluctuations in

esﬁmr&éevef—%h&%a%eﬁeéeﬁeﬂéeﬂee»%——lﬂhe—lBootstrap confidence 1ntervals|) From

M\m total history dependence was-estimated-I ¢ is
obtained by averaglng R(T) over past ranges s o

Fi vertical dashed blue line).

Second, noisy estimates R(T) kes

Tnmx = InaX1’|H<T)>qux

—0 A .
“ Rmax

sare not guaranteed to be monotonousl
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increasing, such that increments AR(T) can be negative. Moreover, noisy estimates

can lead to positive AR(T) even though the true R(T) has already converged to R of-

This can have a huge effect on the estimated information timescale 75 if one simpl
uses these estimates in Eq (5). To avoid this, we use knowledge about the behavior of

the true R(T) when estimating AR(T). In particular, we set estimates R(T) equal to
the largest previous estimate R(T") for T' < T if they fall below it, and equal to B

if they are larger than Ryer. This enforces that the estimated gain AR(T) > 0 is
non-negative, and excludes spurious gain for high 7' due to noisy estimates.
Finally, the information timescale 7 can crucially depend on the choice of the
minimum past range ) in the sum in Eq (9). er than zero allows to
ignore short term effects on the history dependence such as the refractory period or
different firing modes, which we found beneficial for resolving differences in the
515 Fig
truly exponential, than 7p is independent of Ty. In this paper, we chose T = 101s to.
exclude short _term effects, while also not excluding too much past information.

Fig 10. Workflow of past-embedding optimization to estimate history
dependence and its temporal depth. 1) Define a set of embedding parameters
d. s for fixed past range T'. 2) For each embedding d, , record sequences of current
and past spiking a1, @; "y for all time steps t, in the recording. 3) Use the frequencies
of the recorded sequences to estimate history dependence for each embedding, either
using maximum likelihood (ML), or fully Bayesian estimation (NSB). 4) Apply.
regularization, i.e. the Bayesian bias criterion (BBC) or Shuffling bias correction, such
that all estimates are unbiased or lower bounds to the true history dependence. 5)
Select the optimal embedding to obtain an embedding-optimized estimate of R(T). 6)
Repeat the estimation for a set of past ranges T to compute estimates of the
information timescale 7z and the total history dependence Rios.

Different estimators of history dependence

To estimate R(T,0), one has to estimate the binary entropy of spiking H(X) in a small
time bin At, and the conditional entropy H(X|X, ") from data. The estimation of the
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binary entropy only requires the average firing probability p(z=1) = rAt with
H(X) = —rAtlogy rAt — (1 — rAt)logy(1 — rAt), (25)

which can be estimated with high accuracy from the estimated average firing rate r
even for short recordings. The conditional entropy H(X|X,T), on the other hand, is
much more difficult to estimate. In this paper, we focus on a non-parametric approach
that estimates

H(X|X;") = HX. X, ")~ H(X; ") (26)

by a non-parametric estimation of the entropies H(X, ") and H(X, X, 7).

The estimation of entropy from data is a well-established problem, and we can make
use of previously developed entropy estimation techniques for the estimation of history
dependence. We here write out the estimation of the entropy term for joint sequences of
present and past spiking H (X, X, T), which is the highest dimensional term and thus
the hardest to estimate. Estimation for the marginal entropy H (X, 7Y is completely
analogous.

Computing the entropy requires knowing the statistical uncertainty and thus the
probabilities for all possible joint sequences. In the following we will write probabilities
as a vector w = ()&, where m;, = p ((z,2, " )=ay,) are the probabilities for the
K = 241 possible joint spike patternpatterns ax € {0,1}%+!. The entropy H(X, X, ")
then reads

K
H(X,X;")=H(m) = =) _ 74 logy m. (27)
k=1

Once we are able to estimate the probability distribution 7, we are able to estimate the
entropy. In a non-parametric approach, the probabilities 7w = (Wk)le are directly
inferred from counts n = (ny)f_, of different spike sequences aj, within the spike
recording. Each timestepftartr—+At-time step [t,,. 6, + At) provides a sample of
present spiking z¢, and its history @, TG’ such that a recording of length T}e. provides
N = (Tyec — T)/At data points.

Maximum likelihood estimation. Most commonly, probabilities of spike sequences
ay are then estimated as the relative frequencies 7, = ng /N of their occurrence in the
observed data. It is the maximum likelihood (ML) estimator of v for the multinomial
likelihood

K
p(n|m) o [ ] mpx. (28)
k=1

Plugging the estimates 7 into the definition of entropy results in the “M&—ML
estimator of the entropy

K
~ _ n n
(X, X, 7)== " logy — (29)

B (T, 0) = 1 0_ . (30)

The ML estimator has the right asymptotic properties [28}/62], but is known to
underestimate the entropy severely when data is limited [28]/63]. This is because all
probability mass is assumed to be concentrated on the observed outcomes. A more
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concentrated probability distribution results in a smaller entropy, in particular if many
outcomes have not been observed. This results in a systematic underestimation or
negative bias

biasBias | Hw, (X, X3 ")| <0. (31)

The negative bias in the entropy, which is largest for the highest-dimensional joint
entropy Hyr, (X, X, T), then typically leads to severe overestimation of the mutual
information and history dependence [27,/64]. Because of this severe overestimation, we
cannot use the ML estimator for embedding optimization.

Bayesian Nemenman-Shafee-Bialek (NSB) estimator. In a Bayesian

framework, the entropy is estimated as the posterior mean or minimum mean square
error (MMSE)

Hynse(n) = /dﬂ'H(“)p(“’ln) - /dWH(W)fdiszg:):’(;)(W')' o

The posterior mean is the mean of the entropy with respect to the posterior distribution
on the probability vector 7 given the observed frequencies of spike sequences n

__ plnmp(m)
PRI = (i o) %

The probability for i.i.d. observations n from an underlying distribution 7 is given by
the multinomial distribution in Eq .

If the prior p(7r) is a conjugate prior to the multinomial likelihood, then the high
dimensional integral of Eq can be evaluated analytically [32]. This is true for a
class of priors called Dirichlet priors, and in particular for symmetric Dirichlet priors

K
plrl) o [[ =" (34)
k=1

The prior p(7|B) gives every outcome the same a priori weight, but controls the weight
£ > 0 of uniform prior pseudo-counts. A S = 1 corresponds to a flat prior on all
probability distributions 7r, whereas  — 0 gives maximum likelihood estimation (no
prior pseudo-count).

It has been shown that the choice of § is highly informative with respect to the
entropy, in particular when the number of outcomes K becomes large [65]. This is
because the a priori variance of the entropy vanishes for K — oo, such that for any
7 ~ p(m|fB) the entropy H () is very close to the a priori expected entropy

£(8) = / dreH (m)p(x|B) = bo (KB + 1) — o8 + 1), (35)

where 1, (2) = 0 logI'(2) are the polygamma functions. In addition, a lot of data is
required to counter-balance this a priori expectation. The reason is the prior adds
pseudo-counts on every outcome, i.e. it assumes that every outcome has been observed 3
times prior to inference. In order to influence a prior that constitutes K pseudo-counts,
one needs at least NV > K samples, with more data required the sparser the true
underlying distribution. Therefore, an estimator of the entropy for little data and fixed
concentration parameter S is highly biased towards the a priori expected entropy &(53).
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Nemenman et al. [33] exploited the tight link between concentration parameter
and the a priori expected entropy to derive a mixture prior

pNSB / ag ’ 7"|5 (36)

55 =K (KB+1)—i(B+1), (37)

that weights Dirichlet priors to be flat with respect to the expected entropy £(5). Since
the variance of this expectation vanishes for K > 1 [65], for high K the prior is also
approximately flat with respect to the entropy, i.e. H(w) ~ U(0,log, K) for

7 ~ pnsp(m). The resulting MMSE estimator for the entropy is referred to as the NSB
estimator

) Y p(n|m)pnsp(T)
Hynsp(n) = /d H{( )fdw/p(n|7Tl)pNSB(7r/) .

_ JABFEB)H(B)p(8,m)

(39)
[ 48" (3 p(', )
Here, p(8,n) is proportional to the evidence for given concentration parameter
K
F nz + B
— 40
p(B,m) N+Kﬁ 1;[1 0 (40)
x [ dmptrim) pia|5) = pln]), (a)
where I'(x) is the gamma function. The posterior mean of the entropy for given
concentration parameter is
Z DB (N + KB +1) — do(ni + 8+ 1)]. (42)
N+ KB
From the Bayesian entropy estimate, we obtain an NSB estimator for history
dependence
. Hysp(X, X, 7)) — Hysp(X, T
Rxsn(T,0) = 1 - s Xy ) = Hysn(Xy ) (43)

H(X)
where the marginal and joint entropies are estimated individually using the NSB
method.

To compute the NSB entropy estimator, one has to perform a one-dimensional
integral over all possible concentration parameters 5. This is crucial to be unbiased
with respect to the entropy. An implementation of the NSB estimator for Python3 is
published alongside the paper with our toolbox [37]. To compute the integral, we use a
Gaussian approximation around the maximum a posteriori 8* to define sensible
integration bounds when the likelihood is highly peaked, as proposed in [34].

Bayesian bias criterion. The goal of the Bayesian bias criterion (BBC) is to
indicate when estimates of history dependence are potentially biased. It might indicate
bias even when estimates are unbiased, but the opposite should never be true.

To indicate a potential estimation bias, the BBC compares ML and BBC estimates
of the history dependence. ML estimates are biased when too few joint sequences have
been observed, such that the probability for unobserved or undersampled joint outcomes
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is underestimated. To counterbalance this effect, the NSB estimate adds
pseudo-counts to every outcome, and then infers S with an uninformative prior. For the
BBC, we turn the idea around: when the assumption of no pseudo-counts (ML) versus a
posterior belief on non-zero pseudo-counts (NSB) yield different estimates of history
dependence, then too few sequences have been observed and estimates are potentially
biased. This motivates the following definition of the BBC.

The NSB estimator Rxsp(7T,6) is biased with tolerance p > 0, if

|Rxse(T,0) — Ry (T, 0)| > p - Rxss(T,0). (44)
Similarly, we define the BBC estimator

Rnsp(T,0) if Rusp(T,0) — Ruu(T,0) < p- Rxsa(T, 0),

. (45)
0 otherwise.

RBBC(Ta 9) = {

This estimator is designed to be unbiased, and can thus can be used for embedding
optimization in Eq . We use the NSB estimator for R(T, 6) instead of the ML
estimator, because it is generally less biased. A tolerance p > 0 accounts for this, and
accepts NSB estimates when there is only a small difference between the estimates. The
bound for the difference is multiplied by I%NSB(T, ), because this provides the scale on
which one should be sensitive to estimation bias. We found that a tolerance of p = 0.05
was small enough to avoid overestimation by BBC estimates on the benchmark model

(Fig[5] and [S2 Fig).

Shuffling estimator. The Shuffling estimator was originally proposed in [31] to
reduce the sampling bias of the ML mutual information estimator. It has the desirable
property that it is negatively biased in leading order of the inverse number of samples.
Because of this property, Shuffling estimates can safely be maximized during embedding
optimization without the risk of overestimation. Here, we therefore propose to use the
Shuffling estimator for embedding-optimized estimation of history dependence.

The idea behind the Shuffling estimator is to rewrite the ML estimator of history
dependence as

Ry (T,0) = 7X) (ﬁML(XeTT) - ]:IML(XQ_T|X)) (46)

and to correct for bias in the entropy estimate Hyy, (X gT\X ). Since X is well sampled
and thus H(X) is unbiased, and the bias of the ML entropy estimator is always
negative [281[63], we know that

Bias| Ry (T, 0)) = Bias[Hyy, (X, )] — Bias| Ay (X, 7| X)) (47)
< —Bias[Hy, (X, 7| X)) (48)

Therefore, if we find a correction term of the magnitude of Bias[Hyr, (X, 7 |X)], we can
turn the bias in the estimate of the history dependence from positive to negative, thus
obtaining an estimator that is a lower bound of the true history dependence. This can
be achieved by subtracting a lower bound of the estimation bias Bias|Hyr, (X, 7| X))
from Ay (X, 7| X).

In the following, we describe how [31] obtain a lower bound of the bias in the
conditional entropy fIML(X 9 T|X ) by computing the estimation bias for shuffled
surrogate data.

Surrogate data are created by shuffling recorded spike sequences such that statistical
dependencies between past bins are eliminated. This is achieved by taking all past
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sequences that were followed by a spike, and permuting past observations of the same

bin index j. The same is repeated for all past sequences that were followed by no spike.

The underlying probability distribution can then be computed as

d
pan(@y " |e) = [] plag ] ), (49)
j=1
and the corresponding entropy is
d
H(X,51%) =Y H(Xj0, "IX). (50)
j=1

The pairwise probabilities p(z, JT|x) are well sampled, and thus each conditional entropy
in the sum can be estimated with high precision. This way, the true conditional entropy
H(X;Z;JX) for the shuffled surrogate data can be computed and compared to the ML

estimate Hyp, (X 9_,ZL|X ) on the shuffled data. The difference between the two
AHNL(X 5 51X)] = Hun (X5 5 1X) — H(X 5 1X) (51)

yields a correction term that is on average equal to the bias of the ML estimator on the
shuffled data.

Importantly, the bias of the ML estimator on the shuffled data is in leading order
more negative than on the original data. To see this, we consider an expansion of the
bias on the conditional entropy in inverse powers of the sample size N [27./64]

Bias[ Ay (X, 7| X)] = —2N11n2 > (f((:c) - 1) +0 (;) . (52)
z€{0,1}

Here, K (x) denotes the number of past sequences with nonzero probability
p(x, " =ag|z) > 0 of being observed when followed by a spike (z = 1) or no spike
(x = 0), respectively. Notably, the bias is negative in leading order, and depends only on
the number of possible sequences K (x). For the shuffled surrogate data, we know that
pen(x, T =ay|r) = 0 implies p(x, " =ay|r) = 0, but Shuffling may lead to novel
sequences that have zero probability otherwise. Hence the number of possible sequences
under Shuffling can only increase, i.e. Ku(2) > K(z), and thus the bias of the ML
estimator under Shuffling to first order is always more negative than for the original
data . .

Bias[Hyr, (X5 2| X)] S Bias[Hyw (X5 7| X). (53)

Terms that could render it higher are of order O(N~2) and higher and are assumed to
have no practical relevance.

This motivates the following definition of the Shuffling estimator: Compute the
difference between the ML estimator on the shuffled and original data to yield a
bias-corrected Shuffling estimate

Hyiwon (X5 T 1X) = Han (X5 T 1X) — AHMu (X5 5,1 X), (54)
and use this to estimate history dependence
. 1 A _ - _
Rshutaiing (T, 6) = M (HML(Xg Ty — Hian (X, T\X)> . (55)

Because of Eq and Eq , we know that this estimator is negatively biased in
leading order X
Rshutling(T,0) S0 (56)

and can safely be used for embedding optimization.
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Estimation of history dependence by fitting a generalized linear model
(GLM). Another approach to the estimation history dependence is to model the
dependence of neural spiking onto past spikes explicitly, and to fit model parameters to
maximize the likelihood of the observed spiking activity [21]. For a given probability
distribution p(z|x; T v) of the model with parameters parameters v, the conditional
entropy can be estimated as

N
N _ 1 _ _
HXIX T, 0) = 3 logy pla Jai, T w) (57)

n=1

which one can plug into Eq @ to obtain an estimate of the history dependence. The
strong law of large numbers [60] ensures that if the model is correct, i.e.

p(zx; T, v) = p(a|x; ") for all ¢, this estimator converges to the entropy H(X|X~7)
for N — oco. However, any deviations from the true distribution due to an incorrect
model will lead to an underestimation of history dependence, similar to choosing an
insufficient embedding. Therefore, model parameters should be chosen to maximize the
history dependence, or to maximize the likelihood

N
V" = argmax Z log, p(x,, |xr ", V). (58)

n=1

We here consider a generalized linear model (GLM) with exponential link function that
has successfully been applied to make predictions in neural spiking data [20] and can be
used for the estimation of directed, causal information [21]. In a GLM with past
dependencies, the spiking probability at time ¢ is described by the instantaneous rate or
conditional intensity function

7 -T
)\(ﬂsz’ V) — lim p(t € [tvt + 515“1275 7”).

5t—0 ot (59)

Since we discretize spiking activity in time as spiking or non-spiking in a small time
window At, the spiking probability is given by the binomial probability

Atz T v)At
14+ Mtlz, T v)At

p(z=1z; T, v) (60)
The idea of the GLM is that past events contribute independently to the probability of
spiking, such that the conditional intensity function factorizes over their contributions.
Hence, it can be written as

d
Mty T, h) =exp | p+ Z hjxt_]T , (61)

j=1
where h; gives the contribution of past activity Ty ]T in past time bin j to the firing rate,
and p is an offset that is adapted to match the average firing rate.

Although fitting GLM parameters is more data-efficient than computing
non-parametric estimates, overfitting may occur for limited data and high embedding
dimensions d, such that d cannot be chosen arbitrarily high. In order to estimate a
maximum of history dependence for limited d, we apply the same type of binary past
embedding as we use for the other estimators, and optimize the embedding parameters
by minimizing the Bayesian information criterion [66]. In particular, for given past
range T, we choose embedding parameters d*, k* that minimize

BIC(d, ) = (d + 1) log, N — 2L*(d, x), (62)
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where N is the number of samples and

N
L(d k) =Y logy p(ar, |2 Ty o™ 1) (63)
n=1
is the maximized log-likelihood of the recorded spike sequences (zy, , x, Td N) ; for

optimal model parameters p*, h*. We then use the optimized embedding parameters to
estimate the conditional entropy according to

2 - 1 * [ 7% *
HGLM(X|Xd*7:n*) = _N‘C (d K )7 (64)
which results in the GLM estimator of history dependence

HGLM(X|X(1* Y
H(X)

Reum(T) =

Bootstrap confidence intervals. In order to estimate confidence intervals of
estimates R(T, ) for given past embeddings, we apply the blocks of blocks
bootstrapping method |67| To obtain bootstrap samples, we first compute all the
binary sequences (vy,,x; ',) for n = 1,..., N that result from discretizing the spike
recording in N time steps At and applylng the past embedding. We then randomly
draw N/ blocks of length [ of the recorded binary sequences such that the total number
of redrawn sequences is the same as the in the original data. We choose [ to be the
average inter-spike-interval-interspike interval (ISI) in units of time steps At, i.e.

[ =1/(rAt) with average firing rate r. Sampling successive sequences over the typical
IST ensures that bootstrapping samples are representative of the original data, while
also providing a high number of distinct blocks that can be drawn.

The different estimators (but not the bias criterion) are then applied to each
bootstrapping sample to obtain confidence intervals of the estimators. Instead of
computing the 95% confidence interval via the 2.5 and 97.5 percentiles of the
bootstrapped estimates, we assumed a Gaussian distribution and approximated the
interval via [R(T,0) — 26 (T, 0), R(T,0) + 26 r(T, )], where 6(T, 0) is the standard
deviation over the bootstrapped estimates.

We found that the true standard deviation of estimates for the model neuron was
Well estimated by the bootstrapping procedure, irrespective of the recording length -
. Furthermore, we simulated 100 recordmgb of the same recording length and for
each computed confidence interval for the ma i ; :
@MMMMMWM By measuring
how often the model’s true value for the same embedding was included in these intervals,
we found that the Gaussian confidence intervals are indeed close to the claimed
confidence level . This indicates that the bootstrap confidence intervals
approximate well the uncertainty associated with estimates of history dependence.

Cross-validation. For small recording lengths, embedding optimization may cause
overfitting through the maximization of variable estimates . To avoid this type
of overestimation, we apply one round of cross-validation, i.e. we optimize embeddings
over the first half of the recording, and evaluate estimates for the optimal past
embedding on the second half. We chose this separation of training and evaluation data
sets, because it allows the fastest computation of binary sequences (74, ,x, Te) for the
different embeddings during optimization. We found that none of the cross-validated
embedding-optimized estimates were systematically overestimating the true history
dependence for the benchmark model for recordings as short as three minutes (S1 Fig)).
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Therefore, cross-validation allows to apply embedding optimization to estimate history

dependence even for very short recordings.

Benchmark neuron model

Generalized leaky integrate-and-fire neuron with spike-frequency

adaptation. As a benchmark model, we chose a generalized leaky integrate-and-fire

model (GLIF) with an additional adaptation filter £ (GLIF-{) that captures
spike-frequency adaptation over 20 seconds [43].

For a standard leaky integrate-and-fire neuron, the neuron’s membrane is formalized

as an RC circuit, where the cell’s lipid membrane is modeled as a capacitance C,

and

the ion channels as a resistance that admits a leak current with effective conductance

gr. Hence, the temporal evolution of the membrane’s voltage V' is governed by

CV = —gr(V — Vg) + L (t).

(66)

Here, Vi denotes the resting potential and I« (t) external currents that are induced by
some external drive. The neuron emits an action potential (spike) once the neuron
crosses a voltage threshold Vi, where a spike is described as a delta pulse at the time of

emission £. After spike emission, the neuron returns to a reset potential V;. Here,

we do

not incorporate an explicit refractory period, because inter-spike-intervals-interspike

intervals in the simulation were all larger than 10ms. For constant input current
integrating Eq yields the membrane potential between two spiking events

V(1) = Vio + (Vo — Vi )e 70710,

Iext7

(67)

where £ is the time of the most recent spike, v = g7, /C' the inverse membrane timescale

and Vi, = Vi + Iext /7 the equilibrium potential.

In contrast to the LIF, the GLIF models the spike emission with a soft spiking
threshold. To do that, spiking is described by an inhomogeneous Poisson process, where

the spiking probability in a time window of width d¢ < 1 is given by

t+dt
p(t € [t,t+6t]) =1 —exp </ A(s)ds) ~ A(t)ot.

Here, the spiking probability is governed by the time dependent firing rate

A(t) = Ao exp (W) .

(68)

(69)

The idea is that once the membrane potential V (¢) approaches the firing threshold
Vr(t), the firing probability increases exponentially, where the exponential increase is
modulated by 1/AV. For AV — 0, we recover the deterministic LIF, while for larger

AV the emission becomes increasingly random.

In the GLIF-¢, the otherwise constant threshold Vj is modulated by the neuron’s

own past activity according to

Vr(t) = Vi + Y &(t—1)

fj <t

(70)

Thus, depending on their spike times fj, emitted action potentials increase or decrease
the threshold additively and independently according to an adaptation filter £(¢).
Thereby £(t) = 0 for t < 0 to consider effects of action potentials that were emitted in
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the past only. In the experiments conducted in [43], the following functional form for
the adaptation filter was extracted:

ag Jf 0<s < T
=19 4 (%) " if Te<s <225, (7)

The filter is an effective model not only for the measured increase in firing threshold,
but also for spike-triggered currents that reduce the membrane potential. When
mapped to the effective adaptation filter £, it turned out that past spikes lead to a
decrease in firing probability that is approximately constant over a period T = 8.3 ms,
after which it decays like a power-law with exponent 3¢ = 0.93, until the contributions
are set to zero after 22s.

Model variant with 1s past kernel. For demonstration, we also simulated a
variant of the above model with a 1s past kernel

{a%s Jif 0 < s < T

1s
s) = -8
&) aés(ﬁ) g,ifT5<s<ls.

(72)

All parameters are identical apart from the strength of the kernel ¢!®* = 35.2mV
which was adapted to maintain a firing rate of 4 Hz despite the shorter kernel.

Simulation details. In order to ensure stationarity, we simulated the model neuron
exposed to a constant external current I..; = const. over a total duration of

Trec = 900 min. Thereby, the current I.i; was chosen such that the neuron fired with a
realistic average firing rate of 4 Hz. During the simulation, Eq was integrated using
simple Runge-Kutta integration with an integration time step of ¢ = 0.5 ms. At every
time step, random spiking was modeled as a binary variable with probability as in Eq
. After a burning-in time of 100s, spike times were recorded and used for the
estimation of history dependence. The detailed simulation parameters can be found in
Table Il

Table 1. Simulation parameters of the GLIF-¢ model.

Term  Description Value Units
Mo Latency 2.0 ms!
1/4  Membrane timescale 15.3  ms
Vs  Equilibrium potential -45.9 mV
Vo Reset potential -38.8 mV
Vi Firing threshold baseline -51.9 mV
AV Firing threshold sharpness 0.75 mV
o¢  Magnitude of the effective adaptation filter & 193 mV
Be Scaling exponent of the effective adaptation filter & 0.93 -

Te Cutoff of the effective adaptation filter £ 8.3 ms
ot Simulation step 0.5 ms

The parameters were originally extracted from experimental recordings of (n=14) L5
pyramidal neurons [43].

Computation of the total history dependence. In order to determine the total
history dependence in the simulated spiking activity, we computed the conditional
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entropy H(X|X ™) from the conditional spiking probability in Eq that was used
for the simulation. Note that this is only possible because of the constant input current,
otherwise the conditional spiking probability would also capture information about the
external input.

Since the conditional probability of spiking used in the simulation computes the
probability in a simulation step dt = 0.5 ms, we first have to transform this to a
probability of spiking in the analysis time step At = 5ms. To do so, we compute the

probability of no spike in a time step f&t+A¢-t, t + At) according to

At/6t )
peim(2:=0lz; =) = [ [1 = At + (j — 1)dt)5t], (73)

Jj=1

and then compute the probability of at least one spike by
p(ze=1lz; *°) = 1 — p(z:=0]z; °°). Here, the rate A(t) is computed as A(t) in Eq ,
but only with respect to past spikes that are emitted at times £ < t. This is because no
spike that occurs within f+—+A4-t. t + At) must be considered when computing
psim(xt:mmt_oo)-

For sufficiently long simulations, one can make use of the SLLN to compute the
conditional entropy

N
—oc0 1 —o0
Hsim(X‘X ) = _N Z 1Og2 DPsim (xtn ‘mtn )a (74)

n=1
and thus the total history dependence

Riot =1 — w, (75)
H(X)

which gives an upper bound to the history dependence for any past embedding.

Computation of history dependence for given past embedding. To compute
history dependence for given past embedding, we use that the model neuron can be well
approximated by a generalized linear model (GLM) within the parameter regime of our
simulation. We can then-thus fit a GLM to the simulated data for the given past
embedding T, d, k to obtain a good approximation of the corresponding true history

dependence R(T,d, k). Note that this is a specific property if this model and does not
hold in general. For example in experiments, we found that the GLM accounted for

less history dependence than model-free estimates (Fig [6)).

To map the model neuron to a GLM, we plug the membrane and threshold dynamics
of Eq @ and Eq into the equation for the firing rate Eq, ie.

A(t) = exp [log Ao+ Veo — Vit + D €(t —1;) + (Vo — Vao)e 700 | - (76)

fj <t

For the parameters used in the simulation, the decay time of the reset term Vy — V. is
1/v = 15.3ms. When compared to the minimum and mean inter-spike intervals of
ISLyin = 25, ms and IST = 248 ms, it is apparent that the probability for two spikes to
occur within the decay time window is negligibly small. Therefore, one can safely
approximate

(Vo — Voo)e—'v(t—to) ~ Z(VO — Voo)e—v(t—tj)7 (77)

fj <t
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i.e. describing the potential reset after a spike as independent of other past spikes,
because contributions beyond the last spike (j > 0) are effectively zero. Using the above
approximation, one can formulate the rate as in a generalized linear model with

d
A(t) =exp [ nY by |, (78)
j=1
where
p=1logg+ Vo = V1 (79)
hj = £(j6t) + (Vo — Voo )e ™7, (80)

and z, ; € {0,1} indicates whether the neuron spiked in [t — jét, ¢ — (j + 1)dt].
Therefore, the true spiking probability of the model is well described by a GLM.

We use this relation to approximate the history dependence R(T),d, k) for any past
embedding T, d, x with a GLM with the same past embedding. Since in that case the
parameters p and h are not known, we fitted them to the simulated 900 minute
recording via maximum likelihood (see above) and computed the history dependence
according to

Houm(X|X 3 ))

R T,d, k) =1 .
aLm( ) A0

(81)

Computation of history dependence as a function of the past range. To
approximate the model’s true history dependence R(T), for each T' we computed GLM
estimates Rarwm (T,d, k) (Eq for a varying number of past bins

d € [25,50, 75,100, 125, 150]. For each d, the scaling x was chosen such that the size of
the first past bin was equal or less than 0.5 ms. To save computation time, and to
reduce the effect of overfitting, the GLM parameters where fitted on 300 minutes of the
simulation, whereas estimates Rapm (T, d, k) were computed on the full 900 minutes of
the simulated recording. For each T', we then chose the highest estimate RGLM(T, d, k)
among the estimates for different d as the best estimate of the true R(T).

Experimental recordings

We analyzed neural spike trains from in vitro recordings of rat cortical cultures and
salamander retina, as well as in vivo recordings in rat dorsal hippocampus (layer CA1)
and mouse primary visual cortex. Data from salamander retina were recorded in strict
accordance with the recommendations in the Guide for the Care and Use of Laboratory
Animals of the National Institutes of Health, and the protocol was approved by the
Institutional Animal Care and Use Committee (IACUC) of Princeton University
(Protocol Number: 1828). The rat dorsal hippocampus experimental protocols were
approved by the Institutional Animal Care and Use Committee of Rutgers
University [46,47]. Data from mouse primary visual cortex were recorded according to
the UK Animals Scientific Procedures Act (1986).

For all recordings, we only analyzed nenrens-sorted units with firing rates between
0.5 Hz and 10 Hz to exclude the extremes of either inactive netrons-or-neurens-units or
units with very high firing rate.

Rat cortical culture. Neurons were extracted from rat cortex (1st day postpartum)
and recorded in vitro on an electrode array 2-3 weeks after plating day. We took data
from five consecutive sessions (L_Prg035_txt_nounstim.txt,
L_Prg036_txt_nounstim.txt, ..., L_Prg039_txt_nounstim.txt) with a total
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duration of about Tyec &~ 203 min. However, we only analyzed the first 90 minutes to
make the results comparable to the other recorded systems. We analyzed in total

n = 48 neurens-sorted units that satisfied our requirement on the firing rate. More
details on the recording procedure can be found in [68], and details on the data set

proper can be found in [50].

Salamander retina. Spikes from larval tiger salamander retinal ganglion cells were
recorded in vitro by extracting the entire retina on an electrode array [69], while a
non-repeated natural movie (leaves moving in the wind) was projected onto the retina.
The recording had a total length of about T =~ 82 min, and we analyzed in total

n = 111 neurens-sorted units that satisfied our requirement on the firing rate. More
details on the recording procedure and the data set can be found in [48,49]. The spike
recording as obtained from the Dryad database [48].

Rat dorsal hippocampus (layer CA1l).

We evaluated spike trains from a

multichannel simultaneous recording made from layer CA1 of the right dorsal
hippocampus of a Long-Evans rat during an open field task (data set ec014.277). The
data-set provided sorted spikes from 8 shanks with 64 channels. The recording had a
total length of about Tiec &~ 90min. We analyzed in total n = 28 neurens-sorted units
that were indicated as single units and satisfied our requirement on the firing rate.
More details on the experimental procedure and the data set can be found in [46]/47].

The spike recording was obtained from the NSF-founded CRCNS data sharing website.

Mouse primary visual cortex. Neurons were recorded in vivo during spontaneous
behavior, while face expressions were monitored. Recordings were obtained by 8
simultaneously implanted Neuropixel probes, and neurens-sorted units were located
using the location of the electrode contacts provided in [51], and the Allen Mouse
Common Coordinate Framework [70]. We analyzed in total n = 142 neurens—{rem—the
rat-sorted units from the mouse ”Waksman” that belonged to primary visual cortex
(irrespective of their layer) and satisfied our requirement on the firing rate. Second, we
only selected neurens-units that were recorded for more than Tye. ~ 40 min (difference
between the last and first recorded spike time). Details on the recording procedure and

the data set can be found in [59] and [51].

Parameters used for embedding optimization

The embedding dimension or number of bins was varied in a range d € [1, dmax|, Where
dmax was either dyax = 20, dmax = 5 (max five bins) or dpax = 1 (one bin). During
embedding optimization, we explored N, = 10 linearly spaced values of the exponential
scaling x within a range [0, fmax(d)]. The maximum Kpax(d) was chosen for each
number of bins d € [1, dpayx] such that the bin size of the first past bin was equal to a
minimum bin size, i.e. Ty = Ti min, Which we chose to be equal to the time step

Ti,min = At = 5ms. To save computation time, we did not consider any embeddings
with x > 0 if the past range T and d were such that 71 (kmax(d)) < At for k = 0.
Similarly, for given 7" and each d, we neglected values of x during embedding

optimization if the difference Ak to the previous value of £ was less than Akpyy = 0.01.

In Table [2| we summarize the relevant parameters that were used for embedding

optimization.

Details to Fig 3. For Fi the process was considered for [ = 1 and an

with marginal probability to be active

reactivation probability of m = 0.8. For [ = 1, all probabilities can easily be calculated,

= h/(1 —m 4+ mh), and conditional
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Table 2. Parameters used for embedding optimization.

Symbol  Value Settings variable name Description

At 0.005 embedding_step_size Time step (in seconds) for the discretiza-
tion of neural spiking activity.

d 1,2,...,dnax embedding_number_of_bins_set Set of embedding dimensions.

N, 10 number_of_scalings Number of linearly spaced values of the
exponential scaling .

T1,min 0.005 min_first_bin_size Minimum bin size (in seconds) of the
first past bin.

Almin 0.01 min_step_for_scaling Minimum required difference between
two values of k.

P 0.05 bbc_tolerance Tolerance for the acceptance of esti-
mates for BBC.

- False cross_validated_optimization Is cross-validation used for optimization
or not.

- 250 number_of _bootstraps_R_max Number of bootstrap samples used to
estimate TR

l 1/rAt block_length_1 Block length used for blocks-of-blocks
bootstrapping.

- all estimation_method Estimators for which embeddings are

optimized (BBC, Shuffling)

To facilitate reproduction, we added the settings variable names of the parameters as they are used in the toolbox [37].

these probabilities, the total mutual information ;¢ and total history dependence
Rio; could be directly computed. We then plotted these quantities as a function of h
where values of h were chosen to vary the firing rate between 0.5 and 10 Hz, with a

approximately the same R;. as for [ = 1. The input activation probability h was

x = 1) ~ 0.025, corresponding to 5 Hz firin

rate with At = 5ms. Autocorrelation C(T) was computed using the MR.estimator

chosen to lead to a fixed probabilit

betwen 0.5 and 0.95, and h was adapted for each m to hold the firing rate fixed at 5

Hz. For Fi the same procedures were applied as in Fi , but now [ was varied

between 1 and 10, and h and m were adapted for each [ to hold the firing rate fixed at

5 Hz and R fixed at the value for [ = 1 and m = 0.8.

Details to Fig-3A4A,B. The branching process was simulated using the

MR.estimator toolbox, with a time step of At = 4ms, population rate of 500 Hz and
subsampling probability of 0.01. Thus, the subsampled spike train had a firing rate of
~ 5 Hz. The branching parameter was set to m = 0.98 with analytic autocorrelation

time 7 (m) = 198 ms. For a long simulation, autocorrelation C'(7') was computed

using the MR.estimator toolbox, L(T') using plugin estimation, and R(7") usin,

embedding optimized Shuffling estimator with d,,.« = 20. The generalized timescales
7r and 77, were computed with 75 = 10 ms.

Details to Fig 4C,D. The Izhikevich model was simulated with the PyNN toolbox
i mode (a =0.02, b=0.2, c = —50,d = 2

parameters set to the chattering

simulation time bin df = 0.01 ms, and noisy input with mean 0.011 and standard
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deviation 0.001. For the analysis, a time step of At = 1 ms was chosen. Apart from
that, C(T) and L(T) were computed as for Fig AB. Here, R(T) was computed with
BBC and d = 20, which revealed higher R;.¢ than Shuffling. To compute 7r, we

Details to Fig 4B,F. The GLIF model was simulated as described in Benchmark
neuron model (model with 22s past kernel). The analysis time step was At = 5ms.

Apart from that, C(T) and L(T) were computed as for Fig [AB. History dependence
R(T) was estimated using a GLM as described in Benchmark neuron model. To
compute 7z, we set To = 10ms.

Details to Fig 5A,B. In Fig EIA,B, we applied the ML, NSB, BBC and Shuffling
estimators for R(d) to a simulated recording of 90 minutes. Embedding parameters were
T=d-7and k =0, with 7 = 20ms and d-={1-1006}d € [1,60]. Since the goal was to
show the properties of the estimators, confidence intervals were estimated from 50
repeated 90 minute simulations instead of bootstrapping samples from the same
recording. Each simulation had a burning in period of 100 seconds. To estimate the
true R(d), the GLM was fitted and evaluated on a 900 minute recording.

Details to Fig 3€5C. In Fig , history dependence R(T) was estimated on a 90
minute recording for 57 different values of T in a range T € [10ms, 3 5.
Embedding-optimized estimates were computed with emae—==206up to dyax = 25 past
bins, and 95% confidence intervals were computed using the standard deviation over

n = 100 bloeks-ef-blocks-bootstrapping samples (see Bootstrap confidence intervals).
To estimate the true R(T,d*, x*) for the optimized embedding parameters d*, k* with
either BBC or Shuffling, a GLM was fitted for the same embedding parameters on a 300
minute recording and evaluated on 900 minutes recording for the estimation of R. See
above on how we computed the best estimate of R(T).

Details to Fig 4:6. For Fig @, history dependence R(T) was estimated for 61
different values of T in a range T € [10ms, 5s]. For each recording, we only analyzed
the first 90 minutes to have a comparable recording length. For embedding
optimization, we used dp.x = 20 as a default for BBC and Shuffling, and compared the
estimates with the Shuffling estimator optimized for dyax = 5 (max five bins) and
dimax = 1 (one bin). For the GLM, we only estimated R{(Z}-R(Tp) for the temporal
depth %@tha‘c was estimated with BBC. To optimize the estimate, we computed
GLM estimates R(Z)-of R(Tp) with the optimal embedding found by BBC, and for
varying embedding dimension d € [1,2,3, ..,20, 25, 30, 35, 40, 45, 50], where for each d we
chose k such that 71 = At. We then chose the embedding that minimized the BIC, and
took the corresponding estimate (L )-R(Tp) as a best estimate for Ryo;. For Figure
JAFig 6A, we plotted only spiketrains-—spike trains of channels that were identified as
single units. For Figure-3BFig 6B, 95% confidence intervals were computed using the
standard deviation over n = 100 bleeks-of-blocks-bootstrapping samples. For Figure
3CFig 6C, embedding-optimized estimates with uniform embedding («x = Q) were

computed with dpax = 20 (BBC erdmar=26-and Shuffling) or d = 5 (Shuffling).
Medians were computed over the n = 28 nenrens-in$Csorted units in CAL.

Details to Figs 5-7 and 6:8. For Figs|7|and (8 history dependence was R(T) was
estimated for 61 different values of T in a range T' € [10ms, 5 s] using the Shuffling

estimator with d.x = 5. The autocorrelation coefficients C(T') were computed with

the MR.Estimator toolbox

53], and the autocorrelation time 7 was obtained using
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the exponential_offset fitting function. For each recording, we only analyzed the
first 40 minutes to have a comparable recording length. For Figure-5Fig [l medians of
F Reot TR, T and R were computed over all netrons-sorted units that were
analyzed, and 95% confidence intervals on the medians were obtained by bootstrapping
with n = 10000 resamples of the median. For Figure-6Fig[8 95% confidence intervals
were computed using the standard deviation over n = 100 bleeks-of-blocks
bootstrapping samples.

Practical guidelines: How to estimate history dependence from
neural spike recordings

Estimating history dependence (or any complex statistical dependency) for neural data
is notoriously difficult. In the following, we address the main requirements for a
practical and meaningful analysis of history dependence, and provide guidelines on how
to fulfill these requirements using embedding optimization. A toolbox for Python3 is
available online [37], together with default parameters that worked best with respect to
the following requirements. It is important that practitioners make sure that their data
fulfill the data requirements (points 4 and 5).

1) The embedding of past-spiking-past spiking activity should be

individually optimized to account for very different spiking statistics. It is
crucial to optimize the embedding for each neuron individually, because history
dependence can strongly differ for neurons from different areas or neural systems

(Fig 7 or even among neurons within a single area (see examples in Fig . Individual
optimization enables a meaningful comparison of temporal depth and history
dependency R between neurons.

2) The estimation has to capture any non-linear or higher-order statistical
dependencies. Embedding optimization using both, the BBC or Shuffling estimators,
is based on non-parametric estimation, in which the joint probabilities of current and
past spiking are directly estimated from data. Thereby, it can account for any
higher-order or non-linear dependency among all bins. In contrast, the classical
generalized linear model (GLM) that is commonly used to model statistical dependencies
in neural spiking activity [20,/21] does not account for higher-order dependencies. We
found that the GLM recovered consistently less total history dependence Ryt (Fig @D)
Hence, to capture single-neuron history dependence, higher-order and non-linear
dependencies are important, and thus a non-parametric approach is advantageous.

3) Estimation has to be computationally feasible even for a high number of
recorded neurons. Strikingly, while higher-order and non-linear dependencies are
important, the estimation of history dependence does not require high temporal
resolution. Optimizing up to dyax = 5 past bins with variable exponential scaling k
could account for most of the total history dependence that was estimated with up to
dmax = 20 bins (Fig @D) With this reduced setup, embedding optimization is feasible
within reasonable computation time. Computing embedding-optimized estimates of the
history dependence R(T) for 61 different values of T' (for 40 minute recordings, the
approach used for Fig (7] and Fig8]) took around 10 minutes for the Shuffling estimator,
and about 8.5 minutes for the BBC per neuron on a single computing node. Therefore,
we recommend using dmax = 5 past bins when computation time is a constraint. Ideally,
however, one should check for a few recordings if higher choices of dyax lead to different
results, in order to cross-validate the choice of dy,.x = 5 for the given data set.

March 9, 2021

4456

1573

1574

1575

1576

1577

1578

1579

1580

1581

1582

1583

1584

1585

1586

1587

1588

1589

1590

1591

1592

1593

1594

1595

1596

1597

1598

1599

1600

1601

1602

1603

1604

1605

1606

1607

1608

1609

1610

1611

1612

1613

1614

1615

1616

1617

1618



4) Estimates have to be reliable lower bounds, otherwise one cannot
interpret the results. It is required that embedding-optimized estimates do not
systematically overestimate history dependence for any given embedding. Otherwise,
one cannot guarantee that on average estimates are lower bounds to the total history
dependence, and that an increase in history dependence for higher past ranges is not
simply caused by overestimation. This guarantee is an important aspect for the
interpretation of the results.

For BBC, we found that embedding-optimized estimates are unbiased if the variance
of estimators is sufficiently small . The variance was sufficiently small for
recordings of 90 minutes duration. When the variance was too high (short recordings
with 3-45 minutes recording length), maximizing estimates for different embedding
parameters introduced very mild overestimation due to overfitting (1-3%) (S1 Fig)). The
overfitting can, however, be avoided by eress—validationcross-validation, i.e. optimizing

the embedding on one half of the recording and computing estimates on the other half.

Using cross-validation, we found that embedding-optimized BBC estimates were
unbiased even for recordings as short as 3 minutes (S1 Fig).
For Shuffling, we also observed overfitting, but the overestimation was small

compared to the inherent systematic underestimation of Shuffling estimates. Therefore,

we observed no systematic overestimation by embedding-optimized Shuffling estimates
on the model neuron, even for shorter recordings (3 minutes and more). Thus, for the
Shuffling estimator, we advice to apply the estimator without cross-validation as long as
recordings are sufficiently long (10 minutes and more, see next point).

5) Spike recordings must be sufficiently long (at least 10 minutes), and of
similar length, in order to allow for a meaningful comparison of total
history dependence and %empemlﬂepﬂ%e&w&easmformatmn
timescale across experiments. The recordmg length affects the-estimated

estimates of the total history dependence Rf—ﬁljm, and especially the-estimated

%efﬁp@f—&l—éeﬁt—h—%—%‘—lf&t—ﬂiiﬁ—of the information timescale 7z. This is because more
data allows more complex embeddlngs such that more hlstory dependence can be

captured.

onsidered-that »‘M@gg%ﬁgm%w
e@etwﬂarmmmwwi%&%m Thercfore, i :

temporal depth recordings are shorter, smaller R(T) will be estimated &J;L%ewvs&
ranges 7', leading to smaller estimates of 7. We found that for shorter recordings, the

%%%ﬁw@%%ﬁ%wﬁ%&ﬁ%ﬁw&m

roughly the same as for 90 minutes, but %
estimates of 7 were considerably smaller (52 and 53 Figs).

To allow for a meaningful comparison of temporal depth between neurons, one thus
has to ensure that recordings are sufficiently long (in our experience at least 10

minutes), otherwise differences in temperal-depth-are-not-Tp may not be well resolved.
Below 10 minutes, we found that ﬂieesﬁﬁr&ﬁeé%empe%éepﬂt—ﬁﬁewsgnwl@gem

could be less than half of the value that was estimated for 90 minutes, and also +he

estimated-total-history-dependenceRrorestimates of Ry, showed a notable decrease.

In addition, all recordings should have comparable length to prevent that differences in
history dependence or tempeoral-depth-timescale are due to different recording lengths.
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Supporting information

S1 Fig. Embedding optimization leads to mild overfitting for short
recordings, which can be avoided by cross-validation. Shown is the relative

bias se—for two versions of the GLIF model with spike adaption, one with 1s and the
other with 22s past kernel. The relative bias refers to the relative difference between
embedding-optimized estimates ]A%(T, d*, k*) and the the-model’s true history
dependence R(T,d*, k*) for the same optimized embedding parameters d*, x*. The
relative bias for Ryo; was computed by first averaging the relative difference

(R(T,d*, k*) — R(T,d*, 5*))/R(T, d*, k*) for T-e{Tp ToaslT € [T Tiyaxl, and second
averaging again over 30 different simulations for Ty, between 1 and 20 minutes, and 10
different simulations for 45 and 90 minutes. Embedding parameters were optimized for
each simulation, respectively, using parameters as in Table [2| with dyax = 25. (Left) For

BBC, the relative bias for Ry is zero only if recordings are sufficiently long (>20
minutes for 1s kernel, and ~ 90 minutes for 22s kernel). When recordings are shorter,
the relative bias increases, and thus estimates are mildly overestimating the model’s
true history dependence for the optimized embedding parameters. For Shuffling,
estimates provide lower bounds to the model’s true history dependence, such that the
relative bias remains negative even in the presence of overfitting. (Right) When one
round of cross-validation is applied, i.e. embedding parameters are optimized on ene
halfthe first, and estimates are computed on the ether-second half of the data, evenfor
sheft—feeefdiﬂg%the bias is approximately zero for BBC cven. even for short recordings, or
more negative for the Shuffling estimator. Therefore, we conclude that the origin of
overfitting is the selection of embedding parameters on the same data that are used for
the estimation of R. Errorbars show 95 % bootstrapping confidence intervals on the

mean over n = 10 (45 or 90 min) or n = 30 (< 20 min) different simulations.

S2 Fig. For the simulated neuron model, recording length has little effect
on the estimated total history dependence, but large impact on the
estimated %empem%demh&m (Left) Estimated-Mean

estimated total history dependence Rtot for dlfferent recordmg lengths relative to the
mean-true total history dependence es :

ﬂmﬂlﬁﬁeﬂﬁR of the model (GLIF with s 1ke adaption with ls or 228 ast kernel).
As the recording length decreases, aise-so does does Rtotdeefeaseb However, with only 3

minutes, one does still infer about ~ 95% of R >
mintbes-of-datathe true Ryoy. (Right) In contrast, the estlmated %empefa%&ep%h
information timescale Tp decreases strongly with decreasing recording length. With 3

minutes and less, only ~-50%-of-the-meandr—for-90-minutes—~ 75% of the true Tp is
estimated on average. Note that for the simpler 1s model (top), an accurate estimation

of the true 7 is possible for 90 minute recordings, whereas for the 22s model (bottom),
the estimated 7 remains below the true value. Shown are mean values for 30 different
simulations for T;e. between 1 and 20 minutes, and 10 different simulations for 45 and
90 minutes, as well as 95% confidence intervals on the mean based on bootstrapping.

S3 Fig. Alsefor-For experimental data, too, recording length has little
effect on estimated total history dependence, but large-larger impact on
the estimated %empeﬁ%depthmmg (Lelt) Estimated-total

h&stewéepeﬁéeﬁee—]%f—fTotal history dependence Ry, for different recording lengths,

relative to the total history dependence estimated for a 90 minute recording. As long as
recordings are 10 minutes or longer, one does still estimates-estimate about ~ 95% as

much or more of Riorthan Ry, as for 90 minutes, for all three recordings. For less than
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10 minutes, the estimated total history dependence decreases down to 90% (CA1), or
increases again due to overfitting (retina). (Right) Similar to the simulated

neuronGLIF model, the estimated temperal-depth-Tn-deereases-information timescale
TR decreases more strongly with decreasing recording length. With 10 minutes and

more, one estimates around ~58%-~ 75% or more of %Mthat is estimated on a

90 minute recording.

w—SG%—fei—GAr}T‘méﬁt—eefHea%eﬂ«Pﬂﬁe—QBBG—}Note that for the ex emnental data
the estimated timescale of the BBC estimator depends more strongly on the recordin
time, whereas the Shuffling estimator is more robust, especially for d = 5. Shown is

the median with 95% bootstrapping confidence intervals over n = 10 randomly chosen
netrons—sorted units for each recorded system. Before taking the median over
neuronssorted units, for each neuren-unit we averaged estimates over 10 excerpts of the
full recording, each with 3 or 5 minutes duration, and over 8,4 and 2 excerpts with 10,
20 and 45 minutes duration, respectively.

S4 Fig. Estimatien-Example estimation results for the generalized leak
integrate-and-fire model neurenfor-simalated-examplereeerdings(GLIF

with 1s past kernel. For each neurenrecording length, we show the
embedding-optimized estimates of history dependence R(T) for BBC—with-dmme=20

with and without cross-validation, for BBC (red) and Shuffling with-hmme—=-26-(blue)
with dpax = 25, as well as the ground truth for the same embeddings that were found
during optimization (dashed lines). Gelered-dashed-Dashed lines indicate the estimated

%empe%a}ﬂep%h—ﬁfrinformation timescale 7r and total history dependence Riot.-
Shaded areas indicate + two standard deviations obtained by bootstrapping.

Example estimation results for the enerallzed leaky integrate-and-fire
model (GLIF) with 22s past infermation-after80-mskernel. Shown-is-the

ice e : is For each recording length, we show
he embeddln -optimized estimates of hlstor dependence R(T) with and without
cross-validation, for BBC (red) and Shufﬂln blue w1th d = 25, as well as

fe%iﬁfer—eef&%ﬂﬁmréthe round truth for the samé embeddin s that were found

during optimization (dashed lines). Dashed lines indicate the estimated information

timescale 75 and total history dependence R <. Shaded areas indicate £ two standard
deviations obtained by bootstrapping.

S6 Fig. Estimation results for all neurens-sorted units in rat dorsal
hippocampus (layer CA1). For each seurenunit, we show the embedding-optimized
estimates of history dependence R(T) for BBC with dpax = 20 (red), as well as
Shuffling with dyax = 20 (blue), dmax = 5 (green) and dpax = 1 (yellow). Dashed lines
indicate mm%%mm
and total history dependence Rt—g]jw Also shown is the embedding-optimized-GEM

esﬁmﬂ%e—fer—%h&saiﬁe%empef&l—éepﬂf—ﬁp—aﬁfembeddm -optimized GLM estimate

violet square) with a past range equal to the temporal depth that was found with
BBEC-the BBC estimator.
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S7 Fig. Estimation results for all sorted units in rat cortical culture. For

each unit, we show the embedding-optimized estimates of history dependence R(T) for

BBC with dy. = 20 (red), as well as Shuffling with dy., = =
reen) and d = 1 (yellow). Dashed lines indicate estimates of the information

timescale 7p and total history dependence Ri.:. Also shown is the
embedding-optimized GLM estimate (violet square) with a past range equal to the
temporal depth that was found with the BBC estimator.

S7 Fie. Estimati Ls forall . s enleulbire.

S8 Fig. Estimation results for all neurens-sorted units in salamander
retina. For each unit, we show the embedding-optimized estimates of history
dependence R(T) for BBC with d = 20 (red), as well as Shuffling with d =20
blue), d =5 (green) and d = 1 (yellow). Dashed lines indicate estimates of the

information timescale 7 and total history dependence R;.i. Also shown is the
embedding-optimized GLM estimate (violet square) with a past range equal to the
temporal depth that was found with the BBC estimator.

S9 Fig. Estimation results for all neurens-sorted units in mouse primary
visual cortex. For each neurenunit, we show the embedding-optimized Shuffling
estimates of histoAry dependence R(T) for dyax = 5. Dashed lines indicate the-estimated

temporal-depth—Fp—estimates of the information timescale 7z and total history

dependence Rior Ry ;.-

S10 Fig. Bootstrapping yields accurate estimates of standard deviation
and confidence intervals. (Left) The-Shown is the standard deviation on BBC
estimates (blue) obtained from 250 “blocks of blocks S s
methods)” bootstrap samples on a single recording (MMMMMMWMW
kernel). It agrees well with the true standard deviation (black), which we estimated
from 100 repeated simulations of the same recording length and embedding{black). As
expected, the standard deviation decreases substantially for longer recordings. For each
recording length, estimates were computed for typical optimal embedding parameters
d*, k* and Mﬁwthat were found by embedding optimization. Errorbars
show mean and standard deviation of the estimated o(R) over the repeated simulations.
(nght) The 95% confidence intervals based on two standard deviations o(R) ever256
5 s-have approximately the claimed confidence level (CI
accurac Standard dev1at10n was estimated from 250 “blocks of blocks” bootstra

samples. For each recording length, we computed estimates R and the bootstrapping
confidence intervals on the 100 simulations;-and-. We then computed the confidence
level (CI accuracy) by counting how often the true value of R was contained in the
estimated confidence interval (green line). Estimates and the true value of R were
computed for the same typical embedding parameters d*, x* and T' = T as before.

S11 Fig. Total history dependence and information timescale for
increasing branching parameter m. Similar to the binary autoregressive process,
increasing the branching parameter m increases the total history dependence Ryor,
whereas the information timescale 7 stays constant, or even decreases for high m. For

ecach m, the input activation probability h was adapted to hold the firing rate fixed at
5 Hz.
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S12 Fig. The estimated information timescale varies between estimators.
For each sorted unit (grey dots), estimates of the information timescale 7r are plotted

relative to the corresponding BBC estimate for d = 20. The BBC estimator tends

to estimate higher timescales than the Shuffling estimator on recordings of CAl and

cortical culture, whereas for retina the medians of different estimators are more

similar. Although estimates of the timescale are highly variable between estimators
Shuffling with only d = 5 past bins still estimates timescales of at least 80 % of the
timescales that are estimated with BBC. Errorbars indicate median over sorted units

and 95 % bootstrapping confidence intervals on the median.

S13 Fig. Total history dependence and information timescale show no
clear dependence on the firing rate, whereas the total mutual information

tends to increase with the rate. Shown are the same estimates of the total histor
dependence R:.: and information timescale 75 as in Fig [[ (Shuffling estimator with

= 5) versus the firing rates of sorted units (dots). The total mutual information
Lot is equal to Ry times the spiking entropy H (spiking) of the respective unit. While

Lo tends to increase with firing rate, no clear relation is visible for Ry, or 7p.
Errorbars indicate median over sorted units and 95 % bootstrapping confidence

intervals on the median.

S14 Fig. Relationship between total history dependence or information
timescale and standard statistical measures of neural spike trains. Estimates
of the total history dependence Ry tend to decrease with the median inferspike
interval (ISI), and to increase with the coefficient of variation C'y. This result is
expected for a measure of history dependence, because a shorter median IST indicates
that spikes tend to occur together, and a higher C'y indicates a deviation from
independent Poisson spiking, In contrast, the information timescale 75 tends to
increase with the autocorrelation time, as expected, with no clear relation to the
median ISL or the coefficient of variation Cy.. However, the correlation between the
measures depends on the recorded system. For example in retina (n = 111). Ryo I
significantly anti-correlated with the median ISI (Pearson correlation coefficient:

7= =069, p < 10°) and strongly correlated with the coefficient of variation Cy

. is significantly correlated with the autocorrelation time
found no significant correlations between any of these measures. Results are shown for
the Shuffling estimator with dix = 5. and Ty = 10ms. Errorbars indicate median
over sorted units and 95 % bootstrapping confidence intervals on the median.

S15 Fig. Excluding short-term contributions helps to differentiate the
timescales for different recorded systems. By only considering gains AR(T) for
that are related to the refractory period and different firing modes are excluded. The
higher T, the higher is the distance in the median 7z beftween systems (especially
between salamander retina and mouse primiary visual cortex). This is because both
timescales 75 and 7¢ increase with Ty for CA1 and primary visual cortex, whereas
they decrease for retina. The same holds for the autocorrelation time 7, where only
delays T > Ty were considered when fitting an exponential decay to the
autocorrelograms. Note that if the decay is perfectly exponential, then Ty does not
affect the results. Estimates of Rigs and 75 are shown for the Shuffling estimator with
diyax = 5. Errorbars indicate median over sorted units and 95 % bootstrapping

confidence intervals on the median.
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S16 Fig. Total history dependence decreases for small time bins Af. The
choice of the time bin At of the spiking activity has little effect on the information
timescale 7, whereas the total history dependence Ryor decreases for small time bins
At < dms. This is consistent across experiments. The smaller the time bin, the higher
the risk that noise in the spike emission reduces the overall predictability or history
dependence in the spiking, whereas an overly large time bin holds the risk of
destroying coding relevant time information in the spike train. Thus, we chose the
smallest time bin At = 5ms that does not yet show a substantial decrease in Ryor. We
do not plot results for higher At, because for higher At we observed many instances of
multiple spikes in the same time bin. Results are shown for the Shuffling estimator
with diax = 5. and Ty = 10ms. Errorbars indicate median over sorted units and 95 %
bootstrapping confidence intervals on the median.
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