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Fig. S1: If the planet changes slowly relative to the timescale of bacterial reproduction and
death, then at any given time, SI Equations (8) are approximately in steady state. A contin-
uous transition is shown. We simulate SI Equations (8) with ov; = ap = 1 = 2 = 1 from time
t = 0 until time t = T. We set fo = 80, ¢ = 10, a = 10, b = 100, and u; = u, = 1073, and we
set fi = 100 — 40(t/T"). t* denotes the time at which Equilibrium E; loses stability in the limit
T — o0, and t’ denotes the time at which Equilibrium F5 gains stability in the limit 77 — co. We
plot the abundances of APB (a), cyanobacteria (b), iron(II) (c¢), phosphate (d), and oxygen (e).
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Fig. S2: If the planet changes slowly relative to the timescale of bacterial reproduction and
death, then at any given time, SI Equations (8) are approximately in steady state. A discon-
tinuous transition is shown. We simulate SI Equations (8) with a; = ap = 1 = 2 = 1 from
time t = O until time t = T". We set f> = 80, ¢ = 10, a = 10, b = 80, and u; = uy = 1073, and we
set f1 = 100 — 40(¢/T'). t* denotes the time at which a rapid transition occurs in the limit 7" — co.
We plot the abundances of APB (a), cyanobacteria (b), iron(Il) (¢), phosphate (d), and oxygen (e).
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Fig. S3: Whether or not oxygenation is reversible depends on the burial rate of oxygen. Equi-
librium £; (APB dominate) is stable for f; > f; and unstable for f; < f;. We simulate SI Equa-
tions (8) with a1 = ay = 81 = B2 = 1, and we set f = 80, ¢ = 10, a = 10, and u; = uy = 1073,
a. For large values of b, oxygenation is readily reversed. We set b = 150. Since f; > f], Equilib-
rium F5 (cyanobacteria dominate) is unstable. b. For small values of b, oxygenation is robust to
moderate amounts of geophysical change. We set b = 50. Since f; < f{, Equilibrium Fj is stable.
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Fig. S4: The GOE can be triggered by a rise in the influx of phosphate and is grad-
ual if b > c¢(a—1). Equilibrium FE; (APB dominate) loses stability and Equilibrium F,
(cyanobacteria dominate) gains stability when f> rises above f; and fj}, respectively. We set
f1 =100, ¢c =10, a = 10, b = 100, and u; = uy = 1073. a. We simulate SI Equations (8) with
a; =ay = 31 = 2 =1, and we set f, = 80 + 40(¢/10°). t* denotes the time at which Equilib-
rium £ loses stability. b. There is stable coexistence of both types of bacteria for f5 < fo < f3.
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Fig. S5: The GOE can be triggered by a rise in the influx of phosphate and is sud-

den if b < c(a—1).

Equilibrium FE5 (cyanobacteria dominate) gains stability and Equilib-

rium E; (APB dominate) loses stability when f, rises above f; and f;, respectively. We set
f1 =100, ¢ =10, a = 10, b = 80, and u; = uy = 1073, a. We simulate SI Equations (8) with
a1 = ay = 1 = B, =1, and we set fo = 80 + 40(¢/10°). ¢* denotes the time at which Equilib-
rium F loses stability. b. Bifurcation plots reveal bistability for f; < fo < f5.
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Fig. S6: For small values of u5, small values of a, and large values of 0, the critical values of
f1, f2, and c for triggering a GOE converge to the values given by SI Equations (28), (30),
and (32), respectively. We set @ = 100 and u; = 1073. We plot f; (a), f; (b), and c¢* (¢). The
simulational values of f}, f5, and c* are obtained from numerical integration of SI Equations (8)
with a1 = as = 1 = P2 = 1. The theoretical values of f;, f5, and c* are solutions to SI Equations
(38), (39), and (40), respectively. The lines between the data points from SI Equations (38), (39),
and (40) are a guide for the eye.
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Fig. S7: The GOE can be triggered by a rise in the reproductive rate of cyanobacteria and is
gradual if b > c(a — 1) when ¢ becomes greater than c*. Equilibrium F; (APB dominate) loses
stability and Equilibrium F» (cyanobacteria dominate) gains stability when c rises above ¢* and ¢/,
respectively. We set f; = 100, f, = 80, a = 10, b = 300, and u; = uy = 1073, a. We simulate SI
Equations (8) with a; = ap = 31 = 8, = 1, and we set ¢ = 10 + 40(¢/10°). t* denotes the time at
which Equilibrium F; loses stability. b. There is stable coexistence of both types of bacteria for
cF<e< /.
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Fig. S8: The GOE can be triggered by a rise in the reproductive rate of cyanobacteria and is
sudden if b < c¢(a — 1) when ¢ becomes greater than ¢*. Equilibrium £, (cyanobacteria domi-
nate) gains stability and Equilibrium F; (APB dominate) loses stability when c rises above ¢’ and
c*, respectively. We set f; = 100, fo = 80, a = 10, b = 100, and u; = uy = 1073, a. We simulate
SI Equations (8) with a; = ap = 3; = 3 = 1, and we set ¢ = 10 + 40(¢/105). t* denotes the time
at which Equilibrium F loses stability. b. Bifurcation plots reveal bistability for ¢’ < ¢ < ¢*.
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The GOE can be triggered by a rise in the production rate of oxygen. Equilib-
rium F, (cyanobacteria dominate) gains stability and Equilibrium F; (APB dominate) ceases
to exist when a rises above o’ and a*, respectively. We set f; = 100, f, = 80, ¢ = 10, b = 10,
w; = 1073, and uy = 0.1. a. We simulate SI Equations (8) with oy = ay = 3; = 3, = 1, and
we set a = 420 + 20(¢/10°). ¢* denotes the time at which a saddle-node bifurcation occurs. b.
Bifurcation plots reveal bistability for ' < a < a*.
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Fig. S10: The GOE can be triggered by a decline in the burial rate of oxygen. Equilib-
rium Fs (cyanobacteria dominate) gains stability and Equilibrium £; (APB dominate) ceases to
exist when b drops below o' and b*, respectively. We set f; = 100, fo = 80, ¢ = 10, a = 103,
uy; = 1073, and uy = 0.1. a. We simulate SI Equations (8) with o; = oy = 8, = 52 = 1, and we
set b = 50 — 20(¢/10°). t* denotes the time at which a saddle-node bifurcation occurs. b. Bifurca-
tion plots reveal bistability for b* < b < b'.
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Fig. S11: There is a critical value of a, given by SI Equation (48), below which a declining
value of O cannot trigger a GOE. SI Equation (53) is plotted for ¢ = 10, 9, 8, and 7 (dashed
lines). The critical values of b are measured from numerical integration of SI Equations (8) with
ap = ap = 31 = B, = 1 (dots).
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Fig. S12: For larger values of the migration rates, the magnitudes of the changes in x, o,
and z due to the GOE are smaller. A continuous transition is shown. We set f, = 80, ¢ = 10,
a =10, and b = 100. We simulate SI Equations (8) with a; = as = 1 = 2 = 1, and we set
f1 =100 — 40(¢/10°). The transition is continuous. t* denotes the time at which Equilibrium £,
loses stability. We plot the abundances of APB (a), cyanobacteria (b), iron(Il) (c), phosphate (d),

and oxygen (e).
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Fig. S13: For larger values of the migration rates, the magnitudes of the changes in x, o,
and z due to the GOE are smaller. A discontinuous transition is shown. We set f, = 80,
¢ =10, a = 10, and b = 80. We simulate SI Equations (8) with a; = ap = 51 = 2 = 1, and we
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set fi = 100 — 40(¢/10°). The transition is discontinuous. t* denotes the time at which Equi-
librium E loses stability. We plot the abundances of APB (a), cyanobacteria (b), iron(Il) (c¢),
phosphate (d), and oxygen (e).
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Fig. S15: The GOE is gradual if b > c¢(a — 1)/(1 — mc). Equilibrium E; (APB dominate) loses
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a. We simulate SI Equations (77) with a; = ap = 81 = 32 = 1, and we set f; = 150 — 70(¢/10°).
t* denotes the time at which Equilibrium E; loses stability. b. There is stable coexistence of both
types of bacteria for f| < f; < fy.
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Fig. S16: The GOE is sudden if b < ¢(a — 1)/(1 — mc). Equilibrium F5 (cyanobacteria domi-
nate) gains stability and Equilibrium F; (APB dominate) loses stability when f; drops below f{ and
[+, respectively. We set m = 0.08,n = 1, fo = 80, ¢ = 10, a = 10, b = 400, and u; = uy = 1073,
a. We simulate SI Equations (77) with a; = ap = 81 = B2 = 1, and we set f; = 150 — 70(¢/10°).
t* denotes the time at which Equilibrium E; loses stability. b. Bifurcation plots reveal bistability
for f; < f1 < fi.
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Fig. S17: The rate of burial of organic carbon does not determine when the GOE is triggered,
but it can affect the duration of the GOE. We set f; = 80, ¢ = 10, a = 10,0 = 80, j; = j» = 1,
and u; = uy = 1073. We simulate SI Equations (88) with oy = ay = 3 = 3, = Q =1, and we
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sudden.
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1 Supplementary Note 1: Ecological dynamics of anoxygenic
photosynthetic bacteria and cyanobacteria

For understanding the mechanisms behind the GOE, we investigate the following system of ordi-
nary differential equations:

dX

d_Tl =01 XY - D X, +U;

dX.

d_T2 = Oy XoYs — Dy Xy + Uy

Y,

dYs

T = Fy — GoYo — Hi X0 Y1Ys — Hy XoY,
dz

a7 =AXyY, — BZ — R\ Z

X is the abundance of anoxygenic photosynthetic bacteria (APB), X, is the abundance of
cyanobacteria, Y; is the abundance of iron(Il) (Fe?*), Y; is the abundance of phosphate (PO437),
and Z is the abundance of dioxygen (Oy).

All parameters of the model are necessarily positive. APB proliferate at rate C; XY} Y5, while
cyanobacteria proliferate at rate C2X»Y,. APB die at per-capita rate D, while cyanobacteria die
at per-capita rate D,. APB migrate into the system at rate U;, while cyanobacteria migrate into the
system at rate Us. Setting U; > 0 and U, > 0 guarantees that there is always competition between
the two types of bacteria.

Iron(II) is input at rate F and lost inorganically at rate G;Y;. APB use iron(II) for reproduction,
so iron(Il) is lost organically at rate 7 .X;Y7Y5. Dioxygen rusts iron, reducing the amount of
iron at rate R;Y;Z. Phosphate is input at rate F;, and lost inorganically at rate G5Y,. APB and
cyanobactera both use phosphate for reproduction, so phosphate is also lost organically at rates
H, X 1Y1Y, and Hy X5Y5. Dioxygen is produced by cyanobacteria and enters the system at rate
AX,Y;. Dioxygen is buried at rate B2 and lost due to rusting at rate RY; 7.

1.1 Rescaling

For understanding the ecological dynamics and fixed points of Equations (1), we can reduce the
size of the parameter space without loss of generality. Equations (1) can be rewritten as

d

d
ﬁ(HQXQ) == OQ(HQXQ)E/Q - DQ(HQXQ) + H2U2
d
ﬁ(cl}/l) = C1F — Gi1(C1 Y1) — (HX1)(CiN)Ye — (CiV) (R Z) 2)
dY: H
=Gy - ( (ﬁ) (HX1)(C1Y1)Ys — (HaX5)Yy
d A
A (mz) = ( - ) (HyXo)Ya — B(R1Z) — (Cﬁ) (1Y) (R 2)
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We can further rewrite Equations (2) as

1 d (HX; B HX; e v, HX, HU;
(o) ar (6) = (60 (B0) & 5
1 d [ HyX, B Cy Hy X5 v Hy X5 HyU,
() ar () = (5) (&) -7+ b
1\ d [CY\  CGF  OY
(E>d_T<Dl)_DlGl_ D,

CiY
Dy

HX,
Gy

CiY
Dy

) (5

— 12

Y, _ B
AT Gy

(@)

R\Z
G

) (&)

3)

() (1) () - (%)
C1GoH Gy Dy ) ? Gy )7
(o) ir (67) = () (767°)
DiR)dT' \ Gy ) \D,GiH,R Gy, )77
BC, R\ Z CiYh R Z
_<D1R>(G1)_(Dl)(Gl)
We define TNen
11447
"=\ oen X
Using Equation (4), Equations (3) can be rewritten as
1 d (kHX;\ [(kHX, EC1Y, kHX, kHU1
(o) ar () = (6) (57 (8) - "6+ b
1 d (HyXs\ [kCs Hy X, Y, H2X2 HyU,
<D_2)ﬁ(G2) (D2>( > ?)_ G DG
1 d (kCiY1\  kCiF k:ClYl
(E)TT( Dy )_ D\G, D
(o) (50 () - (50 (67)
G Dy k D, G 5)
L\ d (Y F, Y
(&) ar (%) =i, &
kHX, kC1Yy Yy Hy X, Y,
(%) (50 () - () (7)
KC1\ d (RiZY k2AC, Gy R, Hy X, Y5
<D1R> T <G—1) a < DG HyR ) ( G2 ) (?>
kBC, RZ EC1Yq R Z

) (&) (
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To simplify Equations (5), we make the following definitions:

We also define

. E2AC,Go Ry
‘= "DG\H:R
- kBC

DlR

_ kCy
‘=D,

o kOlFl
fi= D.C,

Fy
fo= k_G2

_ kHU,

“=DaG

_ HyU,

= DyGy

_ kHX,

T = Gl
H2X2

To = G2
kC1Y;

N = D

Y
Y2 = m
L= RZ

=G

. kC’l

7= DiR
T
t=—
Y
1

= vD1
1

2 7D
1

hr= vGy
1

Gy
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Substituting Equations (6) and (7) into Equations (5), we obtain

T = T1Y1Y2 — T1 + Uy

Qay = CTYs — Ty + Us

Bith = fi —y1 — Tay1y2 — Y1z

Bat2 = fa — Y2 — T1Y1Y2 — T2l
Z=axsys — bz —y12

®)

An overdot denotes the derivative with respect to ¢. For studying the ecological dynamics, without

loss of generality, we consider Equations (8).

1.1.1 Two-dimensional approximation of the dynamics

From Equations (8), for approximating the dynamics, we can also consider a simplified system of

equations:
Q121 R T1Y1Y2 — T1+ Wy
Qoo &2 CToYo — To + Us
0~ fi =y — z1y1y2 — Y12
0~ fa— Y2 — T1Y1Y2 — T2y
~ axry — bz
We define
)
“a

Using Equation (10), from the fifth of Equations (9), we have

X2

~ _ =
~

S

Using Equation (11), from the third and fourth of Equations (9), we have

1
- 2I1(£ + x2>

B G sy e g2 B T ey e x2>]

(! [_(1+x2)(5+1’2)+f$1(f1—f2)

We also have

1
~ 25[)’}1(1 + ZEQ)

B o sy ey g 20 B Ty ey W Y x2>}

" [— (14 22)(€ + 22) — €ar(fi — )

22

€))

(10)

(1)

(12)

(13)



Substituting Equations (12) and (13) into the first and second of Equations (9), we obtain

A2 (1 4 x9) (€ + x2)

+ VI 4 22) (€ + a2) — Exr(fi — )2 + 4 fran (1 + 22) (€ + 1'2)1

1T

— (14 22)(§ + 22) + Ex1(f1 — f2)

X {— (1 4+ 22)(E+ 22) — Ex1(f1 — f2)
(14)

+ V(L4 22) (€ +a2) — Exi(fi — )2 + 4 frmn (1 + 22) (€ + xz)} -+ u

CT2

s |~ (L b - (- 1

OZQZtQ ~

V(L4 22) (€ +22) — Exi(fi — )2 + 4Efran (1 + m2) (€ + $2)} — Ty + Uy

For constructing phase portraits that approximately represent the dynamics of x; and zo, we use
Equations (14).

1.2 Fixed points

The fixed points of the ecological dynamics are obtained from the steady state of Equations (8):

0=T1102 — T1 +

0 = cZols — To + Uy
0=fi—y1— T2 —
0= fo— o — L1012 — T2¥)2
0 =axsys — bz — 12

Y|

15)

1

[N

We solve for the fixed points of Equations (8) without loss of generality by considering Equations
(15).

1.3 Basic considerations

We assume that on the time scale of reproduction and death of the bacteria, the parameters in Equa-
tions (8) are approximately constant. This means that at any given time, x1, %2, ¥1, Y2, and z in
Equations (8) are approximately in steady state. On a much longer time scale, as the planet slowly
changes its physical and chemical makeup, the parameters in Equations (8) change accordingly.
This separation of time scales between that of planetary change and that of the ecological dynam-
ics of the bacteria means that, for understanding the GOE, we can focus on the fixed points of
Equations (8)—given by Equations (15)—and their dynamical stability (Fig. S1 and Fig. S2). The
key consideration then becomes how the fixed points given by Equations (15) and their stability
properties depend on the parameters of the model.

The foundation of our understanding of the GOE is based on assuming that the migration rates,
uy and uy, are small. Setting u; = uy = 0 in Equations (8), there are a few basic considerations:
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e Can the fixed point for which cyanobacteria are extinct be invaded by a small amount of
cyanobacteria? Prior to the GOE, a small amount of cyanobacteria cannot grow to establish
a stable population of cyanobacteria. As parameter values change on geological time scales,
however, conditions can become favorable for cyanobacteria to outcompete APB.

o [s there a fixed point for which APB and cyanobacteria stably coexist? If there is, then
oxygenation of Earth’s atmosphere can be gradual. If there is not, then oxygenation can be
sudden and drastic.

e Can the fixed point for which APB are extinct be invaded by a small amount of APB? If
it cannot, then after the GOE, the state of the global ecosystem is robust—parameter values
might change in the reverse direction, but cyanobacteria remain dominant. This can result in
hysteresis in the chemical makeup of Earth’s atmosphere.

1.4 Mathematical analysis with arbitrarily small migration

uy and uy are always positive, but for understanding the causes of the GOE, it is helpful to assume
that they are arbitrarily small. Accordingly, we characterize the case where u; = uy = 0. We
obtain simple analytical results for the fixed points and their stability properties.

1.4.1 Fixed points

We begin by calculating the fixed points of Equations (8) and their stability properties for the case
of no migration. Setting u; = uy = 0 in Equations (15), we have

0= (92 — )1y
0= (cg2 —1)7>
0=/f1 =¥ —T11%2 — 12 (16)
0= fo— o — T1l1Y2 — T2l
0=aZoys — bz — 112
We set 2, = 0 with z; > 0 in Equations (16) to calculate the fixed point for which cyanobac-
teria are extinct but APB are abundant. We have

0=yi"ys’ —1
0= xél)
0=fi—y” — oty -y (17

0= ol — a0 )

0= a:cg)yél) — bz — y%l)z(l)

From Equations (17), we have

0= (yf))Q +(f2 — fl)yg) -1
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Solving this quadratic equation for ygl), keeping the physical solution, and substituting this into
Equations (17), we obtain

o  fitfo—+/(fi—fo)?+4
xry’ = 5

xél) =0

YV = fi—f+VUh—f)?+4 (18)

(
o _ fo— it (fi— fo)?+4
Yo = 9
2 =90

Equilibrium E is given by Equations (18).
We set £; = 0 with 5 > 0 in Equations (16) to calculate the fixed point for which APB are
extinct but cyanobacteria are abundant. We have

0= x?)

0= cyéQ) —1

0= fi -y — 2ty — e (19)
0= fo—ys” — 2Pyt — 2y

0= axg)yf) —b2? — y@z(?)

Simplifying Equations (19), we obtain

m?) =0
mg) =cfys—1
o _ c(fi =) —alcfs = 1) +/[e(fr = b) —alcfe — D] +4bc2 fy
e 2c (20)
-1
o _ aefs= 1) —c(fi +0) + Velh —b) —alefa = P +4b fy

2bc

Equilibrium FEs is given by Equations (20).
The interior equilibrium corresponds to having both z; > 0 and o > 0 in Equations (16). We
have

0= —1
0= ng —1
0=fi—91 — 210192 — H 2 (21)

0= fo— U2 — T101Y2 — 272
0= OJ.TAIQZQQ — bz — glé

The equations for the interior equilibrium are written most simply by using the following defini-
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tions:

p=cle—(fi—fo)] -1 (22)
q=(b+c)(fi —¢)—alcfa —1) (23)
r=b—cla—1) (24)
Simplifying Equations (21), we obtain
A q
r1 — —
r
N P
-0 (2
i) ( + C) ,
h=c (25)
. 1
Yo = —
c
= () ()
z=|-) (=
c/ \r
Equilibrium E is given by Equations (25), (22), (23), and (24).
1.4.2 Dynamical stability
For determining the dynamical stability of Equilibrium £, we use the following:
x1(t) = :pgl) + €(dz1) exp(Ait)
xo(t) = xgl) + €(dx2) exp(Ait)
yi(t) =yt + e(0yn) exp(\it) (26)
o (t) = y5” + e(y2) exp(Ait)
2(t) = 2V 4 €(02) exp(\it)

Here, we consider that € is arbitrarily small. Substituting Equations (26) into the equation for x5 in
Equations (8) and setting uy = 0, we have

Maze(dws) exp(t) = [ (4" + e(dye) exp(Mit) ) — 1] e(d) exp(Aut)
Simplifying and keeping only terms of the lowest order in €, this becomes

1
Al_cyé) 1

(&%)

If \; < 0, then E} is dynamically stable, while if A\; > 0, then £} is dynamically unstable. We can
write )\ in terms of p using Equation (22):

— @+ D) +Ip—(+1)P+4p
20&2

)\1:

s 1s necessarily positive. If p = 0, then Ay = 0. If p < 0, then A\; < 0. If p > 0, then \; > 0.
Therefore, p is sufficient to characterize the dynamical stability of Fy:
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e If p <0, then Ej is dynamically stable.
e If p > 0, then E} is dynamically unstable.

For determining the dynamical stability of Equilibrium FE5, we use the following:

x1(t) = x?) + €(dz1) exp(Aat)
xo(t) = :ch) + €(dxo) exp(Aat)
ni(t) =i + (@) exp(Aat) @
wo(t) = 15" + e(Gn) exp(ot)
2(t) = 2@ 4 €(62) exp(Aat)

Here, we consider that € is arbitrarily small. Substituting Equations (27) into the equation for ; in
Equations (8) and setting u; = 0, we have

Aocvi€(0xy) exp(Aat) = [(yf) + e(dy1) exp(&t)) (yéQ) + €(0y2) exp()\gt)) - 1}
X €(0x1) exp(Aat)

Simplifying and keeping only terms of the lowest order in €, this becomes

2) (2
A2:y§)y§)—1

a1
If A\ < 0, then Ej is dynamically stable, while if Ay > 0, then F> is dynamically unstable. We can
write \s in terms of ¢ using Equation (23):

= (@ +bf) + /g (A +bH)] +4c%g
B 2¢2a

A2

o 1s necessarily positive. If ¢ = 0, then Ay = 0. If ¢ < 0, then Ay < 0. If ¢ > 0, then Ay > 0.
Therefore, q is sufficient to characterize the dynamical stability of Ej:

e If ¢ < 0, then £ is dynamically stable.
e If ¢ > 0, then E» is dynamically unstable.

Equilibrium E can be either stable or unstable. Since there can only be one interior equilibrium,
there are two cases for which it exists:

e p > 0and ¢ > 0. In this case, F is dynamically stable.

e p < 0andq < 0. In this case, Eis dynamically unstable.
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1.5 Characterization of the system in steady state

The system in steady state can be understood by considering the values of p and ¢ from Equations
(22) and (23), respectively. We have the following possibilities:

e If p < 0and g > 0, then APB dominate.
e If p > 0 and ¢ < 0, then cyanobacteria dominate.
e If p > 0 and g > 0, then there is stable coexistence.

e If p < 0and g < 0, then there is bistability.

For the interior equilibrium to be physical, we must have z; > 0 and 23 > 0. From the
solutions for 7 and 25, the key consideration for whether E is stable or unstable is then whether
r > 0orr < 0. If r > 0, then it is not possible to have p < 0 and ¢ < 0, but it is possible to have
p>0andq > 0. If r < 0, then it is not possible to have p > 0 and ¢ > 0, but it is possible to have
p < 0and ¢ < 0. Therefore, for » > 0, Eis necessarily stable, while for » < 0, Eis necessarily
unstable.

The possibilities can be written as follows:

e Forr > 0:

- If p < 0 and g > 0, then APB dominate.
— If p > 0 and g > 0, then there is stable coexistence.
— If p > 0 and g < 0, then cyanobacteria dominate.

e Forr < 0:

- If p < 0 and ¢ > 0, then APB dominate.
- If p < 0 and g < 0, then there is bistability.
— If p > 0 and g < 0, then cyanobacteria dominate.

1.6 Timing and nature of the GOE

Concerning the GOE, we can ask three basic questions: (1) What was the state of Earth’s ecosystem
before the GOE? (2) What is the condition that determines when the GOE was triggered? (3) Once
the GOE began, was the resulting transition gradual or sudden?

1. Before the GOE, APB dominated over cyanobacteria, so p was necessarily negative.

2. pis a monotonically decreasing function of f; and a monotonically increasing function of f.
Therefore, a decreasing value of f; and/or an increasing value of f5 can cause the pre-GOE
equilibrium to become unstable. When f; becomes sufficiently small and/or f, becomes
sufficiently large that p = 0, a GOE is triggered. Also, since p < 0 when ¢ = 0, and
since p is a convex, quadratic function of ¢, an increasing value of c is another possible
mechanism for triggering a GOE. p does not depend on a or b, so in the absence of migration
of cyanobacteria, an increasing input rate of oxygen or a declining burying rate of oxygen
cannot by themselves trigger a GOE.
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3. When p = 0, the value of r determines the nature of the transition. If » > 0, then the GOE
was characterized by stable coexistence of APB and cyanobacteria. As conditions contin-
ued becoming more favorable to cyanobacteria, the abundance of cyanobacteria gradually
increased, while the abundance of APB gradually decreased. If » < 0, then the GOE was a
rapid and dramatic change in Earth’s ecosystem and environment.

A distinguishing feature of a gradual GOE is that, when p becomes positive, the abundance
of cyanobacteria increases by many orders of magnitude before there is a significant drop in the
abundance of APB. Cyanobacteria and APB both persist at high abundances until ¢ becomes neg-
ative, at which point the abundance of APB decreases by many orders of magnitude (Fig. 3a and
Fig. S4a). Moreover, the level of oxygenation depends on the current state of geophysical and
biological parameters, not on their histories. In Fig. S3a, once f; drops below f;, there is a large
increase in oxygen abundance, but a subsequent increase in f; above f; returns the system to the
unoxygenated state.

If, instead, the GOE is a sudden transition, then the abundance of cyanobacteria increases at
the same time that the abundance of APB decreases (Fig. 5a and Fig. S5a). Furthermore, the
transition is irreversible—oxygenation is robust to moderate changes in parameter values. There is
thus hysteresis. In Fig. S3b, once f; drops below f;, a GOE results, but a subsequent increase in
f1 above f; does not cause a reversion to the unoxygenated state.

If a < 1, then it is impossible to have r < 0, regardless of the values of b or c¢. This is be-
cause the small amount of dioxygen that is produced is consumed by rusting without significantly
reducing the abundance of iron(II). Therefore, for a < 1, the GOE is necessarily gradual.

1.7 Causes of the GOE

The GOE can be caused by any combination of a decrease in f, an increase in f, or an increase
in c. To understand each possibility individually, we consider the effects of holding two of these
parameters constant while varying the remaining parameter.

1.7.1 Decreasing f;

Iron(II) is needed for APB to reproduce. A decrease in the rate of supply of iron(Il), f;, diminishes
the rate of reproduction of APB. Setting p = 0 in Equation (22) and solving for f; = f;, we have

. c+1)(c—1
fl _ f2 + ( )( ) (28)
Setting ¢ = 0 in Equation (23) and solving for f; = f{, we have
/ CL(Cfg - 1)
= _ 29
fil=c+ T (29)

Equations (28) and (29) specify two critical values of f;. If f; > f, then E; is stable, while if
fi1 < f{, then Ej is unstable. If f; > f], then Fj is unstable, while if f; < f], then Fj is stable.
The effects of a decreasing value of f; are shown in Fig. 3b and Fig. 5b.

29



1.7.2 Increasing f,

Phosphate is needed for both APB and cyanobacteria to reproduce. An increase in f> leads to an
increase in the rates of reproduction of both types of bacteria, but eventually, iron becomes the
limiting resource for reproduction of APB. Setting p = 0 in Equation (22) and solving for f5 = f,
we have

. c+1)(c—1
i =g - el G0)
Setting ¢ = 0 in Equation (23) and solving for fo = f}, we have
b _
f§=a+( +¢)(f1—c¢) a1

ac

Equations (30) and (31) specify two critical values of fy. If fo < f5, then E} is stable, while if
fo > f5, then Ej is unstable. If f, < fj, then Fj is unstable, while if f, > f/, then Fj is stable.
The effects of an increasing value of f, are shown in Fig. S4b and Fig. S5b.

1.7.3 Increasing c

Another possibility is that the GOE is caused by an increase in ¢ (Fig. S7a and Fig. S8a). This
could be due to geophysical or geochemical changes that are unrelated to the abundances of iron(II)
or phosphate. Setting p = 0 in Equation (22) and solving for ¢ = ¢*, we have

= fi—fo+/(fi— f)?+4
2
Setting ¢ = 0 in Equation (23) and solving for ¢ = ¢/, we have
,_hi—afs—b+/(h—afs—b)?+4(a+bfr)
2

Equations (32) and (33) specify two critical values of c. If ¢ < c¢*, then E} is stable, while if ¢ > ¢*,
then F, is unstable. If ¢ < ¢/, then Es is unstable, while if ¢ > ¢/, then Ej is stable. The effects of
an increasing value of c are shown in Fig. S7b and Fig. S8b.

(32)

¢ (33)

1.8 Ciritical values of a and b for Equilibrium F,

The dynamical stability of Fj is affected by the values of a and b. Setting ¢ = 0 in Equation (23)

and solving for a = a/, we have
fi—c
"= (b 34
‘=o)L=t 34
Equation (34) specifies a critical value of a. If a < d/, then Ej is unstable, while if a > a/, then Ej
is stable.
Setting ¢ = 0 in Equation (23) and solving for b = ¥/, we have

/ Cf2_1 _
b_a(fl—c) c 35

Equation (35) specifies a critical value of b. If b > ¥/, then Es is unstable, while if b < ¢/, then Ej
is stable.
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1.9 All possible transitions

The following transitions between stable equilibria are possible:
e From F; (p < 0)

— r > 0 with p increasing: F; — E when p=20

— r < 0 with p increasing: Fy — E5 whenp =0
° FromE(p> 0and g > 0)

— p decreasing: E — F, when p=20

— ¢ decreasing: E — F, when qg=20
e From Fs (¢ < 0)

— r > 0 with g increasing: £y — E when q=20

— r < 0 with g increasing: Fy — E; when ¢ = 0

1.10 Migration of cyanobacteria

A decrease in f1, an increase in f5, or an increase in ¢ can all cause p—given by Equation (22)—to
become positive and trigger a GOE. For an arbitrarily small rate of migration of cyanobacteria,
us, these causes of the GOE are independent of us, a, and b. This is because the accumulation of
oxygen due to migration of cyanobacteria is too small to cause any significant amount of rusting
of iron.

However, if u, is sufficiently large, a is sufficiently large, and b is sufficiently small, then rusting
can no longer be neglected in the condition for the GOE. For z; > 0, assuming u; is arbitrarily
small, we set u; = 0 in Equations (15):

0=y —1
0 = clays — To + uy
O0=fi—0 — 210192 — )i 2 (36)

0= fo— 02— 219192 — Z2¥o
0= ai‘ggg — bz — Q15

Eliminating %1, 72, 71, and Z from Equations (36), we have

0=¢(f1,f2,c,a,b,u2,ﬂ2) (37)

U(f1, f2,c,a,b,us, 7o) in Equation (37) is given by

(1, far € a,b,ug, Go) = ko + krija + ko (§2)° + ks (52)” + ka (52)*
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The coefficients are given by
ko=1
ki=fo—fi+tb—c
ky=(fo— fi)(b—c) —bc—1+ (a—1)uy
ks = c—b—be(f2 — f1) — bus
ks = bc

For understanding the possibility of a GOE, we must consider the values of ¢, obtained from
solving ¥(f1, fo, ¢, a, b, us, §2) = 0. If the GOE is gradual, then there is one stable equilibrium.
As f; decreases, fs increases, c increases, a increases, b decreases, or u, increases, this fixed point
corresponds to a decreasing equilibrium value of z; and an increasing equilibrium value of z,
(Fig. 4).

If the GOE is sudden, then as f; decreases, f> increases, ¢ increases, a increases, b decreases,
or us increases, an unstable interior equilibrium appears (Fig. 6). Just before a sudden rise in at-
mospheric oxygen occurs, there are two fixed points of the dynamics that are arbitrarily close to
each other in phase space. If parameters change slightly, then there can be a saddle-node bifur-
cation, where ¥ ( f1, f2, c,a, b, us, §2) has a double root for 7. When this double root exists, the
discriminant of the quartic polynomial ¥ ( fi, f2, ¢, a, b, us, §2), denoted by A(f1, f2, ¢, a, b, us), is
equal to zero.

A decreasing fi, an increasing f,, or an increasing c can cause a GOE, leading to the following
three equations:

OZA(ff,fQ,C7a,b7U2) (38)
OZA(flafékac’aab’uQ) (39)
OZA(flaf%C*aa')bauZ) (40)

The critical values of f;, fo, and c for triggering a GOE are solutions to Equations (38), (39),
and (40), respectively. f;, f5, and ¢* are approximately given by Equations (28), (30), and (32),
respectively, if us is sufficiently small, a is sufficiently small, and b is sufficiently large (Fig. S6).
Moreover, since A(fi1, f2, ¢, a, b, us) is also a function of a, b, and u,, a sufficiently large value of
a, a sufficiently small value of b, and a sufficiently large value of u, are each capable of triggering
a GOE. This leads to the following three equations:

0= A(flaf%c? a*aba Ug) (41)
0= A(fl,fg,c,a,b*,UQ> (42)
0= A(f17f27c7a7b7 u;) (43)

The critical values of a, b, and u5 for triggering a GOE are solutions to Equations (41), (42), and
(43), respectively.

For a declining b to be able to cause a GOE, a must be sufficiently large. This leads to the
following equation:

0= A(f1, f2,¢,m,0,uz) (44)

The critical value of a, denoted by 7, for which a declining b is able to cause a GOE is a solution
to Equation (44). If a > n, then the critical value of b for triggering a GOE is given by 0*. But if
a < 1, then a declining b cannot trigger a GOE.
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We can solve approximately for 7. In Equations (36), we set b = 0, and we make the substitu-
tion 1 — X, where y = asgl) from Equations (18):

X:f1+f2—\/(f1—f2)2+4 45)

2

We have o
0~ yy,—1
0 ~ Tyl — T + Us
0~ fi — 9 — X0h¥> — HhZ
0~ aiyfy — §12'

(46)

Eliminating 7%, 7, and Z’ from Equations (46), we have

01— (fi —x+ )+ [c(fi — x) + aus] ()° 47)

The discriminant of the quadratic polynomial on the right-hand side of Equation (47) is equal to
zero if a = n, where

_ _ A\2
p= 12X (48)

4U2

We can also solve approximately for a* and b*. To do this, we set @ = n and y; = 7T in
Equations (46), we eliminate 75, 9>, and Z, we substitute Equation (48), and we solve for T

T = fl_TX—i_c (49)

Then, in Equations (36), we make the substitution #; — Y, and in the rusting terms (7;2) in the
third and fifth of Equations (36), we make the substitution g; — T

O~ y1y2 — 1

0~ ctoly — To + Us

0~ f1— 01— X%y — T2
0= aZqfe — (b+7T)Z

(50)

Eliminating Z», 1, and Z from Equations (50), we have
0~ (b+7T) = (fi—x+)(b+ )i+ [c(fi — )b+ T) + Yaus] (72)° (51)

The discriminant of the quadratic polynomial on the right-hand side of Equation (51) is equal to

zero if a = «, where
b
= 1+ = 52
o 77( +T> (52)

Similarly, this discriminant is equal to zero if b = 3, where
T

i=-n(5) (53)
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The critical values a* and b* for triggering a GOE are approximately given by v and j3, respectively,
from Equations (52) and (53), with T given by Equation (49), n given by Equation (48), and x
given by Equation (45) (Fig. S11).

If a GOE is caused by an increase in a, a reduction in b, or an increase in us, then the resulting
transformation is necessarily discontinuous. This is because Fr—characterized by abundance of
oxygen—gains stability first, and as a continues to rise, b continues to drop, or w5 continues to rise,
the unstable interior equilibrium moves toward £ in phase space until a saddle-node bifurcation
occurs.

Fig. S9 shows a GOE caused by a rising production rate of oxygen. Fig. S10 shows a GOE
caused by a declining burial rate of oxygen.

1.11 Corrections to the fixed points due to migration

For u; > 0 and uy > 0, the fixed points, (z1,Z2,Y1,Ys, 2), are given by Equations (15). For
sufficiently small values of u; and wuy, we can treat u; and usy as perturbations. We can express
(T1,%2,91,Y2, Z) as )

1 =171+ 01

To — 1_32 +(5I2

Y1 = + o (54)
Yo = Yo + 0y
zZ=7z+ 6z

Here, (dz1, 029, 0y1, 0y, 2) represent corrections to (Zy, T2, Y1, Y2, Z) due to the migration rates,
uy and us. Substituting Equations (54) into Equations (15), we obtain

_—
g
0 >
0
’ (55)
(thye — 1) 0 T1Y2 11 0 0z
0 (ng — 1) 0 CTo 0 51’2
) 0 —(14+Z+ 7172) —Z1h - oY1
—Y1Y2 —Y2 —T1Y2 —(1+zo+ 210h) 0 0Yo
0 aijo —Z aTs —(b+ 1) 0z

Equations (55) can be solved to obtain approximations for (dz1, 0xz, Y1, 0ya, 02).

1.12 Effects of migration rates

For sufficiently small values of u; and us, the calculations for timing and duration of the GOE
are robust to changes in the migration rates. Fig. S12 shows a continuous transition for different
values of u; and us. Fig. S13 shows a discontinuous transition for different values of u; and wus,.
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The value of u; determines the magnitude of the decline in APB, x;. This is given by

1 2) (2
a) 73" (1 — iy )>

(56)

(5$1}E2 U1

From Equation (56), the magnitude of the decline in APB is inversely proportional to u;.
The value of uy determines the magnitude of the rise in cyanobacteria, x5, and the magnitude
of the rise in oxygen, 2. These are given by

2
o P (-af)

- (57)
5@‘& U2
w0 2@ (=) (b+4)
- - (58)
[, ayyus

From Equations (57) and (58), the magnitude of the rise in cyanobacteria and the magnitude of the
rise in oxygen are inversely proportional to wus.

2 Supplementary Note 2: Bounded bacterial growth rates

In Equations (1), the growth rates of APB and cyanobacteria are unbounded. The growth rates of
both types of bacteria are proportional to the abundance of phosphate, and the growth rate of APB
is also proportional to the abundance of iron(Il). It is more realistic to model these growth rates as
being bounded. To do this, we consider the following equations:

dX, Y, Y,

a1 _ ooy - DX

dT ¢ 1(1+MY1> <1+N1Y2> X+

dXo Y,

22 0, X, [ —2 ) — DX

dT s 2(1+N2Y2) 2X2 + U

dY; Y, Y,

R -Gy, - HX — R\ Z 59
dT L 1(1+MY1) (1+N1Y2) 1 (59)
dY,

Y Yy Ys
2 = B - GyYs — Hi X — X, [ —2—
ar — TR 11(1+MY1)<1+N1Y2) 22(1+N2Y2)

dz Y;
— —AX, (——=—) - BZ-RYV\Z
dT 2(1+N2Y2) !

For small Y], the factor Y1 /(1 + MY)) is approximately equal to Yj, but as Y; becomes large,
this factor approaches a maximum value of 1/M. For small Y3, the factor Y5/(1 + N,Y3) is
approximately equal to Y5, but as Y5 becomes large, this factor approaches a maximum value of
1/N;. For small Y5, the factor Y5/(1 + N,Y5) is approximately equal to Y3, but as Y, becomes
large, this factor approaches a maximum value of 1/N,. To simplify Equations (59), we make the
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following definitions:

= DM

e
n, = kN, (60)
No = kNQ

Substituting Equations (6), (7), and (60) into Equations (59), we obtain

oL =T % Y2 —r1+u
o ! 14+ mayy 1+ n1y ! !

. Yo
9Ty = CToy (— — X9 + Uo

1+ nays

) Y1 Y2
o s 61
Pin=h =y - (1—|—my1) (1—|—n1yg) ’ o
. Y1 Y2 _ %
= fo—1yy—x -7
Baye = f2 — y2 1 <1+my1) (1—|—n1yg) 2 <1+n2y2)

Z = axoy 2 — bz —y12
1+n2y2

For studying the ecological dynamics, without loss of generality, we consider Equations (61).
The fixed points of the ecological dynamics are obtained from the steady state of Equations (61):

- U1 Yo _
0=z = — | -zt u
! <1+my1) (1+n1y2> ! !

- U1 Yo _
O=fi—vy—= — — | — 12 62
fi— 1 (1+my1) (1+n1y2) Y1 (62)
_ _ U1 Yo _ Yo
O0=7f—1y,— T — — | -2y | —————
Ja = ! (1"‘77"@1) (1+”1§2) ’ (1+n2§2)

_ U2 -
O=aly | ——— ) — bz —y,2
2<1+n2§2> 2

We solve for the fixed points of Equations (61) without loss of generality by considering Equa-
tions (62).

36



Setting u; = uy = 0 in Equations (62), we have
V- {(1 +y71n§1> <1 +y7211§2) - 1} !
[ ()]
0=fi—5— o (1+my1) (1+y;1y2) S (63)
V= hopon (1 —i—myl) (1 +y72hy2) o (#;23/2)

O=axy | ————— ) — bz — 1,2
(1+n2y2> yl

We set 5 = 0 with ; > 0 in Equations (63) to calculate the fixed point for which cyanobac-
teria are extinct but APB are abundant. We have

oy vy
0= (1) ol
1+ my, 1+ n1ys

0= mg )
(1) (1)
Y1 Ya (1) (1)
0=fi —yt” —at” —U%h'#
1+ my%l) 1+ nlyél) (64)

1 1
0= f (1 o 3/5) yé) () 3/5)
=2 11 B m ) "2 )
1+ my, 14 nyys L+ nay,

1 Z/(l) 1
0= azl’ 2—(1) — bz — D)
1+ noys

From Equations (64), we have

0= (1—mny) ( (1)> +[(fo— fi)(1 =mny) —m — nl]yg) — 14 (f2 = fi)ni]

Solving this quadratic equation for ygl), keeping the physical solution, and substituting this into

Equations (64), we obtain Equilibrium FEj:

O (fr+ f2) (A =mny) —m—ny — /[(fr = f2) (1 —mny) +m —m]? +4

b 2(1 —mny)

M _ g

YV = (f1 — f2)(1 — mny) +m+n12—21\£ Tﬁln ) f2) (L —mny) +m—ny2+4 65)
1 (fg — fl)(l — mnl) +m + ny -+ \/[(fl - fg)(l — mnl) +m — n1]2 + 4

T 2(1 —mny)

21 =0
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We set ; = 0 with 7o > 0 in Equations (63) to calculate the fixed point for which APB are
extinct but cyanobacteria are abundant. We have

(2)

0=z
(2)
O = C L(Z) — 1
1+ noys
(2) (2)
_ Y1 Yo 2) _(2)
= fi -y -2 —yPz
1+my® ) \1+ny? (66)

(2) (2) yf) ?Jé?) (2) y§2)
O0=Ffr—pyy’ — ) @ | %2 )
1T+ my, 1+ ny, 1+ noys

(2)
0= az? _&_ﬁ 5@ @
1 4 nays

Simplifying Equations (66), we obtain Equilibrium Fj:

7 =0
ng) _ c[fa(c —mng) — 1]
(2)_; C — TNo 1 — — aj\C—MNy)Jo2 —
W = g o= )= 0 alle — n) o 1
+V{(c—n2)(fi = b) — al(c — na) fo — 1]}* + 4b(c — ”2)2f1} (67)

o=
2(2):;(10—712 2 — — (C — Ny 1

e |elle = nfe = 1= (e= ma) i+

+w4@—mﬂﬁ—@—aw—nﬁﬁ—ﬂp+%@—mﬁﬁ}

The interior equilibrium corresponds to having both z; > 0 and o > 0 in Equations (63). We

have R A
o= () () -
14+ miy; 14+ n19o
1-'-7123/2
AN U U2 L
0= — — X — —~ — Z 68
fi—h 1 (1+my1) (1+n1y2> Y1 (63)
. 1 o . Yo
0= - —Z = — — T S mm———
fo= b ' <1+my1) (1+n1y2> ? <1+n2y2)

. U2 e
O=aZs | ——— ) — b2 — 12
2<1+n2y2> N

38



The equations for the interior equilibrium are written most simply by defining p’, ¢, and 7’. For p/,
we have

p'=(c—na){(c—na+ny)— (fi — fo)[l = m(c—ng+n1)]} — [1 —m(c—na+ny)] (69)
For ¢', we have

¢ ={b[1 —m(c—no+n1)]+ (c —ng+n1)H{fi[l —m(c—na+n1)] — (c —na+n4)}
X (¢ —ng) (70)
—al(c —na) fo — 1[I — m(c — ng + n1)](c — na + ny)

For 7/, we have
r"=b[1 —m(c—ny+n1)]— (c—n2+mn1)(a—1) (71)

Simplifying Equations (68), we obtain Equilibrium E:

"o ((c—m)[l —Trt(c—nQ—l—nl)]) (3‘)
b (C{b[l —m(c—nz + )] +(C—n2+n1)}) (pf)

(¢ —ng)[1 —m(c—ng +ny) T
. cC—MnNgo + Ny
= 72
n 1 —m(c—ng+ny) (72)
. 1
Yo =
C— No

= (=) ()

2.1 Dynamical stability

For determining the dynamical stability of Equilibrium £, we use the following:

21(t) = 2V + €(021) exp(Ait)
2o(t) = 2 + €(022) exp(Ait)
yi(t) = yi” + €(dyn) exp(Mit) (73)
ya(t) = 15" + €(dyn) exp(Mit)
2(t) = 2D 4+ €(62) exp(Mt)

Here, we consider that € is arbitrarily small. Substituting Equations (73) into the equation for 5 in
Equations (61) and setting us = 0, we have

c (yél) + €(dy2) exp()\lt))

Mase(8z2) exp(Ait) = )
1+ n, (3/2 +¢(0y2) eXp(Alt})

— 1| e(0xs) exp(A1t)
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Simplifying and keeping only terms of the lowest order in €, this becomes

N 1 cyél) _
LR )
@2 \ 1+ nays

(c—na)yd) —1

(1 + ngyél)) Qg

If \; < 0, then £} is dynamically stable, while if A\; > 0, then £} is dynamically unstable. We can
write \; in terms of p’ using Equation (69):

This can be rewritten as

AL =

1
2(1 — mnq)[1 — m(c—ng +ny)] (1 + n2y§1)> 9

A =

X {(1 —mny)p — {(c —ny)* + [1 — m(c —ny +ny))*}

+ sgn(c — ng)sgn(1l — m(c — ny + ny)) (74)

[ (= mnf = (e = (1= ol — s )

2

+4(L = mn)[1 —m(c—nz + ”1)]2]9,] 1/2}

The first of Equations (64) yields
1—mny >0

The dynamical stability of F; is determined from Equation (74) as follows:
e If c — ny < 0, then F; is dynamically stable.
o Ifc—mny>0and 1 —m(c—mns+mn1) >0andp’ <0, then F; is dynamically stable.
e Ifc—ny>0and 1 —m(c—ny+mny) >0andp > 0, then E; is dynamically unstable.
o If 1 —m(c—ny+ny) <0, then E; is dynamically unstable.

For determining the dynamical stability of Equilibrium F£5, we use the following:

x1(t) = xf) + €(dz1) exp(Aat)
xo(t) = xg) + €(dx2) exp(Aat)
yi(t) =yt + e(0y1) exp(Aat) (75)
ua(t) = 5" + €e(Oy2) exp(Aat)
2(t) = 2@ 4 €(62) exp(Aat)
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Here, we consider that € is arbitrarily small. Substituting Equations (75) into the equation for z; in
Equations (61) and setting u; = 0, we have
yt” + e(dy1) exp(Aat)

Ao €(01) exp(Aat) = )
1+m <y1 + €(dy1) eXP()\ﬂ))

(2)
) . 4(_2 )e(5y2) exp(Aat) - 1] €(dx1) exp(Aat)
o o + oo

Simplifying and keeping only terms of the lowest order in €, this becomes

2 2
A__i_ yy v _q
27 o ) 2)
1 1+ my, 14+ nys
This can be rewritten as
2) (2 2 2
M:(P—mmwpﬁ)—m%)—m%)—l

(1 + my§2)> (1 + n1y§2)> o

If A\ < 0, then Ej is dynamically stable, while if Ay > 0, then F> is dynamically unstable. We can
write g in terms of ¢’ using Equation (70):

1
—1s)2(c — (2) (2)
2(c —ng)?(c—ng+nq) (1 4+ my; L+ nys ) oq

Ao =

X {q’ — (e —n2){(c —na +n1)? +bfi[l —m(c —ng +n1)]*}

+sgn(1l —m(c—ng + ny)) (76)

X {(q' — (¢ = n2){(c—ng +m1)* + bfr[1 — m(c —ny + nl)]2})2

1/2
+4(c—ng)(c—ng + nl)Qq'] }
The second of Equations (66) yields
c—ng >0

The dynamical stability of Fs is determined from Equation (76) as follows:

e If 1 —m(c—ng +nq) <0, then Ey is dynamically stable.

e If 1 —m(c—mng+ny)>0and ¢ <0, then Es is dynamically stable.

e If 1 —m(c—mng+ny)>0andq > 0, then £, is dynamically unstable.

Equilibrium E can be either stable or unstable. Since there can only be one interior equilibrium,
there are two cases for which it exists:

e [J; and E5 are both dynamically unstable. In this case, Eis dynamically stable.

e [; and Ej are both dynamically stable. In this case, Eis dynamically unstable.
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2.2 Characterization of the interior equilibrium

For the interior equilibrium to be physical, we must have z; > 0 and Z5 > 0. The equations for ¢
and g, from Equations (72) also require that ¢ — ny > 0 and 1 — m(c — ng + ny) > 0. From the
solutions for z; and Z-, the key consideration for whether F is stable or unstable is then whether
r" > 0orr’ < 0. Ifr > 0, then it is not possible to have p’ < 0 and ¢’ < 0, but it is possible to
have p’ > 0 and ¢’ > 0. If ' < 0, then it is not possible to have p’ > 0 and ¢’ > 0, but it is possible
to have p’ < 0 and ¢’ < 0. Therefore, for r’ > 0, Eis necessarily stable, while for ' < 0, Eis
necessarily unstable.

2.3 Simplified model: n; = ny =n

The analysis is simplified by setting n; = ny = n. For the dynamics, Equations (61) become

T = h Y2 — T+ u
121 1 1+ mn 1+ v 1 1

. Yo
Qo9 = CIy ( — X9 + Usg

Y1 Yo
— Y12 77
. Y1 Y2 Y2
= — Yy — X —x
5292 fo— v 1 <1+my1> <1—|—ny2) 2<1+ny2)

Z = axs Y2 — bz — 2
14 nys

Equations (65) become

Bith = fr —y1 — 1

e (fi+ o)A =mn) —m—n—+/[(fL = )1 —mn) +m —n]> +4

' 2(1 —mn)
:z:gl) =0
o _ (fi=FH)A=mn)+m+n+/[(fi—f)(1—mn)+m—n]>+4 (78)
o=
2(1 —mn)
M (fo— f)A =mn)+m+n+/[(fi — f2)(1 —mn) +m —n]2 + 4
T 2(1 —mn)
21 =90

Equilibrium Ej is given by Equations (78).
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Equations (67) become

ng):O

xf) _ clfalc —n) —1]

@ _ L c—n —b)—allc—n)fy —

W = oy €= (=0 = alle = mpe 1
VA=A =0 alle— mfa — TP+ e~ 7T

) = —

Z(Q)Z;ac—n o — 1] — (c —n)(f;
e |alle= =11 = )+

e =) —alle —n)fs — T}7 + dblc n)?fl]

Equilibrium F is given by Equations (79).
Equation (69) becomes

P =(c—n)lc—(fi = f2)(1L = me)] = (1 = mc)
Equation (70) becomes
q = [b(1 —mc) + [f1(1 — me) — ¢|](c —n) —a[(c —n) fa — 1](1 — mc)c

Equation (71) becomes
" =b(1—mec)—cla—1)

(=sr=a) ()

Equations (72) become

jj =
. 1—mc )+ | '
= —
(c—=n)(1—mc)) \1’
l—mc
R 1
Y2 =
c—n

(=6

Equilibrium Eis given by Equations (83), (80), (81), and (82).

2.3.1 Effects of m and n on the GOE

(79)

(80)

1)

(82)

(83)

Bounds on the bacterial growth rates do not change the roles of f; and f5 in triggering a GOE. Sim-
ilarly to p, p’ only depends on the difference f; — f,. Therefore, the difference f; — f, determines

when the GOE is initiated.
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In Fig. S14(a), f; — f> is plotted versus ¢ for n = 0 and for different values of m. For ¢ < 1/m,
m does not significantly change the condition for initiating a GOE. For larger values of ¢, the value
of f{ — fo is augmented compared with the case m = 0. If ¢ > 1/m, then the fixed point for which
APB dominate is necessarily unstable. In Fig. S14(b), f; — f> is plotted versus c for m = 0 and
for different values of n. For ¢ > n, n does not significantly change the condition for initiating a
GOE. For smaller values of c, the value of f; — f, is reduced compared with the case n = 0. If
¢ < n, then the fixed point for which APB dominate is necessarily stable.

For nonzero values of m and n, the GOE can be continuous or discontinuous. Fig. S15 shows
a continuous transition, and Fig. S16 shows a discontinuous transition.

3 Supplementary Note 3: Dynamics of organic carbon

When APB and cyanobacteria die, they leave behind organic matter. The carbon in this organic
matter can be buried in sediments and thereby removed from the system. Another possibility is that
organic carbon reacts with oxygen in the atmosphere. To understand how aerobic decomposition
of organic carbon affects the GOE, we consider the following equations:

dX
—= = CLXiNYs - DX, + Uy
dX
d_T2 = (2 XoYs — Do Xo + Uy
dY;
o == Gy = HX\V1Ys — RiiZ
ol (84)
_dTQ = Iy — GyYo — 1 X0V Yy — Hy XoY,
dz
aT = AXyYo — BZ — RYAWZ — EWZ
aw
o = S Xy + o Xo = SW -VWZ

In Equations (84), IV is organic carbon. Organic carbon is produced when APB die at rate J; X,
and when cyanobacteria die at rate ./, X». Organic carbon is removed via reaction with dioxygen at
rate VIV Z, and dioxygen is correspondingly removed at rate £V Z. Organic carbon is removed
by other means at rate SW.
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Equations (84) can be rewritten as
1 d (kHX;\ (kHX, kEC Y1 Y, kHX, kHU,
(31)%( Gy >_( Gy )( Dy )(E)_ G DGy
1 d (HyXo\  [kCy Hy X5 Y, Hy X,  HyUs
(32>d_T( G )_(D2)( G )(?>_ G | DG
1 d (kCiY1\ kCiFy  kCY;
<5J3T([h>__m01_ D,

kHX, EC1Y; Y, kC1Y, RZ
_( Gy )( D, >(?>_( D, )(Gl)
1N d (% B Y
(@) ar (%) 76— %
o) (50) (7) - (567) ()
Dy k G k
ECy\ d (R Z (83)
(o) ar (&) -

k’QAOlGQRl HQXQ é
D1G1H2 G2 k

3
(o) () - (%57) (&)
(x50 (2

ClEJ1R1> (kHXl) I <k’ClEG2J2R1> (H2X2>
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To simplify Equations (85), we make the following definitions:

. CiEL Ry
= "D/HRV
D,G,HyRV
s (86)
G,V
_ KCLEW

Ry \ d (kCiEW
G,V ) dT DR

S =

We also define R
_ 1 87)
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Substituting Equations (6), (7), (86), and (87) into Equations (85), we obtain

T = T1Y1Y2 — T1 + Uy

Qay = CTYs — T + Us

Bryr = fi — y1 — T1y1Y2 — Y12

Baya = f2 — Y2 — T1y1Y2 — Tal2
Z=axroys — bz —y12 —wz

(88)

Qu = J1x1 + Joo — SW — W2

Equations (88) describe, without loss of generality, the ecological dynamics with organic carbon.
The fixed points of the ecological dynamics are obtained from the steady state of Equations
(88):
0="T1J1%2 — T1 +
0 = cToljy — To + Uy

0= fl —?71 —9251?5152 —515

_ - Z (89)
0= fo— 92— Z101Y2 — T2U2
0= afggg — bz — 515 — Wz
0 = j1%1 + joZo — sSW — WZ
Setting u; = us = 0 in Equations (89), we have
0= (hy — 1)1
0= (cyo — 1)79
0=fi—th — Tl — iz
f1 ?{1 _1?{1%2 ?{1 i (90)
0= fa— o — T1lhY2 — T2l
0= afggg — bz — glf — Wz
0= jlfl +j2(l§2 — SW — Wz
For Equilibrium E;, 2" = 2 = 0. Thus, from Equation (22), p is sufficient to characterize

the dynamical stability of Ej:
e If p < 0, then E} is dynamically stable.
e If p > 0, then F; is dynamically unstable.

To determine the dynamical stability of Equilibrium Ej5, we consider Equilibrium E in the limit
that z, is arbitrarily small. From Equations (90), Equilibrium £ is given by

0=1102—1
0=cy— 1
0=/fi—91 — 10192 — H 2
0= fa— 0o — 10102 — 272
0 = adally — b3 — 1% — 002

O

0 =121 + JoTy — SW — W2
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Setting #; = 0 in Equations (91), we have
~(2) ~(2
0=g"95" —1
0= cﬂém -1

0=fi— 3" — 472"

92)
0=fo—i5 — 595
0= a2z gl — p2® — P _ ;P2
0 = jo2l? — sp® — 22
Using ¢ from Equation (23), we define
q=qlfi —c(L = )]+ jaclcfo = 1)(f1 — ) (93)

Eliminating i(;), gjf), géQ), 2@ and vw® from Equations (92), we obtain ¢ = 0. This indicates

that, if f; > ¢, then ¢ from Equation (93) is sufficient to characterize the dynamical stability of F.
We have the following conditions:

o If f{ < c,orif f{ > cand q < 0, then Fj is dynamically stable.
e If fi > cand g > 0, then Ej is dynamically unstable.

We can further determine how organic carbon affects the duration of the GOE. Using r from
Equation (24), we define
Jac*(cfo — 1)
s +cfy — 1
Considering that f; > c, the solution to p = 0 and ¢ = 0 is that 7 = 0. This indicates that 7 from
Equation (94) determines whether the GOE is gradual or sudden:

r=r+

(94)

e If 7 > 0, then the transition is gradual.

e If 7 < 0, then the transition is sudden.

3.1 Effects of s on the GOE

The parameter s is the rate of burial of organic carbon. If organic carbon is immediately buried in
sediments, then s is arbitrarily large, and organic carbon has no effect on the GOE. For finite values
of s, some organic carbon reacts with oxygen during aerobic decomposition, thereby removing
oxygen from the atmosphere. Organic carbon thus represents one of many potential sinks for
oxygen. Since p is independent of sinks for oxygen, the rate of burial of organic carbon is not a
central consideration for determining when the GOE begins. It can, however, affect the duration
of the GOE.

Fig. S17(a) shows a continuous transition for a decreasing value of f; and for a finite value of
s. In Fig. S17(b), the value of s is increased, and the transition is instead discontinuous. In both
cases, oxygen levels rise substantially around time ¢ = ¢*.
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