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Nonparametric Analysis of Clustered Multi-State Processes

Web Appendix A: Influence functions
This Web Appendix presents the explicit formulas for the influence functions of the estima-
tors developed in this article. The influence function for the working independence Aalen—

Johansen estimator Pn,hj(s,t), for h e T¢and j € S, with h # j, is

PO hl S, u— Poqj(u,t) —
Yini (8, 1) / dM,(u), 0
0= 2 2 ) Ty M

N
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where

Mig(®) = Neaw(®) = [ Yealu)dAos(w)
(0,4]
If h = 7, then vpp(s,t) = — Z#h Yin;(s,t). The empirical version 4;5;(s,t) of this influence
function can be obtained by replacing the unknown transition probabilities and cumulative
transition intensities with their uniformly consistent estimates, and the expectations with
sample averages over clusters.
The influence function for the weighted working independence Aalen—Johansen estimator

P;th( t), for he T¢and j € S, with h # j, is

Ohl oqg(uﬂf) —
Yini (8, 1) / : dMj (u), 0<s<t<T,
0= 23 | R )

where

1,0 = M { N8 - /(Ot] 0,0}

If h = j, then v}, (s,t) = — >, Vin;(s,t). The empirical version 4j,;(s,t) of this influence
function can be obtained by replacing the unknown transition probabilities and cumulative
transition intensities with their uniformly consistent estimates, and the expectations with
sample averages over clusters.

The influence function for the state occupation probability estimator IADW- (t) is

0+) — EY7.4(04)
7TOEM1

M; — EM, N MY, (04) — o
EM1 0 ’

valt) = 3 <P0,h(0>7ihj(0,t)+P0,hj(07t>|:yé"h(
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with Y;..(0+) = >, c7e Yi.n(04). The corresponding empirical version can be easily obtained
by replacing the unknown state occupation and transition probabilities with their consistent
estimates, 7;5;(0,t) with 4:;;(0,¢) as described above, and the expectations with sample
averages over clusters.

The influence function for the weighted state occupation probability estimator 157’1 ;(t) 1s

Yit) = ) (P a(0)7i;(0,8) + Py i (0,8 MY (04) — E{M'Yi.5,(04)}
heTe
— P, (0){ My Y1, (04) — mo}]).

The corresponding empirical version can be easily obtained by replacing the unknown state
occupation and transition probabilities with their consistent estimates, 7;,;(0, ) with 43,,(0, )
as described above, and the expectations with sample averages over clusters.

The classes of functions {¢;;(t) : t € [0,7]} and {¢};(t) : t € [0, 7]} are P-Donsker for any
j € S. This is due to the fact that these classes consist of linear combinations of functions
that belong to P-Donsker classes by Theorem 2 in the main text, fixed functions, and random

variables with bounded second moments.

Web Appendix B: Asymptotic Theory Proofs
The proofs of the theorems provided in Section 2 of the manuscript rely on empirical process
theory (van der Vaart and Wellner, 1996; Kosorok, 2008). In this Appendix we use the

standard empirical processes notation

P.f = lif(Di), and Pf = / fdP = Ef,
o D
where, for any measurable function f : D — R, D; denotes the observed variables for
the ith cluster, D denotes the sample space, and P the true (induced) probability measure
defined on the Borel o-algebra on D. We also use the supremum norm notation || f(t)||. =
SUPyejo.- |/ (t)]- Let V be a generic constant that may differ from place to place. In this Web

Appendix we only prove the asymptotic properties of Pn(s, t) since the properties of P;(s, t),
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P, ;(t), and f’,’l’j(t), Jj € S, can be established using the same arguments. Without loss of
generality and for simplicity of presentation we set the starting point s = 0. Before outlining

the proofs of Theorems 1-3 we provide and prove two useful lemmas.

LEMMA 1: Let N(t) be an arbitrary counting process on [0, 7] with P{N(7)}? < oo and
h(t) be a fized and non-negative function with h(t) <V almost everywhere with respect to
the Lebesgue-Stieltjes measure generated by (the sample paths of) N(t). Then, the class of

functions

Fi(s) = {/Sth(u)dN(u) e [S,T]} |

is P-Donsker for any s € [0, 7).

Proof. Let ||h|lg2 = ([ |h|?dQ)*/? for any probability measure Q. Now, for any probability

measure ) and any ty,t; € [0, 7] it follows that

\

By lemma 22.4 in Kosorok (2008), it follows that the class ®; = {N(¢) : t € [0,7]}

<
Q.2

/ * h(w)dN ()

t1

/S " h(w)dN () — / * h(w)dN (u)

Q,2
< VI[IN(t2) = N(t)llqa-

has a bounded uniform entropy integral (BUEI) with envelope 2N(7), and is also point-
wise measurable (PM). This implies that, for any ¢ € [0, 7] there exist a t; € [0,7], i =
L...,N(e2||N(7)]|g2, 1, L2(Q)), such that | N(t) — N(t;)||g2 < €2||N(72)]|q,2, for any e > 0
and any finitely discrete probability measure (). Therefore, for any member of Fi(s), there

exist a tihudNu,fori—-l,...,NeQ N(7)||g.2, ®1, L2(Q)), such that
J; Q,
< e2V[IN(7)llq.z;

/S h(u)dN () — / " h(u)dN () N

for any € > 0 and any finitely discrete probability measure ). Consequently, by the minimal-

ity of the covering number it follows that for any € > 0 and any finitely discrete probability

measure (), we have that

N(e2V[IN(7)llg.2, Fi(s), L2(Q)) < N(e2[|N(7)[l g2, ®1, L2(Q)),
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which yields a BUEI for Fi(s) with envelope 2V N (7). Using similar arguments to those used
in the example of page 142 of Kosorok (2008), it can be shown that the class Fi(s) is also
PM. Therefore, by Theorem 2.5.2 in van der Vaart and Wellner (1996), the class Fi(s) is

P-Donsker. Since s was arbitrary, the last statement is true for any s € [0, 7).

LEMMA 2: Let Y (t) be an arbitrary at-risk process, A(t) a continuous cumulative tran-
sition intensity function on [0, 7|, and h(t) a fived and non-negative function with h(t) <V
almost everywhere with respect to the Lebesque-Stieltjes measure generated by A(t). Then,

the class of functions

Fals) = { / h(u)Y (u)dA(u) - t € [0,7]}

is P-Donsker for any s € [0, 7).

Proof. 1t is not hard to show that for any probability measure @) and any ¢y,t, € [0, 7]

< V]A(ts) — At).
Q,2

Now, the class of fixed functions ®; = {A(t) : t € [0,7]} is a compact subset of R as

/1 h(w)Y (u)dA(u) — / 2 h(w)Y (u)dA(u)

it consists of continuous functions on the compact set [0, 7]. Therefore, this class of fixed
functions can be covered by V(1/€) e-balls and, thus, N(e, o, |- |) < V(1/¢). Consequently,
for any t € [0, 7] there exist a t; € [0,7], 4 =1,..., N(e, ®o, |- |), such that |A(t) — A(t;)| < e,
for any € > 0 and any finitely discrete probability measure (). Therefore, for any member of

F5(s), there exist a fsti h(u)Y (u)dA(u), for i = 1,..., N(e, g, | - |), such that

< Ve
Q72

/ h(u)Y (u)dA(u) — / ()Y (u)dA(w)

for any € > 0 and any finitely discrete probability measure (). Consequently, by the minimal-
ity of the covering number, it follows that for any ¢ > 0 and any finitely discrete probability

measure (), we have that
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which yields a BUEI for F»(s). Finally, similar arguments to those used in the proof of

Lemma 1 lead to the conclusion that the class F»(s) is P-Donsker for any s € [0, 7).

B.1 Regularity Conditions

In this work we assume the following conditions:

C1. The potential left truncation L;,, ; and right censoring L;,, » times are independent of the
underlying counting processes {Ninx;(t) : h # j,t € [0,7]}, the initial state indicators
Yim,h(O—l—), h € T°¢, and the cluster size M;. Also, L;y, 1 and L, » are identically distributed
in the sense that E[{I(Lim1 = 0) + I(Lim1 < )} (Lima = t)] = ERin(t) = ERu(1),
te0,7], foranyi=1,...,nand m=1,..., M,.

C2. The cluster size is bounded in the sense that there exists a (fixed) positive integer mg such
that Pr(M > myg) = 0.

C3. The underlying counting processes are identically distributed conditionally on cluster size,
which implies that E{ Ny, n;(6)|M;} = E{Ni1n;(1)|M;} forany i =1,....n,m =1,..., M,
and b # j. Also, E{Nimx;(7)}? < oo for all h # j.

C4. The underlying at-risk processes are identically distributed conditionally on cluster size,
which implies that E{Yi,»(t)|M;} = E{Yi1,(t)|M;} for any i = 1,....n, m = 1,..., M,
and h € S. Also, there exists a convex and compact set J, C [0, 7] such that
infre s, E{Y "y Yima(t)} > 0 for all h € T, and [,
j#h

C5. The cumulative transition intensities {Agp;(t) : b # j,t € [0, 7]} are continuous functions.

dA(th(t) =0 for all h € T¢ and

0.4]NJ¢

C6. Strengthen condition C4 to require inf;c(o o E{Z%zl Yimn(t)} > 0 for all h € Te.

Condition C1 implies that the right censoring and left truncation times are independent
of the at-risk processes {Yinn(t) : h € T¢t € [0,7]}. Conditions C1 (except for the
independence between cluster size and right censoring/left truncation), C5, and the second

parts of conditions C3 and C4 ensure that the standard Aalen—Johansen estimator (Aalen
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and Johansen, 1978) of P, based on i.i.d. data is uniformly consistent and its elements
convergence weakly to tight (and possibly degenerate) Gaussian processes. The additional
conditions needed for the situation with clustered data are that cluster sizes are bounded
(condition C2), the right censoring and left truncation times are independent of the cluster
size, and that the counting and at-risk processes are identically distributed within clusters,
conditionally on cluster size. These additional conditions are realistic in practical applica-
tions. It has to be mentioned that a violation of the additional condition C6 is associated
with weak convergence to degenerate Gaussian processes for the proposed estimators. In
Web Appendix A.5 we relax condition C6 and discuss the practical implications of this.
For the nonparametric two-sample Kolmogorov—Smirnov tests we refine conditions C3, C4

and C6 as follows:

C3’. The underlying counting processes are identically distributed conditionally on cluster size,
which implies that E{]\vfipm7hj(t)|Mpi} = E{Nm’hj(tﬂMpi} forany i =1,...,n,p=1,2,
m=1,..., M, and h # j. Also, E{Nipmn;i(7)}* < oo for all h # j.

C4’. The underlying at-risk processes are identically distributed conditionally on cluster size,
which implies that E{Yjmn(t)| My} = E{Yipn(t)| My} for any i = 1,...,n, p = 1,2,
m = 1,...,M, and h € S. Also, there exists a compact set J, C [0,7] such that
inf,es, B{ M Vipn(t)} > 0,p = 1,2, forall h € T¢, and Jiospse dAopns (1) = 0,p = 1,2,
for all h € T¢ and j # h.

C6’. Strengthen condition C4’ to require inf;cjo - E{Z%il Yipmﬁ(t)} > 0, p = 1,2, for all

heTe.

Note that the counting and at-risk processes are also allowed to depend on the total cluster
size M;. However, the assumption of identical distributions in conditions C3’ and C4’ is

defined conditional on the size of the pth sample within the ith cluster.
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B.2 Proof of Theorem 1

It is clear that Nj,,,;(t), h # j can be expressed as

Nim,hj(T)

Nimai®) = Y I(Timop; < 1)

v=1

- Z[ < Nimi (7), Timony < 1), a.s.

where Tinunj, © = 1, ..., Nimpi(7), are the random jump times of Ny, 4;(t), t € [0, 7], and
vg € N is a constant which is selected to satisfy Nim,hj (1) < vp a.s. in light of condition
C3. The corresponding observable version, which is subject to right censoring and/or left

truncation, is

sz Jhj (T)
Nim,hj(t> - ] imv,hj X t Rim(ﬂmv,hj) - 1)

v=

—

Vo

= [ < zm h] ) Emv,hj < Rim(ﬂmv,hj) = 1)7 a.s.

v=1

Thus, by conditions C1 and C2,

EN;. pi(t) = Z Z Pr(m < Mi, v < Nigon(7), Timonj < t, Rim(Timong) = 1)
m=1 v=1
- / E{Rzl }dE Z Z ] Nim,hj (T), T;mv,hj < U)

- [ BRAMEN (), 1€ [0

Additionally, the observed version of Ymh( )s h € T is Yipn(t) = Yimn(t) Rim (t—), t € [0, 7]

and thus, by conditions C1, C2, and C5
EY; u(t) = E{Ra()}E{Y; n(8)},  t€[0,7].

Next, in light of the assumption of identically distributed counting processes conditional on

cluster size (condition C3), condition C2, and the i.i.d. assumption of the observations across
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clusters it follows that for h # j and any ¢ € [0, 7]

ENy,;(t) = E E{iNlm,hj(t)‘Ml}]

mo

= E|E {Nn,hj(t)'Ml} > I(m < My)

m=1

= E E{Nlm,hj(t)‘Ml}Ml}

= E{MNy,(0)}, telo,7],

for any m = 1,..., M;. Similarly, under conditions C2 and C4, it can be shown that
EYi4(t) = E{M\Yimn(t)}, h € T¢ t € [0,7], for any cluster member m = 1,..., M;.

As a result,

;o h#

. t dE{MlNlm,hj(u)} . t dENl.ﬁj(u)
Aon () = / B Vomn (W)} / BV (1)

Taking all the pieces together, and using empirical process theory notation, if follows, by

condition C4, that

"dPN.p;(u) dPN. ()
/0 PY-,h(U) B /(o,t]ruh PY,h(u)
B PRy (u)dPN. ;(u)
a /(o,t]th PRy (u)PY. j,(u)

= AO,hj (t)a

since condition C4 ensures infycp g7, PR.x(t) > 0 and f( dAppj(t) = 0. Next, it is easy

0,6)NJ¢

to see that, for any h € T¢ and j € S, the following inequality holds:

o0

4wt = dasstt] < |

P, /(o,t] {PnY.l,h(U) B PY;(“) } At
+H(IP’n—P) /(O,t] % %

Qn,l + Qn,Z- (1)

o0
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The first term can be bounded as follows:

Qua < IPYal) - PYaC]

- / AN p; (1)
0.4 PnY 0 (u) PY. 5 (u)

" / ANy (u)
04 PaYon(u) ||

o0

< VIBY.alt) = PYa()lle \

where the last inequality follows from condition C4, which implies that there exists a constant
V such that {PY.,,(t)} ' <V a.e. (un.,,), with py, . being the Lebesgue-Stieltjes measure
generated by (the sample paths of) N.,;(¢). By conditions C2 and C3, the class of functions
{Yt) =37 I(m < M)Y,, ,(t) : t € [0,7]} can be expressed as a (finite) linear combina-
tion of monotone caglad square-integrable processes (Andersen et al., 2012), multiplied by
R,,(t—), which belong to Donsker classes by lemma 4.1 in Kosorok (2008). Thus, by lemma
4.1 and corollary 9.32 in Kosorok (2008), the classes {Y.,(t) : t € [0,7]}, h € T¢, are P-
Donsker and, therefore, also P-Glivenko-Cantelli. Consequently, ||P, Y., (t)—PY.4()||oo = 0.
This result and the fact that {P,Y.,(t)} " is bounded a.e. (. ,,) with probability 1 lead
to the conclusion that @, 0. For (Qn,2, conditions C1 and C4 imply that there exists a

constant V such that

1
PY_(2)

<V ooae (pn,,)

Thus, by conditions C2, C3, and Lemma 1, it follows that the class { [ , {PY.n(w)} 1 dN.j;(u) :

0,t]
t € [0,7]} is P-Donsker and thus also P-Glivenko-Cantelli. This implies that @, % 0 and,
consequently, by inequality (1) it follows that || A, ;(t) — Agp;(t)]lee =5 0, for all h € T¢ and
j € S. This result along with the continuity of the product integral (Andersen et al., 2012)
lead to the conclusion that
JUT + dAs ()} =5 T + dAo(u)},

(0,¢]

(0,4]

uniformly in ¢ € [0, 7].
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B.3 Proof of Theorem 2

The class of functions {N.,;(t) = > I(m < M)Ny,;i(t) : [0,7]} is P-Donsker for any
h € T¢and j € S, by conditions C2 and C3, and lemma 4.1 and corollary 9.32 in Kosorok
(2008). Also, the class {Y.,(t) : [0, 7]} is P-Donsker for any h € T as argued in the proof of

Theorem 1. Therefore

P,N.j.j — PN.j; Giny
vn ! g VN ! in (D[0,7])%,

P,Y., — PY., Gan

for h # j, where @lhj and Gy, are tight zero mean Gaussian processes with covariance func-
tions PN.j;(t1)N.y;(t2) — PN.j;(t1) PN 1i(ts) and PY. ()Y (t2) — PY.,(t1) PY. 1 (t2), re-
spectively, for t1, t5 € [0, 7. The cross-covariance between @mj(tl) and Gop, (t2)is PN. jj(t1)Y. p(t2)—
PN.;,;(t1)PY. 5 (t2). Moreover, the map (Fi, Fy) — f[(]’t] F['dF, is Hadamard differentiable

on the domain

{(F17F2) . inf ‘Fl(t)| 2 6,/ |dF2(t)| < OO}
te[0,7] [0,7]

for e > 0 and F; ' of bounded variation (Kosorok, 2008), with derivative at (f,, f2) given by

d
[ B[
04 2 0,4 3
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These facts along with condition C6 and the functional delta method (van der Vaart, 2000),

lead to the conclusion that

VA (®) = Aus(0)} :‘mmlﬁﬂﬂWTQTwa”

R
(0.4 v

PY,}L(’U,)
N IRCI
Lﬁmwwwm<ﬁ

_ JuP, {/( dN. pj(u
—/n {/(M d]ZN—h](u) — AO,hj(t)} + 0p(1)

~—

0,t] PY j, (u)

(
- o th](u) o
= e, [ g o)
= VnP,oni(t) +0,(1), te[0,7].

The class of the influence functions {¢p;(t) : ¢ € [0, 7]} is P-Donsker by the Donsker property
of the class {N.;;(t) : [0,7]}, conditions C2-C5, Lemmas 1 and 2, and corollary 9.32 in
Kosorok (2008). Therefore, v/n(A, ; — Ag.s;) converges weakly to a tight zero mean Gaussian
process Gay,; in D[0, 7] with covariance function Py (t1)én;(ta), t1,ts € [0,7], for h # j. For
h= 3, Vi{Anwn(t) — Agpn(t)} = —/nP, > ntj Onj(t) +0p(1), where the influence functions
belong obviously to a P-Donsker class. Thus, the joint sequence \/ﬁ(flmhj — Ao ;) for h #
J, converges weakly to a tight zero mean Gaussian process with cross-covariance between
Gghj(tl) and @glq(tg) equal to Pop;(t1)pi,(ta), for h # j, 1 # q, t1,t2 € [0,7]. Therefore,
Vi(A, — Ag) converges weakly to a tight zero mean Gaussian process in (D[0,7])¥*. Now,

the Hadamard differentiability of the product integral map (proposition 11.8.7 in Andersen

et al., 2012)

Ay T(T: — dAy),

11
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and the functional delta method (van der Vaart, 2000; Andersen et al., 2012) lead to the

conclusion that

V(P (0,1) — Po(0,8)} = / T({IHdAO )}b(du) H{1k+dA0( )} +o(1)

0.0
VnPuy(0,1) +0,(1), £ €0,7]

where the matrix ¢,(t) contains the elements ¢;;;(t), and the matrix =,;(0,¢) contains the

elements

P O P t) -
~ini(0,1) ZZ/ 0,10, u— Oq]<u )sz‘zq(U), teo,7].

leTe qeS )
By the P-Donsker property of the classes {N.7h]-(t) ct € [0,7]}, for h # ¢, and {Y. ,(t) : t €

[0, 7]}, for h € T¢, conditions C3-C5, corollary 9.32 in Kosorok (2008), and Lemmas 1 and
2, it follows that the classes {7,;(0,%) : t € [0, 7]} are P-Donsker for all h € 7€, j € S. This
concludes the proof of part (i) of Theorem 2.

Before showing the weak convergence results which are conditional on the observed data,
we provide a more formal definition of what does conditional weak convergence mean. Clearly,
conditionally on the observed data, the only source of randomness in By, (s, -) and B;1 ni(85°)
are the standard normal variates &;. Weak convergence of conditional laws of a random
sequence G, (&, O), that depends on the simulation realizations £ and the observed data O,

to a tight process G in some metric space (D, d) is defined as follows (Kosorok, 2008)

sup | Eef[Ga(€,0)] = EF(G)] =0,

feBLy

where BL; is the space of Lipschitz functions f : D — R, with Lipschitz norm bounded
by 1, and E¢ denotes conditional expectation with respect to the simulation realizations &,
given the observed data O. This type of weak convergence is denoted as G, (&, O) ~Z~> G.
Weak convergence of conditional laws of the cluster bootstrap processes is defined in a
similar manner. More precisely, let (Uy1,...,U,,) be a random vector from the multinomial

distribution with n trials and probabilities 1/n for each trial. Then, the nonparametric cluster
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bootstrap versions of the proposed estimators are

P (s,1) = J{{T + dA; (u)}
(s,]

and

P (s,1) = J{{T + dAJ (w)},

(st]

where A*(t) and A”*(¢) involve the components

YA {30 UnilNioni(u) }
A* 7Z171 B ) h .7 te 07 ;
and
LA UniM; NG (u) )
n h]( ) / Z?ZI UniMi_ln.7h(u) ) 7é I [ 77—]7

respectively. Weak convergence of conditional laws of the corresponding bootstrap processes
is defined, conditionally on the observed data, with respect to the multinomial bootstrap
weights U and is denoted as VII}.

For the first conditional weak convergence result in part (ii) of Theorem 2, define the
process th((),t) = /nP,7,;(0,t)¢. By the P-Donsker property of the class {y;(0,t) : ¢
[0, 7]} and the conditional multiplier central limit theorem (Kosorok, 2008) it follows that

By,;(0,-) ~§> Gp;(0,-). Thus, it remains to show that
1B1;(0,) = By (0,1)lloe = 0,(1),

unconditionally on the observed data. After some algebra it can be shown that

|]th(0, t) th (0 t ||oo Z Z Qn gl + Qn g2 + Qn lq3> (2)
leTe qe8
where
~ o t ( )p (U, t) _ Po,hl(o, u—)PO,qj(u, t)
i = ' ") { Vi) PY.A(w } ]

Y

p (u, t) B P07hl(0, u—)P(qu (u, t) ~ w
Vi) PY.(u) } Hra)é

ALY

oo o

o
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and

/t Pon(0,u—) Py 4 (u, t)
0

Qn,lq?) = PY’l (u)

(VAP Y. () df Apig () - Aoﬁlq(“”Hm

Next, it is easy to see that

( )p (uvt) . PU,hl(Ovu_)PO,Qj(uvt)
Y (u) PY (u)

< V{ sup | P (0, u—) — Py (0,u—)]

-l u€(0,t]

+ sup |1f)n,hl<u7 t) — Pou(u,t)]

u€l0,2]
n 1 1
sup - )
welog] | PnYoa(u)  PY(u)

almost everywhere with respect to both uy ,, and gy " (which is the Lebesgue—Stieltjes
measure generated by An,lq). Therefore, by condition C3 and C6, the outer almost sure
consistency of the transition probability estimators, arguments similar to those used in the

proof of Theorem 1, and the central limit theorem, it follows that

Qniqr < 0as: (1) OV = 0p(1).

By similar arguments and condition C5 it follows that Qnqug = 0p(1). Finally, by the P-
Donsker property of the class {Y.,(t) : t € [0, 7]}, the uniform consistency of the cumulative
transition intensity, and the same arguments to those used in the proof of proposition 7.27 in
Kosorok (2008), it follows that Q, 3 = 0,(1), since convergence in distribution to a constant
implies convergence in probability. Thus, by (2), ||Bn;(0,t) — By;(0,t)]|se = 0,(1) and this
concludes the proof of the first conditional weak convergence result in part (ii) of Theorem
2.

For the second conditional weak convergence result in part (ii) of Theorem 2, the P-Donsker
property of the classes {NNV.;;(t) : t € [0,7]} and {Y ,(¢) : t € [0, 7]}, condition C3, the weak
convergence of the sequence \/ﬁ(flmhj — Ao,nj), the bootstrap central limit theorem (Kosorok,
2008), and the bootstrap functional delta method (Kosorok, 2008, Theorem 12.1), imply that
\/ﬁ(fl;hj — /Aln,hj) % Gap; in D[0,7], for h € T¢ and j # h. A second application of the

bootstrap functional delta method and the bootstrap continuous mapping theorem (Theorem
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10.8, Kosorok, 2008) lead to the conclusion that \/ﬁ{p;7hj(0, )= Py (0,9} % Gp;(0,-). The

proof of part (iii) of Theorem 2 follows from the same arguments.

B.4 Proof of Theorem 3

By Theorem 2 and the uniform consistency of W), (t), it follows that

VWi (A0 8) = {Wiy(t) = Wiy (0 }nPa{71,5(0,) — 72,5(0,8)}
VNP Wi (0){71,15(0,1) — 72,05 (0, 1) } + 0,(1)
= VP Wi (O{m.45(0,1) = 72.5(0, 1)} + 0, (1).

The boundedness of the fixed function W;(t) and the P-Donsker property of {7,:;(0,1) :
t € [0,7]}, p = 1,2, imply that the class {Wy;(t){71.4;(0,%) — 72,;(0,t)} : t € [0,7]} is
P-Donsker. Therefore, v/nWi;(-)A(0,-) ~» Z;(0,-) in D[0, 7], with the covariance function
of the process Zj,;(0, -) being

Wi (£0) Wi (b2) P{v1, (0, 1) — 2,15 (0, 22) H{yn5 (0, £2) — 72,185(0, £2) },

for tl,tQ S [O,T].

Next, by the conditional multiplier central limit theorem it follows that
Couni (0, ) = VP Wi ({71,050, ) = 72,10, } % Znj(0,-) in D0, 7].
Also, by the uniform boundedness of W,;(t) and the P-Donsker property of the class {7, 1;(0, )¢ :

t € [0, 7]}, it follows that

{Why(t) = Wiy (£)}

2
sup én,hj<07t> - én,hj(o’t)‘ < Z [ Sup

te[0,7] —1 te[0,7]

XV {3 (0,) = 35 (0, D)}

+V s VAP {05 0,8) = B0 (0.1)}¢
te|0,7
+0,(1) sup Wi (t) —Whj(t)‘].
te[0,7]

The uniform consistency of Whj (t) and the arguments used in the proof of part (ii) in
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Theorem 2 lead to the conclusion that sup,ep Chonj(0,1) = C i (0,8)| = 0,(1) and, thus,

Cn,nj(0,-) ”? Z1j(0,-) in D0, 7].

By Theorem 2 and the bootstrap continuous mapping theorem it follows that

VWi (A 35(0,7) = Ay (0, )} % Z;(0,7) in D0, 7).

By the (unconditional) multiplier central limit theorem (van der Vaart and Wellner, 1996)
and a double application of the functional delta method, it follows that \/n{ nphj(O ) =
]f’mphj(O, )}, p = 1,2, converge weakly (unconditionally) to tight mean zero Gaussian pro-
cesses in D[0,7]. This result along with the uniform consistency of Wj;(t) lead to the

conclusion that

VWi () = Wag () }{A51,;(0,8) = Ay (0,0} = 0,(1),
unconditionally. Consequently,
VWi (AL 1 (0,7) = Aupg(0,)} % Ziy(0,) in D[0, 7].
Part (ii) of Theorem 3 can be shown using similar arguments.
It has to be noted that the proposed Kolmogorov—Smirnov-type tests are consistent for
any fixed alternative hypothesis. This follows from Theorem 3, the uniform consistency of
the proposed estimators, the continuity of these tests in the differences A, 1;(s,t), A, (1),

A/

! hi(s.t), and A/ (t), and Lemma 14.15 in van der Vaart (2000).

B.5 Violation of condition C6

It is possible that, in some applications, condition C6 is not satisfied. This happens when
there are transient states with 0 probability of occupation in a subset of the observation
time interval [0, 7]. This is the case, for example, in situations where Fy;(0) = 0 for some
transient state(s) h. Even though the consistency of the proposed estimators requires only

conditions C1-C5, Theorems 2 and 3 additionally require condition C6. If condition C6 is
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violated for some h € T¢, and in light of condition C4, it follows that

dPN. (1)
An () = / —737
o (?) ©04ns, PY.n(u)

and

PHYJL(U)
where Ag;(t) = A, (t) = 0if t € [0,#]NJ¢. In this case, the map (Fy, Fy) — f[o 40, FldF,

Au) = [ o),
(O,t]ﬁJh

is Hadamard differentiable on the domain

{(F17F2) :inf |F1(t)| = €, |dF2(t)| < OO}
teJp

JIh

for € > 0 and F ' of bounded variation (Kosorok, 2008). Therefore, the same calculations

to those used in the proof of Theorem 2 lead to the conclusion that

Vi Auslt) = Auss(0} = Vi, | Dslu) o)

(0,£]NJ, PY j(u)
= V/nP,on;(t) + 0,(1), tE Jy,
with the class {¢n;(t) : t € J,} being P-Donsker. This means that /n(A,u; — Agn;)
converges weakly to a tight zero mean Gaussian process @3hj in DJ, with covariance function
Pop;(t1)onj(ta), t1,ta € Jy, for h # j. The same arguments to those used in the proof of
Theorem 2 can be used to show that this theorem holds for ¢ restricted to NpegeJy. This
means that inference about Py j;(s,t), h # j, is possible for s and ¢ in Npegeds. From a
practical standpoint one needs to restrict the time interval for confidence intervals/bands
and hypothesis tests to a set such that there are at least some observations in all transient

states.

B.6 A remark on non-Markov processes

As mentioned in the main manuscript, inference with non-Markov processes can be performed
as indicated in Theorems 2 and 3, with the exception that the influence functions for the
landmark versions of P, ;(s,t) and pfl’hj(s, t) involve the modified processes Nip;(t; b, s),

[ # 7, and ffim,l(t; h,s), l € T¢. However, note that the influence functions of the estimators
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A

P4 (0,1), P!

v (05 1), P, ;(t), and ]57'” (t) involve the quantities P 4;(u,t) and B

O’qj(u, t), for

u > 0. With non-Markov processes, these quantities are defined as the (g, 7) element of the
matrices J{(, o{Ir + dAo(s)} and J{(, ;{Ix + dAg(s)}, respectively. The latter matrices are
not necessarily equal to the true (conditional on the prior history) transition probability
matrices under a non-Markov process. Nevertheless, the true influence functions depend on
these matrices regardless of the Markov assumption. This is because, given the consistency
of the estimators, the derivation of the influence functions in the proof of Theorem 2 (Web
Appendix B.3) does not utilize the Markov assumption. The same phenomenon is observed
for the independent observations setting (Glidden, 2002). Since these matrices are continuous
in Ag(s) and Ag(s) (Andersen et al., 2012), they can be consistently estimated by J{, ;{Ix +
dA,(s)} and T 1k + dA’ (s)}. These can be used to estimate the influence functions of

the estimators P, ;;(0,1), P’M(O,t), P, ;(t), and IE’T/L](t)

n

Web Appendix C: Test for Informative Cluster Size

For situations where cluster size is random, the proposed Kolmogorov—Smirnov tests can be
applied for testing the null hypotheses Hy : Foni(s, ) = Fy,;(s,°), for s € [0,7), or Hy :

Py j = Fj ;, for the transition or state of the main scientific interest, respectively. Rejecting

37
such a null hypotheses provides evidence for a violation of the non-informative cluster size
assumption. The weighted difference functions for this hypothesis testing problem become
W () {Ponj(s,t) — A;L’hj(s,t)} and W(t){P,;(t) — ]5,’”(15)} In light of Theorem 2 and the
discussion in Section 2.4 of the main manuscript, these differences are asymptotically linear
with influence functions W (t){7in;(s,t) — viy;(s, 1)} and W (t){ti;(t) — 1i;(t)} respectively,

which both belong to P-Donsker classes. Furthermore, the cluster bootstrap versions of the

weighted differences are

WPy ps(s:8) = B (5,00} = {Pang(s,1) = Br (s, 1))]
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and W(t)[{p;fj (t)— PT’I*J(t)} —{P,;(t)— ]57'” (t)}]. With these (slight) modifications, a similar
version of Theorem 3 holds for the aforementioned weighted differences and, thus, testing the
null hypothesis Hy : Po;(s,-) = Fy,;(s,-), for s € [0,7), or Hy : Py j = Fy ; can be performed
using the test statistics sup;ef, . W () { Py (s,t) — f’,’L’hj(s, t)}| or sup;epo- W (){ P, ;(t) —

PT’L ;i(t)}], as described in the last paragraph of Section 2.5 of the main manuscript.

Web Appendix D: Additional Simulation Results

This Web Appendix includes additional simulation results. The population-averaged prob-
abilities of interest under the main simulation setup are depicted in Figure 1. Since, under
the simulation setup the intensity for the transition 1 — 2 was lower for larger clusters,
the population-averaged probabilities over the population of all cluster members P »(t) and
Py.12(0.5,t) were lower compared to the corresponding ones for the population of typical
cluster members Fp,(t) and Fj,,(0.5,¢) (Figure 1). This illustrates the fact that larger
clusters have a larger influence on the population-averaged probabilities over the population
of all cluster members. Web Appendix D.1 provides simulation results regarding the meth-
ods for the transition probabilities I 12(0.5,t) and I ,5(0.5,¢) under right censoring. Web
Appendix D.2 presents additional simulation results for the methods for state occupation
and transition probabilities under both right censoring and left truncation. Finally, Web
Appendix D.3 presents simulation results under a more variable cluster size and a very small

number of clusters, in the presence of right censoring.

[Figure 1 about here.|

D.1 Right Censoring
Simulation results regarding the estimators of the population-averaged transition prob-
abilities F12(0.5,¢) and Fj,5(0.5,¢) under right censoring are presented in Tables 1-4.

Ignoring the within-cluster dependence was associated with underestimated standard errors
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and poor coverage probabilities of the 95% pointwise confidence intervals and simultaneous
confidence bands. This poor performance of the naive methods for the transition probabilities
Po,12(0.5,t) and Py 1,(0.5,t) was less pronounced compared to the case of the state occupation
probabilities Py (t) and Fp,(t). This is because estimation of Fy12(0.5,¢) and Fy1,(0.5,)
under a non-Markov process only utilizes observations at state 1 at time s = 0.5 and,
thus, it uses a smaller number of observations per cluster which leads to a less pronounced
intracluster dependence issue. Also, the working-independence Aalen—Johansen estimator of
F;12(0.5,t) exhibited some bias as a result of the informative cluster-size. On the contrary,
the proposed methods performed well with the exception of somewhat lower coverage prob-
abilities for the pointwise 95% confidence intervals and simultaneous confidence bands for

the case of a very small number of clusters (n = 20) with only 5-15 observations per cluster.
[Table 1 about here.]
[Table 2 about here.]
[Table 3 about here.]

[Table 4 about here.]

D.2 Right Censoring and Left Truncation

Simulation results for the situation with both right censoring and left truncation are pre-
sented in Tables 5-12. As expected, the naive methods which ignore the within-cluster depen-
dence were associated with underestimated standard errors and poor coverage probabilities
of the 95% pointwise confidence intervals and simultaneous confidence bands. The proposed
methods performed well with the exception of lower coverage probabilities (reaching 91% in
a few cases for the influence function-based intervals) for cases with a very small number
of clusters (n = 20), and a small number of clusters (n = 40) with only 5-15 observations

per cluster. This is attributed to the fact that with such small cluster sizes and under both
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right censoring and left truncation, the amount of available information for estimating the
parameters of interest was quite small. For such cases, the performance of the nonparametric
cluster bootstrap was somewhat better compared to the influence function-based inference,
indicating that the nonparametric cluster bootstrap may have a better performance for cases
with a very small number of clusters. It is important to note that, even in such cases, the

proposed methods outperformed their naive counterparts.
[Table 5 about here.]
[Table 6 about here.]
[Table 7 about here.]
[Table 8 about here.]
[Table 9 about here.]
[Table 10 about here.]
[Table 11 about here.]

[Table 12 about here.]

D.3 More Variable Cluster Size and Small Number of Clusters

In order to evaluate the performance of the proposed methods under a larger cluster size
variability and a very small number of clusters, we conducted an additional set of simulations
experiments. Cluster size in these experiments was simulated from the discrete uniform dis-
tribution U5, 200], while the number of clusters was either 15 or 20. These simulation results
are presented in Tables 13-16. The naive methods that ignore the within-cluster dependence
provided seriously under-estimated standard errors and poor coverage probabilities, ranging
from 31% to 67%. The performance of the proposed methods was still satisfactory with small

bias, average standard error estimates close to the Monte Carlo standard deviation of the
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estimates, and empirical type I error rates for the proposed Kolmogorov—Smirnov-type tests
close to the 0.05 level in all cases. However, the empirical coverage probabilities for the 95%
pointwise confidence intervals and simultaneous confidence bands were somewhat lower than
the nominal level in some cases (reaching 91% in a few cases with only n = 15 clusters). The

somewhat lower coverage probabilities are attributed to the very small numbers of clusters.

[Table 13 about here.]

[Table 14 about here.|

[Table 15 about here.]

[Table 16 about here.]
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Figure 1: True population-averaged state occupation (A) and transition probabilities (B)
under the basic simulation scenario.
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Table 1: Simulation results for the analysis of Fy12(0.5,70.4) and Fj5(0.5,70.4), where 74
is the 40th percentile of the follow-up time conditional on survival at t = 0.5, based on the
standard approach which ignores the within-cluster dependence (naive) and the proposed
method with i) the influence function-based variance estimator (IF) and ii) the nonparametric
cluster bootstrap (CB). Results under right censoring. (n: number of clusters; F: discrete
uniform distribution of the cluster size; *: x10%; MCSD: Monte Carlo standard deviation of
the estimates; ASE: average estimated standard error; CP: coverage probability).

P0,12(0-57 7'0.4)

P6,12(0-57 7'0.4)

n  Fy Method Bias* MCSD* ASE* CP  Bias® MCSD* ASE* CP
20 UI[5,15]  Naive 0.296  3.603 3.065 0913 -0.540 3.603  3.065 0.896
IF 0.296  3.603 3.349 0.930 0.242  3.956  3.665 0.923

CB 0.296  3.603 3.407 0.934 0.242 3.956  3.703 0.927

U[10,30] Naive 0.184 2,653 2.158 0.897 -0.621  2.653  2.158 0.886
IF 0.184 2,653 2632 0949 0.199 2914 2874 0.941

CB 0.184  2.653 2669 0.948 0.199 2914 2.896 0.947

40 U[5,15] Naive -0.048 2389 2142 0.924 -0.884 2.389  2.142 0.904
IF -0.048 2389 2370 0945 -0.033 2.615 2.623 0.945

CB -0.048 2389 2387 0945 -0.033 2.615 2.633 0.942

U[10,30] Naive 0.073  1.874 1.518 0.888 -0.732 1.874 1.518 0.869
IF 0.073 1.874 1.880 0.945 0.035 2.010 2.043 0.941

CB 0.073  1.874 1.892 0945 0.035 2.010 2.050 0.939

80 U[5,15] Naive -0.017  1.729 1517 0.910 -0.853 1.729  1.517 0.878
IF -0.017  1.729  1.699 0.941 -0.037 1.886  1.882 0.941

CB -0.017  1.729  1.705 0.939 -0.037 1.886 1.886 0.940

U[10,30] Naive 0.092 1389 1.076 0871 -0.713 1.389 1.076 0.825
IF 0.092 1.389  1.349 0.941 0.055  1.501  1.472 0.942

CB 0.092  1.389 1354 0.942 0.065 1.501  1.476 0.942
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Table 2: Simulation results for the analysis of Fy12(0.5,706) and F15(0.5,706), where 7o
is the 60th percentile of the follow-up time conditional on survival at ¢t = 0.5, based on the
standard approach which ignores the within-cluster dependence (naive) and the proposed
method with i) the influence function-based variance estimator (IF) and ii) the nonparametric
cluster bootstrap (CB). Results under right censoring. (n: number of clusters; F: discrete
uniform distribution of the cluster size; *: x10%; MCSD: Monte Carlo standard deviation of
the estimates; ASE: average estimated standard error; CP: coverage probability).

P0,12(0-577-0.6>

P6,12(0-57 7'0.6)

n  Fy Method Bias* MCSD* ASE* CP  Bias® MCSD* ASE* CP
20 UI[5,15]  Naive 0.403  4.265 3.672 0913 -0.591 4.265 3.672 0.909
IF 0.403 4.265 3919 0916 0.339 4.717 4.264 0.915

CB 0.403  4.265 3.989 0924 0.339 4717 4314 0.918

U[10,30] Naive 0.147  3.184 2574 0.884 -0.807 3.184  2.574 0.872
IF 0.147  3.184  3.037 0927 0.103 3.436 3.303 0.933

CB 0.147  3.184 3.076 0.933 0.103  3.436  3.327 0.933

40 U[5,15] Naive 0.039 2774 2573 0934 -0954 2774 2573 0.921
IF 0.039 2774 2801 0950 0.059 3.077 3.086 0.945

CB 0.039 2774 2824 0949 0.059  3.077  3.099 0.947

U[10,30] Naive 0.026 2218 1.814 0896 -0.928 2.218 1.814 0.853
IF 0.026  2.218 2175 0.933 -0.002  2.409 2.362 0.932

CB 0.026 2218 2.189 0.936 -0.002 2.409 2.368 0.935

80 U[5,15] Naive -0.001  2.019 1815 0.922 -0.994 2.019 1.815 0.896
IF -0.001  2.019 1.989 0.937 -0.008 2.214 2203 0.949

CB -0.001  2.019 1.995 0.938 -0.008 2.214 2208 0.946

U[10,30] Naive 0.082  1.572 1.287 0.889 -0.871 1.572 1.287 0.839
IF 0.082 1.572  1.560 0.952 0.044 1.716 1.700 0.942

CB 0.082  1.572 1565 0.953 0.044 1.716 1.703 0.942
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Table 3: Simulation results regarding the coverage probabilities of the 95% simultaneous
confidence bands for F12(0.5,-) and F 15(0.5, -) based on the standard method that ignores
the within-cluster dependence (naive) and the proposed method with i) the estimated
processes B, 12(0.5, -) and 37’1712(0.5, -) (IF') and ii) the nonparametric cluster bootstrap (CB).
Results under right censoring. (n: number of clusters; Fj,: discrete uniform distribution of

the cluster size).

FPo12(0.5, ) P12(0.5,)
n Fy Naive IF CB Naive IF CB
20 UI[5,15] 0.909 0.931 0.942 0.890 0.911 0.927
U[10,30] 0.880 0.935 0.943 0.855 0.928 0.943
40 U[5,15] 0.907 0.943 0.946 0.881 0.937 0.941
U[10,30] 0.887 0.945 0.952 0.853 0.946 0.951
80 U[5,15] 0.915 0.941 0.946 0.870 0.940 0.946
U[10,30] 0.892 0.941 0.944 0.833 0.946 0.945

27
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Table 4: Simulation results regarding the empirical type I error (Hy) and the empirical power
(H;) of the proposed two-sample Kolmogorov-Smirnov-type tests for Hy : P 112(0.5,) =
Po212(0.5,+) and Hy @ F115(0.5,+) = F415(0.5,+) at the a = 0.05 level. Significance levels

were calculated based on either the estimated processes Ci,15(0.5,-) and 6;712(0.5, ) (IF)
or the nonparametric cluster bootstrap (CB). Results under right censoring. (n: number of
clusters; F);: distribution of the cluster size).

PO,p12(0-57')7 P = 1,2 Pé’p12(0.5,'), P = 1,2
H, H, H, H,
n Fy IF CB IF CB IF CB IF CB

20 5,15  0.039 0.038 0.125 0.106 0.041 0.042 0.111 0.103
0,30] 0.036 0.029 0.197 0.169 0.040 0.034 0.172 0.150
)

[

[

[5,15]  0.046 0.037 0.217 0.206 0.038 0.032 0.187 0.181
[10,30] 0.047 0.041 0.389 0.363 0.046 0.044 0.343 0.321
[
[

5,15  0.063 0.061 0.424 0.405 0.068 0.061 0.359 0.353
10,30] 0.049 0.046 0.729 0.714 0.051 0.046 0.658 0.656

u
U
40 U
U
80 U
U
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Table 5: Simulation results for the analysis of Fy2(70.4) and Fp 5(70.4), where 794 is the 40th
percentile of the follow-up time, based on the standard approach which ignores the within-
cluster dependence (naive) and the proposed method with i) the influence function-based
variance estimator (IF) and ii) the nonparametric cluster bootstrap (CB). Results under both
right censoring and left truncation. (n: number of clusters; F);: discrete uniform distribution
of the cluster size; *: x10%; MCSD: Monte Carlo standard deviation of the estimates; ASE:
average estimated standard error; CP: coverage probability).

Po2(70.4) P6,2<7'0.4)

n Fy Method Bias* MCSD* ASE* CP Bias* MCSD* ASE* CP
20 UI[5,15]  Naive 0.270 3.823  3.332 0.926 -0.795 3.823 3.332 0.908
IF 0.270 3.823  3.635 0.934 0.245 4194  4.001 0.932

CB 0.270 3.823  3.663 0.937 0.245 4.194  4.008 0.935

U[10,30] Naive 0.041 2926 2.352 0.884 -1.024 2926 2.352 0.865
IF 0.041 2926  2.839 0.929 -0.024 3.206 3.079 0.924

CB 0.041 2.926  2.858 0.929 -0.024 3.206 3.084 0.923

40 U[5,15] Naive -0.068 2.674 2339 0917 -1.133 2.674 2.339 0.887
IF -0.068  2.674 2579 0.932 -0.118 2966 2.839 0.942

CB -0.068  2.674 2590 0.936 -0.118 2966 2.844 0.944

U[10,30] Naive 0.030 2.118 1.664 0.890 -1.035 2.118 1.664 0.827
IF 0.030 2118  2.045 0940 -0.027 2.314  2.226 0.940

CB 0.030 2118  2.050 0.941 -0.027 2.314  2.225 0.937

80 U[5,15] Naive 0.011 1.857 1.663 0.916 -1.054 1.857 1.663 0.864
IF 0.011 1.857 1.854 0.941 -0.039 2.060 2.049 0.937

CB 0.011 1.857 1.855 0.943 -0.039 2.060 2.047 0.938

U[10,30] Naive -0.097  1.442 1.174 0.889 -1.162  1.442 1.174 0.774
IF -0.097  1.442 1.457 0.955 -0.164 1.567 1.595 0.952

CB -0.097  1.442 1.458 0.955 -0.164 1.567 1.594 0.954
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Table 6: Simulation results for the analysis of Fya(70.6) and Fp »(706), where 796 is the 60th
percentile of the follow-up time, based on the standard approach which ignores the within-
cluster dependence (naive) and the proposed method with i) the influence function-based
variance estimator (IF) and ii) the nonparametric cluster bootstrap (CB). Results under both
right censoring and left truncation. (n: number of clusters; F);: discrete uniform distribution
of the cluster size; *: x10%; MCSD: Monte Carlo standard deviation of the estimates; ASE:
average estimated standard error; CP: coverage probability).

Fo2(70.6) P6,2<7'0.6)

n Fy Method Bias* MCSD* ASE* CP Bias* MCSD* ASE* CP
20 UI[5,15]  Naive 0.144 4.229  3.784 0.928 -0.940 4.229 3.784 0.920
IF 0.144 4.229 3988 0.932 0.082 4.621  4.366 0.932

CB 0.144 4.229  4.036 0.937 0.082 4.621  4.393 0.933

U[10,30] Naive 0.037 3.212  2.681 0909 -1.047 3.212 2.681 0.871
IF 0.037 3.212  3.080 0.931 -0.029 3.505 3.354 0.924

CB 0.037 3.212 3.106 0.934 -0.029 3.505 3.365 0.929

40 U[5,15] Naive 0.010 2973 2,676 0925 -1.074 2973 2.676 0.911
IF 0.010 2973  2.862 0.935 -0.060 3.267  3.125 0.926

CB 0.010 2973  2.882 0.938 -0.060 3.267  3.139 0.929

U[10,30] Naive 0.110 2.253 1.902 0.901 -0.974  2.253 1.902 0.874
IF 0.110 2.253  2.216 0.943 0.057 2.460  2.411 0.941

CB 0.110 2.253  2.223 0.944 0.057 2.460  2.412 0.942

80 U[5,15] Naive 0.111 1.993 1.902 0.934 -0.973 1.993 1.902 0.904
IF 0.111 1.993  2.062 0.949 0.070 2.219  2.263 0.945

CB 0.111 1.993 2.066 0.951 0.070 2.219  2.264 0.948

U[10,30] Naive -0.086  1.543 1.339 0.904 -1.169 1.543 1.339 0.820
IF -0.086  1.543 1.576 0.953 -0.143 1.687 1.725 0.957

CB -0.086  1.543 1.577 0.955 -0.143 1.687 1.724 0.960
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Table 7: Simulation results regarding the coverage probabilities of the 95% simultaneous
confidence bands for Pyo(-) and F,(-) based on the standard method that ignores the
within-cluster dependence (naive) and the proposed method with i) the estimated processes
B, and 1%;172 (IF) and ii) the nonparametric cluster bootstrap (CB). Results under both
right censoring and left truncation. (n: number of clusters; Fj;: discrete uniform distribution

of the cluster size).

Poa(') o)
n Fy Naive IF CB Naive IF CB
20 UI[5,15] 0.884 0.933 0.945 0.869 0.928 0.931
U[10,30] 0.838 0.920 0.922 0.814 0.916 0.916
40 U[5,15] 0.872 0.915 0.928 0.839 0.916 0.917
U[10,30] 0.848 0.938 0.943 0.794 0.939 0.942
80 U[5,15] 0.906 0.948 0.950 0.848 0.950 0.949
U[10,30] 0.850 0.946 0.955 0.740 0.954 0.954
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Table 8: Simulation results regarding the empirical type I error (Hy) and the empirical power
(H;) of the proposed two-sample Kolmogorov—Smirnov-type tests for Hy : Fp12(-) = Py 22()
and Hy : Py 15(+) = Fpao() at the a = 0.05 level. Significance levels were calculated based
on either the estimated processes CA’n,g and 0;2 (IF) or the nonparametric cluster bootstrap
(CB). Results under both right censoring and left truncation. (n: number of clusters; Fj;:
distribution of the cluster size).

PO,pQ(')ap: 172 Pé,p2(')7p: 172
Hy H, Hy H,y
n Fy IF CB IF CB IF CB IF CB

20 5,15  0.051 0.048 0.249 0.240 0.051 0.044 0.245 0.246
0,30] 0.053 0.049 0.472 0.465 0.054 0.055 0.430 0.448
)

[

[

[5,15]  0.051 0.049 0.455 0.455 0.043 0.046 0.415 0.410
[10,30] 0.053 0.051 0.724 0.724 0.044 0.045 0.687 0.685
[
[

5,15]  0.055 0.048 0.738 0.728 0.055 0.049 0.695 0.686
10,30] 0.047 0.044 0.962 0.961 0.047 0.048 0.941 0.941

u
U
40 U
U
80 U
U
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Table 9: Simulation results for the analysis of Fy12(0.5,7o.4) and Fj,(0.5,79.4), where 794
is the 40th percentile of the follow-up time conditional on survival at t = 0.5, based on the
standard approach which ignores the within-cluster dependence (naive) and the proposed
method with i) the influence function-based variance estimator (IF) and ii) the nonparametric
cluster bootstrap (CB). Results under both right censoring and left truncation. (n: number of
clusters; F);: discrete uniform distribution of the cluster size; *: x10%; MCSD: Monte Carlo
standard deviation of the estimates; ASE: average estimated standard error; CP: coverage

probability).
P0?12(0.5, T0_4> P6712(0.5, T0.4>

n Fy Method Bias®* MCSD* ASE* CP  Bias® MCSD* ASE* CP
20 UI[5,15]  Naive 0.326  3.852 3.493 0.941 -0.542 3.852  3.493 0.930
IF 0.326  3.852  3.728 0.943 0.327 4.346  4.112 0.942
CB 0.326  3.852  3.805 0.948 0.327 4346 4.168 0.944
U[10,30] Naive 0.220 3.094 2471 0.897 -0.617 3.094 2471 0.865
IF 0.220 3.094 2.864 0.930 0.187 3.376  3.121 0.922
CB 0.220 3.094 2906 0.933 0.187 3.376  3.148 0.923
40 U[5,15] Naive 0.024 2.723 2448 0.924 -0.844 2.723 2.448 0.918
IF 0.024 2.723  2.669 0.947 -0.023 3.022 2935 0.939
CB 0.024 2.723 2.691 0.947 -0.023  3.022 2.949 0.941
U[10,30] Naive 0.236  2.102 1.751 0.903 -0.600 2.102 1.751  0.880
IF 0.236 2.102  2.078 0.944 0.240 2.316  2.268 0.937
CB 0.236  2.102 2.093 0.946 0.240 2.316 2.278 0.941
80 U[5,15] Naive 0.021  1.902 1.739 0.921 -0.847  1.902 1.739 0.898
IF 0.021  1.902 1.902 0.949 -0.017 2.095 2.100 0.945
CB 0.021 1.902 1.913 0.949 -0.017  2.095 2.109 0.944
U[10,30] Naive 0.055 1.515 1.228 0.890 -0.782 1.515 1.228 0.828
IF 0.055 1.515 1.477 0.942 0.048 1.669 1.621 0.940
CB 0.055 1.515  1.483 0.943 0.048 1.669  1.625 0.944
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Table 10: Simulation results for the analysis of I 12(0.5, 706) and I 15(0.5, 70,6), where 7g¢
is the 60th percentile of the follow-up time conditional on survival at t = 0.5, based on the
standard approach which ignores the within-cluster dependence (naive) and the proposed
method with i) the influence function-based variance estimator (IF) and ii) the nonparametric
cluster bootstrap (CB). Results under both right censoring and left truncation. (n: number of
clusters; F);: discrete uniform distribution of the cluster size; *: x10%; MCSD: Monte Carlo
standard deviation of the estimates; ASE: average estimated standard error; CP: coverage
probability).

P0?12(0.5, T0_6> P6712(0.5, T0.6>

n Fy Method Bias* MCSD* ASE* CP  Bias* MCSD* ASE* CP
20 UI5,15] Naive 0.342 4514 4.138 0.934 -0.662 4.514 4.138 0.927
IF 0.342 4514  4.362 0.927 0.356 4965 4.817 0.940

CB 0.342 4514 4.466 0.935 0.356 4.965 4.900 0.943

U[10,30] Naive 0.219 3.503 2931 0.901 -0.747 3.503 2.931 0.893
IF 0.219  3.503 3.292 0.926 0.175 3.857  3.566 0.916

CB 0.219 3.503 3.340 0.929 0.175 3.857  3.599 0.916

40 U[5,15] Naive 0.070  3.235 2904 0.938 -0.935 3.235 2904 0.912
IF 0.070  3.235 3.107 0.952 0.037 3.590  3.419 0.942

CB 0.070  3.235 3.133 0.957 0.037 3.590  3.436 0.946

U[10,30] Naive 0.342 2523  2.079 0.899 -0.624 2523 2.079 0.900
IF 0.342 2523  2.390 0.929 0.307 2.766  2.593 0.932

CB 0.342 2523  2.405 0.931 0.307 2.766  2.602 0.932

80 U[5,15] Naive 0.035 2193 2.064 0.940 -0.969 2.193 2.064 0.898
IF 0.035 2,193  2.215 0.952 -0.021 2424  2.441 0.949

CB 0.035  2.193 2.224 0.954 -0.021 2.424 2.446 0.945

U[10,30] Naive 0.022 1773 1.452 0.884 -0.945 1.773 1452 0.843
IF 0.022  1.773 1.691 0.944 -0.002 1.943 1.847 0.931
CB 0.022 1773 1.695 0.942 -0.002 1.943 1.849 0.933
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Table 11: Simulation results regarding the coverage probabilities of the 95% simultaneous
confidence bands for F12(0.5,-) and F 15(0.5, -) based on the standard method that ignores
the within-cluster dependence (naive) and the proposed method with i) the estimated
processes B, 12(0.5, -) and 37’1712(0.5, -) (IF') and ii) the nonparametric cluster bootstrap (CB).
Results under both right censoring and left truncation. (n: number of clusters; F);: discrete

uniform distribution of the cluster size).

FPo12(0.5, ) P12(0.5,)
n Fy Naive IF CB Naive IF CB
20 UI[5,15] 0.892 0.916 0.941 0.882 0.906 0.928
U[10,30] 0.881 0.914 0.935 0.869 0.909 0.917
40 U[5,15] 0.903 0.931 0.937 0.879 0.923 0.936
U[10,30] 0.903 0.941 0.950 0.866 0.933 0.940
80 U[5,15] 0.919 0.939 0.944 0.875 0.935 0.936
U[10,30] 0.906 0.949 0.952 0.846 0.941 0.942

35
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Table 12: Simulation results regarding the empirical type I error (Hy) and the empirical power
(H;) of the proposed two-sample Kolmogorov-Smirnov-type tests for Hy : P 112(0.5,) =
Po212(0.5,+) and Hy @ F115(0.5,+) = F415(0.5,-) at the a = 0.05 level. Significance levels
were calculated based on either the estimated processes Ci,15(0.5,-) and 6;712(0.5, ) (IF)
or the nonparametric cluster bootstrap (CB). Results under both right censoring and left
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truncation. (n: number of clusters; F);: distribution of the cluster size).

PO,p12(0-57 ‘)7 p=12

Pé,p12(0'57 ')7 b= 17 2

n Fy IF CB IF CB IF CB IF CB
20 UI[5,15] 0.037 0.037 0.139 0.124 0.037 0.040 0.129 0.111
U[10,30] 0.044 0.044 0.235 0.200 0.049 0.043 0.195 0.192
40 U[5,15] 0.062 0.052 0.239 0.219 0.059 0.057 0.234 0.216
U[10,30] 0.049 0.042 0.410 0.385 0.041 0.044 0.374 0.366
80 U[5,15] 0.060 0.048 0.379 0.407 0.052 0.049 0.332 0.368
U[10,30] 0.054 0.048 0.708 0.700 0.054 0.056 0.661 0.650
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Table 13: Simulation results for the analysis of Fy»(70.4) and Fy,(70.4), where 74 is the 40th
percentile of the follow-up time, based on the standard approach which ignores the within-
cluster dependence (naive) and the proposed method with i) the influence function-based
variance estimator (IF) and ii) the nonparametric cluster bootstrap (CB). Results under
right censoring, a large variability of cluster size M;, and a small number of clusters. (n:
number of clusters; Fy;: discrete uniform distribution of the cluster size; *: x10%; MCSD:
Monte Carlo standard deviation of the estimates; ASE: average estimated standard error;
CP: coverage probability).

37

Fo2(70.4) Po/,z(TOA)
n Iy Method Bias* MCSD* ASE* CP  Bias* MCSD* ASE* CP
15 U[5,200] Naive -0.040 2.216 0.917 0.590 -1.876 2.216 0.917 0.440
IF -0.040 2.216 2.092 0.918 -0.143 2.504 2.484 0.934
CB -0.040 2.216 2.131 0.922 -0.143 2.504 2.486 0.931
20 Naive 0.040  1.957  0.798 0.587 -1.797 1.957  0.798 0.425
IF 0.040  1.957 1.867 0.925 0.041  2.332 2.187 0.926

CB 0.040  1.957 1.894 0.927 0.041 2332 2.190 0.924
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Table 14: Simulation results for the analysis of Fy»(70.6) and Fy,(70.6), where 7 is the 60th
percentile of the follow-up time, based on the standard approach which ignores the within-
cluster dependence (naive) and the proposed method with i) the influence function-based
variance estimator (IF) and ii) the nonparametric cluster bootstrap (CB). Results under
right censoring, a small number of clusters, and a large variability of cluster size M;. (n:
number of clusters; Fy;: discrete uniform distribution of the cluster size; *: x10%; MCSD:
Monte Carlo standard deviation of the estimates; ASE: average estimated standard error;
CP: coverage probability).

Fo2(70.6) Po/,z(Toﬁ)
n Iy Method Bias* MCSD* ASE* CP  Bias* MCSD* ASE* CP
15 U[5,200] Naive -0.069 2297 1.062 0.637 -1.991 2.297 1.062 0.507
IF -0.069 2.297 2.102 0.913 -0.201 2.674 2.527 0.934
CB -0.069 2.297 2.143 0.922 -0.201 2.674 2.529 0.935
20 Naive -0.003  1.939 0924 0.668 -1.925 1.939 0.924 0.466
IF -0.003 1939 1875 0.931 -0.114 2.312 2.217 0.933

CB -0.003  1.939 1902 0.935 -0.114 2312 2.218 0.934
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Table 15: Simulation results regarding the coverage probabilities of the 95% simultaneous
confidence bands for Fy»(-) and Fj,(-) based on the standard method that ignores the
within-cluster dependence (naive) and the proposed method with i) the estimated processes
B, and B%Q (IF) and ii) the nonparametric cluster bootstrap (CB). Results under right
censoring, a small number of clusters, and a large variability of cluster size M;. (n: number
of clusters; Fj: discrete uniform distribution of the cluster size).

P0,2(') Péz(')
n Fy Naive IF CB Naive IF CB

15 U[5,200] 0.478 0.907 0.924 0.359 0.925 0.925
20 0.488 0.930 0940 0.313 0.926 0.923
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Table 16: Simulation results regarding the empirical type I error (Hy) and the empirical power
(H,) of the proposed two-sample Kolmogorov—Smirnov-type tests for Hy : Py 12(-) = Ppaa(-)
and Hy : Py 5(-) = Fpao() at the a = 0.05 level. Significance levels were calculated based
on either the estimated processes én72 and CA';ZQ (IF) or the nonparametric cluster bootstrap
(CB). Results under right censoring, a small number of clusters, and a large variability of
cluster size M;. (n: number of clusters; Fy;: distribution of the cluster size).

PO,pQ(')ap: 1)2 P67p2(')ap: 172
HO H1 H() H1
n Fy IF CB IF CB IF CB IF CB

15 U[5,200] 0.056 0.052 0.981 0.975 0.038 0.041 0.844 0.848
20 0.064 0.052 0.997 0.994 0.053 0.060 0.917 0.914




