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1 Computational Detail for the Two-body and Three-

Body Energy Calculations

The total energy of N interacting water molecules can be expressed using the many-body

expansion.1

E(1, . . . , N) =
N∑
i

V 1B(i) +
N∑
i<j

V 2B(i, j) +
N∑

i<j<k

V 3B(i, j, k) + . . .+ V NB(1, . . . , N) (1)

Two-body energies V 2B are calculated by subtracting the total energies of monomers from

the dimer energy.

V 2B = E(1, 2)−
2∑
i=1

E(i) (2)
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Three-body energies are obtained by subtracting the pairwise dimer energies from the trimer

energy and adding monomer energies to the result.

V 3B = E(1, 2, 3)−
3∑
i<j

E(i, j) +
3∑
i=1

E(i) (3)

The database of water molecules were taken from Medders et al.2 It includes geometries of

1349 water dimers and 500 water trimers, as well as their two-body and three-body inter-

action energies, respectively, calculated using BSSE corrected3 CCSD(T)/aug-cc-pVTZ.4,5

Single point energy calculations at DFTB2, DFTB3, DFTB3+D3, DFTB3+D3(3OBw)6 and

DFTB3+D3H57 levels were conducted using DFTB+8 release 19.1. The CHARMM pack-

age9 (Developmental Version 43a1) was used to calculate energies with DFTB3(CPEQ)10

method, which includes extended polarization from chemical-potential equalization. We used

xTB package (Version 6.1)11,12 to calculate energies with GFN2-xTB.12 PM6,13 PM6+D3,

PM6+D3H4,14 and PM715 calculations were performed using the MOPAC201616 program.

2 Computational Detail for the Second Virial Coeffi-

cient Calculations

The second virial coefficient can be derived from the virial equation of state. The virial

equation of state expresses p
kBT

as a power series of density N
V

.

p

kBT
=
N

V

[
1 +B2

N

V
+B3

(
N

V

)2

+ . . .

]
(4)

The virial coefficients B2, B3, . . . of a fluid measure deviations from the ideal gas behavior.

The second virial coefficient B2 can be calculated by integrating the average Mayer function

〈f12〉Ω1,Ω2
over a distance grid of monomer centers of mass. The Mayer function only de-

pends on pair-wise interaction energies, and the average is taken over angular orientations
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of molecules.

B2(T ) = −2π

∫
dR12R

2
12 〈f12〉Ω1,Ω2

, f12 = e−βV
2B(R12,Ω1,Ω2) − 1 (5)

In this study, the radial distance grid is made of at least 300 grid points at an interval of 0.05

Å, spanning the distance from 2.2 Å to 17.5 Å. At each point on the radial grid, 4×104 random

angular orientations are performed independently for each monomer to achieve convergence

of the angularly averaged Mayer function. Radial integrals are performed using the Simpson

rule to calculate B2 for temperatures ranging from 100-1100 K, at an interval of 100 K.

Recommended experimental (labelled as Experimental) B2 values are obtained from Landolt-

Brnstein Numerical Data and Functional Relationships in Science and Technology,17 where

B2 have been fit by a weighted least square fit of selected experimental values.

(a) (b)

Figure S1: B2 for water: (a) Shows only experiment and different versions of DFTB;
(b) Shows experiment, previously calculated18 B2 for TIP3P and TIP4P water models,
DFTB3+D3, and other relevant semiempirical methods.
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Figure S2: Calculated and experimental B2 for polar and non-polar small molecules.

3 Free Energy Calculations for Methyl Phosphate Hy-

drolysis

3.1 Simulation Setup

All molecular dynamics (MD) simulations for methyl phosphate hydrolysis were performed

using the GROMACS 5.019 package. The DFTB3 implemented20 source code of GRO-

MACS 5.0 was patched with PLUMED 2.4.521 to run restrained and biased MD simulations.

PLUMED 2.4.5 was further modified to include biasing forces from deep neural networks.

We performed QM(DFTB3/3OB)/MM MD simulations with 12 quantum atoms (methyl

phosphate and one water molecule) at the center of the simulation box. The initial box di-

mensions were 2.43 nm on each side. The box was packed with 495 TIP3P22 water molecules,

and two sodium ions were included to maintain overall charge neutrality. A position restraint

with force constant 2 × 105 kJ mol−1 nm−2 was applied in all three dimensions to keep the

phosphorus atom fixed at the origin of the box. Additionally, an angular restraint of magni-

tude 2× 104 kJ mol−1 rad−2 was imposed on Oattack − P −Olg to keep it linear. P −Oattack
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Figure S3: Correlation plots of two-body interaction energies for water calculated at different
semi-empirical QM levels in comparison to BSSE corrected CCSD(T) calculations.

S5



Figure S4: Correlation plots of three-body interaction energies for water at different semi-
empirical QM levels in comparison to BSSE corrected CCSD(T) calculations.
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and P − Olg distances were restrained with quadratic upper bounds at 3.0 Å and 3.5 Å.

All other bonded oxygens were restrained with the same potential with upper bounds 2.0

Å from the P atom. Periodic boundary conditions were applied in all three dimensions. A

short range Coulomb cutoff of 0.9 nm is used for electrostatic interactions in the real space.

Long-range electrostatics were treated with the smooth Particle-Mesh-Ewald method.23 Van

der Waals cutoff radius was taken to be 0.9 nm. We used velocity-rescale thermostat24 with

a time constant of 0.1 ps to maintain the system temperature at 300 K. Pressure coupling

at 1 atm was achieved with Parrinello-Rahman barostat25 with a relaxation time 1.5 ps and

compressibility 4.5× 10−5 bar−1. The time step used in the simulations was 0.5 fs.

3.2 Free Energy Calculations

In this work, we use the reinforced learning scheme26 to compute free energy as a function of

three collective variables (CVs). The three CVs chosen to study the hydrolysis reaction are:

1. the distance between the phosphorus atom and the attacking water oxygen (Oattack) 2. the

distance between the phosphorus atom and leaving group oxygen (Olg) 3. the asymmetric

stretcth coordinate of proton transfer given by the distance difference between Odonor − H

and Oacceptor − H. In our case, Odonor is the same atom as Oattack. The preprocessing

transformation applied to these CVs is P(x) = x3. The initial guess of the free energy surface

(FES) is constructed from a 50 ps unbiased MD simulation. Each reinforced dynamics step

was initiated with a 50 ps biased MD. An ensemble of six deep neural networks (DNNs), each

with three hidden layers of sizes (48, 24, 12) was used to estimate the error in free energy

prediction. The uncertainty levels26 used for the DNNs were e0 = 400 kJ mol−1 nm−1 and

e1 = 440 kJ mol−1 nm−1. The DNNs were trained using Adam SGD algorithm in Tensorflow

with a batch size of 20 for 12500 epochs. A maximum of 64 (initially) or 48 restrained MDs,

each 25 ps long, were performed at CV values belonging to the regions of high uncertainty.

The force constant for the restrained MDs was chosen to be 4 × 105 kJ mol−1 nm−2. A

total of 42 biased MDs (in total 2.1 ns) and 1458 restrained MDs (in total ∼36.5 ns) before
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convergence is achieved.
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