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Supporting Information Text

Time evolution equation for protein abundances

Let P; be the abundance of protein molecules of type ¢, R be the abundance of ribosomes, F' be the abundance of substrate
molecules, and m; be the abundance of mRNA transcripts of the corresponding protein. Then the time evolution of the protein
abundance can be written down in the following general form, in the simple approximation of an ordinary differential equation
(ODE)

. TP;
dP; min (ozpiR,apiF, Ti‘mi,..,)

— aaSR 1
dt - [1]

Here 7p, is the minimum time duration required to translate the protein. ap, is the relative allocation of ribosomes/substrate
to the synthesis of the protein—the fraction of time ribosomes spend translating that protein, or equivalently, the fraction
of ribosomes/substrates that are translating that protein at any given time. 744 is the minimum time duration required to
elongate a polypeptide chain by one amino acid, i.e., 7,, is the translation elongation rate. sg is the minimum footprint of the
ribosome, i.e., the length of mRNA transcript, in units of 3 codons, equal to the size of ribosome binding domain including
the minimum space that must exist between ribosomes. The term T::; , therefore, corresponds to the maximum number of
ribosomes that can simultaneously bind to the corresponding mRNA and translate it. In this way, this term forms one part of
the relative allocation of ribosomes towards synthesizing the corresponding protein. The other part comes from the mRNA
copy number, m;; i.e., the allocation parameter towards a protein is determined by its mRNA transcript’s copy number and the
length of the transcript. The allocation parameter ap, and the quantity TPf'R can also be modulated in the cell by translation
initiation factors. ‘

S
If we want to account for protein degradation, we can write the above equation as

Ta

: TP; )
@ _ min (OéPiR,OépiF, mml,...) B P 2]
dt P, Tlife(P;)

where Ty 7c(p,) is the lifetime of the protein. Depending on which of the terms inside the bracket (a p,R,ap, F, %mh ) is
limiting, different limitation regimes are defined, as explained in the Methods section of main paper. However, independent of
which of the component on the right hand side is limiting, the above equation for protein synthesis can be written in terms of
any of the components; if we want to write the time evolution equation for protein synthesis in terms of ribosomes then it can
be written as
sz _ C!PiR Pl
R

— 3
di TP, Tlife(P;) )

with nr being the fraction of time that ribosomes may be waiting for any other limiting component, if the ribosomes themselves
are not the limiting one,

TP,

7

mq
ng = min 1,F/R,%,... [4]

We may choose to identify 7p; = 7p, /nr as the effective time duration for translation, taking resource limitation into account.
In normal to fast growth conditions, cells tend to employ control mechanisms, through micro-molecules such as ppGpp, DksA,
etc., to avoid resource mismatch and the resulting translation slow down. Therefore, in normal-to-fast growth conditions,
nr = 1 is maintained.

In balanced exponential growth we can write (existence of exponential growth is discussed in the Methods section),

1 ap, (R)
+— == 5
(,u Tlife(Pi)> TP, \P; 15

where p is the growth rate of the exponentially growing cell. This is one of the two type of growth laws discussed in the main
text, which we called the relative abundance growth law.

Time evolution equation for mRNA abundances

Protein synthesis also requires transcription of mRNAs. Therefore, we need to write the time evolution equation for the
transcription machinery of the cell. If m; is the number of copies of mRNA transcripts of protein i, then

. Tm, ]
I’IIII'I((X»m‘iRpol,CE,—,«”]\]-7 T}%pol 1,...) mg

- [6]

e Tms Tlife(ms)

dm,- o

where a;,,,;, analogous to eq. 1, is the relative allocation of resources like RNA polymerase (whose abundance is represented by
Rpol) and nucleotides (whose abundance is represented by N), to the transcription of the mRNA of protein i. G; is the gene
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copy number. T, is the minimum time duration to transcribe the mRNA, 7,,; is the minimum time duration to elongate a
mRNA transcript by one nucleotide, and sgpo: is the minimum footprint of the RNAP, i,e., the length of the gene equal to the
size of RNAP binding domain, including the minimum space that must exist between RNAPs. Therefore, the term #’Zpol
corresponds to the maximum number of RNA polymerases that can bind simultaneously to the corresponding gene. As before,
these allocation parameters also include modulation of binding affinities to the genes through Transcription Factors.

The black box of protein synthesis

Protein synthesis, in general, is a multi-step process. We can therefore ask how good is the back box, 1 step process,
approximation that is generally employed. We can open the black box of protein synthesis to incorporate various intermediate
states like spending time in resting pools, assembly, etc. Let us consider a protein complex, like say RNA polymerase or
ribosome, which is made up of multiple protein subunits. If 7,; is the effective time duration to translate j-th subunit, Tpoo1(aj)
is the time it spends diffusing in the cytoplasm before being incorporated into the assembly, 7,cs(p) is the time duration that
the protein complex spends before becoming actively functioning, and 7,y (p) is the time duration the active protein takes
to perform one round of its function before resting, then the time evolution of the abundances in the different states can be
written in terms of the following set of coupled ODEs

dajpooty _ Qa; Rbusy  @j(pool) 7]
dt Ta; Tpool(ay)
dajiact) _ Qjpoo) _ j(act) 5
dt Tpool(a;)  TSA(P)
dPrest _ Aj(act) . Prest + Pbusy . Prest [9]
dt TSA(P)  Trest(P)  Tousy(P)  Tlife(P)
dPpysy _ Prest  Pousy  Phusy [10]
dt Trest(P)  Tbusy(P)  Tlife(P)

where 7y ¢.(p) is the lifetime of the protein and 754P) ig the assembly duration of the protein complex from its subunit. Note

that even though the actual assembly process is quite complex, here we are considering a simplistic Tetris like model where the
protein complex is ready whenever the limiting protein is incorporated. Other quantities are as defined before. The terms
Pbusy d Prest
Thusy(P) Trest(P)
Putting in exponential solution, we get the following growth laws involving relative abundances

are interconversion terms between active and resting states.

1 Qg Rbus’
(n+ )= 1]

Tpool(aj) Ta;@j(pool)

1 A j(poo
) = J(pool) [12]

TSA(P) Tpool(a;)@j(act)
Pres P, US j(ac
M(PmﬁpbusyH( t + Pousy) _ j(act) [13]
Tlife(P) TSA(P)

Multiplying the four equations leads to the following growth law

Qa ; Rbusy

1 ) 1) = 14
Tlife(P) )(MTSA(P) * )(MTPOO“%) + ) Ta; Piot [ ]

Under normal conditions Tpeol(a;), TsA(P) & secs. and p ~ 1/(30 % 60) ~ 1/2000 sec”*. This means the terms (ur + 1) < 1.
Also, lifetimes of proteins are in hours, and therefore protein degradation can be neglected under normal conditions. Therefore,
under normal growth conditions, the above equation can be approximated as a one step process

aaj Rbusy

= 1
a Tathot [ 5]

The coupled transcription-translation autocatalytic cycles and the resulting growth laws

The cellular transcription-translation machinery, which is responsible for all the protein synthesis, also needs to reproduce
itself to sustain exponential growth. In this section, we focus on the coupled autocatalytic cycles of the ribosomes and
RNA polymerases, and show how they reduce to various known and new growth laws. The coupled ODEs of the core
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transcription-translation autocatalytic cycles can be written as

d TRNA]' OrRNA; Rpoly min(RP]-(act),rRNAj)

_ _ 16
dt TrRNA; TSA(R) [16]
d mej - Oéij Rpolb _ mej [17}
dt Trp Tlife(m(RP;))
d MRpoj _ 057'p0j RPOZb o meOj [18}
dt Trpoj Tlife(m(Rpo;))
dRpOj(pool) . min(OlRpOj Rb7Rm(Rp0j)meOj) _ Rpoj(pool) [19}
dt TRpo; Tpool(Rpo;)
dRpOj(act) _ Rpoj(pool) _ Rpoj(act) [20}
dt Tpool(Rpoj) TS A(Rpol)
dR, lr s Rpo; ac R lr m; R, lr s
POlrest _ POj(act) _ POlrest + Z Qm; RpOlb _ POlrest [21}
dt TS A(Rpol) Trest(R) f Tm; Tlife(Rpol)
d l lres : !
fipoly _ Tipolvest _ 5™ Qs gy, L0l 22]
dt Trest(R) Tm; Tlife(Rpol)
dRPj(pooty min(arp; RmRm(RPj)mRPj) 3 RPj(pool) 23]
dt TRP; Tpool(RP;)
dRPj(act) _ RPj(pool) . min(RPj(act), TRNAJ‘) [24}
dt Tpool(RP3) TSA(R)
dRyes min(RP; act)> rRNA; Ryes i Rres
to_ (RPjact) J)_ t +Z%Rb— t [25]
dt TSA(R) Trest(R) TP, Tlife(R)
dR, Ryes ; R,
S Trest Z 2P Ry — - [26]
bt Trest(m) TP; Tlife(R)

where rRN A; is the abundance of ribosomal RNA (rRNA) subunit of type j, mrp; is the abundance of the mRNA of j-th
ribosomal protein subunit, and m gpo; is the abundance of the mRNA of RNA polymerase’s j-th protein subunit. Rpo;(poor) is the
abundance of RNA polymerase’s j-th protein subunit in its newly synthesized, freely floating state, Rpoj(act) is the abundance
of RNA polymerase’s j-th protein subunit that are entering active assembly step, Rpol,est is the abundance of the newly formed,
resting RNA polymerases, and Rpol; is the abundance of actively transcribing RNA polymerases; RPj(poot)s BPj(act), Rrest,
and Ry are similar quantities, but for ribosomes and its subunits. 7.ryva g is the time duration needed to transcribe rRNA,
Trp; 18 the transcription duration of the mRNA of j-th ribosomal protein subunit, 7,p0, is the transcription duration of the
mRNA of RNA polymerase’s j-th protein subunit, Trpo; is the translation duration of RNA polymerase’s j-th protein subunit,
and Trp; is the translation duration of j-th ribosomal protein subunit. Tsa(rpor); Tsa(r) are the assembly durations of RNA
polymerases and ribosomes from their respective protein subunits. Tpoor, Trest, and 7 e are the resting durations and lifetimes
of the corresponding quantities. a-rna4; is the allocation parameter of RNA polymerases towards transcribing rRNA, a;p;
is the allocation parameter towards transcribing the mRNA of j-th ribosomal protein subunit, and ap.; is the allocation
parameter towards transcribing the mRNA of RNA polymerase’s j-th protein subunit. arp., and arp; are the allocation
parameters of ribosomes towards translating RNA polymerase’s and ribosomal protein’s subunits respectively. R, Rpo;) and
2mi Rpoly, refers to all

Tm.;
my

the transcription activity RNA polymerases perform in the cell, after which they rest, before going back to their active state.
Similarly, >_. an Ry, refers to all the translation activities of active ribosomes.

TP

Ry(rp;) are the number of ribosomes bound to the corresponding mRNA transcripts. The term ZZ

The ribosomal protein cycle: To study the ribosomal protein autocatalytic cycle we write the above coupled set of
ODEs, for the abundances of ribosomes which synthesizes ribosomal proteins, and for the abundances of ribosomal proteins
which constitute the ribosomes, in their various activity states, as

dRPj(poory _ @rP; L RPj(pool)

_ _ 27
dt TRP; Tpool (RP;) [27]
ARPjacty _ RPjpooty  BPj(act) 28]
dt Tpool(RP;) TSA(R)
dR'res RP ac Rres i chs
Lo ) Shrest g N Ohip, o et [29]
dt TSA(R) Trest(R) TP Tlife(R)
dR, Ryes 3 R
&l t _ZO‘PLRb_ b [30}
dt Trest(R) TP, Tlife(R)
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Putting in the exponential solution, we get

1 agrp; Ry
+ = J 31
(.U' 7-pool(RPj)) TRP; RPj(pool) [ ]
1 RP; (100
(1 + )= 3 (pool) [32]
TSA(R) Tpool(RP;) B Pj(act)
R R RP;
N(Rrest"‘Rb) + ( rest + b) _ j(act) [33]
Tlife(R) TSA(R)

Each of the above three equations is already a growth law, involving relative abundances of various quantities. Eq.33 is akin to
Little’s law of self assembly in Factory physics. Now, if we multiply the three equations, we get

Rio QRP;
(.LLTSA<R) + 1)(HTpool(RPj) + 1) (HRtot + tot > = —L Rb [34]

TRP;

Note that this is akin to diagonalizing the matrix of the above linear set of coupled ODEs, and obtaining the characteristic
function.
Relation to existing results: In equation 34, if we assume p < 1/7g4(r) and p < 1/Tpool(Rpj>, we get

+ aRPj

Rio
URtot + et

=g (35]
Tlife(R) TRP;
or,
TRP; Ry
TrRP, + ! = app, —— 36
HTRE; Tlife(R) firs Riot [ ]

The term on the right hand side of the above equation reads — the fraction of active ribosomes that are allocated to translate
more ribosomes. The second term on the left hand side, therefore, stands for this allocation of ribosomes towards new ribosomes
at zero growth (u = 0). This is equivalent to the well known growth law of Terry et. al. (1).

By ¢o=on [37]
Y

with + being the translation rate of the ribosome, ¢r being the ribosome mass fraction and ¢¢ the ribosome mass fraction at
zero growth. Below we show when this correspondence between mass fraction and allocation parameter is accurate.
Summing equation 34 over all the subunits gives

1 - QRP;
Z ((WSA(R) + D Wpoocrr +1) (M * mfe(R>> RM) - Z <TRPJ Rb) -

JjERibosomes jERibosomes

Equation 34, when written for any general protein i, appears as

TP,

[

1 api
(ursacpy + 1) (WTpoot(p;) +1) <H + mfﬁ(}j{)) Pitoty = —R»p [39]

with Tsa(p;) = 0, Tpooi(p;) =0 if it is a single component protein. Summing over all the proteins in the proteome, we get

1 . ap,;
I G LB o .

i€ Proteome i€ Proteome

Dividing equations 38 and 40 we get

1 aRp.
Z]'ERibosomes <(/‘LTSA(R> + 1)('U'TPDOZ(RPJ') + 1) (,LL + T”fe(R)) RtOt) ZjeRibosomes (TRPJJ. Rb)

= 41
SN (e s e R SHe 2
Under the approximation u < 1/7g4, i < 1/Tpoot, and long lifetime for the proteins, can we write the above equation as
ZjeRibosomes R0t _ ZjERib"S"mes (igﬁj Rb) [42]
ZieProteome KPitot) Ziepmtwme (i: Rb)
or,
ZjERibosomes TRP; Riot _ ZjERibosomes (O‘RPa‘ Rb) [43]

ZiEProteome TP; Pi(tot) ZieProteome (Oépi Rb)
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or,

TrRRtot _ arlRy
ZiEProteome TPiP’L(tOt) L. Ry

[44]

or,

TaaLaa(R)Rtot

ZiEProteome Ta"‘Laa(PUP’L(tOt)

= QR [45]
as TR = Laa(R)Taa, Laa(r) being the length of the protein in the units of number of amino acids, and 74, being the elongation
time per amino acid. The above equation then becomes

TaaMR,(tot)

Zi€ Proteome TaaMPi(tot)

= QR [46}

where Mg(tot)(= Laa(r)RtotMaa) is the mass of the ribosome; mqqis the average mass of an amino acid. Therefore,

MRto
Rltot)  — pp=an [47]

MProteome(tot)

We see that the relative allocation of ribosomes towards making more ribosomes is equal to the steady state ribosome mass
fraction under the approximations that u < 1/7sa, p < 1/Tpool, and that the proteins are long lived. These conditions are
satisfied under most normal bacterial growth conditions and, therefore, so is equation 37.

Equation 36, under the assumption of long lifetime of ribosomes, gives

R
WP, = aRP, b [48]
tot

This is equivalent to the closed cycle ribosomal protein growth law presented in (2).

Note that we can also obtain the ratio Ry/ R0t from eq.30, with long lifetime limit, as

ap; _ RTest
(,LL + Z Tipi)’r’rest(R) - Rb [49}
= ! il [50]

1+ (,u/ + Zz %)Trest(R) a Riot
which can be called the resting growth laws.
The ribosomal RNA cycle: To study the ribosomal RNA (rRNA) autocatalytic cycle, we need to write the coupled

set of ODEs for the abundances of rRNAs, RNA polymerases that transcribe them, RNA polymerase’s protein subunits that
constitute the RNA polymerases, and ribosomes that translate those protein subunits, in their various activity states:

drRNA; oarrna;Rpols  rRNA;

_ N 51
dt TrRNA; TSA(R) 5]
ARPO;j(poot) _ QRpo; fb BPOj(pool) 52]
dt TRpo; Tpool(Rpoj)
dRpoj(act) _ Rpoj(pool) _ Rpoj(act) [53}
dt Tpool(Rpoj) TS A(Rpol)
dR, l'res Rpo; R, l'res i R l'res
PO t_ POj(act) _ 1ipo t + Z Omy; Rpolb . PO t [54}
dt TS A(Rpol) Trest(R) Tm; Tiife(Rpol)
m; Rpol
dRpoly _ Fpolres; _ > S Rpoly, — 20— [55]
dt Trest(R) Tm, Tiife(Rpol)
d res NA res i res
firess  TRNA; _ Toes | §h R, e [56]
dt TSA(R)  Trest(R) TP Tlife(R)
dRy Ryest ap; Ry
_ _ iR, _ L 57
dt Trest(R) Z TP; ’ rlife(R) [ }
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Putting in the exponential solution, we get

1 QrRNA; Rpoly,

- 58
TSA(R)) TrRNA;TRINA; [58]
1 QR 'Rb
(s )= o i [59]
TPOOZ(RPO.?) TRpo; POj(pool)
1 RpO ool
(nt 7 )= Y [60]
SA(Rpol) TPODZ<RP0j) po](act)
R Olres +R Ol R 0i(ac
w(Rpolrest + Rpoly) + (fip t poly) _ 1*POj(act) 61]
Tlife(Rpol) TSA(Rpol)
R R RNA;
/L(Rrest + Rb) =+ ( rest + b) — r J [62]
Tlife(R) TSA(R)

Again, each of these equations are a growth law, relating relative abundances to cellular parameters and the growth rate. We
can also use the above equations to get relative abundance growth law between RNA polymerase and ribosomes.

Rpoliot QO Rpoi
(UTsa(Rpoty + 1) (14T poot (Rpoj) + 1) (MRPOZtot + Tlife(R;ol)) = TR::; Ry [63]

which under the assumption p < 1/7Tg4(rpot)s it K 1/Tpooi(Rpoj), and long life-time for RNA polymerase simplifies to

HTRpo; _ Ry
QRpo; Rp0ltot

[64]

Multiplying equations 58 - 62, we get

Rio Rpol;o QrRNA; XRpo;
(1Tsa(rpoty + 1) (BTsa(r) + 1) (Tpool(Rpo,) + 1) (,uRtot 4 et ) (uRpoltot POt ) = 3% Ry Rpol, [65]

Tlife(R) Tlife(Rpol) TrRNA; TRpo;

NOW7 if we assume JIASS 1/7-SA(R)7 1SS 1/TSA(RPOZ) and IS 1/Tpool(Rp0j)7 we get

Rio Rpol:, e O Rpo;
(MRtot + “> (NRpOltot Pt > = “CANA TR Ry Rpoly [66]
Tlife(R) Tiife(Rpol) TrRNA; TRpo

Under further assumption of long lifetime of ribosomes and RNA polymerases, we get

5  OQrRNA;QRpo; Ry Rpolp
2= s ORpo; [67]
TrRNA; TRpo; Riot RPOZtot

This is equivalent to the closed cycle ribosomal RNA growth law presented in (2).

The RNA polymerase cycle: RNA polymerase (Rpol) autocatalytic cycle can also be seen as the mRNA autocat-
alytic cycle. To study the RNA polymerase autocatalytic cycle, we need to write the coupled set of ODEs for the abundances
of mRNAs of RNA polymerase’s protein subunits, RNA polymerases that transcribe them, and RNA polymerase’s protein
subunits that constitute the RNA polymerases, in their various activity states. We do not need ODEs for the abundances of
ribosomes as we will write the translation of the proteins in terms of their mRNAs,

d M Rpo, Qrpo; Rpoly M Rpo,

= - [68]
dt Trpo; Tlife(m(Rpo]'))
dRpOj(pool) _ Rm(RPOj)mRPOj _ Rpoj(pool) [69]
dt TRpo; Tpool(Rpo;)
dRpoj(act) _ Rpoj(pool) _ Rpoj(act) [70]
dt TpDOl(RpOj) TS A(Rpol)
dR lres Rpo; c R l'r‘es mi R lres
POlrest  W0iact)  POTrest | N A o, . —POwest [71]
dt TS A(Rpol) Trest(R) f Tmi Tiife(Rpol)
dRpol Rpol,est mi Rpol
posy _ 1ipOtrest Z « Rpoly, — POty [72]

dt Trest(R) Tmi Tlife(Rpol)

The form of the above equation is analogous to that of ribosome’s assembly from its constituent protein subunits, with similar
definition of the terms, except that we are working with transcription level description. Putting in the exponential solution, we
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get the following growth laws

1 Qrpo; Rpol
= Jrpo; PO 73]
Tiife(m(Rpoj)) Trpo; M Rpo;
1 Rm(Rpo,v YMRpo,;
(n+ ) = pilpes) e 74
Tpool(Rpo;) POj(pool) TRpo;
1 Rpo;
(n+ ) = e 75
TS A(Rpol) Tpool(Rpo;) POj(act)
Rpol;cst + Rpol Rpo;
w(Rpolrest + Rpoly) + (Fp ¢ pols) = Po; [76]
Tiife(Rpol) TS A(Rpol)
Multiplying the four equations, we get
1 Qrpo, Rm(RPO‘)Tlife(m(RpO'>> Rpolb
T, po +1 Tlife(m 0. +1 Tpoo o»+1 + = z ! 77
(M SA(Bpol) )(P‘ tife(m(fpo;) )(M pool(Rpoj) ) (M Tlife(Rpol)) TRpo; Trpo; Rpoliot [ }
Now, assuming p < 1/7p001( Rpo;) and that the lifetime of RNA polymerases are long, we get
Qrpo; Rm(R 0;)Tlife(m(Rpo ))Rp0lb
(s A(Rpot) + 1) (WTtife(m(Rpoy)) + 1) = J P% % [78]

TRpoj T’I‘po]’ Rp0ltot

which is the equation that we use to analyse RNA polymerase growth cycle experiments.

The constancy of ribosome allocation (RNA /Protein ratio) under perturbation of RNAP’s transcription
activity: Under mRNA limitation, the ribosomal protein autocatalytic cycle is written as

dRPjpoory _ Bm(rP))MEP;  RPj(pool)

= 79
dt TRP; Tpool(RPj) [ }
dRPjact) _ RBPjpooty  RPj(act) 180]
dt Tpool(RP;) TSA(R)
dR e RP ac R es i R es
rest _ ac) _ _hrest NP, o et [81]
dt TSA(R) Trest(R) TP, Tlife(R)
dR Ryes : R
dfty _ R §~orp T 8]
dt Trest(R) TP, Tlife(R)
Putting in the exponential solution, we get the following growth laws
1 Ro(rPjymEP,
(n+ )= 7o 83
Tpool(RP;) TRP; j(pool)
1 RP;(poo
[+ ) _ J(p ]ZD) [84]
TSA(R) Tpool(RP;) BPj(act)
R R RP;
M(Rrest + Rb) + ( rest + b) = J(aCt) [85}
Tlife(R) TSA(R)
Now, if we multiply the three equations, we get
Rio R (rP))
(uTsacr) + D) (pTpoot(rP;) + 1) (,uRtot + tot > = = MRP; [86]
Tlife(R) TRPj
Assuming p < 1/Tpooz(Rpj), < 1/Tsa(r), and that the lifetime of ribosomes are long, we get
Rm RP;
uRiot = ngPj [87}
TRP;
or,
pRtotLaa(RP;)Taa = Rim(rRP;)MRP; [88]

as TrRP; = Laa(rP;)Taa; Laa(rP;) being the length of the protein in the units of number of amino acids, and 74, being the
elongation time per amino acid. Summing over all protein subunits of ribosome

ﬂRtotTaa Z Laa(RPj) = Z Rm(RPj)mRPj [89}

JjEribosomes JjEribosomes
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Therefore,

Mg
MmTaa = Z R,(rP;)yMRP; [90]

jEribosomes

where M,, is the average mass of one amino acid. Similarly, for any protein i we can write

Rm P;
1P;(tor) = (1) mp, [91]
P,
or,
Mp,
MM:; Taa = Rm(p,yme; [92]
Summing over the entire proteome
MP'roteome
———Taa = R, (pyymep; 93
SV Z (PmP; [93]
Taking the ratio of the two,
MR _ Zjeribosomes Rm(RPj )mRPj [94]
MProteome EiGProtcomc Rm(Pi)mPi

Since Mr < Myrna < Mprna, we see how global reduction in mRNA availability will keep RNA /Protein ratio fixed.

Note that when protein production was ribosome limited then we had (47)
_Mr
MProteome

= Qag. [95]

Also note that in the mRNA limited regime, the mass fraction of all proteins, not just ribosomes, will remain unchanged. For
example, in similar way to above, we can show that in the mRNA limited regime, mass fraction of RNAP will be

Mpgpot ZjERNAP R (Rpo;)MERpo; [96]
MPproteome ZieProteome Rm(Pz‘)mPi

General growth law for a metabolic protein

We can obtain growth laws corresponding to a metabolic protein by studying the substrate synthesis cycle involving that
protein (red cycle in Fig. 1 of main text). Let P be the abundance of the metabolic protein that synthesize the substrate, and
F be the abundance of the substrate, say amino acid or ATP. Then in the simple limit of involvement of only one metabolic
protein, and assuming long lifetime of the metabolic protein, we get

dP R

. o
aF__ PR o5
dt Tmetab.(F) TF

where 7p is the time duration needed to translate P, Ty.ctap.(7) is the timescale for synthesis of the substrate, and 77 is the
average time duration in which one unit of the substrate is utilized. ap is the allocation parameter towards synthesizing P.
Putting in the exponential solution, and writing R = Fnr, with np = R/F, we get

F77F

uwP =ap—— [99]
TP
P
(n+Eyp= ——— [100]
TF Tmetab.(F)
Multiplying the two equations, we get the closed cycle growth law
M(ﬂ +1) = L P [101]
nr TPTmetab.(F)
or,
A __@PTF [102]

TPTmetab.(F)

as utr < 1 and np ~ 1.
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Growth law for tRNA synthetase

The transport of amino acid substrates to the ribosome’s translation site is facilitated by dedicated tRNAs and corresponding
tRNA charging enzyme aminoacyl-tRNA synthetase. Let R be the abundance of ribosomes, F; be the abundance of amino acid
substrate of type i, P; be the abundance of the metabolic protein synthesizing the amino acid of type i, T; be the abundance of
the tRNA synthetase responsible for charging amino acid of type i to its corresponding tRNA, and F} be the abundance of
amino acid of type i made available at the translation site via tRNAs. Assuming long lifetimes for the constituents, and that
all are active, the ODEs for the time evolution of this system can be written

dP; R
= ap — 1
dt P TP, (103]
dT; R
no_b T 105
Tretab. (i) Tcharging (i)
dF»LI _ T; _ fusage(i)R [106}
dt ing(i
Tcharging(i) Taa

where Teparging(i) is the time duration tRNA synthetase of type i takes to charge a tRNA with its corresponding amino acid,
and T4, is the average time duration in which one unit of the amino acid is utilized in the cell. fysage(s) is the fraction of
time the amino acid of type i appears in the amino acid sequence of the cell’s expressed proteome; therefore, f,sage(i) is the
fraction of ribosomes that will demand the amino acid of type i at every elongation step. Other terms have similar definitions
as in previous cases. To obtain the growth law for tRNA synthetase, we focus on the cycle involving T; and F;. Putting in
the exponential solution and writing R = Fi’nFi/, with n F! = R/F}, we get the following closed loop growth law for tRNA
synthetase

aT,L

pwTi = —F{np [107]
T, i
fusage(i)T]F.’ , T’z
(1 + LE = 108]
Taa Tcharging (i)

Each of these equations are a growth law, relating relative abundances to cellular parameters and the growth rate. Multiplying
the above two equations, we get the following closed cycle growth law

Taa QT; Taa
(s 1) = i [109]
fusage(i)nFi’ TTiTcha'rging(i)fusage(i)

or,

[~ QT; Taa [110}

TT; Tcharging (i) fusage(i)

Taa
as ‘U’fusage(i)nF( <1

Growth law for tRNA

The growth law for tRNA is similar to that of the tRNA synthetase, but now involving RNA polymerase’s transcription of
the tRNA. Let tRN A; be the abundance of tRNA responsible for carrying the amino acid of type i, aurna, be its allocation
parameter, T;rnva; be the time duration needed to transcribe the tRNA, and 7,4y fer(s) be the time to transfer the amino acid
to the translation site. Assuming long lifetimes for the constituents, the coupled set of ODEs for the tRNA autocatalytic cycle
can be then written as

dtRNA; QtRNA; Rpolb

= 111
dt TtRNA; [ }
dFi/ _ tRNAl _ fusage(i)R [112}
dt Ttransfer(i) Taa
dRpo; _ @rpo; R Rpo; [113]
dt TRpo; TSA(Rpol)
dRpolress _ _Fpoj _ Rpolrest Z Qmi ol [114]
dt TS A(Rpol) Trest(Rpol) . Tmi
dRpOZb RpOl'rest Amyg
= — [ 115
dt Trest(Rpol) Z Tmi Rpo ’ [ }
[116]
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where all other terms are as defined earlier. Putting in the exponential solution, and writing R = ng+; F}, we get

uwtRNA; = MRpolb [117]
TtRNA;
f s )TIF! i
(o + usage (i) TNF] VEL = tRNA; 18]
Taa Ttransfer(i)
1 QR 0'77F.’F¢,
(4 + ————)Rpoj = —— 1" [119]
TS A(Rpol) TRpo;
p(Rpolyess + Rpoly) — —2P%1_ [120]
TS A(Rpol)
[121]

Again, each of these equations are a growth law, relating relative abundances to cellular parameters and the growth rate.
Multiplying the above equations, we get

e e’ =T
WUTs A(Rpot) + 1) P2 4 1) uRpolror = LRI P po; Tas Rpoly, [122]
fusage(i)nF{ fusage(i)TtRNAiTRpoj Ttransfer(i)

or,

2 QtRNA; ®Rpo; Taa Rpoly
fusage(i) TtRN A; TRpoj; Ttrans fer(i) Rpoliot

[123]

as py—ato— < land uTsarpon < 1.

Growth law involving membrane synthesis

Consider the autocatalytic cycle of the ribosomes, a membrane synthesis associated stitcher protein, like say MreB, the cluster
of stitcher proteins which make the incision, and the membrane which provides the environment for ribosomes to work efficiently.
The time evolution of their abundances will be given as

dP R P

—a R 124
dt P TP TPTSA(C) [ ]
dcC P

R 125
dt TPTSA(C) [ ]
s Cw
dt — Tm 1200

where R, P, and C are the abundances of ribosomes, stitcher proteins and the cluster of stitcher proteins respectively; S is
the surface area of the membrane. 7p is the time required to translate the stitcher protein, 754(¢) is the time to assemble
the cluster and 7, is the linear speed of insertion of membrane material by the cluster (in units of length/time). T is the
threshold number of stitcher proteins needed to form the cluster which can make incision in the membrane, and W is the
width of the inserted membrane material (Peptidoglycan). Since in the steady state all the components in the cycle grow
exponentially at the same rate, we not only can see why the length will grow exponentially (width of the cell typically stays
constant in E.Coli growing in a given medium), but also obtain growth laws corresponding to its components:

1 apR
+ — 127
(1 TPTSA(C)) TpP [127]
CMPR
T 1) = 12
wprsaeyTe + 1) C [128]
CW
_ow 12
s TmS [129]

Each of the above equation is a relative abundance growth law. In the main text, we use Eq. 129 to analyze the growth rate
reduction due to the application of Triclosan.
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