S1 Text. CF betweenness is a special case of />-flow
betweenness

Fix A =1, and T = 1; for some s,t € V. Let B denote the signed arc-node incidence
matrix using an arbitrary orientation of the edges, i.e., the row of edge (u,v) has two
non-zero entries, -1 at column u and 1 at column v. Then the optimization problem (see
Eq (1) in the main text) giving rise to ¢2-flow betweenness can be more succinctly
written as

minimize ||f||3 subject to BT f+1, <1,

or equivalently,

minimize || f||2 subject to BT f+1, =1, (1)
where || - ||2 denotes the ¢3-norm. The equality constraint in the second formulation is
due to the fact ||15]l1 = ||1¢]|1, where || - |1 denotes the ¢1-norm. Let fg; denote the

optimal solution of Problem . Then by the optimality condition of Problem , fst
satisfies, for some y € RIVI,

fst + By = 07 (2)
*BTfSt == 13 - 1t~ (3)

Pre-multiply both sides of Eq by BT, and substitute Eq , we have
Ly=B"By=-B"fy=1,-1,, (4)

where L is the Laplacian matrix of G. Notice that Eq is exactly the Laplacian linear
system that defines the absolute potentials y of a unique st-current 7; (e.g., see Lemma
3 in [1]), where 7(e) = y(u) — y(v) for e = (u,v) € E. But then according to Eq we
have that fs; = —By, which implies

|fse(e)| = |y(u) —y(v)|, fore=(u,v) €E.

Therefore |fs(€)| = |7st(e)| for all e. Moreover, if s = ¢, then one simply has that
fst(e) =0 for all e. Let n = |V|. It follows that

Eaaty rae 132 = 0 S 1@l =25 3 =5 Y Il

s,teVv s,tEV,s#£t s,tEV,s#t

which is exactly the CF betweenness [1] normalized by 1/n?.
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