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Proofs
Notation.

Let the subscript t index the timing of measurement for variable V; (0=pre-baseline, 1=baseline, 2=follow-
up). Let L, and L, equal, respectively, a patient’s outcome (e.g., blood pressure) at the baseline and follow-up
visit. Let ¥; and Y, equal, respectively, a patient’s diagnosis based on L (e.g., uncontrolled hypertension;
1=yes, 0=no) at the baseline and follow-up visit. Let M, equal a determinant of L, that we want to intervene
upon to alter the distribution of ¥, (e.g., decision to intensify antihypertensive treatment; 1=yes, 0=no). Let
Xe, xins, xdia (educational attainment, private health insurance, and diabetes, respectively) be measured
common causes of Ly, My, and L,, let X;9¢ and X§°* (age and sex, respectively) equal common causes of all
these variables, let R, equal a binary variable that defines a socially marginalized population (e.g., race), let
H, equal sociopolitical forces (e.g., racism) that creates association between R, and X. Let U, equal an
unmeasured source of correlation between L; and L,. (Our results still hold even if this unmeasured cause
affects the covariates X). For intuition, see eFigure 1 for a causal graph relating these variables. Let V (w)
equal the value that IV would take (i.e. potential outcome, counterfactual) had W been set to value w. Let the
notation V[ [W|Z denote statistical independence between V and W given Z.

v
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eFigure 1. Causal graph describing the the Ry—Y, association through H,X,L,,Y;,M;, and L,
Definition.
General formulation.

As defined above, the variable R represents the social status across which the disparity will be measured (e.g.
race). Ry, = ry will represent a marginalized group (e.g. blacks) and R, = r; the privileged group (e.g. whites).
(It is entirely possible to consider the following proposition with these values switched). The population of
interest consists of all patients with uncontrolled hypertension at baseline (¥; = 1). Consider an intervention
to set the distribution of a target variable M; (antihypertensive treatment intensification) to affect disparities
in the outcome Y,, uncontrolled hypertension. We will define three non-overlapping sets. The first variable
set A defines the covariates that are considered both outcome- and target-allowable. The second variable set
AT defines covariates that are additionally considered target-allowable but not outcome-allowable. The third
variable set N, defines covariates that, in addition to those in Ai’ and AT, are needed for causal identification
but are nonetheless considered non-allowable. It is permissible to partition the covariates such that some sets
remain empty. For example, if Ai’ contains all covariates, then by definition AT* and N, are empty. All
expressions that follow condition on the population of interest, patients with hypertension at baseline.



Proposition.

Consider an intervention G y among those with R, = r;, to set the distribution of M; according to the

my|afta
observed distribution P(m1 |R0 =1y, a7, a{). The observed disparity prior to intervention, and the reduced
and residual disparity after intervention are given, respectively, as:

D) X E[YIRy =10, ajlP(ay) — Eoy E[V;|Ry = 15, aj]P(a})

i) X7 E[Y2[Ro = 1o, a3]P(a]) = 7 E[Yz (G, apa) IR0 = 7o, a31P(ay)

1)) Zqy B [ Y2 (G ) |[Ro = 70, & P(&)) = By B[Ry = 18, &} ]P (e

These definitions require that P(R, = ry|a)) > 0 and P(R, = r§|a}) > 0 for all @} with P(a}) > 0.

Remark 1. Alternate definitions of (i)-(iii) that replace the pooled distribution of the outcome-allowable
covariates P (a{) can be used. For example, if the distribution the outcome-allowable covariates among blacks
were used, we would replace P(ai') with P(a}1'|R0 = 1), under the weaker assumption that

P(Ry = 1$|a%) > 0 for all @) with P(a}|R, = 1) > 0. Likewise, if the distribution of the outcome-allowable
covariates among whites were used, we would replace P(ai’) with P(a31'|R’0 = 1y), under the weaker
assumption that P(R, = 1y|a}) > 0 for all a with P(a}|R, = 1) > 0. Alternatively, one could restrict the
population of interest to a region where common support holds, perhaps through eligibility criteria. Then,
each component of the formulae above would implicitly condition on the eligible population of interest.
Henceforth, we will develop results using the pooled distribution of outcome-allowable covariates P(a}) to
measure disparities. The alternatives we outlined will produce diverging estimates when measures of
disparity within levels of the outcome-allowable covariates A’l' vary across levels of these covariates.
Identification.

As stated, let Ny denote additional variables needed for conditional exchangeability beyond AT and A}l'.
Assumptions.

A) Conditional exchangeability among R, = ry:

Y,(m)[Imy|Ry = 1o, 0y, a¥', ) for all values m, with P(m, |R, = 13,aT,a}) > 0

B1) Positivity among R, = 7y:

P(my|Ry = 15,14, @, @) > 0 for ny, a}, @) with P(ny, af, a)|R, = 1y) > 0 for all values m, with
P(m1|R0 = T(;, aT, ai]) > 0

B2) Common support across R:

P(al, @Ry =1y) > 0if P(al, )R, = 1§) > 0and P(my |R, = 1y, @, a@)) > 0if P(my|R, = 13, aT, a)) > 0
for af*, @) with P(af, a}|R, = 15) > 0

C) Consistency:

My; =my; = Yy, = Y,;(my,;) for all individuals i
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Remark 2. Assumption “A” is a form of “partial” conditional exchangeability: within levels of allowables and
non-allowables among blacks, only potential outcomes indexed by certain target values (those values
observed among whites with identical values for allowables) are assumed to be independent of the observed
target value. Assumption B1 is a form of “partial” positivity: within levels of allowables and non-allowables
among blacks, only certain values of the target (those values observed among whites with identical values for
allowables) are assumed to be observed with positive probability. These assumptions allow for identification
when, for some values of allowables, blacks’ treatment is always intensified if whites’ treatment is as well.
These conditional exchangeability and positivity assumptions are weaker than their standard versions.

Following Jackson & VanderWeele 2018 and Jackson 2018 we have among those with R, = r:
[YZ (Gmllam y = ml) |R0 = ro,a}ll] P(a}ll)

y mE [Yz(m1)|R0 =1G =my, aj ,ai’] P (Gm laltal = m1|R0 =1y aj ,al) P(af'|Ry = 1o, a})P(a))

mE[Yz(m1)|R0 =To a1 a1] P( m,_y = m1|R0 =710, a1 ,al) P(a1 |R0 =To al)P(a}l’)

mla ,af m |a1a1

mla ,a my|aj ay

mE[YZ(m1)|R0 =1y, af, ay| P(M; = my|Ry = 1§, af, ay)P(af'|Ry = 1, a))P(ay)
[Yz(m1)|R0 =1y, Nq,af, al] P(M1 m1|R0 =1y, ay, 1)P(n1|R0 =ryaf, a{)P(a'ﬂR0 =Ty, a{)P(a{)
E[Y,(my)|Ry = 10, my, ny, @, @] P(My = my|Ry =74, aT, @))P(n4|Ry = 10, af, &})P(aT'|R, = 1, a})P(a))

E[YleO = To,ml,nl, a1 ,al] P(Ml m1|R0 = 7’0, a1 ) I)P(n1|R0 =To, aT, a’{)P(aT'RO = To, a’{)P(a’{) (1)
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Where the first (and fourth) equality follow by the total law of probability, the second by definition of
Gm1|a11nu31’ as random among R, = r, given af* and ai’, the third by definition of Gmllarlna}l’ among Ry =r1yasa
random draw from the distribution P(M; = m,|R, = 1§, a}, @) under assumption B2, the fifth by A and B1,
and the sixth by C.

Note that among those with R, = r:

[V2|Ro = 10, a|P(a])
E[YleO = To,ml,nl, a1 ,al] P(Ml mq RO = ro,nl, a1 ) 1)P(n1|R0 =To, a’ln, a{)P(a’lano = To, a{)P(a{) (2)

And likewise, among those with R, = ry:

[Y2|R0 =75, y]P(a}{)
Tyl am nE[Y2|Ro = 15, my, al', @} P(My = my|R, = 13, aT', @) P(a}|R, = 14, a})P(a)) 3)

Alternatively, among those with Ry = ry:

[Y2|R0 =75, y]P(ay)
E[Yz|Ro = 15, my, my, @, @] P(My = my|Ry = 15,4, @', a})P(ny|Ry = 15, af', a])P(a}'|Ry = 15, a])P(ay) (39

Remark 3. Equations (1), (2), and (3) represent g-formulae for decomposition with time-fixed interventions.

Remark 4. The distribution P(M1 = m1|R0 =1y,a] ,al) in (1) could be viewed as a marginalization of
P(M1 = m1|R0 =19, N4, a7, a{) over the distribution P(n1|R0 =r1,,a] ,al) rather than conditional
independence between M, and N, given R, = 13, af’, and aJ, as can be seen by contrasting the expressions
(3) and (3"). Nonetheless, this distribution P(M1 m1|R0 =1y, at, a{) defines the intervention G

my |a"'ay

which, when applied to blacks R, = r,, produces independence between M, and N4 given af', and al.

Remark 5. The comparison to existing estimators on pages 9 to 13 are derived under the alternate
identification formulae (1), (2), and (3%).



Estimation.

Decomposition using Ratio of Mediator Probability Weights (RMPW)

Let M; be categorical with j levels m,;.
Among those with Ry, = 1, we have that:

L E[V; (G ama?) IR = 70, al1P(a))

= Zmla am nlE[Y2|R0 = To,Myj, Mg, A ,al] P(M1 m1]|Ro =r5al,a )P(n1|R0 =1y,af,a y)P(a’l"|R0 =71y, a}l')P(a}l')
E[Yy|Ro = 1o, myj,mq, aT, &} P(M; = myj|Ry = 10, n4, aT', @) )P(n4|R, = 1o, aT', @) P(a}|Ry = 10, a))P(a)
(Ml My
p(My = myj|Ry = 19,14, @', a)

= z:ml ay,af'ng

y
Ro = TO' al ,al)

E[Y2|RO =Ty, Myj, Ny, A3 ,al] P(M1 mlj|RO =Ty, Ny, A4 ,(11)P(111|R0 =1y, af, )P(a |R0 =71 Q )P(aﬂRO = ro)
P(My = myj|Ro = 15, @', @) P(a})
p(My = myj|Ry = ro,nq, a7, a7) "~ p(a]|Ry = 1)
E[YZ|RQ =To, mlj,nl, al ,al] P(Ml mlleO =Tp, Ny, a1 ,al)P(nllRo =To, al {)P(a’iano =710, ai’)P(ai’lRo = To)

= Zmlal ,ating

= Zm1 a1 al'ng

p(My = my;|Ry = 19, a] ,a{) P(ro)
(M1 m1]|RO =719, N1, Q9 ,a{) P(r0|a:{)
= E[E[Y, x w;,"P" [ro, mq, my, @, a]]|1o] (42)

where w,"P" = P(My = my;|Ro =75, aT'n?{)y X P(ro)y (4b)
P(M1 = m1j|R0 =719, N1, Q9 ,al) P(7”0|a1)

The first equality is identified via eqn 1.

Note that, among those with Ry = 1, we have:

X E[Yz|ro, aq]P(a)
= E[E[Y, x Wro|r0,m1,n1, at, a)]|r] (5a)
_ _ POy (5b)
where w;, > (Tola}{)

And among those with Ry = 1y:

X E[Yo|rg, a]P(a))
= E[E[Y, X wys|rg, my, af', a]]|75] (6a)
, = P00 (6b)
where w,/ w(raja)



Thus, under the expressions and weights defined above, we have the general result:
The observed disparity
Yo =B E[Y|Re = 10,a3]P(a}) — Eo2 E[Y2|Ro = 15, a}|P(a}) (7a)

= E[E[Y, X wy, [ro,my, nq, T, @)]|ro] = E[E[Y, X wyy|r5,my, aT, a)]|7g]

The reduced disparity
Yret =X ElY|Re = 1o, a3]P(ay) — oy E[Y2 (G, )[R0 = 7o, @11P(ay) (7b)

= E[E[Y, X wy, |[ro,my, ny, @, a)]|ro] — E[E[Y, x wy"P¥ |10, my, my, @, @) |15 ]

The residual disparity
¥ = gy EV2 (G japal)|Ro = To, 1P (a]) — X E[Ya|Ro = 75, @] P(ay) (7¢)

= E[E[Y, x wy, """ |ro,my, ny, af', a]|ro] — E[E[Y, X wys|rg, my, af', ay]|rg]

With weights defined as

— P(ro)
o p(ro|ay)
__PG)
W = p(rs|ay)
rmpw __ P(Ml = m1j|R0 = rO’I aT/ a{) P(rg)

™ p(My =my|Ry =1o,nq, a7, a)) " p(ro]ay)

Contrast (7a) can be estimated as ; in the weighted regression model with the observed data:
E[Y;|Ro] = By + B1R, fit with weights w,, for those with R, = 1, and w,; for those with Ry = 13.

Constrast (7b) can be estimated as f; in the weighted regression model with a stacked dataset consisting of
the original subset R, = r, (labelled as D, = d,) and a copy of the subset R, = 1, (labelled as (D, = dy).

E[Y,|D,] = By + B1 D, fit with weights w,, for those with Dy = d, and w;""* for those with D, = dj.
Contrast (7c) can be estimated as f3; in the weighted regression model with the observed data:
E[Y;|Ro] = By + B1R, fit with weights w; """ for those with Ry = 1, and w,, for those with R, = r;.

Remark 6. (7a), (7b), and (7c) are based on disparity measures that use the pooled distribution P(a}ll) to
standardize the outcome-allowable covariates. With P(ai'lRo = 1,) as the standard the weights would be:
= P(rola}ll) P(r) rmpw P(Ml = mlleO =1y ay, a}ll)
Wr, = 1 Wr =S X B o = oy
P(rs|lay) = P(ro) P(M; = myj|Ry = 1,my, 0T, a))

With P(a{|R0 = ry) as the standard the weights would be:
(e Pow) o o _ POy =moplRo =i @) (la}) PO
" P(rplay) " P() o To P(My = myj|Ry =10, ny, a7, a))  P(relal) = P(rp)

Remark 7. The conditionality of the intervention G y appears through the numerator in (4b). Any non-

my|at'a
allowable confounders Ny beyond the allowable variables defined in AT and A} appear only in the
denominator. Thus, the conditionality of the numerator will differ from the denominator whenever the

intervention G,, \,m,y does not condition on all of the confounders of M;.



Decomposition using Inverse Odds Ratio Weights (I0RW)

Let M; be categorical with j levels m,;.
Among those with Ry, = 1, we have that:

i) IRo = 70, &1P(@)
E[Y2|R0 = To,mll, n,, a1 al] P(M1 mlleO = Té, aT, a{)P(n1|R0 =To aT, a{)P(aT'RO =To a{)P(a{)

E[Y2|R0 = To,mll,nl, a1 al] P(M1 mlleO =Ty Ny, aT, ai])P(n1|R0 =To aT, a{)P(aT'RO =To a{)P(a}{'RO = 7"0)

RTAIAC

= z:mla ,afng

- z:ml a1 af'ng
P(M1 = m1j|R0 = 15,01 'a}{) P(ro)

P(M1 = mlleO =Tp Ny, a'ln, ai’) P(rolail)

= X, oann; E[Y2|Ro = 1o,m1j, 4, aT', @3] P(My = my R = 10, m,a7', a7)P(n4|Ro = 1o, a7, a7)P(a'|Ry = 1o, a7)P(aj|Ro = 10)

P(R0=T’O,M1=m1j,u71",a{)
P(Ro=rpaf'a}) P(ry)
X m Y y
P(RD:rO,Mlzmlj,nl,ul '“1) P(rolal)
P(R0=r0,n1,a'1",u)1’)

= Zml'a{'a,{l'nlE[YARo = 1o, myj, Ny, Ay, aﬂ P(M1 m1]|R0 =r1,N, a7, a 1)P(n1|R0 =r,af,a y)P(a |R0 =71a y)P(a |R0 = ro)

_ y
p(R = r(§|m1j, a®, al)
— i m Yy _ y
p(R = r0|m1},n1, a’ ,al) y p(My = my;|al, a}) P
_ y - y y
p(R = rgla™, al) p(M; = myjny, af', ay) " p(ro|ay)

p(R = r0|n1, a®, a’l')

X

= E[E[Yy X wio™|ry, my, 4, aT, a}]|7o] (8a)

o(R = 15jm,;, a7, ay)
AR =mopmyynyal @) oMy =mylala})  pay
(R=ray, @) r(M;=myngay, ) " r(ro|al)
p(R = ro|n1, al’, a{)

where wo™ = (8b)

The first equality is identified via eqn 1.

lOTW rmpw

The second and sixth equalities show that w, =w,,  non- parametrically Thus, we can implement [IORW

approach by following the procedure outhned with RMPW, replacing w MPW (4b) by W,forw (8Db).

Remark 8. The conditionality of the intervention G v appears through the numerators in (8b). Any non-

my|aftay
allowable confounders N; beyond the allowable variables defined in A" and A{ appear only in the
denominators. Thus, the conditionality of the numerators will differ from the denominators whenever the
intervention G,, \,m,y does not condition on all of the confounders of M.

Remark 9. The weight in (8b) is based on disparity measures that use the pooled distribution P(al) to
standardize the outcome-allowable covariates. With P(a1 |Ry, = 1p) as the standard the weight would be:

p(R = r(§|m1j,a’1", a{)
— m Y
P(R = 7’o|m1j,"1, ay ,al) p(M; = my;|at, a))
R =1lla™ a’ XM, = ma)
p(R = rg|aT’, aj p(M; = myj|ny, al', ay)
p(R = ro|n1, a’ ,a{)

iorw _
Wy




With P(a)|R, = ) as the standard the weight would be:

P(R = rj|my;, at', a))
P(R = ro|myj,mq, at, a) P(M; = my|af", aj) P(rslai)  P(ro)
PR =rilat.a) POt =gy aloal)  PCrlal)* PG0)

P(R =ry|ny, al, a))

Implementation

The sketch for parametric g-computation in the main-text was based on models using the factorizations (1),
(2), and (3). However, one can replace (3) with (3%). If that is done, the outcome models for blacks and whites
would always condition on allowable and non-allowable covariates. Also, the target factor models would
always condition on the allowable and non-allowable covariates among the observed scenarios for blacks and
whites, but only condition on the allowables in the counterfactual scenario for blacks. This alternate
specification can lead to issues with non-compatibility, as it may be difficult to specify models for

P(M; = my;|Ry = 1y, af’, a{) (used for estimating the counterfactual scenario for blacks under (3*)) and
P(M; = my;|Ry = 19,4, a7, ai’) (used for estimating the observed scenario for whites under (3%)) that are
compatible with one another. This challenge does not arise when (3) is used because then only

P(M; = my;|R, = 13, a}, a}) must be specified.

Ratio of Mediator Probability Weighting

The first component of the weight w; """ is a ratio of two probabilities. The numerator could be estimated by

fitting, among whites, a logistic regression model for the probability of treatment intensification M; given the
allowable covariates AT and A’l'. The denominator could be estimated by fitting an analogous model among
blacks that further conditions on non-allowable confounders N,. These models need not be compatible when
fitted this way, separately for blacks and whites. The second component of the weight w; """ could be
obtained with logistic regression models for race R, that do and do not control for the outcome-allowable
covariates A}. The predicted values from these four models are used to obtain the weight w; """ for each

individual.

A stacking procedure can be used to estimate the effects of interest. To obtain the disparity reduction (2)
minus (1), the data from blacks with weight w;, (5b) are stacked onto a copy from blacks with weight Wrroml’JW
(4b) and labelled with a new variable called data origin (D,; 1=original, 0=copy). The weighted mean
difference in Y, across data origin D, estimates the disparity reduction. To obtain the disparity residual (1)
minus (3), the data from blacks with weight w; """ (4b) are stacked onto the data from whites with weight
Wy (6b). The weighted mean difference in Y, across race R, estimates the disparity residual. For inference,

the non-parametric bootstrap could be used to obtain 95% confidence intervals.

Inverse Odds Ratio Weighting

The first component of Wrigrw is a ratio of two odds. The numerator odds can be estimated by fitting logistic
regressions for race R, given treatment intensification M, allowable covariates Af* and A} with and without
further control for non-allowable confounders N;. For the denominator odds one can use similar models but
without control for treatment intensification M;. For the second and third components one can adapt what
was described for the RMPW-style estimator, with the caveat that the models for treatment intensification M,
do not condition on race R,. As noted in the main text, the estimation procedure is valid if all models are
specified correctly, and here special care should be taken to ensure that models are compatible with one
another. For guidance, see the procedure proposed by Miles et al. Once all necessary models are fit, their
predicted values are used to form individual weights. The stacking procedure described above is used but
replacing wy """ weights (4b) with w;°™ weights (8b).



Relation to Existing Estimators (under identifying formulae (1), (2), and (3%))

In what follows we make the notation more compact as follows: X9 =XJ, X§¢* = X35, X¢ =Xx¢, X" =X{,

X§ie =X§, with sets notated as, e.g, X3, X§ =X3°. In weight expressions, M, is categorical withj levelsm, ;.

Interventional Analogue of the Natural Indirect Effect

Suppose we estimate the disparity reduction where A2, the covariates deemed both outcome- and target-
allowable, includes all covariates. This leaves AT* empty because we have exhausted the potential covariates
that could be deemed target-allowable. This leaves N; empty because we have exhausted the covariates
needed to establish conditional exchangeability for M;. The disparity reduction is identified by the non-
parametric expression of Pearl and the weighting estimators of Hong (2010) and (2015), Huber, Lange et al.,
and Tchetgen Tchetgen.

Non-parametric

,s,e,i,d
1,[)r8d = Zml'll'xg,s,e,i,d E[YZ |R0 =To, My, ll! xg Set ]

X {P(M; =my|Ry =1, ll,xg's'e’i’d) —P(My =my|Ro =13, ll,xg’s’e’i’d)}

x P(ly, xg's'e'i'd)

A conditional expression is obtained by removing the integration over [;, xé”s’e’i'd. This expression is equivalent
to the mediation formula of Pearl], which underlies the regression-based estimators of Valeri and
VanderWeele, as well as the simulation-based estimators of Imai et al. and Wang et al. The marginal

expression serves as the basis for the imputation estimator of Albert, and VanderWeele and Vansteelandt.

Ratio of Mediator Probability Weighting

yred = E[E[Y, x Wr0|ro,m1, ll,xg’s’e'i'd]m] — E[E[Y, x Wrrompw|r0,m1, ll,xg’s’e’i’d“ro]

Where
,s.ei,d
_ P(rp) rmpw P(M1 = m1j|R0 =1y ll:xogseL )
To — g.s.eid . = Tay X Wr,
P(7o|ls, x5 ) 0 P(M1 = m1j|R0 =10, 1y, x7 " ) °

A conditional expression is obtained by removing the outer expectation and setting w,, = wy = 1. The

marginal and conditional versions are equivalent to the weighting approaches of Hong (2010) and (2015)
and those used in the natural effect models of Lange et al.

Inverse Odds Ratio Weighting
wred = E[E[YZ X W‘r'o |T0r ml! ll! xg's'e'i'd] |7"0] - E[E [YZ X W;grw TO! mll lll xg’s‘e‘i‘d] ITO]

Where
_ P(ro) P(R =7 myj, L1, xg,s,e,i,d)

To T ,S.e,i,d
P(TO |l1! xbg )

— g.s.eid
p(R =rpimyj, Ly, X

- X W,
,s.e,i,d T
p(R =1 ll,x(‘?sel ) 0

,s.e,,d
P(R =71y ll,xgsel )

This is equivalent to the approach of Huber. A conditional expression is obtained by removing the outer
expectation and setting w, = w; = 1 which is related to a variant of the approach of Tchetgen Tchetgen.



Interventional Analogue of the Path-Specific Indirect Effect [

Suppose we estimate the disparity reduction where A%, the covariates deemed both outcome- and target-
allowable, include X9°. AT is left empty so that no additional variables are considered target-allowable, and
N, includes all other variables needed to establish conditional exchangeability for M, (i.e., L;, X&**). The
disparity reduction is identified by the non-parametric expression and weighting estimator for the
interventional indirect effect of VanderWeele, Vansteelandt, and Robins.

Non-parametric

; = g.s.eld
ml’ll'xg,s,e,L,d E[YZ |R0 =To, My, ll, xo ]

X {P(Ml = mllRO = ro'll'x(‘)q,s,e,i,d) - P(Ml =my|Ry = r(;'x(!)]‘s)}
x P(ly, x&"*|Rg = 19, x3)
X P(x3"*)

I/)‘red — Z

A conditional expression is obtained by removing the integration over x;”. This is equivalent to the
expression of VanderWeele, Vansteelandt, and Robins under a stochastic intervention.

Ratio of Mediator Probability Weighting
pred = E[E[Yy X wy[ro,my, by, x§ 4 ro) = E[E[Yp X wi ™™ [ro,my, Ly, x§ ] |

Where
_ P(o) rmpw _ P(My =my;|Rg = r(;,xg’s)

To T 9.5 To - s.eid
P(rox5") P(M1 = m1j|R0 =10, by, x7 )

X Wy,

A conditional expression is obtained by conditioning the outer expectation on x° and setting w, = w; = 1.

This is equivalent to the approach of VanderWeele, Vansteelandt, and Robins under a stochastic intervention.
= — 9.5 , _ _ s.eid I

They express P(M1 = m1j|R0 =74, Xy ) as le‘xg,l,d P(M1 = m1j|R0 =13, Ly, x)™ )P(lllxgl |R0 _ rO,xgs) to

emphasize that P(M; = my;|Ry = 13, xJ"°) represents a marginalization of P(M; = m,;|R, = 13, 13, x2**")

over P(l, x¢"%|Ry = 4, xZ*) rather than conditional independence of M, and {l;, x;**} given R = r; and x&".

Interventional Analogue of the Path-Specific Indirect Effect II

The simulation-based estimator of the interventional indirect effect of Vansteelandt and Daniel does not
generally estimate the disparity reduction, but rather a contrast of two interventions.

To see this, consider two stochastic interventions. The first intervention, G;;’ e assigns treatment
11%1 %1
intensification, the targeted factor, according to its conditional distribution among blacks given the
allowables A}l' and AT, defined as P(M1 = m1|RO =1y, a7, a}l'). The second intervention, G:r‘; i’ assigns
1191 %1

treatment intensification, the targeted factor, according to its conditional distribution among whites given the
allowables A and AT, defined as P(M; = m;|R, = 1§, aT", a}).

According to assumptions A, a slight variant of B1, and C, under the first intervention, the proportion of blacks
with uncontrolled hypertension, standardized by the outcome-allowable covariates, is:

10



S E [YZ (Gm . =m,) |Ro =1, al] P(a))
= Y E [Yz (m1)|R0 =7y, Gm g = M@ a}l'] P (Grrrflla'{’a{ = m1|R0 =1y, al, a{) P(af'|Ry = o, ay)P(a))
= Ty ap E[2(m0)[Ro = 1o, @, ] P( e m1|R0 = 1o, a™, a{) P(al|Ry = 10, @})P()
=Ym, ayamE[Yz(m1)|R0 =1, af, ay| P(My = my|R, = 1o, af', a}y)P(af'|Ry = 1o, a})P(a))
= Y, apny E[Y2(m)|Ro = 1o,n4, ', a3] P(My = my|Ro = 1o, af', a])P(n4|Ro = 10,7, ay) P(aT'|Ro = 1o, a7)P(a})
=Y., & alny E[Y,(m))|Ry = 10,my,ny, T, @) P(My = my|R, = 10, T, @))P(n4|Ro = 10, aT', @))P(aT'|Ry = 10, a})P(a))
= S, apny E[Y2|Ro = 1o, my, nq,af', ay] P(My = my|Ro = 10, T, a3)P(n4|Ro = 10, a¥', a1)P(af|Ry = 1o, a3)P(ay) ©)

According to equation (1), under assumptions A, B1, B2, and C, under the second intervention, the proportion
of blacks with uncontrolled hypertension, standardized by the outcome-allowable covariates, is:

LoE [Yz (Gmlla 2= ml) |R0 =1, a{] P(a))
=Y v.m [Y2|R0 =71y, My, Ny, a] ,al] P(M1 m1|R0 =r5al,a 1)P(n1|R0 =71y,al,a y)P(a'1"|R0 =150 y)P(ay)

my,a;,ay,n

The difference in uncontrolled hypertension among blacks comparing the two interventions is:

¥ yE[YZ( =m,) |Ro —ro,al]P(a D> yE[YZ(

E[Y2|Ro = 1o, my,ny,aT, d]]

— _ y y
m,|ala) mylaftal ml) |R0 =To al] P(a1)

= Zm1 a),any
X {P(M1 m1|R0 =ry,atf’, a 1) P(M1 m1|R0 =71, al,a 1)}
x P(n4|Ry = 1o, af, a})P(a'|R, = 1o, @))P(a)) (10)

Note that (10) does not generally equal to the disparity reduction (2) minus (1) because the first intervention

G;;’ i within levels of the allowables A} and AT* breaks any dependence of treatment intensification M; on
11%1 %

non-allowables N4, whereas in the observed scenario (2) this dependence is present. They are equivalent

when

P(M; = my|Ry =719, a, @) = P(My = my|Ry =19, m4, a7, @)).

Suppose we estimate this difference where A%, the covariates deemed both outcome- and target-allowable
include X7 . AT is left empty so that no additional variables are considered target-allowable, and N includes
all other variables needed to establish conditional exchangeability for M; (i.e., L;, X&**). Now, under these
allowability choices, the difference between the first and second interventions is:

Lo F [YZ (G:r(l)llx“g's = ml)
=3

_ 9.5 9, g _
Ry =19, X3 ]P(x0 ) - o E [YZ (Grillxg,s = ml)

gseld]

Ro = 10,23 P(x§*)

myly xgsetdE[YleO =19, My, ll,

x {P(My = my|Ry = 10,x7") = P(My = my|Ro = 15, %)}
x P(ly, x¢"|Ro = 10, x3)P (")

This last expression is equivalent to the identification formula for the interventional indirect effect of
Vansteelandt and Daniel for the terminal mediator when applied to our motivating example. Again, this does
not estimate the disparity reduction because P(M; = my|Ry =79, x3") # P(My = my|Ro =10, 1y, x, gsend),

11



Interventional Analogue of the Path-Specific Indirect Effect 11

Suppose we estimate the disparity reduction where A2, the covariates deemed both outcome- and target-
allowable, include X9°. AT, the additional covariates deemed target allowable, includes all other covariates
(ie.,Lq, Xg’i'd). N, is left empty since in this specific case conditional exchangeability among blacks has been
established for M; given AT and A’l'. The disparity reduction is identified by the non-parametric expressions
and weighting approaches of Zheng and van der Laan and also Miles et al.

Non-parametric

Yred = Zml’ll'xg,s,e,i,d E[Yy|Ry = 15, my, ll,xg's'e'i'd]
X {P(M1 = m1|R0 =19, My, ll,xg's'e'i'd) — P(M1 =my|Ry = 15, My, ll,xg's'e‘i'd)}
x P(ly, x5 Ry = 70, %§"")
X P(x3"*)

A conditional expression is obtained by removing the integration over x;”*. This is equivalent to the non-
parametric expression of a path-specific effect discussed in Jackson 2018.

Ratio of Mediator Probability Weighting

Pred = E[E[Y, X wy |ro,my, Ly, x84 Iro] — E[E[Ya x )™ [ro, my, Ly, x5 15

Where
— — gseid
W = P(ro) — p(M1 = m1j|R0 =141y, x§
" P(r |xg,5) Wr = gsendy X Wro
0l%0 P(M1 = m1j|R0 =T0, ll' Xo )

A conditional expression is obtained by conditioning the outer expectation on x;”* and setting w, = wy = 1.
This is related to the weighting approach of Zheng and Van der Laan (2017).

Inverse Odds Ratio Weighting

lpred = E[E[YZ X W‘r'o |T0r ml! ll! xog's'e'i'd] |7"0] - E[E [YZ X W;grw TO! mll lll xg’s‘e‘i‘d] ITO]

Where

_ P() (R = 1§jmy;, ll,xog’s‘e‘i‘d
"0 T Plrolxd) ( )

— gs.eld
P(R =T mlj, lll Xo

. X W,
,S,e,i,d T
p(R =1 ll,xgse’ ) 0

seild
P(R =Ty ll,ngEI )

A conditional expression is obtained by conditioning the outer expectation on x;”* and setting w, = wy = 1.
This is equivalent to the “m-ratio” weighting approach proposed by Miles et al. albeit under an alternate
coding for race R,. (Note that the specification by Miles et al. would code blacks as R, = ry and whites as Ry =
1y, mapping to a path-specific effect whose analog imagines an intervention upon whites by fixing the
conditional distribution of the target to match that of blacks). Our coding scheme maps to an identification
formula for a path-specific effect discussed in Jackson 2018, wherein blacks are intervened upon by fixing the
conditional distribution of the target to match that of whites.

12
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‘Detailed” Oaxaca-Blinder Decomposition

Suppose we estimate the disparity reduction where no covariates are deemed outcome- or target-allowable.
All covariates are included in N to establish exchangeability for M;. The disparity reduction is identified by a
“detailed” Oaxaca-Blinder Decomposition implemented with linear models.
The non-parametric formula is:
_ . _ g.seid
Ip‘red — Zml,ll.xg's'e'l'd E[YZ |R0 =To, My, ll, xO ]
X {P(M1 = m1|Ro =T, l1lxog's'e'1'd) — P(My = my|Ry = 1)}

X Py, x3""*|Ro = 1)
Consider the following linear models:

,S.eid
E[V;|Ry = To, My, li,xé’sel 1= g" + Zj#refﬁ{?[(Ml = m1j) + .Bzrolq + Zkﬁé"’Xk

, S, ‘.‘d I 7 !
E[Y2|R0 = ro’mlj,ll,xgsel ] = g" + Zj:tref ﬁlr?[(M1 = m1j) + .Bzrolq + Zk ﬁéch
where, with a slight abuse of notation, X* is the kth element of Xog's'e""d.

It follows from the arguments of Jackson and VanderWeele 2018 we that:

red = Zj:trefﬁf?{P(M = mlleO = ro) - P(M = mlleO = ro’)}
This is the typical formulation of a detailed Oaxaca-Blinder Decomposition under linear models. Alternate
implementations of the Oaxaca-Blinder Decomposition make different allowability choices. For example,
suppose we estimate the disparity reduction where no covariates are deemed outcome-allowable but all
covariates are considered target-allowable, leaving N; empty. The disparity reduction is identified by the
following non-parametric formula which leads to adaptations of the weighting estimators of Dinardo et al. (a

form of ratio of mediator probability weighting) and Barsky et al. (a form of inverse odds ratio weighting).

Non-parametric

_ i _ g.seid
.lp‘r'ed = Zml,l1.xog's'e'l'd E[Yz |R0 =Tp, My, l1, Xo ]

X {P(My = mq|Ro = 10,13, x5 ") = P(My = my|Ro = 15,11, x§ ")}

X P(ly, x§""*|Ry = 19)
Ratio of Mediator Probability Weighting
Yred = E[E[Yy X wy, |ro, my, ll,xg’s’e'i'd]m] — E[E[Y, x wy P g, my, ll,xg’s’e‘i‘d“ro]

Where

— — g,s.eid
=1 rmpw _ P(Ml = m1j|R0 =70, 11, Xy )

= —= X W,
0 To gse,id T
P(My = myj|Ro = 10, 1y, X3 )

0

This is equivalent to an extension of the weighting approach proposed by Dinardo, Fortin and Lemieux where

the conditioning events of the numerator and denominator of wr’;mpw include all covariates.
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Inverse Odds Ratio Weighting
Yred = E[E[Yy X wy, |ro, my, ll,xg's'e'i'd“ro] — E[E[Y, X wio™ |1y, my, ll,xg’s‘e‘i‘d“ro]

Where

— g.s.eid
p(R = 19|My s ly, xqg

_ gsetid
. P(R —Tomlj,ll,xo
P Lorw —
wr, =1 Wrp & = ) gseidy X Wr
PR = 1y|ly, x5
,S.e,L,d
P(R =1 ll,ngEI )

This is equivalent to an extension of the weighting approach proposed by Barsky et al., and also one discussed
by Dinardo, Fortin and Lemieux, where the conditioning events of the numerator and denominator of wri;”‘”
include all covariates.
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