
Appendix: Asymptotic Distribution Theory and Additional Simulation
Results

We now provide some detail on the asymptotic distributional results listed in §5, from
which those in §3 follow as a special case.

As in §5 assume that the processes {(Nji, Yji), j = 1, . . . , q;Z(S1i, . . . , Sqi)} are i.i.d.
for i = 1, . . . , n. Also suppose that the modeled regression variables in (16) and (17) have
bounded total variation, so that

||Xki(0)||+
∫ τk

0

||Xki(dt)|| for each k = 1, . . . , K and i = 1, . . . , n,

and

||Xkgi(0, 0)||+
∫ τk

0

∫ τg

0

||Xkgi(dt1, dt2)|| for each 1 ≤ k < g ≤ K and i = 1, . . . , n,

are bounded by a constant almost surely, where ||·|| denotes vector length. Here the regions
of integration, [0, τk] and [0, τk]× [0, τg], are such that P{Sji ≥ τk; Z(0, . . . , Sji, 0, . . . , 0)} >
0 for some j such that M(j) = k for each k = 1, . . . , K, and P{Sji ≥ τk, Shi ≥ τg;
Z(0, . . . , Sji, . . . , Shi, . . . , 0)} > 0 for some (j, h) such that M(j) = k and M(h) = g for
each 1 ≤ k < g ≤ K, for any i = 1, . . . , n. Finally, to ensure that there is definitive
information for estimating β in (16) and γ in (17) we require the positive semidefinite off-
diagonal blocks in the negative partial derivative matrix A in §5 to have positive definite
almost sure limits, so that

A1(β) = E

[
q∑
j=1

K∑
k=1

I{M(j) = k}
∫ τk

0

{Xk(t)− x̄k(t; β)}⊗2Yj(t)Γk(dt) exp{Xk(t)β}

]
,

and

A2(γ) = E

[ g∑
j=1

q∑
h=j+1

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}∫ τk

0

∫ τg

0

{Xkg(t1, t2)− x̄kg(t1, t2; γ)}⊗2Yj(t1)Yh(t2)Γkg(dt1, dt2) exp{Xkg(t1, t2)γ}
]
,

are required to be positive definite at β0 and γ0, the ‘true’ values of β and γ respectively.
These condition naturally extend those of Spiekerman and Lin (1998). We also, temporarily,
require T1, . . . , Tq to be absolutely continuous.
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Under these conditions, the arguments of Lin et al. (2000) adapt to yield the asymptotic
results listed in §5. In particular, their Lemma 1 generalizes directly to include both
univariate functions defined on [0, τ ] and bivariate functions defined on [0, τ1]× [0, τ2]. For
the latter we have
Lemma 1(b). Let fn and gn be two sequences of bounded bivariate real functions such
that for some τ1 and τ2

(i) sup
0≤t1≤τ1
0≤t2≤τ2

|fn(t1, t2)− f(t1, t2)| → 0, where f is continuous on [0, τ1]× [0, τ2].

(ii) {gn} are monotone on [0, τ1]× [0, τ2] and

(iii) sup
0≤t1≤τ1
0≤t2≤τ2

|gn(t1, t2)− g(t1, t2)| → 0, for some bounded function g.

Then sup
0≤t1≤τ1
0≤t2≤τ2

|
∫ t1

0

∫ t2
0
fn(s1, s2)gn(ds1, ds2)−

∫ t1
0

∫ t2
0
f(s1, s2)g(ds1, ds2)| → 0,

and sup
0≤t1≤τ1
0≤t2≤τ2

|
∫ t1

0

∫ t2
0
gn(s1, s2)fn(ds1, ds2)−

∫ t1
0

∫ t2
0
g(s1, s2)f(ds1, ds2)| → 0,

as n→∞.

The proof of the first assertion follows exactly as in Lin et al. (2000) for the univariate
case (denoted here as Lemma 1(a)) and the second assertion follows from the first by
integration by parts.

Now consider the consistency of (β̂, γ̂) solving (18) and (19) as estimator of (β0, γ0).
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Denote

D1(β) = n−1

q∑
j=1

K∑
k=1

I{M(j) = k}

[
n∑
i=1

∫ τk

0

Xki(t)(β − β0)Nji(dt)

−
∫ τk

0

log

{
Q

(0)
k (t; β)

Q
(0)
k (t; β0)

}
n∑
i=1

Nji(dt)

]
and

D2(γ) = n−1

g∑
j=1

g∑
h=j+1

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}[
n∑
i=1

∫ τk

0

∫ τg

0

Xkgi(t1, t2)(γ − γ0)Nji(dt1)Nhi(dt2)

−
∫ τk

0

∫ τg

0

log

{
Q

(0)
kg (t1, t2; γ)

Q
(0)
kg (t1, t2; γ0)

}
n∑
i=1

Nji(dt1)Nhi(dt2)

]
.

Under the conditions listed above, the strong law of large numbers, the bounded varia-
tion of Q

(0)
k (t; β), Q

(0)
kg (t1, t2; γ), n−1

∑n
i=1

∫ t
0
Nji(ds) and n−1

∑n
i=1

∫ t1
0

∫ t2
0
Nji(ds1)Nhi(ds2)

for all (k, g, j, h) implies that (D1(β)′, D2(γ)′)′ converges almost surely to (D1(β)′,D2(γ)′)′

where

D1(β) = E

(
q∑
j=1

K∑
k=1

I{M(j) = k}

[∫ τk

0

Xk(t)(β − β0)Nj(dt)−
∫ τk

0

log

{
q

(0)
k (t; β)

q
(0)
k (t; β0)

}
Nj(dt)

])

and D2(γ) = E

(
q∑
j=1

q∑
h=j+1

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}[∫ τk

0

∫ τg

0

Xkg(t1, t2)(γ − γ0)Nj(dt1)Nh(dt2)

−
∫ τk

0

∫ τg

0

log

{
q

(0)
kg (t1, t2; γ)

q
(0)
kg (t1, t2; γ0)

}
Nj(dt1)Nh(dt2)

])
for all (β, γ). In these expressions Nj denotes the counting process corresponding to a

random observation on the jth failure time Tj, q
(`)
k (t; β) = E{Q(`)

k (t; β)}, and q
(`)
kg (t1, t2; γ) =

E{Q(`)
kg (t1, t2; γ)} for ` = 0, 1, 2, and all k = 1, . . . , K and all (k, g) such that 1 ≤ k < g ≤ K.
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Straightforward calculations give

∂2D1(β)

∂β2
= −n−1

q∑
j=1

K∑
k=1

I{M(j) = k}
n∑
i=1

∫ τk

0

{Xki(t)− X̄k(t; β)}⊗2Yji(t) exp{Xki(t)β}
∑n

`=1Nj`(dt)

Q
(0)
k (t; β)

and

∂2D2(γ)

∂γ2
= −n−1

q∑
j=1

q∑
h=j+1

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}

n∑
i=1

∫ τk

0

∫ τg

0

{Xkg(t1, t2)− X̄kg(t1, t2; γ)}⊗2Yji(dt1)Yhi(dt2) exp{Xkg(t1, t2)γ}∑n
`=1Nj`(dt1)Nh`(dt2)

Q
(0)
kg (t1, t2; γ)

,

which are each negative semidefinite. Hence D1(β) and D2(γ) are concave, so that con-
vergence of D1(β) to D1(β) and of D2(γ) to D2(γ) is uniform on a compact set, such as
‖β − β0‖ ≤ r1 and ‖γ − γ0‖ ≤ r2, for r1 > 0, and r2 > 0 and

sup
‖β−β0‖≤r1

‖D1(β)−D1(β)‖ and sup
‖γ−γ0‖≤r2

‖D2(γ)−D2(γ)‖

converge to zero almost surely. AlsoD1(β) is concave with ∂D1(β0)/∂β0 = 0 and ∂2D1(β0)/∂β2
0 =

−A1(β0) under (16), and D2(γ) is concave with ∂D(γ0)/∂γ0 = 0 and ∂2D2(γ0)/∂γ2
0 =

−A2(γ0) under (17), so that (D1(β),D2(γ)) is uniquely maximized at (β0, γ0). One can
now argue as in Lin et al. (2000, Appendix A.1) to show that β̂ converges to β0 almost
surely under (16), and γ̂ converges almost surely to γ0 under (17).

Now consider the asymptotic distribution of the left sides of (18) and (19) at (β0, γ0).
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One can define a composite ‘process’

[{L̄1(·; β0), H̄1(·; β0)}, . . . , {L̄q(·; β0), H̄q(·; β0)}, {L̄12(·; ·; γ0), H̄12(·, ·; γ0)}, . . . ,
{L̄q−1,q(·, ·; γ0), H̄q−1,q(·, ·; γ0)}],

where, continuing the notation of §5,

L̄j(t; β) = n−1/2

n∑
i=1

Lji(t; β),

H̄j(t; β) = n−1/2

n∑
i=1

∫ t

0

K∑
k=1

I{M(j) = k}Yji(s)Xki(s) exp{Xki(s)β}Γk(ds)

for j = 1, . . . , q, and

L̄jh(t1, t2; γ) = n−1/2

n∑
i=1

Ljhi(t1, t2; γ), and

H̄jh(t1, t2; γ) = n−1/2

n∑
i=1

∫ t1

0

∫ t2

0

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}

Yji(s1)Yhi(s2)Xkgi(s1, s2) exp{Xkgi(s1, s2)γ}Γkg(ds1, ds2)

for 1 ≤ j < h ≤ q.

This composite process derives from sums of zero mean processes under (16) and (17)
to which the functional central limit theorem (e.g. Pollard, 1990, p. 53) applies over the
integration regions defined above. Arguing as in Lin et al. (2000, Appendix A.2), and
using the total variation boundedness of the modeled covariates in (16) and (17), which
allows one to restrict attention to modeled covariates that are non-negative, one has that
this composite process derives from processes that converge weakly and jointly to zero
mean Gaussian processes uniformly in their time arguments, over the designated follow-
up periods. Moreover sample paths for the limiting Gaussian process are continuous for
absolutely continuous T1, . . . , Tq.

The strong embedding theorem (Shorack and Wellner, 1986, pp.47–48) allows this weak
convergence to be replaced by almost sure convergence in a new probability space. The
monotonicity of Q

(0)
k (t; β0) and of each component of Q

(1)
k (t; β0) for each k = 1, . . . , K, and

the monotonicity of Q
(0)
kg (t1, t2; γ0) and of each component of Q

(1)
kg (t1, t2; γ0) for 1 ≤ k <

g ≤ K using the total variation boundedness conditions on the modeled covariates, then
allows Lemma 1(a) and 1(b) to be applied to functions that pertain to the left sides of (18)
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and (19). Specifically, Lemma 1 and the almost sure convergence of the above composite
process in the new probability space implies that the processes given by

q∑
j=1

∫ t

0

L̄j(ds; β0)/[
K∑
k=1

I{M(j) = k}Q(0)
k (s; β0)]

and

q∑
j=1

∫ t

0

L̄j(ds; β0)

[
K∑
k=1

I{M(j) = k}Q
(1)
k (s; β0)

Q
(0)
k (s; β0)

]
converge uniformly in t almost surely to their Gaussian limits. These limits involve re-
placement of Q

(`)
k by q

(`)
k for k = 1, . . . , K and ` = 0, 1. Similarly the processes

q∑
j=1

q∑
h=j+1

∫ t1

0

∫ t2

0

L̄jh(ds1, ds2; γ0)/

[
K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}Q(0)
kg (s1, s2; γ0)

]
and
q∑
j=1

q∑
h=j+1

∫ t1

0

∫ t2

0

L̄jh(ds1, ds2; γ0)

[
K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}
Q

(1)
kg (s1, s2; γ0)

Q
(0)
kg (s1, s2 : γ0)

]

converge uniformly in (t1, t2) to their Gaussian limits that involve replacement of Q
(`)
kg by

q
(`)
kg for 1 ≤ k < g ≤ K and ` = 0, 1. In conjunction with the almost sure convergence of

H̄j(t; β0), j = 1, . . . , K and of H̄jh(t1, t2; γ0), 1 ≤ j < h ≤ K in the new probability space
one then has that the left sides of (18) and (19), denoted by (U1(β)′, U2(γ)′)′ are such that(

n−1/2 U1(β0)
n−1/2 U2(γ0)

)
converges almost surely to a mean zero Gaussian variate with covariance matrix

Σ = E


q∑
j=1

K∑
k=1

I{M(j) = k}
∫ τk

0
{Xk(t)− x̄k(t;β0)}Lj(dt;β0)

q∑
j=1

q∑
h=j+1

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}
∫ τk

0

∫ τq

0
{Xkg(t1, t2)− x̄kg(t1, t2; γ0)}Ljk(dt1, dt2; γ0)


⊗2

.

The almost sure convergence in the new probability space implies weak convergence in
the original probability space.
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A Taylor expansion gives(
n1/2 (β̂ − β0)
n1/2 (γ̂ − γ0)

)
=

(
Â1(β∗) 0)

0 Â2(γ∗)

)−1(
n−1/2 U1(β0)
n−1/2 U2(γ0)

)
,

where the elements of β∗ are each on the corresponding line segment between β̂ and β0,
and the elements of γ∗ are each on the corresponding line segment between γ̂ and γ0. The
consistency of β̂ and Â1(β0) for β0 and A1(β0) respectively, and consistency of γ̂ and Â2(γ0)
for γ0 and A2(γ0) respectively, along with the weak convergence of(

n−1/2 U1(β0)
n−1/2 U2(γ0)

)
,

implies that (
n1/2 (β̂ − β0)
n1/2 (γ̂ − γ0)

)
converges weakly to a zero mean normal variate with covariance matrix A−1ΣA−1. Distri-
bution theory for the baseline hazard rates in (16) and (17) is required to show that the
covariance matrix is consistently estimated by Â−1Σ̂Â−1, with Â and Σ̂ as specified in §5.

One can write

Γ̂k(t; β) =

q∑
j=1

I{M(j) = k}
∫ t

0

N̄j(ds)/{nQ(0)
k (s; β)},

and

Γ̂kg(t1, t2; γ) =

q∑
j=1

q∑
h=j+1

I{M(j) = k}I{M(h) = g}
∫ t1

0

∫ t2

0

NjNh(ds1, ds2)/{nQ(0)
kg (s1, s2; γ)},

where N̄j(dt) =
∑n

i=1Nji(dt) and NjNh(dt1, dt2) =
∑n

i=1Nji(dt1)Nhi(dt2).
The uniform law of large numbers (Pollard, 1990, p. 41) implies that n−1

∑q
j=1 I{M(j) =

k}N̄j(t) converges to its expectation uniformly in (t, β) for β in a neighborhood of β0, that
n−1

∑q
j=1

∑q
h=j+1 I{M(j) = k}I{M(h) = g}NjNh(t1, t2) converges to its expectation uni-

formly in (t1, t2, γ) for γ in a neighborhood of γ0, giving the uniform convergence of Γ̂k(t; β)
to ∫ t

0

q
(0)
k (s; β0)

q
(0)
k (s; β)

Γk(ds; β0)
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under (16) for k = 1, . . . , K, and the uniform convergence of Γ̂kg(t1, t2; γ) to∫ t1

0

∫ t2

0

q
(0)
kg (s1, s2; γ0)

q
(0)
kg (s1, s2; γ)

Γkg(ds1, ds2; γ0)

under (17) for 1 ≤ k < g ≤ K. The derivatives of Γ̂k(t; β) and Γ̂kg(t; γ) with respect to β
and γ respectively are uniformly bounded for n sufficiently large, for (β, γ) in a bounded
region. Hence the strong consistency of (β̂′, γ̂′)′ for (β̂′0, γ̂

′
0)′ implies that Γ̂k(t; β̂) converges

almost surely to Γk(t; β0) uniformly for any k = 1, . . . K, and that Γ̂kg(t1, t2; γ̂) converges

almost surely to Γ̂kg(t1, t2; γ0) uniformly in (t1, t2) for any 1 ≤ k < g ≤ K. This along with
the almost sure convergence of X̄k(t; β0) to x̄k(t; β0) for k = 1, . . . , K, and X̄kg(t1, t2; γ0) to
x̄kg(t1, t2; γ0) for 1 ≤ k < g ≤ K, implies the convergence of n−1 times the square of the
norm of



n∑
i=1

q∑
j=1

K∑
k=1

I{M(j) = k}
[ ∫ τk

0

{Xki(tj)− X̄k(tj; β̂)}L̂ki(dtj; β̂)

−
∫ τk

0

{Xki(j)− x̄k(tj; β0)}Lki(dtj; β0)

]
n∑
i=1

q∑
j=1

q∑
h=j+1

I{M(j) = k}I{M(h) = g}
[ ∫ τk

0

∫ τg

0

{Xkgi(tj, th)− X̄kgi(tj, th; γ̂)}L̂kgi(dtj, dth; γ̂)

−
∫ τk

0

∫ τg

0

{Xkgi(tj, th)− x̄kg(tj, th; γ0)}Lkgi(dtj, dth; γ0)

]


to zero almost surely. Now, applying the strong law of large numbers to


n−1

n∑
i=1

q∑
j=1

K∑
k=1

I{M(j) = k}
∫ τk

0
{Xki(tj)− x̄k(tj ;β0)}Lki(dtj ;β0)

n−1
n∑
i=1

q∑
j=1

q∑
h=j+1

K∑
k=1

K∑
g=k+1

I{M(j) = k}I{M(h) = g}
∫ τk

0

∫ τg

0
{Xkg(tj , th)− x̄(tj , th; γ0)}Lkgi(dtj , dth; γ0)


⊗2

shows that Σ̂ is consistent for Σ. Furthermore the almost sure convergence of β̂ and Â(β0)
to β0 and A1(β0) respectively, and of γ̂ and Â2(γ0) to γ0 and A2(γ0) respectively, implies
the almost sure convergence of Â to(

A1(β0) 0
0 A2(γ0)

)
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and implies the consistency of Â−1Σ̂Â−1 as estimator of the covariance matrix of
{n1/2(β̂ − β0)′, n1/2(γ̂ − γ0)′)}′.

The collection of processes V̂k(·; β0) = n1/2{Γ̂k(·; β̂) − Γk(·; β0)}, for k = 1, . . . , K and
V̂kg(·, ·; γ0) = n1/2{Γ̂kg(·, ·; γ̂) − Γkg(·, ·; γ0)} for 1 ≤ k < g ≤ K also converges to a zero
mean zero Gaussian ‘process’ under the conditions listed above. Briefly, one can write

V̂k(t; β0) =n1/2

{
q∑
j=1

I{M(j) = k}
∫ t

0

N̄j(ds)/{nQ(0)
k (s; β0)}

}

+ n1/2

q∑
j=1

I{M(j) = k}
[∫ t

0

N̄j(ds)/{nQ(0)
k (s; β̂)} −

∫ t

0

N̄j(ds)/{nQ(0)
k (s; β0)}

]
.

The difference between the first term in this expression and

n1/2

n∑
i=1

q∑
j=1

I{M(j) = k}
∫ t

0

Lji(ds; β0)/q
(0)
k (s; β0)

converges in probability to zero as n → ∞, almost surely uniformly over t ∈ [0, τk]. Also,
following Taylor expansion about β0, the difference between the second term and

−
q∑
j=1

I{M(j) = k}
∫ t

0

x̄k(s; β0)Γk(ds; β0)A1(β0)−1

n∑
i=1

q∑
j=1

I{M(j) = k}∫ τk

0

{Xki(s)− x̄k(s; β0)}Lji(ds; β0)

can be seen to converge in probability to zero, almost surely uniformly over t ∈ [0, τk]. It
follows that the difference between V̂k(t; β) and n−1/2

∑n
i=1 Ψki(t; β0), where

Ψki(t; β0) =

q∑
j=1

I{M(j) = k}
[ ∫ t

0

Lji(ds; β0)/q
(0)
k (s; β0)− hk(t; β0)A1(β0)−1

∫ τk

0

{Xki(s; β0)− x̄k(s; β0)}Lji(ds; β0)

]
with hk(t; β0) =

∑q
i=1 I{M(j) = k}

∫ t
0
x̄k(s; β0)Γk(ds; β0), converges in probability to zero,

almost surely uniformly over t ∈ [0, τk], for each k = 1, . . . , K. Similarly the difference
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between V̂kg(t1, t2; γ) and n−1/2
∑n

i=1 Ψkgi(t1, t2; γ0), where

Ψkgi(t1, t2; γ0) =

q∑
j=1

q∑
h=j+1

I{M(j) = k}I{M(h) = k}
[ ∫ t1

0

∫ t2

0

Ljhi(ds1, ds2; γ0)/q
(0)
kg (s1, s2; γ0)

− hkg(t1, t2; γ0)A2(γ0)−1

∫ τk

0

∫ τg

0

{Xkgi(s1, s2)− x̄kg(s1, s2; γ0)}Lkgi(ds1, ds2; γ0)

]
,

with hkg(t1, t2; γ0) =

q∑
j=1

q∑
h=j+1

I{M(j) = k}I{M(h) = g}
∫ t1

0

∫ t2

0

x̄kg(s1, s2; γ0)Γkg(ds1, ds2; γ0),

converges in probability to zero as n→∞, uniformly almost surely over (t1, t2) ∈ [0, τk]×
[0, τg] for each 1 ≤ k < g ≤ K.

Application of the functional central limit theorem then shows the collection of processes
V̂k(·; β0), k = 1, . . . , K and V̂kg(·, ·, γ0), 1 ≤ k < g ≤ K to converge jointly to a zero mean

Gaussian field. The covariance function between V̂k(·, β0) and V̂g(·, β0) can be consistently
estimated at follow-up times (t, s) by the empirical covariance

n−1

n∑
i=1

Ψ̂ki(t; β̂)Ψ̂gi(s; β̂),

almost surely uniformly in t and s where, for example, Ψ̂ki equals Ψki with β0 replaced by
β̂, Γk(·, β0) replaced by Γ̂k(·, β̂), Lji(·; β0) replaced L̂ji(·; β̂), q

(0)
k (·; β0) replaced by Q

(0)
k (·, β̂),

and x̄k(·; β0) replaced by X̄k(·; β̂).
Similarly, the covariance function between V̂kg(·, ·; γ0) and V̂`m(·, ·; γ0) can be consis-

tently estimate at follow-up times (t1, s1) and (t2, s2) by the empirical covariance estimator

n−1

n∑
i=1

Ψ̂kgi(t1, s1; γ̂)Ψ̂`mi(t2, s2; γ̂)

almost surely uniformly in t1, s1, t2 and s2 where, for example, Ψ̂kgi(t1, s1; γ0) is obtained
by everywhere inserting sample estimates in Ψkgi(t1, s1; γ0).

Finally the covariance function between V̂k(·, β0) and V̂`m(·, ·, γ0) can be consistently
estimated at follow-up times t1 and (t2, s2) by the empirical covariance estimator

n−1

n∑
i=1

Ψ̂ki(t1; β̂)Ψ̂`mi(t2, s2; γ̂)

10



almost surely uniformly in t1, t2, and s2.
These developments allow pointwise confidence intervals to be estimated for marginal

single and double baseline hazard functions. For general covariate history Z0 one can re-
center covariate values so that modeled covariate values corresponding to Z0 are identically
zero. The baseline hazard function estimators as described above then estimate marginal
single and double failure hazard rates at covariate history Z0.

These estimators can be used to induce asymptotic Gaussian distributions for estimators
of parameters that arise through compact differentiable transformations of these hazard
rates, with corresponding ‘delta function’ formula giving consistent variance estimators. For
example, with fixed or external covariates the joint survivor function estimators F̂ (·, ·;Z)
discussed in §3 have the necessary differentiability properties, but with rather complex
derivative function connecting F to corresponding single and double hazard rate functions
via (11).

For parameters having the requisite differentiability properties, but for which the deriva-
tive function is too complex to be useful, or for parameters that arise from transformations
on parameters in (16) and (17) that are not compact differentiable, such as the supremum
statistics of §3.3, a bootstrap resampling procedure can be used to estimate distributional
characteristics.

Finally, straightforward generalization of the asymptotic theory sketched above allows
the failure time variates T1, . . . , Tq to be discrete with a finite number of mass points in
the integration region defining the parameter estimates, or to include both continuous and
discrete components. For estimators of β and Γk, k = 1, . . . , K one can apply the above
arguments without change at all continuity points for each of the failure time variates, in
conjunction with almost sure convergence of hazard rates to their expectation under (16)
at mass points for each of the failure time variates, leading to weak Gaussian convergence
for corresponding parameter estimates. Similarly, for estimators of γ and Γkg, one can
divide the sample space for (Tk, Tq) into its four components comprised of the set of (tk, tq)
continuity points, continuity point for Tk and mass point for Tg, continuity point for Tg
and mass point for Tk, and mass points (tk, tq), for 1 ≤ k < g ≤ K. The above arguments
apply directly to the set of continuity points for both variates, and with minor variations to
each of the other three sample space components as well. The estimators of covariances, or
covariance processes, given above are applicable with continuous, discrete or mixed failure
time variates. Of course, some care may be needed in specifying regression variates in (16)
and (17) if failure times include discrete components, owing to the restriction that discrete
hazard rates necessarily take values in [0, 1].

This Appendix ends with tables showing additional simulation results that were called

11



out in the manuscript narrative:
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Ĉ
T

(T
1
,T

2
)

P
er

ce
n
ti

le
s

C
M

ea
n
(S

D
)

M
ea

n
(S

D
)

T
M

ea
n

(S
D

)
M

ea
n

(S
D

)
z

=
0

(0
.8

5,
0.

85
)

3
3.

07
5

(0
.7

94
)

3.
09

0
(0

.6
96

)
0.

5
0.

49
2

(0
.0

96
)

0.
49

8
(0

.0
85

)
(0

.8
5,

0.
70

)
3

3.
12

8
(0

.9
51

)
3.

06
6

(0
.5

50
)

0.
5

0.
49

3
(0

.1
07

)
0.

50
0

(0
.0

67
)

(0
.8

5,
0.

55
)

3
3.

28
2

(1
.4

89
)

3.
05

8
(0

.5
02

)
0.

5
0.

49
0

(0
.1

38
)

0.
50

1
(0

.0
61

)
(0

.7
0,

0.
70

)
3

3.
15

7
(1

.0
71

)
3.

04
6

(0
.4

60
)

0.
5

0.
49

3
(0

.1
17

)
0.

50
1

(0
.0

55
)

(0
.7

0,
0.

55
)

3
3.

20
0

(1
.4

43
)

3.
03

9
(0

.4
48

)
0.

5
0.

48
6

(0
.1

43
)

0.
50

0
(0

.0
54

)
(0

.5
5,

0.
55

)
3

3.
14

9
(1

.8
02

)
3.

04
1

(0
.4

48
)

0.
5

0.
47

0
(0

.1
69

)
0.

50
0

(0
.0

54
)

z
=

1
(0

.8
5,

0.
85

)
2

2.
01

9
(0

.5
32

)
2.

11
6

(0
.8

80
)

0.
33

3
0.

31
8

(0
.1

22
)

0.
31

2
(0

.1
86

)
(0

.8
5,

0.
70

)
2

2.
02

0
(0

.4
70

)
2.

08
6

(0
.6

43
)

0.
33

3
0.

32
4

(0
.1

02
)

0.
32

7
(0

.1
39

)
(0

.8
5,

0.
55

)
2

2.
03

4
(0

.5
33

)
2.

08
5

(0
.5

70
)

0.
33

3
0.

32
5

(0
.1

08
)

0.
33

3
(0

.1
19

)
(0

.7
0,

0.
70

)
2

2.
00

2
(0

.4
22

)
2.

06
9

(0
.4

84
)

0.
33

3
0.

32
4

(0
.0

91
)

0.
33

5
(0

.1
03

)
(0

.7
0,

0.
55

)
2

2.
01

1
(0

.4
76

)
2.

05
1

(0
.4

19
)

0.
33

3
0.

32
4

(0
.0

97
)

0.
33

6
(0

.0
90

)
(0

.5
5,

0.
55

)
2

2.
02

9
(0

.5
41

)
2.

03
6

(0
.3

52
)

0.
33

3
0.

32
6

(0
.1

04
)

0.
33

6
(0

.0
76

)

a
S
am

p
le

m
ea

n
an

d
st

an
d
ar

d
d
ev

ia
ti

on
(S

D
)

b
as

ed
on

10
00

si
m

u
la

ti
on

s
at

ea
ch

sa
m

p
le

co
n
fi
gu

ra
ti

on
..

14



S
u
p
p
le

m
en

ta
ry

T
ab

le
3:

D
ou

b
le

fa
il
u
re

h
az

ar
d

fu
n
ct

io
n

es
ti

m
at

or
s

(Λ̂
1
1
)

fo
r

b
re

as
t

ca
n
ce

r
in

ci
d
en

ce
an

d
to

ta
l

m
or

ta
li
ty

in
th

e
W

om
en

’s
H

ea
lt

h
In

it
ia

ti
ve

D
ie

ta
ry

M
o
d
ifi

ca
ti

on
T

ri
al

(n
=

48
,8

35
,

w
it

h
17

64
w

om
en

w
it

h
b
re

as
t

ca
n
ce

r,
25

08
d
ea

th
s,

an
d

13
4

w
om

en
w

it
h

b
ot

h
b
re

as
t

ca
n
ce

r
an

d
d
ea

th
d
u
ri

n
g

th
e

8.
5

ye
ar

av
er

ag
e

tr
ia

l
in

te
rv

en
ti

on
p

er
io

d
.

F
ol

lo
w

-u
p

C
om

p
ar

is
on

G
ro

u
p

(z
=

0)
In

te
rv

en
ti

on
G

ro
u
p

(z
=

1)
Y

ea
rs

fo
r

F
ol

lo
w

-u
p

Y
ea

rs
fo

r
M

or
ta

li
ty

(T
2
)

F
ol

lo
w

-u
p

Y
ea

rs
fo

r
M

or
ta

li
ty

(T
2
)

B
re

as
t

C
an

ce
r

(T
1
)

3
6

9
3

6
9

3
Λ̂

1
1
(×

10
3
)

0.
07

c
0.

67
1.

74
0.

05
0.

43
1.

11
95

%
C

Ia
(0

,0
.1

6)
(0

.4
1,

0.
93

)
(1

.2
5,

2.
22

)
(0

,0
.1

0)
(0

.2
2,

0.
63

)
(0

.6
8,

1.
54

)
95

%
C

B
b

(0
,0

.8
9)

(0
,1

.4
9)

(0
.9

2,
2.

56
)

(0
,0

.7
6)

(0
,1

.1
3)

(0
.0

4,
1.

81
)

6
Λ̂

1
1
(×

10
3
)

0.
07

c
1.

18
3.

15
0.

05
0.

75
2.

01
95

%
C

I
(0

,0
.1

6)
(0

.8
2,

1.
54

)
(2

.4
3,

3.
88

)
(0

,0
.1

0)
(0

.4
5,

1.
05

)
(1

.3
4,

2.
67

)
95

%
C

B
(0

,0
.8

9)
(0

.0
4,

2.
00

)
(2

.3
3,

3.
97

)
(0

,0
.7

6)
(0

.0
5,

1.
45

)
(1

.3
0,

2.
71

)

9
Λ̂

1
1
(×

10
3
)

0.
07

c
1.

18
3.

42
0.

05
0.

75
2.

18
95

%
C

I
(0

,0
.1

6)
(0

.8
2,

1.
54

)
(2

.6
4,

4.
21

)
(0

,0
.1

0)
(0

.4
5,

1.
05

)
(1

.4
7,

2.
90

)
95

%
C

B
(0

,0
.8

9)
(0

.0
4,

2.
00

)
(2

.6
1,

4.
24

)
(0

,0
.0

76
)

(0
.0

5,
1.

45
)

(1
.4

6,
2.

89
)

a
95

%
co

n
fi
d
en

ce
in

te
rv

al
s

fo
r

Λ
1
1

gi
ve

n
z

b
as

ed
on

20
0

b
o
ot

st
ra

p
re

p
li
ca

te
s.

b
95

%
su

p
re

m
u
m

-t
y
p

e
co

n
fi
d
en

ce
b
an

d
s

fo
r

Λ
1
1

gi
ve

n
z

ov
er

th
e

re
gi

on
[0
,9

]×
[0
,9

]
ye

ar
s,

b
as

ed
on

20
0

b
o
ot

st
ra

p
re

p
li
ca

te
s.

c
R

ep
et

it
io

n
of

so
m

e
es

ti
m

at
or

s,
co

n
fi
d
en

ce
in

te
rv

al
s

an
d

b
an

d
s

o
cc

u
rs

b
ec

au
se

d
ou

b
le

fa
il
u
re

h
az

ar
d

ra
te

s
ar

e
ze

ro
b

el
ow

th
e

m
ai

n
d
ia

go
n
al

.

15


