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1 | THEORETICAL RESULTS

1.1 | Mathematical proof of KPCA

In this section, we demonstrate that applying linear PCA in the feature space defined by the mapping ¢(-) can be done just from
knowledge of k(x, y) = (¢(x), ¢p(y)). Our starting point is a function ¢(-) that maps the diffusion signal x from the native space
RM to the feature space the F, with dim(F) = P. The mapped noisy signals, y, = x, + w,,, are denoted as ¢(y,),n =1, ..., N.
As in conventional PCA, we work with the sample covariance S(P X P) n the feature space F,

N
LN R T
S = N;qb(y,,)«p(yn) : (S1)

where (I;(yn) are the centered data , (I;(yn) =¢y,) — ¢, with ¢ = % Zivzl d(y,).
The principal component directions @, are obtained from the following eigenvalue problem

Sii, = A, k=1,...,P. (S2)
Rewritting Eq.[S2Z]as
N
1 e
~ 2 P00 4y = L, (S3)
n=1

we immediately find that the eigenvectors @, can be written as a linear combination of noisy data &( ¥,). 1.€, there exist coefficients
@y, such that

N
=) 0,y,) k=1,...P. (S4)
n=1
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By plugging Eq.[S4]into Eq.[S3] we arrive to
L N N
v 2P <21 aki¢<y,,>7¢<yi>> =4 2 ). (s5)
o T . e 7 - s T~
Multiplying Eq. by ¢(y,,)" onboth left sides, and calling k(y,,, y;) = {(¢¥,,). ¢(¥,)) = $(y,.) d(¥,), we get

N N
1 - - o -
~ 2 k(W ¥) (Z 0k (y, y,->> = Ji . @k (s ¥ (S6)

i=1 i=1

or, in matrix form

KKa, = NI, Ko, . (S7)

If we remove K from both sides (K is invertible), we get the typical eigenvalue problem of KPCA,
Ka, = Nia,, (S8)
where a;, = [a;;, ¥, ..., % x]" and K the so-called centered kernel matrix, with K = HKH, where H = I — %IIT and K

is the kernel matrix associated to the original (uncentered) kernel, K,,,, = k(¥,,, ¥,,) = ($(¥,,), $(¥,)). The relation between the
two kernels is easy to discern. For any z

k(z,y,) = ($(2), §(y,) = ($(2) = b, 6(¥,) = }) = ($D)P(¥,)) — ($(2). §) — (b, (y,)) — (. ). (89)
and if we substitute ¢ by % Z,],V:l ¢(y,). both kernels are related as

k(z.y,) = k(z.y,) - Z Kz, y) - Z ko ¥+ < Z Ky, y)- (S10)

By solving Eq. , coefficients a,,, are identified and principal component directions &, univocally determined by EqS4]
Since principal component directions &, of Eq. needs to have unit norm, vector «;, needs to be normalized as well, in
particular, they are constrained to N /Alk [la |§ = 1.

In summary, given a kernel k(-, -), we calculate matrix K, and solve the eigenvalue problem of Eq[S8]. After normalization
of a;, the N first principal component directions get determined by plugging coefficients of @, into Eq.[S4] Note that though
k =1,..., P, we do not have access to all of the P principal component directions but just to N of those, as the eigenvalue
problem of Eq.[S8]only have N distinct solutions.

We still do not know ¢(y,), n =1, ..., N, explicitly. However, the projection of any signal onto the k-th non-linear principal
component i, turns out to be computable. In particular, the coefficient of the projection of the target noisy dMRI signal ¢(y*)
onto @, is

N N
B2 0 iy = Y @, b ) = Y a k). (S11)
n=1 n=1

Therefore, the projection of the target noisy signal ¢p(y*) onto the first K principal component directions (see Eq. 5 of the main
body paper) can be given by

KF‘
$x) = PO 2+ ) Py (S12)
k=1
Let us now focus on the reconstruction problem that gives the denoised signal (Eq. 7 of the main body paper), that is,

£* = argmin ||¢p(x) — P(y*)[; . (S13)

We first note that ||¢(x)| |§ = k(x,x) and || P¢(y*)| |§ is a constant for minimization purposes. Therefore,

** = arg min k(x, x) — 2¢(x)TP¢(y*) . (S14)

Secondly, by substituting Eq. into Eq. and expressing the centered data qs(yn) in terms of ¢(y,), P¢(y*) can be written
as

N
Po(y) = Y 1,00, (S15)
n=1



with
N Ky
Z Bt + 1/N(1 =) Z Bri,) - (S16)
n=1 k=
Consequently, Eq[ST4]tuns out to be
X* = argmin k(x, x) — 2 Z Yok(x,y,). (S17)
* n=1

1.2 | The feature space defined by the Gaussian kernel is infinite-dimensional

The feature space that the Gaussian kernel is of infinite dimension. This can be demonstrated by means of the MacLaurin series
for the exponential function. Indeed,

—I1xI13 ~liy1i2 J

SI3 -l Ty (x y)/ I3 -yl hai e 2,,,2 e i 7
k(x, y) = <¢(x), ¢(y)> = 202 e 202 e W = 2 TOT e T e T = Z 1/ 1/ Xy
& p2ij “~ J J
J h
o —I1xl13 ~1yl13
e 2jhn? e 2in? Jj
= Z Z 1/ 177 \ n n >X1y1nl XYM (S18)
=0 Y m=j h\/ﬁ h\/ﬁ T )Y
where x = [x,...,x M]T andy = [y,..., yM]T, and where we have made use of the multinomial theorem for expressing

arbitrary powers of x”'y. We can hence define the implicit mapping ¢ : RM - F as

_ 2
l1=113

. 1/2
2jh?
P(x) = Z Z - ,—1/, <n / ) Xy e x M , (S19)
= Ozn_'/h e '=0...002:"]”,‘=/‘

which proves k(x,y) = (p(x), ¢(y)) holds. Note that the parameter 2 controls the shape of the mapping, and that the j-th

—lixII2

2

component decays by a factor <—~ Z / with increasing A. In fact, it can be proved that for A — oo, KPCA with k(x, y) a Gaussian
h

Kernel function that behaves as hnear PCA.

1.3 | Equivalence of Gaussian Kernel PCA and conventional PCA when 7 — oo

To prove the equivalence, we will show that the centered Gaussian kernel evaluated at y,, and y,, that is, k(y,,, y,) = qS(ym)qu( Yi)s
behaves as l?linear(ym, y) = %(ym — )"I)T(y, y) withy = — Zl | ¥i» when h — oo. If that is so, we can identify ¢(y,,) = \/_ym,
which is equivalent (up to a constant) to applying PCA over y,, directly.

=llym=ill3

A first order Taylor expansion of e~ 22 with respect of h” gives the approximate kernel

1y = il13
2

yyx

k(Y ¥ = 1 = = k(Y ) + k(s V1) » (520)

Ny.ll3 1yl _
S~ e and ky(y,,. ) =

E e )_1_||ym||§_||yf||§_ 1_||ym||§_i||y,«||§ ~ l_inymné_nyini
@Yoo Vi = 2n2 2h2 2n2 & N2R? & N2h2 2h?
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il I1yill3
+(1- - =0. s21
On the other hand, I}b(ym, ¥;) becomes

7 er(l/NZfil yf> (1/N2fnv:1y,,7;)y,«
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with k,(y,,,y;) =1 —
ka(ym7 yl)) giVCS

. The centered kernel k,(y,,, ¥;) (Eq.11 of the main paper applied to

m,i=1
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Asa consequence,

= = 1 _ _
k(ym’ yz) ~ klinear(Ym’ yl) = E(Ym - y)T(yz - y) . (823)

1.4 | Solution of the KPCA denoising problem with Gaussian Kernel

For a Gaussian kernel, k(x, x) = 1, and hence Eq. 8 of the main paper simplifies even further,

N
** = arg min 2 v k(x,y,) . (S24)
X

n=1
The first-order condition (gradient equal to zero) for £* to be an extreme point implies'!

—I1%*-yull3

N
Yre = (% -y,) =0, (525)
n=1

and reordering terms,

sy 112
Z;’l\lzl Vn €XP <_||x2h}2)n”2 > Yu
- . (S26)

N 1%*=y,113
i Yn€XP <_ e 2)

In®, an approximation was made to solve the previous non-linear equation. In particular, ||%* — y,| |§ = ||Pp(y*) — ynllg, in
words, the distance between the projected noisy signal P¢p(y*) to y,, is very similar to that obtained with the optimal solution.
With this approximation, X* can be obtained in analytical form as
X (1= 17211Pg(y) = d)I13) , 27
Xt = ,
T v (1= 1721 Po(y) — d)I13)
2

where distances || Pd(y™) — d(y,)| |§ in the feature space can be obtained analytically with formulas given in*.

1.5 | Stein Unbiased Risk Estimate (SURE)

The Stein’s unbiased risk estimate (SURE) provides a means of assessing the true mean square error from the measured data
only, without knowledge from the noise-free signal®.
Given the linear model,

y'=x"+w, (S28)

with w zero-mean uncorrelated Gaussian noise with standard deviation o, we would like to denoise the signal with optimal
values of 4 and K, in terms of MSE, E{||x* — X*(h, K;)| |§}- The SURE associated of E{||x* — x*(h, Kz)| |§} can be shown
to be®

SURE(%"(h, K7)) = |ly* — £*(h, Kp)||; — Mo? + 26°div,. {%*(h, K)} , (S29)

where div is the divergence operator of X*(h, K») with respect to y*. Note that, though we omit it in the notation for sake of
clarity, £*(h, Kz) is a M -dimensional function of y*. It can be rigorously proved that®

E{SUREG"(h, K;))} = E{[Ix* = " (h. Kp)II%}, (S30)

which suggests the use of SURE as a proxy for the MSE. In other words, choosing the optimal parameters that minimizes
SURE(x*(h, K)) is equivalent (in the expectation sense) to selecting those that make the MSE minimum. See in Figure the
graphs of both the MSE and the SURE are shown as two-dimensional function of 4 and K, for one the noisy signals generated
in the MC simulation of the main body paper.

Note that when 6 — 0, SURE converges to the MSE of the noisy and denoised signal, suggesting that, to minimize the MSE,
we should not apply any denoising at all, as expected.



MSE vs SURE plots for optimal selection of h and K¢
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Suppporting Information Figure S1 MSE and SURE as two-dimensional functions of rank K and mapping parameter A

arameterized by cand o, _ . SURE can act as as surrogate for the unobservable MSE in optimal parameter design tasks.
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2 | EXPERIMENTAL RESULTS

2.1 | Simulations

Accuracy, precision, and NRMSE results for the dMRI signal are shown in Tables [ST] [S2] and [S3] Results for FA and MD
estimation are shown in Tables[S4]-

2.2 | In vivo human brain submillimeter dMRI data

Residuals as well as NRMSE and noise maps for the 860 um isotropic resolution gSlider data are presented in Figures [S2]and
respectively. Fractional anisotropy and fODF-based results are shown in Figures[S4]and[S5] Accuracy and precision results
for signal estimation, FA, and MD are presented in Tables [SI0] and [STT] Absolute error maps for FA and MD are shown in

Figures[S6]and[S7]

2.2.1 | In vivo human brain conventional low resolution dMRI multishell data
Denoised DWIs for two different shells are shown in Fig.[S8] whereas corresponding NRMSE (for dMRI signal) and noise maps

are display in Fig.[S9] Residual results are shown in Fig.[SI0] Accuracy, precision, and NRMSE result for signal estimation,
FA, MD and MK are presented in Tables[ST12] [ST3] and[ST4] Absolute error maps are shown in Figure [STT]

2.3 | Capturing non-linear coil and diffusion redundancy simultaneously

Residuals , noise maps, and error maps for the multicoil dMRI data are shown in Figures [ST2] [ST3] and [ST4] respectively.
NMRSE-based resuls as well as SNR gain are shown in presented (Tab. [SI5)), whereas accuracy and precision results are

presented in Table[ST6]and

References

1. Mika S, Scholkopf B, Smola AJ, Miiller KR, Scholz M, Ritsch G. Kernel PCA and de-noising in feature spaces. Adv Neural
Inf Process Syst, 1999; 536-542.



Residuals Original KPCA denoised

0.5 2
0.4 L
N\
b 0.3 i v
Qo2 7 %
0'1 1 \

0
4-3-2-10 12 3 4
r

Suppporting Information Figure S2 Residual maps from the 860 um resolution datasets after being denoised with KPCA.
On top of the figure, the residual map from a given DW image, which shows no anatomical information. On the bottom, the
probability density function of the residuals () normalized by the level of noise, . For the statistics, the normalized residuals
are taken for all diffusion directions and number of repetitions. Observe that the residuals for KPCA approximately follows a
Gaussian distribution (blue dotted line on both plots representing the estimated pdf). On blue solid-line the optimal analytical
zero-mean Gaussian distribution that best fits the data (Maximum Likelihood sense). Note that the standard deviation of the
normalized residual, 0.79, is lower than 1 (black-line represents a zero-mean standard Gaussian distribution).
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Suppporting Information Figure S3 Maps of the NRMSE (hot colormap) and noise level (gray colormap) for the denoised
DW images at 860 m isotropic resolution and b-value of b = 2000 s /mm?. Observe that KPCA denoising obtains lowest level
of noise (highest SNR gains) and NRMSE.



=(100° > anyea-d) 1891-1 S YO[OA B )1 PIULIGUOD SB JUBOYIUSIS AJ[RONSTIRIS JOU QIR 4 ()1 PLIBW SISBI UL SOOUAISPI(] “IUSWLIdAXD uone[nuils paseq-JN
"Teusts TINP yna punois oy 03 paredwod ‘STeusIs AP PSIousp -y PUe ‘pastousp-yIJIA ‘TeUISLIO 2y} Jo [%] seiq an[osqy IS d[qe], uonewioju] suniodddng

Le €01  O9TI vy v Ly 6T ¢¢ Lt T¢l g€l vvl 99 L SL ¢ 9¢ 6¢ VodA
LY €9 VIl € 6¢ 6¢ VvC §CT V¥T 8 66 TVl 4 9y 8¢ It 9¢ ¢6¥ &I VOddIN
I 't 60 ¥0 S0 ¥0 €0 €0 €0 80 80 80 V0 €0 ¥0 €0 €0 €0 [eurdLiQ
*L01  «CTL «6CL =€V «97 *€C C€ «9¢ It «8¥%1 «I'ST  «¥' ST «SL «C6L «C8 x6C x£9 x£9 VOdA
¢9 IT 97l 6'¢ I'vy 8¢ 6T ¢¢ ¥C ¢0I 6¢l S Sl 9v Y '8 9¢ vv €9 8 VOdININ
el I'T V'l ¢go ¢SO0 ¥O0 vO ¥O0 ¥O I'l I'T 80 S0 ¢go SO0 ¥O0 vO0 PO [eurdliQ
0c  Ive 8CC 97CI ¥¥l  T6 L6 It ¥L 691 6091 L9T T6 €6 €6 ¢L ¢L €L VOodd
el 67Cl Lel vy Iv TI's 6T LT ¥ 8SI  ¥91 LLT 6L €6 96 €9 VL 9L S VOdNIN
61 6’1 ¥¢c 80 60 80 90 90 +¥O 91 L1 Lr Lo 80 80 S0 90 ¢<O [eutSLQ
UNS

8T1 v9  Te STl ¥9 Te 8T ¥9  TE 8 v9 7€ 8Tl v9  Te STl 9 TE
(W) suonoan( (W) suondanq (W) suonoan( (W) suonoanq () suonoanq (W) suonoan(

Juw/s 00ST = ¢q /s 00S1 =9 ww/s 00zl =94 Juw/s 00ST =9 Juw/s 00sT = ¢q L /s 00zl =9

IONEBIA YA INRN AelD



(100" > onfea-d) 1891-1 S YO[OA B )1 PIULIYUOD SB JUBOYIUSIS A[[BONSTIRIS JOU QIR 4 ()1 POLIBLW SISBI UL SOOUAISI(] “IUSWLIdAXD uone[nuwils paseq-JIA [eusIs
TIIAP ying punois 3y 03 paredwod ‘s[eusIs TP PasIousp -y PUe ‘pastoudp-yIJIA TeUISIIO ay) JO [%] uoneiasp prepuels z§ d[qe], uoneuriojuy suniodddng

g6l 60C 8¢C 9L €8 g6 6¢ ¥9 vL 901 Gl (9! € I9 vL TIv 8% 8¢ VOodA
8Le 6Cy TLy Tel  T¥lL 9Ll 88 vOI ¥¢€l Tl T¢CT Ic ¢or LT11 ¥Tl I'8 T6 66 S VOddIN
€7 606 CTI6 €9¢  6S¢ 9¢ LLT GLT 9LC 9SL 9SL 66L SEE e Gee €9T €97 €9C [eUISLIO
$9VC «I'LC V1€ L6 «L01 «SCI «GL %€8 86 «CTI «S¥I 6Ll x9  «xI'L %98 LV «5C x89 VOodA
sy 88y 96 8Vl LI Icc I T¢l LT Lve 6'CC ['cc STl Tel 67l 86 60l 01 8 VOdNIN
oIl el 4D Y % Sv 6%y LveE Vvve Pvve g6 v6 S6 (44 (44 iy 6C¢ 8TE 67C¢ [euIStO
6'1c  €ve LTS 67l I'vlt  ¥1c 86 601 V91 ¢Lr  90c <¢9 I8 96 ICl +v9 9L 96 VOodA
€19 1oL Y8 9¢C 6LC 6'tt 8l TIC¢ LSt 8ST T6C L vyl ver ¢St GI1 L0l 611 S VOdNIN
G681 TT8I TI¢8I L7TL €CL LIL G6S 1SS ¢¢  €IST TIST 9IST 699 699 L9 6T¢ 97TS 97CS [euISLQO
ANS

8T1 9 € st 9 € st v9  Te 8Tl v Te STl P9 Te 8T v9 T
(W) suonoan( (W) suonoan( (W) suonoanq (W) suondanq (W) suonoanq (W) suonoan(

L /s 00ST =9 Juw/s 00sT = ¢q Juw/s 00z1 = ¢q A /s 00ST =9 Juw/s 00sT = ¢ Juw/s 00z1 = ¢

IONRIA SNMYM IONRIA AeID)



=(100° > on[ea-d 1891-1 S YO[OA B [)IM PIULIYUOD SB JUBOYIUSIS A[[BONISTIRIS JOU IR 4 ()1 PLIBW SISLI UL SOOUAISYI(] IUdwLIddxXa uone[nwis paseq-JN
‘Teusts TIIANP g punois ay) 03 paredwiod ‘S[eusts TINP PIsIoudp -y O3 PUe ‘pastioudp-yOJIN ‘TeuIStio oy Jo [%] ASINEN €S d1qe], uonewaoju] supiodddng

91 L9196l 89 69 08 rs LS 9 Il L'SI LLT 99 L'L 68 ¢S 19 TL VodA
€9¢ L1t LLe T0I LTI I'el eL I8 ¥6 I8l CTO0C 67C 08 g6 OIl 9 ¥L L8 &I VOddIN
19 609 809 TVC v¢ 6¢Cc S8 v78I €81 ¢gos S0S S0Ss €CC  €TC £l SLI SLT SLI [eursuQ
*['8C  x9°0€ #€CE +€T1 *€CT «C¥I L8 96 =TIl «1'0C «x6'1C =LVC «CO0I «CTI1 «9CI +«08 «88 %66 VOdA
6sy G0S 9LS  P¥SI 6Ll 9c¢c TII ¢G¢l €Ll LLe 6L S8 9¢l 6v1 SCr  LOoI LIT €7l 8 VOdININ
911 148! 149! ¢Sy 6%y 6Vvr LYe vve ¥ve S¥6  vve 6¥6 81y  8Iv 61y 67Tt 8CE 67CC [euISLIO
I'sy 66¥ 965 881 60C ¢€v¢ vyl 191 L'81 €ec LLT Tle 67l I'vlt 661 C0l TIT 971 VOod)
€e9  8IL 698 I've 68 ¢Sve €81 ¢GlIc 19C €SI Lve ¢See  T'LT  OLI 68 9¢l 9¢l 8vI S VOdININ
e8I (4] a8l LCL gL LIL §SS TS 0SS £ IST ¢ 09 0L9 0L9 vTs ¢CS 97CS [eutSLQ
UNS

8Tl v9 e st 9 € 8Tl 19 € st 9 € st 9 Te STl 9 TE
(W) suonoan( (W) suonoan( (W) suonoan( (W) suondanq (W) suonoanq (W) suondan(

Juw/s 00ST =9 Juw/s 00sT = ¢q L /s 00zl =9 /s 00ST =9 Juw/s 00ST =9 /s 00zl =9

10

IaNBIN AMYM IaneN Aein)



11

=(100° > onjea-d) 1891-1 S ,YO[9A\ B YI1M PIWLILUOD SE JUBdYIUSIS
A[[eonsne)Is J0U 918 . )M POTBUI SISED UT SQOUIQYI(] JuswIadxe uone[nuis paseq-DIN VOIS Pue VOJJIN Ym s[euSts pasiouap pue [euSts [HIAP [eUISLIO oy}
w01 JOSUd) UOISNIP 9y} JO uonewnse 17 1oy paureiqo (v ynn-punoid o) paredwod) sajewnss v 9y Jo [%] seiq ainjosqy S d[qe], uoneuriojuy suniodddng

€e  6¢ 9¥Y 9C +{vT 6°¢ € ¢¢ ¢&¢ ¢ 8l T8 €6 6 99 T01 86 LL VOodd
'8 ¢I1 €91 1€ Sv ¥9 ¢6C Te 8% 8¢ GC6I €Ly 667 €S VLI 6t 6 191 Gl VOddIN
el e e6¢ ¢¢ 69 68 +ve Ty 19 CLI 90¢ T9 ICc ¢€ve 67TS 661 LST 8¢y [euISLIO
L9 8L 68 91 vI ST 1T 9C LT Ty T¢ 90C 101 ¢8 6¢c 101 g6 vv VOodd
¢gor svl ¢81 Ty 6S TI6 6T Iv €S9 Te6l cev ¢€6S gL 991 6ty I'L €91 8lIv 8 VOdNIN
¢cc 60 ST v9 I8 80 IS €9 L6 SL ¢vc €LS 91¢ G8 CT6L ¢LT 9Ty 169 [euIStQ
6’11 ¢¢l Tyl 8¢ O9¥ LS ¢ 9C 9T ¢0I TL T8 TSI I'y SL'6l 8Ll 6L el VOodd
vyl vor 961 8L ¥II S9I 6% vL LIl 865 TIS 6SS TSy 665 8¢S SPy G686 TSS S VOdNIN
61 ¢or <¢9 ¢¢ L6 &0l 8¢ 68 8¢l €L TLT 8SS €19 €69 Ir 19% ¢€9L 91 [euISLQ
ANS

81  v9 7€ 8¢l ¥9 Te 8¢ v9 TE 8l ¥9 Te 8Tl V9 TE 8 9 TE
(W) suonodanq () suomoan@ () suonodan  (JA) suondaq (W) suondanq () suonoan(

AIwW/s 00Sc =9  Juw/sQoSI =9 ww/sQozl =9  ww/s 00sT =9 A /s 00ST =g Juw/s 00Z1 = ¢q

IONRIA SNMYM IR AelD)



12

=(100° > anyea-d) 1891-1 S YO[9A B YI1m PIWLILUOD SE JUBdYIUSIS
A[[eoTSTIBIS JOU I8 . YIIM PSIBW SISBD U SOUSIJJI(T JuawIadxa uone[nuirs paseq-JIN "VIOdI PUe VOdJIA U S[eusSts pastousp pue [eusSts [HIAP [BUISLIO 9y} Woj
JOSU9) UOISNIJIP A} JO UONBWNSY ST JAJe paurelqo (V4 yinn-punois o) paredwioos) sajewnss v 2yl Jo [%] uoneraap piepuels ¢S d[qe], uoneuriojuy suniodddng

Le Iy 66 S I'c 67T 91 I'c 6C ¢£5C e Loy S91 €¢I §9¢ €91 V¥IT ¢€9¢ VOod)
I 68 60I Iv LS €8 6¢ 9¢ 6L 9S¢ €9 9GP €C 6'1¢ 9Ty 8TC ¢l vy Gl VOddIN
9 68 ¢l S €L 901 L¥v L9 96 ¢&S¢ Tev vL9 CTV¥C 8¥e LSy 61C 10c LOV [euISLQ

v 8¢ T8 TT € 6¢ VT I'e v 61¢c 98¢ 605 €SIC 19¢ ¢1¢ T1IT 66C T10¢ VOdA
V'L 6 611 TS V¥L Ir 1rs TIL 0T Tc 8SF 99¢ ¢6C 68 9ty ¢€8C LBE Lty 8 VOdININ
€L 60l ¥91 19 88 8Tl T9 98 ¥CI 80y 195 €yL ¢€T¢ T¥r 665 68C V6L S¢€S [eursuQ
8¢ 98 ¢TI 6% SL 86 Lv TL 68 T'Le ¥Sy 979 90¢ ¢S¢€ vSey L8 67 S0P VOod)
78 601 8¢I 6 &¢I I8l 68 TCI LT ST1¢ T'Le 60y LLe 6Tt 8I¢ 69¢ Tl¢e (113 S VOdININ
91l 991 89¢ L6 vvl T0C 86 9¢I 1961 €S¢¢ 9vL GOl ¥oer 699 LL8 To6vr 619 8¢€8 [euISLQ

ANS

8Z1  ¥9 7€ 8¢l ¥9  TE 8T 9 7€ 8¢l v9  Te 8Tl 9 TE 8T v9  T€
(W) suonoanq () suondan( (W) suonoanq (W) suonoan (W) suondanq (W) suonoan(

Auw/s 00sg =9  ww/s oSI = ¢ /s 00Z1 = ¢q Auw/s 00sg =9  ww/sQosr =9  Ww/s 0zl =q

IONEIA QYA IoNeN AelD



13

(100" > onyea-d) 189)-1 S YO[OM B Y1 PIULIGUOD SB
JUBOYTUSTS A[[RONISTIB]S JOU QI8 4, )IM PSR SASED UT SQOUSISJJI(] JuswIadxe uone[nuiis paseq-JIN VOIS PUB VOIJIN WM S[euSTs pastiousp pue [eusIs AP [eUISLIo
9} WOJJ JOSUR] UOISNIIP 2} JO Uonewns? $TT Joije paureiqo (V4 ynn-punois o) paredwod) sojewns? v 2ul Jo [%] ASINN 9S dIqe], uoneuriojuy suntodddng

9¢ ve¢ 6T 0T 61 8¢ It Iv €y 09I ¢0C 19¢ LTI 88l 60C 9¢l 961 80C VOod
L9 66 6¢l re vv 99 6T ¢v 66 V¥IiC 80¢ 6Cy 8V¥I TIT ¢€6C SVYI 60C 98C SI VOddIN
99 98 LI Iy ¢¢ &L T¢ ¢€v 19 ¢S 6y TIL €91 ¥¥e T TSI TCC L'TE [eursuQ
8L L6 17l Le ve ¢€v 7t 0¥ 8v TTE L8 SPYS 8l LT Sl €€l 9LT ¥0¢ VOdA
8¢l 0L LTICT 99 +v6 ¢cvl 8¢ T8 0TI €9 0¢9 ¥99 T0E vr 619 T6C 61¥ S09 8 VOdININ
9L OII 691 68 611 891 08 80l LSI STy T'19 8¢6 TSY 969 €66 86 08 VL8 [eursuQ
el I'sT 68l 9 88 VII TS 9L T6 98 6SYr €€L TP 96E Gob 8¢€c 6¢c ST VOd)
SO9I L6l TSC 611 LLT 9%vC 86 <€¥I LOC 9.9 TI¥9 €69 68 8L9 979 O9LS TL9 879 ¢ VOdNIN
991 961 ¢&LC €0l ¥<I LTC ¥II 091 6¢¢ O0¥%S 99L oIl CTI9 ¢¢6 vl €L9 001 TSI [eursLQ
UNS

821  ¥9 ze 8¢l ¥9 TE STl ¥9 Te 8T v9 Te 8 ¥9 TE ST 9 TE
() suonoan( (W) suonoan( (W) suonoan( (W) suonoanq (W) suondanq (W) suonoan(

L /s 00ST =9 Juw/s 00s1 = ¢ Aw/s 00zl =9 Juw/sQ0Sg=9  uw/sQoSI =9  Ww/s 0zl =9

IaNRIN MYM IaneN Aein



14

=(100° > anyea-d) 1891-1 S ,YO[9A B YI1m PIWIHUOD SE JUBdYIUSIS
A[[eonsne)Is J0U 918 . )M POIBUI SISBD UT SQOUIQYI(] JuswIadxe uone[nuis paseq-DIN VOIS Pue VOIJIN Ym s[euSts pasiouap pue [euSts [HIAP [eUISLIO oy}
WOIJ JOSUD) UOISNIP JY) JO UONBWNS ST I93Je paurelqo (A Yini-punois o) paredwoo) sajewnsd (A AU Jo [%] seiq ainjosqy LS d[qe], uoneuriojuy suniodddng

ve ¢€c¢ Tt vl el I'n ¢r 91 vI €¢ 8¢ 9¢ Tl Tl ST TI TT ¥l Vodd
66 I'L €8 Tl LT ve 80 I ¢1r 7¢ 81 ST SI't ¢l 't I't 1t 60 GI VOddIN
re ¢¢ 1 18 I8 g ¢¢ ¢¢ ¥ ¥II <11 €11 9 19 19 €¢€v Iv 1% [euIS1IO
Sv 9v Sv «81 9T +v1 90 81 91 ge 9v 8¢ «¥I S ¢ =« ¢ 81 VodA
L T8 T8 L1 vT 6¢ I ¥ LT 61 S1 8T ¥l ! (4! el Il I'T 8 VOdININ
€C v¢ ¢¢ 911 911 L1 I'e 68 ¢T6 <TO0I €0l <0l cTo0rI O ¢€0I €L €L VL [eurdlQ
78 L €5 «xS¥Y 9v 6t 6¢ 8¢ 6T ¢8 ¢6 10l 6¢C S¢ Ly €T 8T ¢§¢ VodA
L 99 ¢¢ ¢y 1L v¥e6 6C IS 89 1T ST 90 ¥I Tl S1 't €r 91 S VOdININ
€L T'L vL €SI ¥ST o6vl ¥8l ¢8I 8l 80 60 80 Te6l oI 68l To6l 61 68l [euIS1IO
UNS

8C1 v9 Te STl ¥9 Te 8« v9 T€ STl ¥9 T€ 8T v9 TE ST P9 TE
(W)suondan@  (m)suonoang  (y)suonoang () suomoan@  (jy)suonodang (o) suondan(

AwW/s 00sg =9  ww/s ST =¢  Juw/sQozl =9  Ww/s0sz=¢ ww/s00sI =9 ww/s o0zl =9

IONBIA SMYM IONRIA Aein)



15

=(100° > anyea-d) 1891-1 S ,YO[9A B YI1m PIWIHUOD SE JUBdYIUSIS
A[[eoTSTIBIS JOU I8 . YIIM PIBW SOSED UI SOUSIJJI(T Juowradxa uone[nuirs paseq-JIN "VIOdI PUe VOddIA U S[eusSts pastousap pue [eusts [HIAP [BUISLIO 9y} Woj
JOSu9) UOISNYIP ) JO uonewnss 7 Jolye paurelqo (N Yinn-punois o paredwoo) sajewnsd A Y3 Jo [%] uonerasp piepuels §S dqe], uoneuriojuy suniodddng

C [ 4 I ¢l I'c I vl ¢ 8¢ ¥Ss GL 9T Lt ¢ ST 9¢ x67 Vodd
8¢ 6L 01 € ¥vr ¥9 87T vy 9¢ 6¢ vS¢ TL ST 9¢ o6v S¥c S¢ 8y Sl VOddIN
6¢ LS I8 6¢ LS I8 ¢¢ 8¢y L9 ¢€v 6 98 <C¢¢ 9y €9 LT Ov 9¢ [euIS1IO
e S 66 «S1 1T 6T 61 I'c 8¢ IS TL 96 «x£¢ LV ['9 «I't Sv 6¢ VodA
L9 L8 v6 6¢ 9S¢ €8 9¢ I's ¢L TS 69 68 CT¢ 9 T9 I'e ¥¥ 6¢ 8 VOdININ
<y 66 ¥8 6%V 69 I10I 9v +¥9 ¥6 9v €S¢9 T16 Sv €9 TI6 6¢ &6 8L [eurdlQ
8v 99 L8 xI't 8%y 89 8C T¥ 66 8 LOI LTI ¥S €L 66 TS L 678 VodA
0L &L 88 I'c 1e SII 6 VvL 66 18 TII TOI € I'L 86 I'S TIL V6 S VOdININ
9Y ¢9 68 99 ¥o6 Icl ¢L ¢0I SvI 8¢y 89 L6 89 96 S¢I CTL TOI IVl [euIS1IO

UNS
8¢l ¥9 e 8¢ 9 e 8¢l 9 e 8¢l 9 e 8¢ 19 e 8¢l 9 [43

(W) suonoanq

(W) suonoanq

(W) suondanq

(W) suonoan

(W) suonoan(

(W) suondanq

/s 00ST = ¢q

/s 00ST = ¢q

A /s 00z1 =9

Juw/s 00ST =9

L /s 00ST =4

L /s 00zl =9

IONRIN SNYM

IaneIN Aeln)



16

=(100" > onea-d) 18911 S YO[OA\ B YI1M PIWLILUOD SE JUBdYIUSIS
A[[eomsTeIS JOU 918 . )M POTBUI SISBD UT SQOUIQMI(] JuswIadxe uone[nuis paseq-DIN VOIS Pue VOIJIN Ym S[euSts pasiouap pue [eusts [HIAP [eUISHIO oy}
WOIJ JOSUI) UOTSYIP A} JO UOHRWISS ST I9ije paurelqo (A yinn-punois oy 03 paredwoos) sajewnss A 9 Jo [%] ASTARIN 6S d1qel, uoneurioju] suniodddng

¢ge <T¢ 0T 61 8C S e 91 L1 Lre 9¢ 1S G1 €Cc 7Tt 91 €T (¢t VOod
6y <L 00l 61 6C CTv 81 9T 8¢ LT 8¢ €6 LI ¢¢ 9¢ 91 +vC ¢&¢ ¢l VOddIN
I's L8 ¢0I Iy v LS 8C ve ¢y 06 66 LOI 6C Ve €y ¥C 60T 6¢ [eursuQ
¢¢ €9 VL «x£C LT TE¢ 61 8¢ CT¢ T9 &8 CTIlI «9¢ 6v €S9 «vc Ly €9 VOdA
86 611 671 ey 19 T6 Lt €S 9L vS 99 Ie ¢¢ Lv €9 +¥e¢ GSv 09 8 VOdININ
v ¥9 L8 9TI 9¢l ¥SI TOl OIl <T¢l TIT TIel Lel TIT 811 L¢el €8 76 LOI [eursuQ
96 C01 ¢¢ xL9 &L 8¢y LS 99 QII Ivl C¢91 <T9 I8 OTI LS 9L 96 VvOI VOodA
oor ve €8 SII 6%l 99 86 68 0¢l ¥8 CII ¢0l ¥S €L 66 TS TL 96 ¢ VOdNIN
98 L6l 911 99I 08I 861 86l <CIC T 6% 69 L6 ¢€0C €IC T 60C 9IC 9¢C [eursLQ
UNS

821  ¥9 ze 8¢l ¥9 TE STl ¥9 Te 8T v9 Te 8 ¥9 TE ST 9 TE
() suonoan( (W) suonoan( (W) suonoan( (W) suonoanq (W) suondanq (W) suonoan(

L /s 00ST =9 Juw/s 00s1 = ¢ Aw/s 00zl =9 Juw/sQ0Sg=9  uw/sQoSI =9  Ww/s 0zl =9

IaNRIN MYM IaneN Aein



17

Original
20 min

MPPCA
denoising

20 min

Original

NRMSE %

70
60
50
40
30

20

Four averages
Th 20 min

KPCA
denoising

20 min

MPPCA
denoising

KPCA
denoising

Suppporting Information Figure S4 Color-encoded FA maps of the denoised DW images at 860 um isotropic resolution and
b-value of » = 2000 s/mm? as well as corresponding NRMSE maps.
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Suppporting Information Figure S5 Angular error as well as angular precision, probed by coherence metric x, for the peaks
of the fODFS estimated with CSD after denoising the 860 um isotropic resolution DW images (b = 2000 s/mm?) . Further,

corresponding fODFs maps in a representative crossing-fibers area are displayed. Observe the lower variability in the fODFs of
KPCA denoising compared to MPPCA.

Signal FA MD
( Bias [%]) ( Bias [%]) ( Bias [%])
Brain | WM | GM | Brain | WM | GM | Brain | WM | GM
Original-660um | 28 26 26 32 19 48 11 13 7
MPPCA-660um | 23 22 21 19 12 25 3 3 1
KPCA-660um 19 18 17 17 9 19 3 4 2
Original-860um | 29 28 27 38 27 51 13 15 11
MPPCA-860um | 24 23 23 21 17 25 5 7 2
KPCA-860um 17 16 16 18 16 20 6 8 2

Suppporting Information Table S10 Accuracy results for the experiment with in-vivo human brain submillimeter resolution
dMRI data.
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Signal FA MD

( Standard deviation [%]) | ( Standard deviation [%]) | ( Standard deviation [%])

Brain | WM | GM Brain | WM | GM Brain | WM | GM
Original-660um | 27 28 27 32 19 48 11 13 7
MPPCA-660um | 23 21 21 19 12 25 3 3 1
KPCA-660um 17 16 16 17 38 19 3 2
Original-860um | 26 26 25 34 29 41 16 21 9
MPPCA-860um | 20 19 19 32 28 37 15 21 9
KPCA-860um 16 15 16 27 25 30 14 19 8

Suppporting Information Table S11 Precision results for the experiment with in-vivo human brain submillimeter resolution
dMRI data.

Reference map Absolute Error maps

MPPCA KPCA
denoising denoising

Original

Suppporting Information Figure S6 Absolute error maps of FA and MD for the 660 um gSlider dataset.

Signal (NRMSE) SNRgain FA (NRMSE) MD (NRMSE) MK (NRMSE)
Brain | WM | GM Brain Brain | WM | GM Brain | WM | GM | Brain | WM | GM
Original | 23% 23% | 23% 1x 64% 18% | 37 % | 12% 8% 9% 18% 11% | 23%
MPPCA | 20% 20% | 20% 1.5x 43% 14% | 28% | 12% 7% 9% 15% 8% 19%
KPCA 15% 16% | 16% 2.8x 32% | 12% | 24% | 11% 6% 8% 13% 6% 16%

Suppporting Information Table S12 NRMSE and SNR-based results from the experiment with conventional multi-shell dMRI
data. Note that in all cases KPCA denoising achieves better results than MPPCA.
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Reference map
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Suppporting Information Figure S8 Mid-axial, coronal and sagittal slices of denoised multi-shell conventional DWI images.

Signal FA MD MK
( Bias [%]) ( Bias [%]) ( Bias [%]) ( Bias [%])
Brain | WM | GM | Brain | WM | GM | Brain | WM | GM | Brain | WM | GM
Original | 19 16 15 52 18 37 12 7 8 18 9 18
MPPCA | 17 14 13 35 14 28 11 6 7 15 7 15
KPCA 13 10 10 27 12 24 11 5 7 13 5 12

Suppporting Information Table S13 Accuracy results for the experiment with conventional multi-shell dMRI data.
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Origina

Five averages

Suppporting Information Figure S9 Maps of the NRMSE (hot colormap) and noise level (gray colormap) for the denoised
multi-shell conventional DW images. Observe that KPCA denoising obtains the lowest level of noise (highest SNR gains) and

NRMSE.

Residuals  Original KPCA denoised

10° TR
—_ 0.4 it
N ] \‘
Lo’ DO
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= So2 ; \
D102} std =098 ; \
p— 01 1 \
// \\
.3 - ~
10 432101234

0123452678910

T r

Suppporting Information Figure S10 Residual maps from the conventional mutil-shell dMRI datasets after being denoised
with KPCA. On top of the figure, the residual map from a given DW image, which shows no anatomical information. On the
bottom, the probability density function of the residuals () normalized by the level of noise, o. For the statistics, the normalized
residuals are taken for all diffusion directions and number of repetitions. Observe that the residuals for KPCA approximately
follows a Gaussian distribution (blue dotted line on both plots representing the estimated pdf). On blue solid-line the optimal
analytical zero-mean Gaussian distribution that best fits the data (Maximum Likelihood sense). Note that the standard deviation
of the normalized residual, 0.98, is lower than 1 (black-line represents a zero-mean standard Gaussian distribution).
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Signal FA MD MK
( Standard deviation [%]) | ( Standard deviation[%]) | ( Standard deviation [%]) | ( Standard deviation [%])
Brain | WM | GM Brain | WM | GM Brain | WM | GM Brain | WM | GM
Original | 22 18 18 46 18 32 12 9 10 18 11 22
MPPCA | 17 14 14 37 14 27 12 8 10 15 8 18
KPCA 10 8 8 26 12 22 11 6 9 13 6 15

Suppporting Information Table S14 Precision results for the experiment with conventional multi-shell dMRI data.

Reference map Absolute Error maps

MPPCA KPCA
denoising denoising

Oriainal

Suppporting Information Figure S11 Absolute error maps of FA, MD, and MK for the conventional low-resolution dMRI
dataset.

Signal (NRMSE) SNRgain FA (NRMSE) MD (NRMSE)
Brain | WM | GM Brain Brain | WM | GM Brain | WM | GM
Original | 68% 74% | 72% 1x 111% | 33% | 112% | 8% 9% 11%
MPPCA | 40% 45% | 43% 1.73x 67% 27% | 72% 8% 8% 10%
KPCA 32% 31% | 35% 2.48x 55% 24% | 60% 7% 7% 9%

Suppporting Information Table S15 NRMSE and SNR-based results from the experiment with multi-coil dMRI data. Note
that in all cases KPCA denoising achieves better results than MPPCA.
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Suppporting Information Figure S12 Residual maps from the multi-coil dMRI datasets after being denoised with KPCA.
On top of the figure, the residual map from a given DW image, which shows no anatomical information. On the bottom, the

probability density function of the residuals () normalized by the level of noise, . For the statistics, the normalized residuals
are taken for all diffusion directions and number of repetitions. Observe that the residuals for KPCA approximately follows a

Gaussian distribution (blue dotted line on both plots representing the estimated pdf). On blue solid-line the optimal analytical
zero-mean Gaussian distribution that best fits the data (Maximum Likelihood sense). Note that the standard deviation of the

normalized residual, 0.79, is lower than 1 (black-line represents a zero-mean standard Gaussian distribution).

Original Twenty
rgina averages

.

KPCA
denoising

MPPCA
denoising

Suppporting Information Figure S13 Estimated noise maps for the denoised multi-coil DW images. Observe that KPCA

denoising obtains the lowest level of noise (highest SNR gains).
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- MPPCA KPCA
NRMSE % Original denoising denoising

H

NRMSE %

FA
Error maps

Suppporting Information Figure S14 NRMSE maps for the denoised multi-coil DW images. Maps of errors for the signal and
the fractional anisotropy are shown Observe that KPCA denoising obtains the lowest NRMSE in both type of maps.

Reference map Absolute Error maps

MPPCA KPCA

Original e
9 denoising denoising

Suppporting Information Figure S15 Absolute error maps of FA and MD for the multi-coil dMRI dataset.

Signal FA MD
( Bias [%]) ( Bias [%]) ( Bias [%])
Brain | WM | GM | Brain | WM | GM | Brain | WM | GM
Original | 32 34 29 85 19 118 | 2 2 3
MPPCA | 28 29 25 46 10 56 1 1
KPCA 22 23 20 35 10 46 1 1 2

Suppporting Information Table S16 Accuracy results for the experiment with multi-coil dMRI data.
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Signal FA MD
( Standard deviation [%]) | ( Standard deviation [%]) | ( Standard deviation [%])
Brain | WM | GM Brain | WM | GM Brain | WM | GM
Original-660um | 34 33 33 57 25 66 8 8 11
MPPCA-660um | 26 27 25 49 24 58 8 7 10
KPCA-660um 21 22 21 43 22 53 7 7 9

Suppporting Information Table S17 Precision results for the experiment with multi-coil dMRI data.
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