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E Q UAT I O N S G O V E R N I N G T H E C E L L U L A R
E L E C T R O P H Y S I O L O G I C A L M O D E L

Physical units used: time (t) in ms, membrane potential (V) in mV,
transmembrane current densities (Ix) in pA/pF and intracellular and
extracellular ionic concentrations (Xi and Xo) in µM (or µmol/L).

transmembrane currents and membrane potential [1 , 2]

The time evolution of the membrane potential is described as fol-
lows:

dV
dt

+ Iion + Istim = 0

where Iion is the sum of all transmembrane ionic current densities (see
equation and figure below) and Istim is the externally applied stimulus
current density.

Iion = INa + IK1 + Ito + IKr + ICaL + INaCa + INaK + IpCa + IpK + IbCa + IbNa

Istim =

{
− 9.5 if 100 < t < 106

0 otherwise

(a) Schematic representation of the
transmembrane ionic currents de-
scribed in the electrophysiological
model.

(b) Stimulus current used to trigger the AP.
The stimulation period fixes the heart rate.
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Nernst potentials

EX =
RT

zF
log

[X]o
[X]i

for X = Na+, Ca2+, K+

Fast sodium current: INa

m∞ =
1

(1+ exp (−56.86−V
9.03 ))2

αm =
1

1+ exp (−60−V5 )

βm = 0.1
1+exp (V+35

5 )

+ 0.1
1+exp (V−50

200 )

τ∞ = αmβm

dm
dt

=
m∞ −m

τ∞

h∞ =
1

(1+ exp (71.55+V
7.43 ))2

αh =


0.057 exp (−80−V6.8 ) if V < 40

0 otherwise

βh =


2.7 exp (0.079V)

+3.1 105 exp (0.3485V) if V < 40

0.77
0.13(1+exp (−V−10.66

11.1 ))
otherwise

τh =
1

αh +βh

dh
dt

=
h∞ − h

τh

j∞ =
1

(1+ exp(71.55+V
7.43 ))2

ω = −2.5428 104 exp(0.2444V)

−6.948 10−6 exp(−0.04391V)

αj =


ω(V+37.78)

1+exp(0.311(V+79.23)) if V < 40

0 otherwise
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βj =


0.02424 exp(−0.01052V)
1+exp(−0.1378(V+40.14)) if V < 40

0.6 exp(0.057V)
1+exp(−0.1(V+32)) otherwise

τj =
1

αj +βj

dj
dt

=
j∞ − j

τj

INa = GNam
3hj(V − ENa)

L-type calcium current: ICaL

d∞ =
1

1+ exp(−8−V7.5 )

αd =
1.4

1+ exp(−35−V13 )
+ 0.25

βd =
1.4

1+ exp(5+V5 )

γd =
1

1+ exp(50−V20 )

τd = αdβd + γd

dd
dt

=
d∞ − j

τd

f∞ =
1

1+ exp(20+V7 )

αf = 1102.5 exp(
−(27+ V)2

225
)

βf =
200

1+ exp(13−V10 )

γf =
180

1+ exp(30+V10 )
+ 20

τf = αf +βf + γf

df
dt

=
f∞ − f

τf

f2∞ = 0.33+
0.67

1+ exp(35+V7 )

αf2 = 562 exp(−
(V + 27)2

240
)

βf2 =
31

1+ exp(25−V10 )

γf2 =
80

1+ exp(30+V10 )

τf2 = αf2 +βf2 + γf2

df2
dt

=
f2∞ − f2
τf2

fcass∞ =
0.6

1+ (Cass
50 )2

+ 0.4

τfcass = 2+
80

1+ (Cass
50 )2

dfCass

dt
=
fcass∞ − fCass

τfcass
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ICaL = GCaLd f f2 fCass 4
(V − 15)F2

RT
×
0.25Cass exp(2(V−15)F

RT ) − Cao

1000(exp(2(V−15)F
RT ) − 1)

Transient outward potassium current: Ito

r∞ =
1

1+ exp(20−V6 )

τr = 9.5 exp(− (V+40)2

1800 )

+0.8

dr
dt

=
r∞ − r

τr

s∞ =
1

1+ exp(20+V5 )

τs = 85 exp(−
(V + 45)2

320
) +

5

1+ exp(V−20
5 )

+ 3

ds
dt

=
s∞ − r

τs

Ito = Gtors(V − EK)

Slow delayed rectifier current: IKs

xs∞ =
1

1+ exp(−5−V14 )

αxs =
1400√

1+ exp(−5−V6 )

βxs =
1

1+ exp(V−35
15 )

τxs = αxsβxs + 80

EKs =
RT

F
log(

Ko + pKNaNao

Ki + pKNaNai
)

IKs = GKsx
2
s(V − EKs)

Rapid delayed rectifier current: IKr

xr1∞ =
1

1+ exp(−26−V7 )
αr1 =

450

1+ exp(−45−V10 )
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βr1 =
6

1+ exp(30+V11.5 )

τr1 = αr1βr1

dxr1
dt

=
xr1∞ − xr1

τr1

xr2∞ =
1

1+ exp(V+88
24 )

αr2 =
3

1+ exp(−60−V20 )

βr2 =
1.12

1+ exp(−60+V20 )

τr2 = αr2βr2

dxr1
dt

=
xr1∞ − xr1

τr1

IKr = GKr

√
Ko

5400
xr1xr2(V − EK)

Inward rectifier potassium current: IK1

αK1 =
0.1

1+ exp(0.06(V − EK − 200))

βK1 =
3 exp(0.0002(V − EK + 100)) + exp(0.1(V − EK − 10))

1+ exp(−0.5(V − EK))

xK1∞ =
αK1

αK1 +βK1

IK1 = GK1xK1∞(V − EK)

Na/Ca exchanger current: INaCa

INaCa =
kNaCa

K3mN + Na3

o
×

exp (γVFRT )Na3

i Cao − 2.5 exp (
(1−γ)VF
RT )Na3

oCai

(KmCa + Cao)(1+ ksat exp (
(γ−1)VF
RT ))

Na/K pump current: INaK

INaK =
PNaKKoNai

(Ko + KmK)(Nai + KmNa)
× 1

(1+ 0.1245 exp(−0.1VF
RT ) + 0.0353 exp(−VFRT ))
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Sarcolemmal calcium pump current: IpCa

IpCa = GpCa
Cai

KpCa + Cai

Sarcolemmal potassium pump current: IpK

IpK = GpK
V − EK

1+ exp(25−V5.98 )

Background currents: IbNa and IbCa

IbNa = GbNa(V − ENa)

IbCa = GbCa(V − ECa)

calcium dynamics

Calcium dynamics is described
within three subcellular compart-
ments (see figure): cytoplasm
(CYTO), sarcoplasmic reticulum
(SR) and diadic subspace (SS).
In the following equations, [Ca]i
is free cytoplasmic calcium con-
centration, [Ca]SR is free SR cal-
cium concentration and [Ca]ss is
free diadic subspace calcium con-
centration (all concentrations ex-
pressed in µM). Iup, Irel, Ixfer and
Ileak are expressed in µM/ms.

• SERCA (ten Tusscher and Panfilov [2])

Iup =
Vup

1+ (
Kup
Cai

)2

• CICR (Lascano et al. [3])

u = maxsr −
maxsr − minsr

1 + (
EC50

CaSR
)2

k1 =
k ′1
u

, k2 = k ′2u
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RI = 1− R − O − I
dR
dt

= k4RI − k2RCass

− k1RCai
2 + k3O

dO
dt

= k1RCass
2

− k3O − k2OCass + k4I
dI
dt

= k2OCass − k4I

− k3I + k1RICa2

ss

Irel = VrelO(CaSR − Cass) + Vleak(d)R(CaSR − Cass)

Ileak = Vleak(c)(CaSR − Cai)

Ixfer = Vxfer(Cass − Cai)

• Mechanical feedback (Kosta et al. [4])

Itrop =
1

2
3 (

d[TSCa3]LV

dt
+

d[TSCa∼
3
]LV

dt
+

d[TSCa∗
3
]LV

dt
)

+
1

2
3 (

d[TSCa3]RV

dt
+

d[TSCa∼
3
]RV

dt
+

d[TSCa∗
3
]RV

dt
)

The colored concentrations are obtained from the sarcomere con-
traction model.

• Free calcium concentrations in the CYTO, SR and SS compartments

d[Ca]i
dt

= −
1

1+
Kbufi Bufi

([Ca]i +Kbufi)
2

(
Cm0

IbCa + IpCa − 2INaCa

2VcF

+
Vsr

Vc
(Ileak − Iup) + Ixfer − Itrop

)

d[Ca]SR

dt
= −

1

1+
KbufSR BufSR

([Ca]SR +KbufSR)2

(
Iup − Ileak − Irel

)

d[Ca]SS

dt
= −

1

1+
KbufSS BufSS

([Ca]SS +KbufSS)2

(
−Cm0

ICaL

2VssF
+
Vsr

Vss
Irel −

Vc

Vss
Ixfer

)

sodium and potassium intracellular concentrations

d[K]i
dt

= −Cm0
−2INaK + IKs + IK1 + Ito + IpK − Istim

VcF

d[Na]i
dt

= −Cm0
3INaK + 3INaCa + INa + IbNa

VcF
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Parameter Units Value Parameter Units Value

R J/K/mol 8.314472 KmNa µM 40 000

F C/mol 96485.3415 GpCa nS/pF 0.1238

T K 310 KpCa µM 0.5

Cm0 µF 1.84 10−4 GpK nS/pF 0.0146

Vc mL 1.6404 10
−8 Vup µM/ms 6.375

VSR mL 1.0941 10
−9 Kup µM 0.25

VSS mL 5.4681 10
−11 EC50 µM 1500

Ko µM 5400 k ′1 µM2/ms 1.5

Nao µM 140 000 k ′2 µM/ms 4.5

Cao µM 2000 k3 ms−1 0.06

GNa nS/pF 14.838 k4 ms−1 0.005

GCaL cm3/ms/µF 3.98 10−5 Vrel ms−1
0.102

Gto nS/pF 0.294 Vleak(d) ms−1
1.8 10

−5

GKs nS/pF 0.098 Vleak(c) ms−1
3.42 10

−4

pKNa - 0.03 Vxfer ms−1
0.0038

GKr nS/pF 0.153 Bufi µM 130

GK1 nS/pF 5.405 Kbufi µM 1

kNaCa pA/pF 1000 BufSR µM 10
4

KmN µM 87 500 KbufSR µM 300

γ - 0.35 BufSS µM 400

ksat - 0.1 KbufSS µM 0.25

PNaK pA/pF 2.724 Period ms 800

KmK µM 1000

Table A: Electrophysiological parameters
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E Q UAT I O N S G O V E R N I N G T H E S A R C O M E R E
C O N T R A C T I O N M O D E L

left ventricle

The "LV" indices below designate the left ventricle.

Calcium kinetics

[TS]LV = [TS]t,LV − [TSCa3]LV − [TSCa∼
3
]LV − [TSCa∗

3
]LV − [TS∗]LV

d[TSCa3]LV

dt
= Yb[TS]LV[Ca]i3 − Zb[TSCa3]LV+g[TSCa∼

3
]LV − f[TSCa3]LV

d[TSCa∼
3
]LV

dt
= f[TSCa3]LV − g[TSCa∼

3
]LV+Zp[TSCa∗

3
]LV − Yp[TSCa∼

3
]LV

d[TSCa∗
3
]LV

dt
= Yp[TSCa∼

3
]LV − Zp[TSCa∗

3
]LV+Zr[TS∗]LV[Ca]i3 − Yr[TSCa∗

3
]LV

d[TS∗]LV

dt
= Yr[TSCa∗

3
]LV − Zr[TS∗]LV[Ca]i3−gd[TS∗]LV

Intracellular calcium concentration ([Ca]i) is obtained from the electro-
physiological model.

f = Ya exp(−RLa(LLV − La)
2)

g = Za + Yh

Yh =


Yv(1− exp(−γ(hwLV − hwrLV )

2)) if hwLV < hwrLV

0.1Yv(1− exp(−γ(hwLV − hwrLV )
2)) otherwise

gd = Yd exp(−Yc(LLV − Lc))

Half-sarcomere length and force

hwLV = LLV −XwLV

hpLV = LLV −XpLV

dXwLV
dt

= Bw(hwLV − hwrLV )

dXpLV
dt

= Bp(hpLV − hprLV )
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Fa = Aw [TSCa∼
3
]LV hwLV +Ap ([TSCa∗

3
]LV + [TS∗]LV)hpLV

Fp = Ke(LLV − L0)
5 + Le(LLV − L0)

F = Fa + Fp

Fs = α(exp(β(Lm,LV − LLV)) − 1)

Lm,LV is obtained from the hemodynamic model and LLV is calculated
for each iteration step by solving F− Fs = 0, using the MatLab fzero
function.

right ventricle (rv)

The set of equations for RV sarcometric contraction is the same as
for LV, where every "LV" subscript has to be replaced with "RV". The
parameters listed below are identical for both ventricles.
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Parameter Units Value

Ap mN/mm2/µm/µM 2850

Aw mN/mm2/µm/µM 570

α mN/mm2 0.15

β ms−1 80

Bp ms−1 1.75

Bp ms−1 1.225

Ya ms−1 2.3 10−3

Yb µM −3.ms−1 0.1816

Yc µM−1
4

Yd ms−1 0.028

Yp ms−1 0.1397

Yr ms−1 0.1397

Yv ms−1 0.9

Za ms−1 0.0023

Zb ms−1 0.1397

Zp ms−1 0.2095

Zr µM −3.ms−1 7.2626

[TS]t µM 70/3

L0 µm 0.97

La µm 1.15

R µm−2
15

Lc µm 1.05

hpr µm 6 10
−3

hwr µm 10
−4

γ ms−1 2.8 10
−4

Ke mN/mm2/µm−5
3.15 10

4

Le mN/mm2/µm 3

Table B: Mechanical parameters
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E Q UAT I O N S G O V E R N I N G T H E H E M O D Y N A M I C
( 6 - C H A M B E R ) M O D E L

passive chambers pressures

Pao = Eao · Vao with Eao = 1/Cao

Pvc = Evc · Vvc with Evc = 1/Cvc

Ppa = Epa · Vpa with Epa = 1/Cpa

Ppv = Epv · Vpv with Epv = 1/Cpv

flows

• Pulmonary and systemic flows:

Qsys =
Pao − Pvc
Rsys

Qpul =
Ppa − Ppv
Rpul

• Valves flows:

Qmt =


Ppv − Plv
Rmt

if PPV > PLV

0 otherwise

Qav =


Plv − Pao
Rav

if PLV > PAO

0 otherwise

Qtc =


Pvc − Prv
Rtc

if PVC > PRV

0 otherwise

Qpv =


Prv − Ppa
Rpv

if PRV > PPA

0 otherwise
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volumes

dVlv
dt

= Qmt −Qav

dVao
dt

= Qav −Qsys

dVvc
dt

= Qsys −Qtc

dVrv
dt

= Qtc −Qpv

dVpa
dt

= Qpv −Qpul

Vpv = SBV − Vlv − Vao − Vvc − Vrv − Vpa

active chambers pressures

LV (RV) ventricle is assimilated to a thick walled sphere (see figure
below) with a wall volume VwLV (VwRV ). The reference (and vari-
able) radius RLV (RRV ) corresponds to the position of the NLV (NRV )
sarcomeres of length Lm,LV (Lm,RV ) assembled in circle inside the
ventricular wall. The volume included between rinLV and RLV (rinRV
and RRV ) is noted VrLV (VrRV ).

4

3
πr3inLV = VLV ⇒ rinLV =

3

√
3

4π
VLV

4

3
πr3outLV = VLV + VwLV ⇒ routLV =

3

√
3

4π
VLV + VwLV

4

3
πR3LV = VLV + VrLV ⇒ RLV =

3

√
3

4π
VLV + VrLV

NLV Lm,LV = 2 πRLV ⇒ Lm,LV =
2πRLV
NLV

PLV = 7.5 FLV
Lm,LV

Lr

(
(
routLV
rinLV

)2 − 1

)
+ λ (VLV − V0)
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Parameter Units Value

SBV ml 940.86 (identified∗)

Rsys 103 mmHg ·ms/ml 1.38 (identified)

Rpul mmHg ·ms/ml 109.57 (identified∗)

Rmt mmHg ·ms/ml 22.09 (identified)

Rtc mmHg ·ms/ml 11.56 (identified)

Rav mmHg ·ms/ml 47.96 (identified)

Rpv mmHg ·ms/ml 3.51 (identified)

Cao mmHg/ml 0.9550 (identified∗)

Cvc mmHg/ml 79.10 (identified)

Cpa mmHg/ml 2.43 (identified∗)

Cpv mmHg/ml 23.34 (identified)

Vlvw ml 334.86 (identified∗)

Vrvw ml 48.31 (identified∗)

λ mmHg/ml3 5 10
−5 [5]

V0 ml 80 [5]

Table C: Hemodynamic parameters.
∗ The identified parameter has a different value than reported in [4], because
a two-step identification procedure was used (see explanations in text).

FLV is obtained from the sarcomere contraction model.
The same reasoning for the RV gives:

PRV = 7.5 FRV
LmRV
Lr

(
(
routRV
rinRV

)2 − 1

)
+ λ (VRV − V0)

parameters optimization

Thirteen hemodynamic parameters from the cardiovascular sys-
tem have to be identified, and they are listed in Table C: the four
valves resistances, the two circulation resistances, the four passive
chambers compliances, wall volume of both ventricles, and stressed
blood volume. The parameters are identified using the fminsearch algo-
rithm from MATLAB (The MathWorks, Natick, MA, USA) in order to
minimize an objective function defined as the absolute relative error
between a chosen set of reference variables and their corresponding
calculated values. The value for the reference data were chosen in
order to correspond to standard healthy values [6–8] and are given in
Table D and E.

Our optimization procedure consists in the following two-step ap-
proach. First note that it is well known that valve resistances are
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practically difficult to identify, but their precise values do not a play an
important role in the final model. For this reason, they are generally
excluded from the identification procedure of hemodynamic models
[9–11]. To obtain an estimate for the valve resistances, we perform a
first identification procedure for the 13 parameters listed in Table C
by introducing the data from Table D in our objective function. Then
we fix the obtained valve resistance values, and we perform a second
identification procedure with the remaining nine parameters and the
reference data from Table E.

Standard
value

Units

Stroke volume 60 ml

Maximal LV pressure 120 mmHg

Maximal RV pressure 21, 5 mmHg

Maximal aortic pressure 113 mmHg

Amplitude of aortic pressure 35 mmHg

Maximal pulmonary artery pressure 21 mmHg

Amplitude of pulmonary artery pres-
sure

13 mmHg

Maximal pulmonary vein pressure 7, 5 mmHg

Amplitude of pulmonary vein pres-
sure

2 mmHg

Maximal vena cava pressure 7 mmHg

Amplitude of vena cava pressure 0, 5 mmHg

Minimal LV volume 60 ml

Minimal RV volume 60 ml

Table D: Standard values of hemodynamic quantities corresponding to a
healthy subject that are used in the 13-parameter identification procedure
(see text).
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Standard
value

Units

Stroke volume 60 ml

Mean LV pressure 59 mmHg

Mean RV pressure 12 mmHg

Mean aortic pressure 108 mmHg

Mean pulmonary artery pressure 19 mmHg

Amplitude of pulmonary vein pres-
sure

2 mmHg

Amplitude of vena cava pressure 0.5 mmHg

Minimal LV volume 60 ml

Minimal RV volume 60 ml

Table E: Standard values of hemodynamic quantities corresponding to a
healthy subject that are used in the 9-parameter identification procedure (see
text).
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