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Web Appendix

A. Derivation of NDE and NIE calculation formula

Here we would like to give the detailed formula for NDE and NIE calculation based on the

following joint model:

M z
i (u) = β0 + β1z + β>2X i + β3u+ β4zu+ ai0 + ai1u+ ei(u)

λzmi (t) = λ0(t) exp{α1z +α>2X i + ηm(t) + γ>ai + δ>m(t)ai}

where ai = (ai0, ai1)
> ∼ N(0,Σa) and ei(u) ∼ N(0, σ2). For the setting without certain

random effects, we can simply set the variance of that random effect to be 0 and for the

setting without certain interaction terms for the fixed part, we can set the corresponding

coefficient to be 0.

Using piecewise constant approximation form, denotem = (m1, · · · ,mK)>, t = (t1, · · · , tK)>

and a = (a0, a1)
> the NDE can be computed by

N̂DE(t, z, z′;x)

=

∫
a

∫
m

(
Ŝ(t|Z = z′,M =m,a,X = x)− Ŝ(t|Z = z,M =m,a,X = x)

)
dF̂M |Z,a,X (m|z,a,x)dF̂a

=

∫
a

∫
m

{
exp

(
−
∫ t

0

λ̂z′m(u|a,X = x)du

)
− exp

(
−
∫ t

0

λ̂zm(u|a,X = x)du

)}
dF̂M |Z,a,X (m|z,a,x)dF̂a

=

∫
a

∫
m

[
exp

{
−
∫ t

0

λ̂0(u) exp
(
α̂1z

′ + α̂>2 x+ η̂m(u) + γ̂>a+ δ̂m(u)a
)
du

}
− exp

{
−
∫ t

0

λ̂0(u) exp
(
α̂1z + α̂

>
2 x+ η̂m(u) + γ̂>a+ δ̂

>
m(u)a

)
du

}]
dF̂M |Z,a,X (m|z,a,x)dF̂a

=
{
exp

(
α̂1z

′)− exp (α̂1z)
}
exp{α̂>2 x}

×
∫
a
exp

(
γ̂>a

)∫
m

exp

{
−
∫ t

0

λ̂0(u) exp
(
η̂m(u) + δ̂m(u)a

)
du

}
dF̂M |Z,a,X (m|z,a,x)dF̂a

=
{
exp

(
α̂1z

′)− exp (α̂1z)
}
exp{α̂>2 x}

∫
R2

exp
(
γ̂>a

)(
2π · det(Σ̂a)

)−1

exp

(
−a
>Σ̂
−1

a a

2

)

×
∫
RK

exp

{
−

K∑
k=1

λ̂0(tk) exp
(
η̂mk + δ̂mka

)
(tk − tk−1)

}

×(2πσ̂2)−K/2 exp

{
−||m− (β̂0 + a0)− β̂1z − β̂

>
2 x− (β̂3 + a1)t− β̂4zt||22

2σ̂2

}
dmda.
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Similarly, we can compute NIE by

N̂IE(t, z, z′;x)

=

∫
a

∫
m
Ŝ(t|Z = z′,M =m,a,X = x)

(
dF̂M |Z,a,X (m|z′,a,x)− dF̂M |Z,a,X (m|z,a,x)

)
dF̂a

=

∫
a

∫
m

exp

{
−
∫ t

0

λ̂0(u) exp
(
α̂1z

′ + α̂>2 x+ η̂m(u) + γ̂a+ δ̂m(u)a
)
du

}
×
(
dF̂M |Z,a,X (m|z′,a,x)− dF̂M |Z,a,X (m|z,a,x)

)
dF̂a

= exp
(
α̂1z

′ + α̂>2 x
)∫
a
exp (γ̂a)

∫
m

exp

{
−

K∑
k=1

λ̂0(tk) exp
(
η̂mk + δ̂mka

)
(tk − tk−1)

}
×
(
dF̂M |Z,a,X (m|z′,a,x)− dF̂M |Z,a,X (m|z,a,x)

)
dF̂a

= exp
(
α̂1z

′ + α̂>2 x
)∫

R2

exp (γ̂a)× (2π · det(Σ̂a))
−1 exp

(
−a
>Σ̂
−1

a a

2

)

×
∫
RK

exp{−
K∑

k=1

λ̂0(tk) exp{mkη̂ + ai0mk δ̂1 + ai1mk δ̂2}(tk − tk−1)}(2πσ̂2)−K/2

×

[
exp

{
−||m− (β̂0 + a0)− β̂1z′ − β̂

>
2 x− (β̂3 + a1)t− β̂4z′t||22

2σ̂2

}

− exp

{
−||m− (β̂0 + a0)− β̂1z − β̂

>
2 x− (β̂3 + a1)t− β̂4zt||22

2σ̂2

}]
dmda,

where λ̂0(·), α̂, β̂, γ̂, η̂, δ̂, Σ̂a, σ̂s are any joint modeling estimators from existing methods.

The integrations can be computed numerically by choosing grid points from RK+1 for

(m,a). Or equivalently, we can use the importance sampling technique. The integration of

NDE and the second term of NIE can be computed by first sampling a from N(0, Σ̂a) and

then sampling m from multivariate normal distribution with mean β̂0 + β̂1z + β̂
>
2 x+ β̂3t+

β̂4zt + a0 + a1t and variance covariance matrix σ̂2IK . Similarly, for the integration of the

first term of NIE, we can compute it by first sampling a from N(0, Σ̂a) and then sampling

m from multivariate normal distribution with mean β̂0 + β̂1z
′+ β̂

>
2 x+ β̂3t+ β̂4z

′t+ a0 + a1t

and variance covariance matrix σ̂2IK . For the whole population NDE and NIE, we have

N̂DE(t, z, z′) = n−1
∑n

i=1 N̂DE(t, z, z′;xi), and N̂IE(t, z, z′) = n−1
∑n

i=1 N̂IE(t, z, z′;xi).

B. Deatils on Simulation Setting

We generate data for observational times set at months 0, 2, 4, 6, 8, 10. We simulate Z ∼

Bernoulli(0.5), M z(t) = z+0.2t+a+N(0, 1), λzm(t) = 0.1t×exp{z+0.5m(t)+a+δ×m(t)×

a}. We set the sample size as 200. We perform 200 simulations per setting in order to estimate
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the bias, standard deviation (SD), median estimated standard error (MeSE) and coverage

rate for 95% nominal confidence interval (CR). For the first two settings, we assume that our

random effect is correctly specified as a ∼ N(0, 1). For setting I, we assume no interaction

and set δ = 0; for setting II, we have interaction by setting δ = −0.5. For setting III,

we want to evaluate the robustness of our method to the misspecification of random effect

distribution, so we generate a using log gamma distribution with shape parameter 1.5 and

scale parameter 1. For setting IV, we misfit our model without the interaction term while

the data are generated with the interaction term.


