
1 

 

Distribution and expectation of daily incidence 1 

The daily incidence has a Poisson distribution with parameter Λ𝑡𝑅𝑡. 𝑅𝑡 is represented as a 2 

random variable following a gamma distribution with parameters 𝑎, 𝑏: 3 

𝑃(𝑘|𝑅𝑡, Λ𝑡) =
(𝛬𝑡𝑅𝑡)𝑘

𝑘!
𝑒−𝛬𝑡𝑅𝑡 4 

  𝑓(𝑅𝑡|𝑎, 𝑏) =
1

𝑏𝑎Γ(𝑎)
𝑅𝑎−1𝑒−

𝑅
𝑏  5 

where Γ(𝑎) is the usual Gamma function defined as:  6 

Γ(𝑧) = ∫ 𝑡 𝑧−1𝑒−𝑡∞

0
𝑑𝑡 → Γ(𝑛 + 1) = 𝑛! (if n is a positive integer) 7 

 Γ(𝑧 + 1) = 𝑧Γ(𝑧) 8 

 9 

Denote by 𝐶𝑎,𝑏  the normalization constant for the Gamma distribution: 10 

1

𝐶𝑎,𝑏
= ∫ 𝑑𝑅 𝑅𝑎−1𝑒−

𝑅
𝑏

∞

0

= 𝑏𝑎 ∫ 𝑑𝑢 𝑢𝑎−1𝑒−𝑢

∞

0

= 𝑏𝑎Γ(𝑎) 11 

  𝐶𝑎,𝑏 =
1

𝑏𝑎 Γ(𝑎)
 12 

  𝐶𝑎+1,𝑏 =
1

𝑏𝑎+1Γ(𝑎 + 1)
=

1

𝑎𝑏
𝐶𝑎,𝑏  13 

 14 

The PMF of the expected number of cases is obtained by integrating over the values of 𝑅𝑡: 15 
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𝑃(𝑘|Λ𝑡, 𝑎, 𝑏) = ∫ 𝑑𝑅
(Λ𝑡𝑅)𝑘

𝑘!
𝑒−Λ𝑡𝑅 ⋅ 𝐶𝑎,𝑏 ⋅ 𝑅𝑎−1𝑒−

𝑅
𝑏

∞

0

  16 

The integrand is proportional to a gamma distribution with parameters 𝑎′ = 𝑎 + 𝑘,  
1

𝑏′ =
1

𝑏
+ Λ𝑡 17 

𝑃(𝑘) =
Λ𝑡

𝑘𝐶𝑎,𝑏

𝑘!
∫ 𝑑𝑅 𝑅𝑘+𝑎−1𝑒−𝑅(Λ𝑡+

1
𝑏

)

∞

0

= 𝐶𝑎,𝑏

Λ𝑡
𝑘

𝑘!
 

Γ(𝑎 + 𝑘)

(Λ𝑡 +
1
𝑏)

𝑎+𝑘  =
(Λ𝑡𝑏)𝑘

(Λ𝑡𝑏 + 1)𝑎+𝑘 ⋅
Γ(𝑎 + 𝑘)

𝑘! Γ(𝑎)
 18 

Or (use Γ(𝑧 + 1) = 𝑧Γ(𝑧) ) 19 

𝑃(𝑘|𝑎, 𝑏) =
1

(𝑏Λ𝑡 + 1)𝑎 (
𝑏Λ𝑡

𝑏Λ𝑡 + 1
)

𝑘

∏
(𝑎 + 𝑗)

𝑗

𝑘

𝑗=1

 20 

 21 

The expected number of new infections follows from working out the Gamma-Poisson 22 

distribution and coincides with the infection potential multiplied by the expected 𝑅 23 

⟨𝐼𝑡⟩ = Λ𝑡𝑅𝑡 → ⟨⟨𝐼𝑡〉(𝑅𝑡)⟩
𝑅𝑡

= Λ𝑡⟨𝑅𝑡⟩ = Λ𝑡𝑎𝑏 24 

⟨𝐼⟩ = ∑ 𝑘

∞

𝑘=1

 ∫ 𝑑𝑅
(Λ𝑡 𝑅)𝑘

𝑘!
𝑒

−Λ𝑡𝑅
⋅ 𝐶𝑎,𝑏 ⋅ 𝑅

𝑎 −1
𝑒

−
𝑅

𝑏

∞

0

= ∫ 𝑑𝑅 Λ𝑡 𝑅 ∑
(Λ𝑡 𝑅)ℓ

ℓ!

∞

ℓ=0

𝑒
−Λ𝑡𝑅

⋅ 𝐶𝑎,𝑏 ⋅ 𝑅
𝑎−1

𝑒
−

𝑅

𝑏

∞

0

= Λ𝑡 𝐶𝑎,𝑏 ∫ 𝑑𝑅 ⋅ 𝑅
𝑎

𝑒
−

𝑅

𝑏

∞

0
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