
SUPPLEMENTARY‌ ‌MATERIAL‌ ‌ 
‌ 

Quantitative‌ ‌examination‌ ‌of‌ ‌five‌ ‌stochastic‌ ‌cell-cycle‌ ‌and‌ ‌cell-size‌ ‌control‌‌                 
models‌ ‌for‌ ‌‌Escherichia‌ ‌coli‌ ‌‌and‌‌ ‌Bacillus‌ ‌subtilis‌ ‌ 

Guillaume‌ ‌Le‌ ‌Treut,‌ ‌Fangwei‌ ‌Si,‌ ‌Dongyang‌ ‌Li,‌ ‌and‌ ‌Suckjoon‌ ‌Jun‌ ‌ 

‌ 

CONTENT‌ ‌ 
Supplementary‌ ‌Methods‌ 2‌ ‌ 

Strains‌ ‌and‌ ‌growth‌ ‌conditions‌ 2‌ ‌ 

Microfluidics,‌ ‌Microscopy‌ ‌and‌ ‌Image‌ ‌processing‌ 2‌ ‌ 

Data‌ ‌availability‌ 2‌ ‌ 

I-value‌ ‌analysis‌ 2‌ ‌ 

Simulations‌ 3‌ ‌ 

Supplementary‌ ‌Figures‌ 5‌ ‌ 

Supplementary‌ ‌Appendices‌ 6‌ ‌ 

Appendix‌ ‌A:‌ ‌Cell‌ ‌size‌ ‌homeostasis‌ ‌in‌ ‌the‌ ‌RDA‌ ‌model‌ 6‌ ‌ 

Appendix‌ ‌B:‌ ‌Calculation‌ ‌of‌ ‌ρ(si,‌ ‌δid)‌ ‌for‌ ‌the‌ ‌IDA‌ ‌model‌ 6‌ ‌ 

Appendix‌ ‌C:‌ ‌Calculation‌ ‌of‌ ‌ρ(si,‌ ‌Sd)‌ ‌and‌ ‌ρ(Sd(n),‌ ‌Sd(n+1))‌ ‌for‌ ‌the‌ ‌sHC‌ ‌and‌ ‌IA‌ ‌models‌ 7‌ ‌ 

Appendix‌ ‌D:‌ ‌Calculation‌ ‌of‌ ‌ρ(si,‌ ‌Sd)‌ ‌and‌ ‌ρ(Sd(n),‌ ‌Sd(n+1))‌ ‌for‌ ‌the‌ ‌CCCP‌ ‌model‌ 8‌ ‌ 

‌ 

‌ 
‌   

1‌ ‌ 



Supplementary‌ ‌Methods‌ ‌ 

Strains‌ ‌and‌ ‌growth‌ ‌conditions‌ ‌ 

The‌ ‌following‌ ‌strains‌ ‌were‌ ‌used‌ ‌in‌ ‌this‌ ‌study.‌ ‌ 

●‌ ‌  BW25113:‌ ‌F-‌ ‌DE(araD-araB)567‌ ‌lacZ4787(del)::rrnB-3‌ ‌LAM-‌ ‌rph-1‌ ‌DE(rhaD-rhaB)568‌ ‌hsdR514.‌ ‌ 

(Note‌ ‌that‌ ‌the‌ ‌genotype‌ ‌of‌ ‌BW27378‌ ‌is‌ ‌F-‌ ‌DE(araD-araB)567‌ ‌lacZ4787(del)::rrnB-3‌ ‌LAM-‌ ‌rph-1‌ ‌DE(rhaD-rhaB)568‌‌                         
hsdR514‌ ‌DE(araH-araF)570(::FRT).)‌ ‌ 

●‌ ‌  SJ_FS130:‌ ‌To‌ ‌construct‌ ‌this‌ ‌strain,‌ ‌we‌ ‌introduced‌ ‌ΔdnaN::[dnaN-ypet]‌ ‌into‌ ‌BW25113‌ ‌using‌ ‌P1‌ ‌transduction.‌ ‌ 

●‌ ‌  SJ_DL188:‌ ‌MG1655‌ ‌F-‌ ‌λ-‌ ‌rph-1‌ ‌dnaA‌ ‌msfGFP‌ ‌kan‌ ‌mCherry-dnaN‌ ‌ 

We‌‌used‌‌minimal‌‌MOPS‌‌media‌‌for‌‌the‌‌MG1655‌‌experiments‌‌and‌‌minimal‌‌M9‌‌glucose‌‌media‌‌with‌‌and‌‌without‌‌uracil‌‌for‌‌                                     
the‌ ‌SJ_FS130‌ ‌(BW25113‌ ‌based)‌ ‌experiments.‌ ‌ 

Microfluidics,‌ ‌Microscopy‌ ‌and‌ ‌Image‌ ‌processing‌ ‌ 

We‌ ‌used‌ ‌the‌ ‌same‌ ‌method‌ ‌as‌ ‌described‌ ‌in‌ ‌‌(11)‌.‌ ‌ 

Data‌ ‌availability‌ ‌ 

The‌ ‌scripts‌ ‌used‌ ‌to‌ ‌produce‌ ‌the‌ ‌results‌ ‌presented‌ ‌in‌ ‌this‌ ‌manuscript‌ ‌are‌ ‌available‌ ‌in‌ ‌the‌ ‌branch‌ ‌‌frontiers‌‌of‌ ‌the‌‌                                     
repository:‌ ‌‌https://github.com/junlabucsd/DoubleAdderArticle/tree/frontiers‌.‌ ‌The‌ ‌repository‌ ‌also‌ ‌contains‌ ‌a‌ ‌copy‌ ‌of‌ ‌all‌‌                   
the‌ ‌experimental‌ ‌data‌ ‌used‌ ‌in‌ ‌this‌ ‌manuscript.‌ ‌Please‌ ‌start‌ ‌at‌ ‌the‌ ‌repository‌ ‌index‌‌                         
(‌https://github.com/junlabucsd/DoubleAdderArticle/blob/frontiers/Response/frontiers_index.ipynb‌).‌ ‌The‌ ‌commit‌ ‌at‌ ‌the‌‌         
date‌ ‌of‌ ‌publication‌ ‌of‌ ‌the‌ ‌manuscript‌ ‌is‌ ‌‌4d3b79dc8492324f2ee4fc789d6e9a24a8c98c82‌.‌‌ ‌  

I‌-value‌ ‌analysis‌ ‌ 

Following‌‌the‌‌methodology‌‌proposed‌‌by‌‌Witz‌‌‌et‌‌al.‌‌‌(17)‌,‌‌we‌‌first‌‌defined‌‌the‌‌covariance‌‌matrix‌‌(Eq.‌‌13)‌ ‌of‌‌the‌‌analyzed‌‌                                       
variables.‌ ‌Then‌ ‌the‌ ‌‌I‌-value‌ ‌was‌ ‌computed‌ ‌as:‌ ‌ 

,‌ ‌ I =  
∏
 

i
kii

det(K)  

where‌‌the‌‌‌k‌ii‌ ‌are‌‌the‌‌diagonal‌‌elements‌‌of‌‌the‌‌covariance‌‌matrix,‌‌hence‌‌the‌‌variances.‌‌To‌‌compute‌‌the‌‌‌I‌-values‌‌of‌‌the‌‌four‌‌                                         
models‌ ‌listed‌ ‌in‌ ‌Figure‌ ‌3‌ ‌(top),‌ ‌we‌ ‌used‌ ‌the‌ ‌following‌ ‌combinations‌ ‌of‌ ‌physiological‌ ‌variables:‌ ‌ 

 

In‌‌Figure‌‌3(bottom),‌‌we‌‌defined‌‌18‌‌physiological‌‌variables‌‌in‌‌line‌‌with‌‌the‌‌definitions‌‌given‌‌by‌‌‌(17)‌(see‌‌Figure‌‌S1):‌‌‌λ‌,‌‌‌S‌b‌,‌‌                                       
S‌d‌,‌ ‌‌S‌i‌,‌‌‌Δ‌d‌,‌‌‌Δ‌bi‌,‌‌‌s‌i‌,‌‌‌s‌i‌(n-1)‌,‌‌‌s‌i‌(n+1)‌,‌‌‌δ‌ii‌,‌‌‌δ‌id‌,‌‌‌R‌ii‌,‌‌‌R‌id‌,‌‌‌R‌bd‌,‌‌‌R‌bi‌,‌‌‌τ‌,‌‌‌τ‌cyc‌ ‌‌and‌‌‌τ‌ii‌.‌‌We‌‌generated‌‌all‌‌possible‌‌combinations‌‌of‌‌4‌‌variables,‌‌                                                 
that‌‌is‌‌=‌‌3060.‌‌We‌‌emphasize‌‌the‌‌difference‌‌between‌‌‌s‌i‌ ‌and‌S‌i‌.‌‌The‌‌former‌‌is‌‌the‌‌cell‌‌size‌‌per‌‌origin‌‌of‌‌replication‌‌at‌‌the‌‌                                               
initiation‌‌event‌‌associated‌‌with‌‌the‌‌division‌‌in‌‌the‌‌current‌‌generation;‌‌therefore‌‌it‌‌could‌‌be‌‌in‌‌a‌‌previous‌‌generation‌‌(‌e.g.‌‌                                     
mother,‌‌grand-mother‌‌cell).‌‌The‌‌latter‌‌is‌‌the‌‌cell‌‌size‌‌when‌‌replication‌‌initiation‌‌occurs‌‌in‌‌the‌‌current‌‌generation.‌‌These‌‌2‌‌                                     
variables‌ ‌are‌ ‌only‌‌the‌‌same‌‌in‌‌the‌‌case‌‌of‌‌non-overlapping‌‌cell‌‌cycles‌‌(Figure‌‌1).‌‌We‌‌also‌‌found‌‌that‌‌the‌‌results‌‌of‌‌this‌‌                                           

2‌ ‌ 

Model‌ ‌  Variables‌ ‌ 

RDA‌ ‌  λ,‌ ‌‌δ‌id‌,‌ ‌‌δ‌ii‌,‌ ‌‌s‌i‌ ‌ 

IDA‌ ‌  λ,‌ ‌Δ‌d‌,‌ ‌‌δ‌ii‌,‌ ‌‌S‌b‌ ‌ 

IA‌ ‌  λ‌,‌ ‌‌δ‌ii‌,‌ ‌‌τ‌cyc‌,‌‌ ‌‌s‌i‌ ‌ 

sHC‌ ‌  λ‌,‌ ‌‌τ‌cyc‌,‌ ‌‌s‌i‌,‌ ‌‌S‌b‌ ‌ 
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analysis‌‌were‌‌sensitive‌‌to‌‌processing‌‌of‌‌the‌‌experimental‌‌data.‌‌In‌‌their‌‌work,‌‌Witz‌‌and‌‌colleagues,‌‌instead‌‌of‌‌using‌‌the‌‌                                     
measured‌ ‌values‌ ‌for‌ ‌‌S‌b‌,‌ S‌d‌,‌ ‌‌S‌i‌ ‌and‌ ‌‌s‌i‌,‌ ‌first‌ ‌fitted‌ ‌traces‌ ‌of‌ ‌cell‌ ‌sizes‌ ‌to‌ ‌an‌ ‌exponential‌ ‌function‌ ‌and‌ ‌took‌ ‌values‌‌                                         
interpolated‌ ‌by‌ ‌this‌ ‌fit.‌ ‌Yet‌ ‌it‌ ‌did‌ ‌not‌ ‌affect‌ ‌the‌ ‌relative‌ ‌ranking‌ ‌of‌ ‌the‌ ‌division-centric‌ ‌model‌ ‌with‌ ‌respect‌ ‌to‌ ‌the‌‌                                       
initiation-centric‌ ‌model.‌ ‌ 

 

Figure‌ ‌S1:‌ ‌Definition‌ ‌of‌ ‌the‌ ‌physiological‌ ‌variables‌ ‌in‌ ‌a‌‌scenario‌‌with‌‌2‌‌overlapping‌‌cell‌‌cycles.‌‌All‌‌variables‌‌with‌‌blue‌‌                                     
font‌ ‌are‌ ‌associated‌ ‌with‌ ‌the‌ ‌current‌ ‌generation‌ ‌(‌n‌).‌ ‌We‌ ‌added‌ ‌a‌ ‌superscript‌ ‌when‌ ‌using‌ ‌physiological‌ ‌variables‌‌                               
associated‌ ‌with‌ ‌another‌ ‌generation.‌ ‌We‌‌also‌‌defined‌‌variables‌‌derived‌‌from‌‌these‌‌quantities.‌‌Replication‌‌initiations‌‌are‌‌                             
indicated‌‌with‌‌stars,‌‌and‌‌the‌‌red‌‌star‌‌is‌‌the‌‌initiation‌‌determining‌‌the‌‌division‌‌for‌‌the‌‌current‌‌generation.‌‌‌N‌ori‌ ‌is‌‌the‌‌number‌‌                                         
of‌ ‌origins‌ ‌of‌ ‌replication‌ ‌just‌ ‌before‌ ‌initiation‌ ‌happens.‌ ‌ 

Simulations‌ ‌ 

In‌ ‌this‌ ‌study‌ ‌we‌ ‌have‌ ‌performed‌ ‌simulations‌ ‌of‌ ‌both‌ ‌initiation-centric‌ ‌and‌ ‌division-centric‌ ‌models.‌ ‌For‌ ‌this,‌ ‌we‌ ‌have‌‌                                 
re-used‌‌the‌‌code‌‌provided‌‌in‌‌‌(17)‌.‌‌Few‌‌and‌‌minor‌‌modifications‌‌have‌‌been‌‌made,‌‌but‌‌these‌‌modifications‌‌did‌‌not‌‌affect‌‌                                     
the‌ ‌outcome‌ ‌or‌ ‌the‌ ‌essence‌ ‌of‌ ‌the‌ ‌original‌ ‌simulations.‌ ‌Simulations‌ ‌performed‌ ‌consist‌ ‌of:‌ ‌ 

● Repeats‌ ‌of‌ ‌the‌ ‌simulations‌ ‌performed‌ ‌by‌ ‌Witz‌ ‌and‌ ‌colleagues‌ ‌in‌ ‌their‌ ‌original‌ ‌study.‌ ‌ 

● Simulations‌ ‌using‌ ‌Witz‌ ‌and‌ ‌colleagues’‌ ‌original‌ ‌parameters,‌ ‌but‌ ‌with‌ ‌perfectly‌ ‌symmetrical‌ ‌division‌i‌.‌ ‌ 

● Simulations‌ ‌of‌ ‌Witz‌ ‌et‌ ‌al.‌ ‌model,‌ ‌and‌ ‌our‌ ‌model,‌ ‌using‌ ‌experimental‌ ‌parameters‌ ‌taken‌ ‌from‌ ‌experimental‌‌                             
datasets‌ ‌from‌ ‌Witz‌ ‌and‌ ‌et‌ ‌al.‌ ‌and‌ ‌datasets‌ ‌published‌ ‌in‌ ‌‌(11)‌.‌ ‌ 

Witz‌‌et‌‌al.’s‌‌simulations‌‌of‌‌the‌‌RDA‌‌reproduced‌‌the‌‌adder‌‌behavior‌‌observed‌‌in‌‌their‌‌data,‌‌in‌‌apparent‌‌contradiction‌‌with‌‌                                     
our‌ ‌prediction‌ ‌in‌ ‌Eq.‌ ‌5‌ ‌that‌ ‌the‌ ‌RDA‌ ‌model‌ ‌is‌ ‌inconsistent‌ ‌with‌ ‌size‌ ‌homeostasis‌ ‌by‌ ‌the‌ ‌adder.‌ ‌We‌ ‌analyzed‌ ‌their‌‌                                       
simulations‌ ‌and‌ ‌found‌ ‌that‌‌they‌‌produced‌‌the‌‌adder-like‌‌behavior‌‌because‌‌of‌‌the‌‌additional‌‌fluctuations‌‌in‌‌the‌‌septum‌‌                                 
position‌ ‌(Figure‌ ‌S2a).‌ ‌Experimentally,‌ ‌septum‌ ‌position‌ ‌represents‌ ‌the‌ ‌most‌ ‌precise‌ ‌control‌ ‌among‌ ‌all‌ ‌measured‌‌                           
single-cell‌ ‌parameters‌ ‌with‌ ‌CV‌ ‌<‌ ‌5%‌ ‌‌(8,‌ ‌28)‌.‌ ‌Indeed,‌ ‌removing‌ ‌fluctuations‌ ‌in‌ ‌the‌ ‌septum‌ ‌position‌ ‌alone‌ ‌made‌ ‌the‌‌                                   
simulation‌‌deviate‌‌from‌‌experiment‌‌in‌‌a‌‌quantitative‌‌manner‌‌consistent‌‌with‌‌Eq.‌‌5.‌‌We‌‌also‌‌conducted‌‌a‌‌similar‌‌analysis‌‌                                   
using‌ ‌our‌ ‌experimental‌ ‌data‌ ‌‌(11)‌,‌ ‌and‌ ‌reached‌ ‌the‌ ‌same‌ ‌conclusion‌ ‌(Figure‌ ‌S2b).‌ ‌Based‌ ‌on‌ ‌this‌ ‌observation,‌ ‌we‌‌                                 
conclude‌ ‌that‌ ‌the‌ ‌RDA‌ ‌model‌ ‌does‌ ‌not‌ ‌self-consistently‌ ‌explain‌ ‌the‌ ‌adder‌ ‌phenotype.‌ ‌ 
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‌ 
Figure‌ ‌S2:‌ ‌Agreement‌ ‌of‌ ‌the‌ ‌RDA‌ ‌model‌ ‌with‌ ‌experimental‌ ‌data‌ ‌from‌ ‌‌a.‌ ‌‌(17)‌,‌ ‌M9‌ ‌+‌ ‌glucose‌ ‌condition‌ ‌and‌ ‌‌b.‌‌‌(11)‌,‌‌                                       
MOPS‌‌+‌‌glucose‌‌condition‌‌(MG1655‌‌‌E.‌‌coli‌).‌‌After‌‌removing‌‌fluctuations‌‌in‌‌the‌‌division‌‌ratio,‌‌simulations‌‌don’t‌‌agree‌                                 
with‌ ‌experimental‌ ‌data.‌ ‌ 
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Supplementary‌ ‌Figures‌ ‌ 

 

Figure‌‌S3‌‌-‌‌‌a‌.‌‌Witz‌‌et‌‌al.’s‌‌validation‌‌of‌‌the‌‌RDA‌‌model‌‌is‌‌exclusively‌‌based‌‌on‌‌this‌‌data‌‌set.‌‌‌b‌.‌‌3‌‌out‌‌of‌‌the‌‌4‌‌datasets‌‌of‌‌                                                     
Witz‌ ‌et‌ ‌al.‌ ‌present‌ ‌a‌ ‌slight‌ ‌negative‌ ‌correlation.‌ ‌‌c-d‌.Most‌ ‌of‌ ‌the‌ ‌experimental‌ ‌data‌‌we‌‌obtained‌‌with‌‌‌E.‌‌coli‌‌MG1655,‌‌                                     
NCM3722,‌‌BW25113‌‌and‌‌‌B.‌‌subtili‌s‌‌NCIB‌‌3610‌‌strain‌‌also‌‌show‌‌varying‌‌degrees‌‌of‌‌negative‌‌correlation,‌‌consistent‌‌with‌‌                                 
the‌ ‌IDA‌ ‌model.‌ ‌ 

 

 

 

Figure‌ ‌S4‌ ‌-‌ ‌Varying‌ ‌degrees‌ ‌of‌ ‌positive‌ ‌correlation‌ ‌between‌ ‌the‌ ‌birth‌ ‌size‌ ‌‌S‌b‌ ‌and‌ ‌the‌ ‌initiation‌ ‌size‌ ‌per‌‌origin‌‌‌s‌i‌.‌‌The‌‌                                         
experimental‌ ‌data‌‌from‌‌‌(17)‌‌shows‌‌the‌‌most‌‌positive‌‌correlation‌‌whereas‌‌experimental‌‌data‌‌acquired‌‌in‌‌our‌‌lab‌‌with‌‌‌E.‌‌                                   
coli‌‌ ‌MG1655‌ ‌and‌ ‌with‌ ‌‌B.‌ ‌subtilis‌‌ ‌show‌ ‌moderate‌ ‌to‌ ‌zero‌ ‌correlation.‌ ‌ ‌   
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Supplementary‌ ‌Appendices‌ ‌ 
Appendix‌ ‌A:‌ ‌Cell‌ ‌size‌ ‌homeostasis‌ ‌in‌ ‌the‌ ‌RDA‌ ‌model‌ ‌ 

In‌ ‌the‌ ‌model‌ ‌proposed‌ ‌by‌ ‌Witz‌ ‌and‌ ‌colleagues,‌ ‌the‌ ‌cell‌ ‌size‌ ‌per‌ ‌origin‌ ‌at‌ ‌division‌ ‌is‌ ‌determined‌ ‌by‌ ‌the‌ ‌cell‌ ‌size‌ ‌at‌‌                                           
initiation‌‌per‌‌origin‌‌‌s‌i‌,‌‌the‌‌added‌‌size‌‌per‌‌origin‌‌between‌‌consecutive‌‌replication‌‌initiation‌‌events‌‌‌δ‌ii‌,‌‌and‌‌the‌‌added‌‌size‌‌                                     
per‌ ‌origin‌ ‌from‌ ‌replication‌ ‌initiation‌ ‌to‌ ‌cell‌ ‌division‌ ‌‌δ‌id‌.‌ ‌The‌ ‌following‌ ‌relation‌ ‌holds:‌ ‌ 

,‌ ‌2 δSd
(n) = si

(n) +   id
(n)  

,‌ ‌si(n+1) = s2
1

i
(n) + δii

(n)  
where‌ ‌the‌ ‌index‌ ‌as‌ ‌‌n‌ ‌denotes‌ ‌the‌ ‌generation‌ ‌(or‌ ‌division‌ ‌cycle)‌ ‌.‌ ‌Under‌ ‌the‌ ‌assumption‌ ‌that‌ ‌‌δ‌ii‌(n)‌ ‌(resp.‌ ‌‌δ‌id‌

(n)‌)‌ ‌are‌‌                                       
independently‌‌and‌‌identically‌‌distributed‌‌Gaussian‌‌stochastic‌‌variables‌‌with‌‌mean‌‌‌μ‌ii‌ ‌(resp.‌‌‌μ‌id‌)‌‌and‌‌standard‌‌deviation‌‌‌σ‌ii‌ ‌                               
(resp.‌ ‌‌σ‌id‌),‌ ‌it‌ ‌follows‌ ‌that‌ ‌‌s‌i‌(n)‌ ‌and‌ ‌‌S‌d‌

(n)‌ ‌are‌ ‌also‌ ‌Gaussian‌ ‌stochastic‌ ‌variables.‌ ‌At‌ ‌large‌‌‌n‌,‌‌they‌‌converge‌‌to‌‌the‌‌limiting‌‌                                         
distributions‌ ‌‌s‌i‌‌ ‌≡‌ ‌N(‌μ‌i‌,‌ ‌‌σ‌i‌)‌ ‌and‌ ‌‌S‌d‌‌ ‌≡‌ ‌N(‌μ‌d‌,‌ ‌‌σ‌d‌),‌ ‌where:‌ ‌ 

‌ μ , σ .μi = 2 ii  σi
2 = 3

4
ii
2  

‌     μd = 2 ( μ )ii +  μid ,  σd
2 = 4 σ( 31 ii

2 + σid
2) .  

The‌‌mother-daughter‌‌correlation‌‌for‌‌division‌‌size‌‌is‌‌a‌‌central‌‌quantity‌‌in‌‌cell‌‌size‌‌homeostasis,‌‌which‌‌can‌‌be‌‌derived‌‌in‌‌                                     
this‌ ‌model.‌ ‌As‌ ‌a‌ ‌first‌ ‌step,‌ ‌let‌ ‌us‌‌define‌‌the‌‌centered‌‌variables:‌‌d‌s‌i‌(n)‌ = ‌s‌i‌(n)‌ - μ‌i‌ ‌and‌‌d‌S‌d‌

(n)‌ = ‌S‌d‌
(n)‌ - ‌μ‌d‌.‌‌We‌‌then‌‌obtain‌‌the‌‌                                     

relations:‌ ‌ 

‌s s σ ,  < d i
(n+1) · d i

(n) >   =   2
1

i
2  

S S s s ,  < d d
(n+1)
· d d

(n) >   =   < d i
(n+1) · d i

(n) >  

where‌ ‌the‌ ‌brackets‌ ‌denote‌ ‌averages.‌ ‌We‌ ‌therefore‌ ‌obtain‌‌the‌‌mother-daughter‌‌Pearson‌‌correlation‌‌coefficients‌‌(in‌‌the‌‌                             
large‌ ‌‌n‌‌ ‌limit):‌ ‌ 

‌.ρi = σi2
<ds ·ds >i

(n+1)
i
(n)

= 2
1  

‌1 .  ρd = σd2
<dS ·dS >d

(n+1)
d
(n)

= 2
1( + 3 σii2

σid2 )
−1

 

It‌ ‌also‌ ‌follows‌ ‌that‌ ‌the‌ ‌Pearson‌ ‌correlation‌ ‌coefficient‌ ‌between‌ ‌initiation‌ ‌size‌ ‌per‌ ‌origin‌ ‌and‌ ‌division‌ ‌size‌ ‌is:‌ ‌ 

‌.  ρid = σ σd
 

i
 

<ds ·dS >i
(n)

d
(n)

= 1( + 3 σii2
σid2 )

−1 2/
 

In‌‌this‌‌model‌‌the‌‌joint‌‌distribution‌‌(‌S‌d‌
(n)‌,‌‌‌S‌d‌

(n-1)‌)‌‌is‌‌a‌‌bivariate‌‌Gaussian,‌‌therefore‌‌we‌‌can‌‌write‌‌the‌‌conditional‌‌expectation‌‌                                     
of‌ ‌‌S‌d‌

(n)‌‌ ‌as:‌ ‌ 

‌| S ρ  S   (1 ) μ .  < Sd
(n)

d
(n−1) >   =   d d

(n−1) +   − ρd d  

With‌ ‌the‌ ‌hypothesis‌ ‌of‌ ‌symmetrical‌ ‌division,‌ ‌namely‌ ‌S‌b‌
(n)‌ ‌=‌ ‌2‌ ‌S‌d‌

(n-1)‌,‌ ‌we‌ ‌obtain‌ ‌for‌ ‌the‌ ‌conditional‌ ‌expectation‌ ‌of‌ ‌the‌‌                                     
added‌ ‌size‌ ‌from‌ ‌birth‌ ‌to‌ ‌division:‌ ‌ 

‌ | S S   μ .   < Sd − Sb b >   =   (2 ρ   )d − 1   b + (1 ρ )−   d   d  

Therefore,‌‌the‌‌“adder”‌‌principle‌‌is‌‌equivalent‌‌to‌‌having‌‌‌ρ‌d‌ ‌=‌‌1/2.‌‌Therefore,‌‌the‌‌RDA‌‌model‌‌always‌‌results‌‌in‌‌2 ‌ρ‌d‌ - 1 < 0.‌‌                                     
In‌ ‌fact,‌ ‌it‌ ‌only‌ ‌reproduces‌ ‌the‌ ‌“adder”‌ ‌principle‌ ‌in‌ ‌the‌ ‌deterministic‌ ‌limit‌ ‌σ‌id‌ → 0.‌ ‌ 

Appendix‌ ‌B:‌ ‌Calculation‌ ‌of‌ ‌‌ρ‌(‌s‌i‌,‌ ‌‌δ‌id‌)‌ ‌for‌ ‌the‌ ‌IDA‌ ‌model‌ ‌ 

In‌ ‌the‌ ‌IDA‌ ‌model,‌ ‌the‌ ‌cell‌ ‌size‌ ‌at‌ ‌division‌ ‌is‌ ‌determined‌ ‌by‌ ‌the‌ ‌cell‌ ‌size‌ ‌at‌ ‌birth‌ ‌‌S‌b‌ ‌and‌ ‌the‌ ‌added‌ ‌size‌‌from‌‌birth‌‌to‌‌                                                 
division‌‌‌Δ‌d‌;‌‌and‌‌the‌‌cell‌‌size‌‌per‌‌origin‌‌at‌‌initiation‌‌in‌‌the‌‌next‌‌cell‌‌cycle‌‌‌s‌i‌(n+1)‌ ‌is‌‌determined‌‌by‌‌the‌‌added‌‌size‌‌per‌‌origin‌‌                                               
between‌ ‌consecutive‌ ‌replication‌ ‌initiation‌ ‌events‌ ‌‌δ‌ii‌,‌ ‌and‌ ‌the‌ ‌cell‌ ‌size‌ ‌per‌ ‌origin‌ ‌at‌ ‌initiation‌ ‌‌s‌i‌.‌ ‌The‌‌following‌‌relations‌‌                                   
hold:‌ ‌ 
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,‌ ‌ΔSd
(n) = S2

1
d
(n−1)

+   d
(n)  

,‌ ‌si
(n+1) = s2

1 (n)
+ δii

(n)  

where‌‌the‌‌index‌‌‌n‌‌denotes‌‌the‌‌generation‌‌(or‌‌division‌‌cycle),‌‌and‌‌{Δ‌d‌
(n)‌}‌‌and‌‌{‌δ‌ii‌(n)‌}‌‌are‌‌independently‌‌distributed‌‌random‌‌                                   

variables.‌ ‌Denoting‌ ‌ and‌ ‌ ,‌ ‌we‌ ‌have‌ ‌ ‌and‌ ‌ .‌ ‌We‌ ‌also‌‌    μdd =   < Δd >   μii =   < δii >       2 μμd =   < Sd >   =   dd     2 μμi  =   < si >   =   ii      
define‌ ‌the‌ ‌centered‌ ‌variables:‌ ‌ ,‌ ‌ ,‌ ‌ ‌and‌ ‌ .‌‌Denoting‌‌        Δ  d d

(n) = Δd
(n)
− μdd   S   μ  d d

(n) = Sd
(n)
−   d   δ  d ii

(n) = δii
(n)
− μii     s  d i

(n) = si(n) − μi    
 ‌and‌ ‌ ,‌ ‌we‌ ‌have‌ ‌  ‌and‌ ‌ .‌ ‌  Δσdd

2 =   < d d
2 >   δσii

2 =   < d ii
2 >   S σσd

2 =   < d d
2 >   =   3

4
dd

2   s σσi
2 =   < d i

2 >   =   3
4

ii
2  

The‌ ‌added‌ ‌size‌ ‌between‌ ‌initiation‌‌and‌‌division‌ ‌reads‌‌ ,‌‌where‌‌the‌‌factor‌‌of‌‌2‌‌reflects‌‌the‌‌fact‌‌that‌‌                ) 2  δid
(n) = (Sd

(n)
− si

(n) /                    
origins‌ ‌of‌ ‌replication‌ ‌double‌ ‌at‌ ‌initiation.‌ ‌Therefore:‌ ‌ 

,‌ ‌s δ ds )  < d i
(n) · d id

(n) >   =   − 2
1 < ( i

(n) 2 >  

by‌ ‌independence‌ ‌of‌ ‌‌S‌d‌
(n)‌‌ ‌and‌ ‌‌s‌i‌(n)‌,‌ ‌and‌ ‌we‌ ‌obtain‌ ‌the‌ ‌Pearson‌ ‌correlation‌ ‌coefficient:‌ ‌ 

.‌ ‌ σ ·σi id

<ds ·dδ >i
(n)

id
(n)

=   − 1( + σii2
σdd2 )

−1 2/
 

Appendix‌ ‌C:‌ ‌Calculation‌ ‌of‌ ‌‌ρ‌(‌s‌i‌,‌ ‌‌S‌d‌)‌ ‌and‌ ‌‌ρ‌(‌S‌d‌
(n)‌,‌ ‌‌S‌d‌

(n+1)‌)‌ ‌for‌ ‌the‌ ‌sHC‌ ‌and‌ ‌IA‌ ‌models‌ ‌ 

Let‌ ‌us‌ ‌rewrite‌ ‌Eq.‌ ‌1‌ ‌as:‌ ‌ 

,‌ ‌αSd
(n) = si(n) (n)  

where‌ ‌ .‌ ‌To‌ ‌derive‌ ‌‌ρ‌(‌s‌i‌,‌ ‌‌S‌d‌)‌ ‌and‌ ‌‌ρ‌(‌S‌d‌
(n)‌,‌ ‌‌S‌d‌

(n+1)‌),‌ ‌we‌ ‌will‌ ‌assume‌ ‌that‌ ‌{‌s‌i‌(n)‌}‌ ‌and‌ ‌{‌α‌(n)‌}‌ ‌are‌ ‌independent‌‌  (λ τ )α(n) = exp (n)
cyc

(n)                                  
random‌‌vectors.‌‌This‌‌is‌‌true‌‌in‌‌the‌‌IA‌‌model‌‌(because‌‌‌δ‌ii‌ ‌is‌‌independent‌‌of‌‌the‌‌other‌‌physiological‌‌variables‌),‌‌but‌‌it‌‌is‌‌an‌‌                                           
additional‌‌constraint‌‌for‌‌the‌‌sHC‌‌model.‌‌Using‌‌this‌‌assumption,‌‌we‌‌can‌‌derive‌‌the‌‌mean‌‌and‌‌variance‌‌of‌‌the‌‌cell‌‌size‌‌at‌‌                                         
division.‌ ‌The‌ ‌mean‌ ‌is‌ ‌given‌ ‌by:‌ ‌ 

,‌ ‌μμd = < μSd >   =   i α  

where‌ ‌ ‌and‌ ‌ .‌ ‌Let‌ ‌us‌ ‌introduce‌ ‌the‌ ‌centered‌ ‌variables:‌ ‌ ,‌ ‌ ‌and‌‌  <μi = si >     <μα = α >               s  d i
(n) = si

(n) − μi   α  d (n) = α(n) − μα    
,‌ ‌and‌ ‌the‌ ‌variances‌ ‌  ‌and‌ ‌ .‌ ‌The‌ ‌variance‌ ‌of‌ ‌the‌ ‌cell‌ ‌size‌ ‌at‌ ‌division‌ ‌is‌ ‌given‌ ‌by:‌ ‌S  d d

(n) = Sd
(n)
− μd  < sσi

2 = d i
2 > < ασα

2 = d 2 >  

.‌ ‌  S < μ   μ  σd2 =   < d d
2 >   =   < si2 > α2 >   −   d

2 =   d
2 (( μiσi  )2 +  ( μασα

  )2 + ( μiσi
  )2( μασα

  )2)  

We‌ ‌now‌ ‌compute‌ ‌‌ρ‌(‌s‌i‌,‌ ‌‌S‌d‌):‌ 

,‌ ‌  μ  ρid =   σ σi d

<ds ·dS >i d = σi
σd α =   ηi

√η +η +η ηi
2

α
2

i
2

α
2  

where‌‌we‌‌have‌‌introduced‌‌the‌‌coefficient‌‌of‌‌variations‌‌(CVs):‌‌ ‌and‌‌ .‌‌As‌‌can‌‌be‌‌seen,‌‌the‌‌value‌‌of‌‌‌ρ‌id‌ ‌                  μ  ηi = σi/ i     μ  ηα = σα/ α                  
depends‌‌on‌‌the‌‌CVs‌‌of‌‌the‌‌initiation‌‌size‌‌and‌‌of‌‌ .‌‌When‌‌‌α‌‌is‌‌deterministic‌‌(‌i.e.‌‌‌η‌α‌=0),‌‌division‌‌is‌‌“slaved”‌‌to‌‌                    (λτ )α = exp cyc                      
replication‌ ‌initiation‌ ‌and‌ ‌‌ρ‌id‌=1.‌ ‌ 

To‌ ‌compute‌ ‌ ‌‌ρ‌(‌S‌d‌
(n)‌,‌ ‌‌S‌d‌

(n+1)‌),‌ ‌we‌ ‌introduce‌ ‌the‌ ‌mother/daughter‌ ‌correlations:‌ ‌ 

‌ ‌and‌ ‌ .‌ ‌ρi = σi2
<ds ·ds >i

(n)
i
(n+1)

ρα = σα2
<dα ·dα >(n) (n+1)  

In‌ ‌particular,‌ ‌we‌ ‌have‌ ‌  ‌and‌ ‌ .‌ ‌We‌ ‌thus‌ ‌have:‌ ‌μ σ  < si
(n) · si

(n+1) >   =   i
2 + ρi i

2 μ σ  < α(n) · α(n+1) >   =   α
2 + ρα α

2  

.‌ ‌   ρd = σd
2

<dS ·dS >d
(n)

d
(n+1)

= σd
2

<s ·s ><α ·α > − μi
(n)

i
(n+1) (n) (n+1)

d
2

=   η +η +η ηi
2

α
2

i
2

α
2

ρ η +ρ η +ρ ρ η ηi i
2

α α
2

i α i
2

α
2

 

When‌‌‌α‌‌is‌‌deterministic‌‌(‌i.e.‌‌‌η‌α‌=0),‌‌we‌‌have‌‌‌ρ‌d‌ ‌=‌‌‌ρ‌i‌:‌‌cell‌‌size‌‌homeostasis‌‌is‌‌determined‌‌by‌‌the‌‌initiation‌‌size‌‌homeostasis.‌‌                                         
On‌‌the‌‌other‌‌hand,‌‌when‌‌‌s‌i‌ ‌is‌‌deterministic‌‌(‌i.e.‌‌‌η‌i‌=0),‌‌we‌‌have‌‌‌ρ‌d‌ ‌=‌‌‌ρ‌α‌.‌‌In‌‌general,‌‌the‌‌level‌‌sets‌‌of‌‌‌ρ‌d‌ ‌are‌‌determined‌‌by‌‌a‌‌                                                   
quadratic‌ ‌equation‌ ‌of‌ ‌the‌ ‌variables‌ ‌‌ρ‌i‌‌ ‌and‌ ‌‌ρ‌α‌.‌ ‌Therefore‌ ‌each‌ ‌level‌ ‌set‌ ‌is‌ ‌a‌ ‌conic‌ ‌section.‌ ‌ 
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In‌‌the‌‌absence‌‌of‌‌mother/daughter‌‌correlations,‌‌namely‌‌‌ρ‌i‌ ‌=‌‌‌ρ‌α‌ ‌=‌‌0,‌‌then‌‌‌ρ‌d‌ ‌=‌‌0,‌‌which‌‌is‌‌a‌‌sizer‌‌regime.‌‌If‌‌we‌‌only‌‌have‌‌‌ρ‌i‌ ‌                                                   
=‌ ‌0,‌ ‌then:‌ ‌ 

.‌ ‌ρd  =
ρ ηα α

2

η +η +η ηi
2

α
2

i
2

α
2  

For‌ ‌the‌ ‌IA‌ ‌model,‌ ‌we‌ ‌have‌ ‌‌ρ‌i‌ ‌=‌ ‌1/2.‌ ‌Furthermore,‌ ‌there‌ ‌are‌ ‌no‌ ‌mother/daughter‌ ‌correlations‌ ‌among‌ ‌the‌ ‌other‌‌                                   
physiological‌ ‌variables,‌ ‌therefore‌ ‌‌ρ‌α‌‌ ‌=‌ ‌0.‌ ‌We‌ ‌thus‌ ‌obtain:‌ ‌ 

.‌ ‌ρd
IA = 2

1 ηi
2

η +η +η ηi
2

α
2

i
2

α
2 < 2

1  

Therefore,‌ ‌the‌ ‌IA‌ ‌model‌ ‌can‌ ‌only‌ ‌reproduce‌ ‌the‌ ‌adder‌ ‌correlation‌ ‌in‌ ‌the‌ ‌deterministic‌ ‌limit‌ ‌where‌ ‌ ‌is‌ ‌a‌‌                              (λτ )α = exp cyc      
deterministic‌ ‌variable,‌ ‌namely‌ ‌‌η‌α‌=0.‌ ‌ 

Appendix‌ ‌D:‌ ‌Calculation‌ ‌of‌ ‌‌ρ‌(‌s‌i‌,‌ ‌‌S‌d‌)‌ ‌and‌ ‌‌ρ‌(‌S‌d‌
(n)‌,‌ ‌‌S‌d‌

(n+1)‌)‌ ‌for‌ ‌the‌ ‌CCCP‌ ‌model‌ ‌ 

For‌ ‌simplicity,‌ ‌and‌ ‌following‌ ‌the‌ ‌conventions‌ ‌used‌ ‌by‌ ‌the‌ ‌authors‌ ‌of‌ ‌this‌ ‌model‌ ‌‌(14)‌,‌ ‌we‌ ‌rewrite‌ ‌Eq.‌ ‌(8-11)‌ ‌as:‌ ‌ 

,‌ ‌ln(s ) q q   Ai
(n+1) =   i

(n+1) = ρi i
(n) +   (n)

   

,‌ ‌ln(S ) q   λCR
(n) =   R

(n) = qi(n) +  
(n)

   

,‌‌ ‌ln(S ) q   BH
(n) = qH (n) = ρH H

(n−1) +   (n)
    

,‌ ‌ln(S ) (q , q )d
(n) = qd(n) = max  R

(n)   H
(n)

 
 

where‌ ‌we‌ ‌have‌ ‌introduced‌ ‌‌ρ‌i‌‌ ‌and‌ ‌‌ρ‌H‌‌ ‌to‌ ‌be‌ ‌more‌ ‌general.‌ ‌Assuming‌ ‌that‌ ‌‌A‌(n)‌,‌ ‌‌B‌(n)‌ ‌and‌ ‌‌C‌(n)‌ ‌are‌ ‌Gaussian‌ ‌variables‌ ‌with‌‌                     
means‌‌‌μ‌A‌,‌‌‌μ‌B‌ ‌and‌‌‌μ‌C‌,‌‌and‌‌variances‌‌‌σ‌A‌

2‌,‌‌‌σ‌B‌
2‌ ‌and‌‌‌σ‌C‌

2‌,‌‌then‌‌‌q‌i‌(n)‌,‌‌‌q‌R‌
(n)‌ ‌and‌‌‌q‌H‌

(n)‌ ‌are‌‌also‌‌Gaussian‌‌variables.‌‌We‌‌first‌‌compute‌‌                                             
their‌ ‌means‌ ‌and‌ ‌variances.‌ ‌We‌ ‌have:‌ ‌ 

●  ‌with‌ ‌  ‌and‌ ‌ ;‌ ‌(μ , σ )  qi  ≡ N i   i μi =
μA

1 − ρi
σi

2 =   σA2

1−ρi2
 

●  ‌with‌ ‌  ‌and‌ ‌ ;‌ ‌(μ , σ )  qR
  ≡ N R   R λμμR = μi +   c λ σσR

2 = σi
2 +   2

c
2  

●  ‌with‌ ‌  ‌and‌ ‌ .‌ ‌(μ , σ )  qH
  ≡ N H   H μH = μB

1 − ρH
σH

2 =   σB2

1−ρH2  

Note‌ ‌that‌ ‌‌q‌H‌‌ ‌is‌ ‌independent‌ ‌from‌ ‌‌q‌i‌‌ ‌and‌ ‌‌q‌R‌.‌ ‌We‌ ‌now‌ ‌compute‌ ‌the‌ ‌autocovariances‌ ‌for‌ ‌these‌ ‌3‌ ‌variables.‌ ‌We‌ ‌obtain:‌ ‌ 

● ;‌ ‌q  dq ρ  σ< d i
(n+1)

i
(n) >   =   i i

2  
●  ‌since‌ ‌‌C‌(n)‌‌ ‌is‌ ‌an‌ ‌independently‌ ‌distributed‌ ‌random‌ ‌variable;‌ ‌q  dq ρ  σ< d R

(n+1)
R
(n) >   =   i i

2  
● ,‌ ‌q  dq ρ  σ< d H

(n+1)
H
(n) >   =   H H

2  

where‌ ‌as‌ ‌before‌ ‌ .‌ ‌We‌ ‌furthermore‌ ‌compute‌ ‌for‌ ‌subsequent‌ ‌use‌ ‌the‌ ‌following‌ ‌cross-correlation:‌ ‌X  d (n) = X (n)
−   < X >  

‌since‌‌‌C‌(n)‌ ‌is‌‌an‌‌independently‌‌distributed‌‌random‌‌variable.‌‌These‌‌preliminary‌‌results‌‌will‌‌be‌‌useful‌‌q dq σ< d R
(n)

i
(n) >   =   i

2                              
to‌ ‌compute‌ ‌‌ρ‌d‌,‌ ‌‌ρ‌i‌‌ ‌and‌ ‌‌ρ‌id‌.‌ ‌ 

We‌ ‌now‌ ‌follow‌ ‌the‌ ‌approach‌ ‌of‌ ‌the‌ ‌authors,‌ ‌and‌ ‌replace‌ ‌the‌ ‌expression‌ ‌of‌ ‌‌q‌d‌‌ ‌in‌ ‌Eq.‌ ‌(11)‌ ‌by‌ ‌the‌ ‌effective‌ ‌equation:‌ ‌ 

,‌ ‌q u (1 )  qd
(n) =   H

(n) (n) + qR
(n) − u(n)  

where‌ ‌{‌u‌(n)‌}‌ ‌are‌ ‌independent‌ ‌Bernoulli‌ ‌variables‌ ‌such‌ ‌that:‌ ‌ .‌ ‌We‌ ‌note‌ ‌that‌ ‌ ‌and‌‌                r(u )  fP (n) = 1 =           r(u )  1  P (n) = 0 =   − f    
.‌ ‌The‌ ‌previous‌ ‌equation‌ ‌is‌ ‌an‌ ‌effective‌ ‌approach‌ ‌in‌ ‌which‌ ‌‌f‌ ‌represents‌ ‌the‌ ‌fraction‌ ‌of‌ ‌the‌ ‌cases‌‌in‌‌r( u )  f  P ( (n))2 = 1 =                                      

which‌‌the‌‌division‌‌process‌‌is‌‌limiting,‌‌namely‌‌ .‌‌With‌‌this‌‌effective‌‌expression,‌‌one‌‌can‌‌compute‌‌the‌‌mean‌‌‌μ‌d‌ ‌              qR(n) < qH (n)                      
and‌ ‌the‌ ‌variance‌ ‌‌σ‌d‌

2‌‌ ‌of‌ ‌‌q‌d‌.‌ ‌We‌ ‌obtain:‌ ‌ 

● ;‌ ‌f   μ (1 )  μd = μH +   R − f  

●  ‌,‌ ‌< < <σd
2 = q( H

(n))2 > u( (n))2 >   +   < q( R
(n))2 > 1( − u(n))2 >   + 2 < q < <H

(n) > qR(n) > u(n) 1( − u(n))  >
 

− μd2  

        ‌ .‌ ‌f   σ (1 ) (1 )(μ )  = σH
2 +   R

2 − f + f − f H − μR
2  
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We‌ ‌now‌ ‌turn‌ ‌our‌ ‌attention‌ ‌to‌ ‌the‌ ‌computation‌ ‌of‌ ‌‌ρ‌id‌.‌ ‌For‌ ‌that‌ ‌purpose,‌ ‌we‌ ‌compute‌ ‌the‌ ‌average:‌ ‌ 

.‌ ‌q =< q < +< q < = μ f   1 ) μ (1 )  < qi d > qi H > u > qi R > 1 − u > μi H +   (< q dq + μ )d i R > μi R ( − f = μi d + σi
2 − f  

We‌ ‌thus‌ ‌obtain:‌ ‌ 

 ‌and‌ ‌therefore:‌ ‌q dq =< q − μ 1 )σ  < d i d > qi d > μi d = ( − f i
2  

.‌ ‌1 )  ρid = σ σi d

<dq dq >i d = ( − f σi

√σ f  + σ (1−f )+f (1−f )(μ −μ )H
2

R
2

H R
2

 

We‌ ‌now‌ ‌turn‌ ‌our‌ ‌attention‌ ‌to‌ ‌the‌ ‌computation‌ ‌of‌ ‌‌ρ‌d‌.‌ ‌We‌ ‌start‌ ‌by‌ ‌computing‌ ‌the‌ ‌average:‌ ‌ 

‌q =< q < < +< q < <  < qd
(n)

d
(n+1) > qH

(n)
H
(n+1) > u(n) > u(n+1) > qR

(n)
R
(n+1) > 1 − u(n) > 1 − u(n+1) >  

,‌ ‌< < < < +< < < <  + qH
(n) > qR

(n+1) > u(n) > 1 − u(n+1) > qH
(n+1) > qR

(n) > u(n+1) > 1 − u(n) >  

          ‌ .‌ ‌f (1 ) μ μ f (1 ) σ f σ (1 )  = μH
2 2 + μR

2 − f 2 + 2 H R − f + ρH H
2 2 + ρi i

2 − f 2  

 ‌We‌ ‌therefore‌ ‌obtain:‌ ‌ 

‌q dq =< q −  < d d
(n)

d
(n+1) > qd

(n)
d
(n+1) > μd

2  
.‌ ‌σ f σ (1 )  = ρH H

2 2 + ρi i
2 − f 2  

Finally,‌ ‌we‌ ‌obtain:‌ ‌ 

.‌ ‌ρd = σd2
<dq dq >d

(n)
d
(n+1)

= ρ σ f +ρ σ (1−f )H H
2 2

i i
2 2

σ f  + σ (1−f )+f (1−f )(μ −μ )H
2

R
2

H R
2  

When‌‌the‌‌division‌‌process‌‌is‌‌limiting,‌‌namely‌‌‌f=1‌,‌‌then‌‌we‌‌have‌‌‌ρ‌d‌=‌ρ‌H‌.‌‌Conversely‌‌when‌‌the‌‌initiation‌‌process‌‌is‌‌limiting,‌‌                                     
we‌ ‌have‌ ‌‌ρ‌d‌=‌ρ‌i‌.‌ ‌More‌ ‌generally,‌ ‌the‌ ‌level‌ ‌set‌ ‌curves‌ ‌for‌ ‌‌ρ‌d‌‌ ‌are‌ ‌lines‌ ‌in‌ ‌the‌ ‌(‌ρ‌H‌,‌ρ‌i‌)‌ ‌plane.‌ ‌ 

‌ 
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