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Supplementary Note 1: Extensions of REHE

1.1 Analytical Solutions to REHE

With only two variance components in the linear mixed model (K = 1), there is a closed form

solution to (2.4) in the main paper for REHE variance component estimates. Equation (2.4) in the

main paper can be reformulated as:

(x, y) = arg min
x,y

ax2 + by2 + cxy + dx+ ey + f

subject to x, y ≥ 0, a, b > 0, 4ab 6= c2.
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The condition 4ab 6= c2 corresponds to matrix X̃>X̃ being invertible, where X̃ is introduced in the

main paper Section 2.1 as the design matrix in the HE regression. The closed form solution is:

(x, y) =



(
ce− 2bd

4ab− c2
,
cd− 2ae

4ab− c2
), if

ce− 2bd

4ab− c2
≥ 0,

cd− 2ae

4ab− c2
≥ 0;

(0,− e

2b
), if

ce− 2bd

4ab− c2
< 0,

e

2b
≤ 0;

(− d

2a
, 0), if

cd− 2ae

4ab− c2
< 0,

d

2a
≤ 0;

(0, 0), if
d

2a
> 0,

e

2b
> 0.

(S1)

1.2 REHE Confidence Interval Construction with Sparse Correlation Matrix

When the sample size n is large and the correlation matrix D1 is dense, constructing REHE confidence

intervals is computationally demanding. The main burden comes from matrix decomposition when

sampling Ỹ ∗ from Nn(0,Σ) in step (a) of Algorithm 2 in the main paper. Subsample Ỹ ∗ is commonly

obtained by computing Σ1/2e, where Σ = Σ1/2(Σ1/2)> and e sampled from Nn(0, In). Matrix Σ1/2 is

usually obtained by Cholesky decomposition or singular value decomposition, which requires O(n3)

operations. We propose to accelerate this procedure through approximating the dense correlation

matrix D1 with a sparse block-diagonal matrix D∗1 (Gogarten et al., 2019). In genetics studies,

it is reasonable to assume high relatedness within small groups of subjects and low relatedness

across groups, such as for kinship relatedness and household membership. Such relatedness structure

can be well-approximated by sparse block-diagonal correlation matrices, through thresholding the

off-diagonal entries of the original dense correlation matrices and rearranging the rows/columns

(Gogarten et al., 2019). The resulting sparse block-diagonal correlation matrices can substantially

speed up the matrix decomposition step, and thus the inference procedure. Bootstrap confidence

intervals obtained with sparse D∗1 are expected to have good coverage. We used the function

makeSparseMatrix in the R package GENESIS (v2.14.3, Conomos et al., 2019) to implement the

correlation matrix sparsification procedure. The sparsification threshold was set at 2−5.5, which

corresponds to the fifth degree relatedness for the kinship matrix (Gogarten et al., 2019).

2



1.3 REHE and reREHE for Network-based Pathway Enrichment Analysis

Network-based pathway enrichment analysis assumes the following linear mixed model for the

association between gene expressions and the phenotype (Ma et al., 2016):

Y
(t)
i = Λtµt + Λtγi + εi, i = 1, . . . , nt, t = 1, 2, . . . T, (S2)

where length p vector Y (t)
i is the observed phenotype for the ith subject in group t, the group-specific

network influence matrices Λt’s are treated as known from external sources, length p vectors µt’s

denote the group-specific mean signal for the p gene entries, random effects γi’s follow distribution

N(0, σ21Ip), error terms εi ∼ N(0, σ20Ip), and nt denotes the sample size for group t, t = 1, . . . , T .

We can easily format this linear mixed model into the form of model (2.1) in the main paper. The

resulting random effect correlation matrix D1 has a block-diagonal structure:

D1 =



D
(1)
1 0 0 0 0 . . .

0 D
(1)
2 0 0 0 . . .

...
. . .

0 0 . . . D
(1)
n1 0 . . .

...
. . .

0 0 0 0 0 D
(T )
nT


,

where D(t)
i = ΛtΛ

>
t (i = 1, . . . , nt, t = 1, . . . , T ) are p × p square blocks corresponding to the ith

subject in group t. Based on the special correlation structure of D1, we can write out the expression

for computing the REHE variance component estimates as:

(
σ̃20, σ̃

2
1

)
= arg min

(σ2
0≥0, σ2

1≥0)

(
Ỹ − X̃σ2

)> (
Ỹ − X̃σ2

)
,
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Algorithm S1 reREHE Approach for NetGSA.
for b = 1 to B do

(a) Sample [nrs] out of n subjects with replacement with sampling rate rs, where [x] denotes
rounding x to the nearest integer. The corresponding observation vectors are Yi′ , i′ = 1, . . . , [nrs];

(b) For each observation vector Yi′ in the subsample, randomly sample [prp] out of p gene
entries with replacement with sampling rate rp. The resulted observation vector Y ∗i′ is of
dimension [prp] by 1, and the outcome vector Y ∗(b) for the whole subsample is of length
[nrs][prp].
(c) Subset the correlation matrix D1 accordingly as D∗(b)1 : first only keep blocks D(i′)

1

corresponding to the subsampled observations; then for each D(i′)
1 , only keep the submatrix

with rows and columns corresponding to the subsampled gene entries.
(d) Compute variance component estimations (σ̃

2(b)
0,re, σ̃

2(b)
1,re) with Y ∗(b) and D∗(b)1 based on the

REHE approach.
end for
Compute estimates of variance components as σ̃2k,re = 1

B

∑B
b=1 σ̃

2(b)
k,re, k = 0, 1.

where

Ỹ =



vec
(
Y

(1)
1 Y

(1)>
1

)
vec
(
Y

(1)
2 Y

(1)>
2

)
. . .

vec
(
Y

(2)
1 Y

(2)>
1

)
. . .

vec
(
Y

(T )
nT Y

(T )>
nT

)


, X̃ =



vec
(
D

(1)
1

)
vec (Ip)

vec
(
D

(1)
2

)
vec (Ip)

. . .

vec
(
D

(2)
1

)
vec (Ip)

. . .

vec
(
DT
nT

)
vec (Ip)


, σ2 =

 σ20

σ21

 .

When applying the reREHE approach to NetGSA, in addition to subsampling the n observations,

we can sample the p gene entries. The procedure is described in Algorithm S1.

Supplementary Note 2: Additional Simulation Results

2.1 Simulation Results on Matrix Sparsification

Correlation matrix sparsification accelerates confidence interval construction with REHE (Supplemen-

tary Note 1.2), and can also benefit computation with REML (Gogarten et al., 2019). We conducted
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a simulation study to apply sparsification to both REHE and REML for inference of variance

components. We used the same HCHS/SOL design setting as had been used by the simulation study

in the main paper Section 4. We compared their performances in terms of computation time, root

mean squared error (RMSE) of variance component estimates, and confidence interval coverage and

width. sREML refers to REML with the sparsified kinship correlation matrix. sREHE Wald and

sREHE Quantile refers to, respectively, REHE Wald- and quantile-type confidence intervals based

on sparsified kinship matrix. The REHE point estimation is still based on the original dense kinship

matrix, because it is fast and more accurate than that obtained with sparsification.

Both REHE and REML inferences based on the sparse kinship matrix are substantially faster than

those based on the original kinship matrix (Figure S1). We noticed that the sparsification procedure

itself is computationally demanding. This may make sparsification less appealing when there are

multiple dense correlation matrices to process, or when the sample size is not large enough. However,

as the sample size grows, inference with REML becomes so slow that it can still be worthwhile to

use matrix sparsification. At sample size n =12,000, REHE inference with one sparsified correlation

matrix (one random effect) reduces the REML computation with a dense correlation matrix by 50%.

The RMSE of point estimates by sREML is always larger than REML, and sometimes much larger

than the RMSE of REHE estimates (Figure S2). The coverage of confidence intervals by methods

based on sparsification is not as stable: sREHE shows conservative coverage, and sREML has

coverage lower than 0.75 at sample size n =3,000 (Figure S3). This illustrates that sparsification

speeds up the computation but at the cost of inference accuracy. For the same method, confidence

interval width is generally wider with sparsification than without (Figure S4). We found sREML

and REHE yield comparable confidence interval width.

2.2 Simulation Results on Different reREHE Summary Function

The reREHE approach can use different summary functions, such as mean and median functions, to

summarize results of repeated subsamples. We implemented median based reREHE for comparison
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Figure S1: Results of the simulation study on matrix sparsification: Computation time (in seconds,
log10 scale) for REML and REHE based on matrix sparsification, benchmarked with computation
time for REML. We separately illustrate time for sparsifying the kinship matrix (sparsification),
time for fitting the model with REML after obtaining the sparsified kinship matrix (sREML), and
time for REHE confidence interval construction based on sparsified kinship matrix (sREHE CI).

of estimation accuracy against mean based reREHE. We denote mean based reREHE results by

reREHE 0.05 mean and reREHE 0.1 mean, and denote median based reREHE results by reREHE

0.05 median and reREHE 0.1 median, for subsampling rates 0.05 and 0.1 respectively. We used the

same simulation setting as in Supplementary Note 2.1.

As illustrated by Figure S2, when the true variance components are very different (taking on values of

0.1 and 0.01), median based reREHE has smaller RMSE than mean based reREHE; otherwise mean

based reREHE has smaller RMSE. Higher subsampling rate greatly improves estimation accuracy

for both reREHE approaches. In general, reREHE approaches result in less accurate but acceptable

estimates compared to REML and REHE results.

Mean based reREHE provides positive estimates with high probability, whereas median based reREHE

is more likely to yield a zero estimate in practise. The trade-off among accuracy, interpretability and

computational efficiency brought by reREHE will be left at user’s choice.

6



●

●
● ●

●

●
● ●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
1e−02

2e−02

3e−02

4e−02

3000 6000 9000 12000
n

R
M

S
E

σ0
2

σ0
2 = 0.04 , σ1

2 = 0.1

a

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

1e−02

2e−02

3e−02

3000 6000 9000 12000
n

R
M

S
E

σ0
2

σ0
2 = 0.1 , σ1

2 = 0.01

b

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

1e−02

2e−02

3e−02

3000 6000 9000 12000
n

R
M

S
E

σ1
2

σ0
2 = 0.1 , σ1

2 = 0.01

c

●

●
● ●

●

●
● ●

●

●
● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

1e−02

2e−02

3e−02

4e−02

3000 6000 9000 12000
n

R
M

S
E

σ1
2

σ0
2 = 0.01 , σ1

2 = 0.1

d

●

●

●

●

●

●

●

●

REML

sREML

REHE

HE

reREHE 0.05 mean

reREHE 0.1 mean

reREHE 0.05 median

reREHE 0.1 median

Figure S2: Results of the simulation study on matrix sparsification and on different reREHE summary
functions: RMSE of point estimates by REML, REML with matrix sparsification (sREML), REHE,
HE, and different implementations of reREHE: reREHE based on subsampling rate 0.05 and mean
summary function (reREHE 0.05 mean), reREHE based on subsampling rate 0.1 and mean summary
function (reREHE 0.1 mean), reREHE based on subsampling rate 0.05 and median summary function
(reREHE 0.05 median), reREHE based on subsampling rate 0.1 and median summary function
(reREHE 0.1 median). a - RMSE for σ20 estimates, with true values σ20 = 0.04, σ21 = 0.1. b - RMSE
for σ20 estimates, with true values σ20 = 0.1, σ21 = 0.01. c - RMSE for σ21 estimates, with true values
σ20 = 0.1, σ21 = 0.01. d - RMSE for σ21 estimates, with true values σ20 = 0.01, σ21 = 0.1.
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Figure S3: Results of the simulation study on matrix sparsification: confidence interval coverage with
200 replicates (Monte Carlo error approximately 0.03). We present results for confidence intervals
constructed based on REML, REML with matrix sparsification (sREML), Wald-type intervals with
REHE (REHE Wald), Wald-type intervals with REHE and matrix sparsification (sREHE Wald),
quantile-type intervals with REHE (REHE Quantile), and quantile-type intervals with REHE and
matrix sparsification (sREHE Quantile). a - Confidence interval coverage for heritability, with true
values σ20 = 0.1, σ21 = 0.1. b - Confidence interval coverage for σ21, with true values σ20 = 0.01,
σ21 = 0.1.

2.3 Simulation Results on Heritability

We conducted additional simulation studies based on HCHS/SOL design, using three different

artificial kinship matrices to compare REHE and reREHE against REML and HE. In the first two

settings, we generated block-diagonal kinship matrix D1 with 3× 3 blocks Db, such that D1 had the

form

D1 =



Db 0 0 . . .

0 Db 0 . . .

0 0 Db

...
. . .


.

Setting 1 represents a population with high correlation within groups, whereas setting 2 represents a

population where subjects are remotely related even within groups. For setting 3, we generated a

dense kinship matrix which is approximately block-diagonal, and then generated random values from

Unif[−0.001, 0.001] to fill the off-diagonal zero entries in D1. Setting 3 mimics the dense kinship
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Figure S4: Results of the simulation study on matrix sparsification: boxplots of confidence interval
half width, and line charts of median confidence interval half width against sample sizes. The
boxplots follow standard Tukey representations, where center line represents median, box limits
represent lower and upper quartiles, whiskers represent 1.5x interquartile range, and points represent
outliers. We present results for confidence intervals constructed based on REML, REML with
matrix sparsification (sREML), Wald-type intervals with REHE (REHE Wald), Wald-type intervals
with REHE and matrix sparsification (sREHE Wald), quantile-type intervals with REHE (REHE
Quantile), and quantile-type intervals with REHE and matrix sparsification (sREHE Quantile). The
targeted parameter of the confidence interval is indicated by the title of each sub-plot. True values of
variance components under each scenario ware presented on the bottom-right corner of each sub-plot.
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matrix in real data applications, which may render estimation and inference more difficult. We set

the values of Db in each setting as:

Setting 1: Setting 2: Setting 3:

Db =


1 0.8 0.2

0.8 1 0.4

0.2 0.4 1

 ; Db =


1 0.05 0.05

0.05 1 0.1

0.05 0.1 1

 ; Db =


1 0.1 0.05

0.1 1 0.3

0.05 0.3 1

 .

Based on each of the three kinship matrices, we ran 200 replicates for each combination of (σ20, σ
2
1) ∈

{(0.1, 0.1), (0.04, 0.1), (0.1, 0.04), (0.01, 0.1), (0.1, 0.01)} and n ∈ {3, 000, 6, 000, 9, 000, 12, 000}.

We sparsified the kinship matrices when constructing confidence intervals for REHE and REML.

Computation time of each method is very similar to those presented in the main paper and in

Supplementary Note 2.1 (Figure S1). Although the kinship matrix is already sparse and block-

diagonal under setting 1 and 2, the sparsification algorithm is not able to process the matrices

quickly. Sparsification procedures in these settings take similar amount of computation time as

for sparsifying dense kinship matrices of the same size. This indicates room of improvement for

the sparsification algorithm. We recommend the users to skip the sparsification procedure if the

available correlation matrices are approximately sparse and block-diagonal such that computing

their inverses are computationally efficient.

Figure S5 illustrates the RMSE. reREHE has similar performance as those described in Supplementary

Note 2.1. The RMSE of sREML is always indistinguishable from that of REML. REHE estimates

are close to REML estimates, and their RMSE often has negligible difference (e.g. Figure S5-b, S5-e,

S5-h). When the true variance component values are different, improvement of REHE over HE is

more pronounced than those illustrated in the main paper and Supplementary Note 2.1 (Figure S5-e,

S5-f). Such improvement in RMSE occurs when REHE corrects negative values in HE estimates.

We counted the proportion of simulation replicates where HE gave negative estimates (before zero

truncation) for each setting, and observed a proportion as high as 45% (n =3,000, D1 under setting 2,

(σ20, σ
2
1) ∈ {(0.01, 0.1), (0.1, 0.01)}). Even at the sample size n =12,000, HE still produces negative
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Figure S5: Results of simulation study on heritability analysis. RMSE of estimates for σ20, σ21
and heritability, based on REML, REML with matrix sparsification (sREML), REHE, HE, and
reREHE with different subsampling rates (0.05/0.1) and different summary functions (mean/median).
Parameter true values for σ20 and σ21, and kinship matrix structure setting under each scenario
are indicated on the bottom-left corner of each sub-plot. The title of each sub-plot indicates the
parameter of interest.

estimates in 30% of the replicates. Even with less extreme variance component values (σ20, σ
2
1) ∈

{(0.04, 0.1), (0.1, 0.04)}, we still observed 15% of the HE estimates being negative at the sample

size n =3,000. In all of these cases, we obtained substantially lower RMSE by REHE than by HE

(Figure S5-e, S5-f).

Confidence intervals have close to nominal coverage for all methods under (σ20, σ
2
1) = (0.1, 0.1), but

show more volatility when the true variance component values are unequal (Figure S6). Taking into

consideration the Monte Carlo error of 0.03 based on 200 replicates, REHE quantile-type confidence

11



intervals always have acceptable coverage around 0.95. The coverage of REHE Wald-type confidence

intervals is generally close to 0.95, but slightly off under some scenarios (Figure S6-c, S6-f, S6-i).

This suggests that REHE quantile-type interval is more robust than Wald-type interval. REHE

confidence intervals constructed from sparsified matrices have similar patterns of coverage. We

observed in the main paper and Supplementary Note 2.1 that the coverage of REML and sREML

is poor in some scenarios. Although the coverage improves quickly with increasing sample size in

some cases, the under-coverage issue can persist even with large sample sizes (Figure S6-c, S6-e,

S6-h). With (σ20, σ
2
1) = (0.01, 0.1) and kinship matrix structure under setting 2 or 3, the coverage of

REML/sREML is lower than 0.7 even at the sample size n = 12, 000 (Figure S6-e, S6-h). In addition,

REML may fail to produce a confidence interval due to computational issues, which happens when

any variance component estimate reaches zero during the iterative updates. Under setting 2, with

σ20 = 0.1,σ21 = 0.01, n=3,000, this issue occurs in more than 30% of the simulation replicates. Even

at a sample size of n =12,000 we still observed as high as 22% of replicates having problem with

REML inference. On the other hand, REHE confidence intervals does not suffer from this issue and

can always be obtained.

Figure S7 illustrates the distribution of confidence interval half width. Overall REHE is comparable to

REML. REML generally has narrower confidence intervals when true values of variance components

are not very different (Figure S7-a, S7-d, S7-g), when they do differ REHE intervals are narrower

(Figure S7-c, S7-f, S7-i). As we have seen scenarios with poor coverage for REML and sREML

confidence intervals (Figure S6-e, S6-h), corresponding interval width has suspiciously skewed

distributions (Figure S7-e, S7-h).

2.4 Simulation Results on Network-Based Pathway Enrichment Analysis

We conducted additional simulation studies with network-based pathway enrichment analysis (Ma

et al., 2016) to benchmark the performance of REHE and reREHE against REML. We designed the

simulation study based on the breast cancer data and the dysregulation framework used in Ma et al.

(2019). The breast cancer data set has 403 samples in the ER positive group, 117 samples in the ER

12
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Figure S6: Results of simulation study on heritability analysis. Confidence interval coverage for
σ20, σ21 and heritability with 200 replicates and expected Monte Carlo error of 0.03. We present
results for confidence intervals constructed based on REML, REML with matrix sparsification
(sREML), Wald-type intervals with REHE (REHE Wald), Wald-type intervals with REHE and
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values for σ20 and σ21, and kinship matrix structure setting under each scenario are indicated on the
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Figure S7: Results of simulation study on heritability analysis. Boxplots of confidence interval
half width for σ20, σ21 and heritability. The boxplots follow standard Tukey representations, where
center line represents median, box limits represent lower and upper quartiles, whiskers represent
1.5x interquartile range, and points represent outliers. We present results for confidence intervals
constructed based on REML, REML with matrix sparsification (sREML), Wald-type intervals with
REHE (REHE Wald), Wald-type intervals with REHE and matrix sparsification (sREHE Wald),
quantile-type intervals with REHE (REHE Quantile), and quantile-type intervals with REHE and
matrix sparsification (sREHE Quantile). Parameter true values for σ20 and σ21, and kinship matrix
structure setting under each scenario are indicated on the bottom-left corner of each sub-plot. The
title of each sub-plot indicates the parameter of interest.
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negative group, with a total of 2,598 gene entries spanning 100 gene pathways. To minimize the

difference in gene-gene correlations between the two groups, we randomly split the total number of 520

samples into one subset with 403 samples and another with 117 samples. The first subset of samples

was used to estimate an influence matrix Λ1 for the ER positive group, and the second an influence

matrix Λ2 for the ER negative group Ma et al. (2016). Next, we generated observations according to

the linear mixed model (S2), where T = 2, n1 = 403, n2 = 117, and p =2,598. We set the mean signal

vector to be zero for the ER positive group: µ1,j = 0 for j = 1, . . . , p. For the ER negative group,

we set µ2,j = ∆µ ∈ {0.1, 0.2, 0.3} when j ∈ S for an index set S, otherwise µ2,j = 0. This index set

S includes genes selected in the betweeness-type dysregulation design (Ma et al., 2019). The true

variance component values were set to be (σ20, σ
2
1) = (0.1, 0.1), (0.5, 0.1), (0.1, 0.5), (0.1, 1), (1, 0.1).

Based on the semi-synthetic data, we performed network-based pathway enrichment analysis to

compare the power detecting differential pathway against the true power for each pathway, where

true powers are computed according to Ma et al. (2016). We also evaluated the variance component

estimates against the true values. Under each setting we ran 200 replicates. All methods were

implemented using R package netgsa (v3.1.0, Ma et al., 2016).

Computation with REML is time-demanding, which took around 1.5 hours for the analysis, compared

to only 2 minutes by REHE and reREHE based analysis. In addition to computational gain, REHE

provides more accurate variance component estimates than REML (Figure S8). When the noise

variance component σ20 = 0.1 and the random effect variance component σ21 = 1, REML estimates

are far from truth, but REHE and reREHE estimates are accurate. This suggests that in practice one

needs to be cautious about REML estimates if the majority of the outcome variation is attributed

to the network random effects. reREHE estimates are comparable to REHE in general, but less

accurate when the noise variance component is larger than the random effect variance (Figure S8).

Although REML provides less accurate variance component estimates than REHE, its empirical

power for each pathway is closer to the true power in most settings, except when (σ20, σ
2
1) = (1, 0.1).

In this case, the REHE approach has powers closer to the truth (Figure S9). reREHE empirical

powers have similar patterns as those of REHE, but are slightly worse (Figure S9). In general the

empirical powers of all three methods are close to the truth.
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Figure S8: Results of simulation study on gene-network enrichment analysis. We present results for
REML, REHE and reREHE, with boxplots of difference between the variance component estimates
and the true values. The boxplots follow standard Tukey representations, where center line represents
median, box limits represent lower and upper quartiles, whiskers represent 1.5x interquartile range,
and points represent outliers. We present the results based on ∆µ = 0.1, and sub-plot titles indicate
the parameter values of each setting. Results are based on 200 replicates.

We noticed that even when REML fails to provide accurate variance component estimates, its

empirical powers are still very close to the true powers. This indicates potential unidentifiability

of the model parameters over the likelihood surface. This makes REML difficult to estimate the

parameters, but it may still retain sensitivity of tests to group difference based on REML estimates.

However, both REHE and reREHE can always yield good empirical powers and at the same time

provide good estimates of variance components.
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Figure S9: Simulation study results on gene-network enrichment analysis. We present empirical
power against true power of detecting group difference for each pathway, for REML, REHE and
reREHE approaches. Results are based on 200 replicates. The sub-plot titles indicate the parameter
values of each setting.
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Figure S10: Illustration of HE/REHE workflow and correlation matrix sparsification. a - HE/REHE
workflow. Y is the outcome vector and R is the residual vector after subtracting fixed effects
from Y . Estimating equations are formed by decomposing the total variation RR> into different
sources (e.g. kinship, household relatedness) with corresponding variance components σ2k’s. After
vectorizing the total variation RR> as Ỹ and the relatedness matrices as X̃, variance components
are estimated using ordinary least squares/non-negative least squares. b - Illustration of correlation
matrix sparsification. Grey area represents non-zero entries, and white area represents zero entries.
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Figure S11: Results of genome-wide association testing analysis with a HCHS/SOL data set.
Association score test p-values (− log10 scale) for all 4,100,028 SNPs based on: a - REML against
REHE estimated null models; b - REML against reREHE estimated null models.
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|cor|>0.0221

FALSE

TRUE

Kinship matrix for 200 subjects

Figure S12: An illustration of the kinship submatrix corresponding to the first 200 subjects in the
HCHS/SOL data set. The entries with absolute values larger than 2−5.5 = 0.0221 are marked as
black.
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Table S1: Bias and empirical standard errors of σ20 (error variance) points estimates for all methods,
based on 200 replicates for each simulation setting. Setting 1, 2, 3 are described in Supplementary
Note 2.3. Setting 4 corresponds to the main paper simulation setting.

n Setting σ20 σ21 REHE HE REML sREML reREHE 0.05 reREHE 0.1 reREHE 0.05 median reREHE 0.1 median

0.10 0.10 -7.940e-04 ( 6.520e-03 ) -7.940e-04 ( 6.520e-03 ) -8.057e-04 ( 5.943e-03 ) -8.057e-04 ( 5.943e-03 ) 1.015e-02 ( 1.243e-02 ) 2.208e-03 ( 1.243e-02 ) 1.492e-02 ( 1.243e-02 ) 5.031e-03 ( 1.243e-02 )

0.04 0.10 -4.415e-04 ( 4.069e-03 ) -4.415e-04 ( 4.069e-03 ) -4.053e-04 ( 3.076e-03 ) -4.053e-04 ( 3.076e-03 ) 2.360e-02 ( 8.322e-03 ) 8.959e-03 ( 8.322e-03 ) 1.663e-02 ( 8.322e-03 ) 5.563e-03 ( 8.322e-03 )

0.10 0.04 -6.702e-04 ( 5.209e-03 ) -6.702e-04 ( 5.209e-03 ) -7.006e-04 ( 5.129e-03 ) -7.006e-04 ( 5.129e-03 ) -9.849e-03 ( 8.679e-03 ) -5.650e-03 ( 8.679e-03 ) 2.356e-03 ( 8.679e-03 ) 1.212e-03 ( 8.679e-03 )

0.01 0.10 -2.652e-04 ( 2.985e-03 ) -2.652e-04 ( 2.985e-03 ) -1.955e-04 ( 1.607e-03 ) -1.955e-04 ( 1.607e-03 ) 3.052e-02 ( 6.084e-03 ) 1.467e-02 ( 6.084e-03 ) 1.661e-02 ( 6.084e-03 ) 5.942e-03 ( 6.084e-03 )
1

0.10 0.01 -6.168e-04 ( 4.609e-03 ) -6.082e-04 ( 4.624e-03 ) -6.370e-04 ( 4.624e-03 ) -6.370e-04 ( 4.624e-03 ) -2.049e-02 ( 6.610e-03 ) -1.182e-02 ( 6.610e-03 ) -8.541e-03 ( 6.610e-03 ) -4.579e-03 ( 6.610e-03 )

0.10 0.10 -5.750e-03 ( 5.027e-02 ) -5.170e-03 ( 5.160e-02 ) -5.897e-03 ( 5.045e-02 ) -5.897e-03 ( 5.045e-02 ) 2.140e-03 ( 1.408e-02 ) 4.179e-04 ( 1.408e-02 ) -4.104e-03 ( 1.408e-02 ) -5.277e-03 ( 1.408e-02 )

0.04 0.10 -1.481e-03 ( 3.353e-02 ) -1.481e-03 ( 3.353e-02 ) -1.457e-03 ( 3.336e-02 ) -1.457e-03 ( 3.336e-02 ) 2.931e-02 ( 9.890e-03 ) 2.593e-02 ( 9.890e-03 ) 1.687e-02 ( 9.890e-03 ) 9.437e-03 ( 9.890e-03 )

0.10 0.04 -6.573e-03 ( 3.184e-02 ) -3.973e-03 ( 3.645e-02 ) -6.611e-03 ( 3.178e-02 ) -6.611e-03 ( 3.178e-02 ) -2.637e-02 ( 9.828e-03 ) -2.538e-02 ( 9.828e-03 ) -2.324e-02 ( 9.828e-03 ) -1.734e-02 ( 9.828e-03 )

0.01 0.10 5.438e-03 ( 2.068e-02 ) 5.438e-03 ( 2.068e-02 ) 5.324e-03 ( 2.062e-02 ) 5.324e-03 ( 2.062e-02 ) 4.293e-02 ( 7.754e-03 ) 3.877e-02 ( 7.754e-03 ) 2.773e-02 ( 7.754e-03 ) 1.833e-02 ( 7.754e-03 )
2

0.10 0.01 -9.711e-03 ( 1.950e-02 ) -3.144e-03 ( 2.843e-02 ) -9.725e-03 ( 1.947e-02 ) -9.725e-03 ( 1.947e-02 ) -4.065e-02 ( 7.692e-03 ) -3.836e-02 ( 7.692e-03 ) -3.380e-02 ( 7.692e-03 ) -2.374e-02 ( 7.692e-03 )

0.10 0.10 -2.498e-03 ( 2.008e-02 ) -2.498e-03 ( 2.008e-02 ) -2.525e-03 ( 1.999e-02 ) -2.512e-03 ( 2.000e-02 ) 5.634e-03 ( 1.400e-02 ) 2.425e-03 ( 1.400e-02 ) 1.097e-02 ( 1.400e-02 ) 4.982e-03 ( 1.400e-02 )

0.04 0.10 -1.678e-03 ( 1.397e-02 ) -1.678e-03 ( 1.397e-02 ) -1.666e-03 ( 1.372e-02 ) -1.665e-03 ( 1.374e-02 ) 2.886e-02 ( 9.796e-03 ) 2.122e-02 ( 9.796e-03 ) 1.971e-02 ( 9.796e-03 ) 6.772e-03 ( 9.796e-03 )

0.10 0.04 -1.824e-03 ( 1.420e-02 ) -1.820e-03 ( 1.421e-02 ) -1.860e-03 ( 1.424e-02 ) -1.847e-03 ( 1.423e-02 ) -2.101e-02 ( 9.794e-03 ) -1.781e-02 ( 9.794e-03 ) -7.523e-03 ( 9.794e-03 ) -2.525e-03 ( 9.794e-03 )

0.01 0.10 -2.049e-04 ( 9.602e-03 ) -2.049e-04 ( 9.602e-03 ) -1.697e-04 ( 9.166e-03 ) -1.626e-04 ( 9.147e-03 ) 4.043e-02 ( 7.639e-03 ) 3.075e-02 ( 7.639e-03 ) 2.500e-02 ( 7.639e-03 ) 9.446e-03 ( 7.639e-03 )
3

0.10 0.01 -2.635e-03 ( 9.464e-03 ) -1.481e-03 ( 1.132e-02 ) -2.668e-03 ( 9.511e-03 ) -2.657e-03 ( 9.475e-03 ) -3.436e-02 ( 7.669e-03 ) -2.818e-02 ( 7.669e-03 ) -1.855e-02 ( 7.669e-03 ) -1.043e-02 ( 7.669e-03 )

0.10 0.10 -2.017e-04 ( 2.216e-02 ) -2.017e-04 ( 2.216e-02 ) -3.118e-04 ( 1.981e-02 ) -3.777e-04 ( 3.199e-02 ) 3.882e-03 ( 1.717e-02 ) 3.296e-03 ( 1.717e-02 ) 7.154e-03 ( 1.717e-02 ) 3.839e-03 ( 1.717e-02 )

0.04 0.10 -3.992e-05 ( 1.621e-02 ) -3.992e-05 ( 1.621e-02 ) -1.245e-04 ( 1.295e-02 ) -1.606e-04 ( 2.000e-02 ) 2.704e-02 ( 1.179e-02 ) 2.162e-02 ( 1.179e-02 ) 1.377e-02 ( 1.179e-02 ) 6.724e-03 ( 1.179e-02 )

0.10 0.04 -2.425e-04 ( 1.496e-02 ) -2.425e-04 ( 1.496e-02 ) -2.750e-04 ( 1.442e-02 ) -6.685e-04 ( 2.318e-02 ) -2.164e-02 ( 1.205e-02 ) -1.696e-02 ( 1.205e-02 ) -5.654e-03 ( 1.205e-02 ) -3.007e-03 ( 1.205e-02 )

0.01 0.10 1.900e-03 ( 1.055e-02 ) 1.900e-03 ( 1.055e-02 ) 6.046e-04 ( 8.216e-03 ) 1.813e-03 ( 1.120e-02 ) 3.875e-02 ( 9.062e-03 ) 3.101e-02 ( 9.062e-03 ) 1.882e-02 ( 9.062e-03 ) 1.023e-02 ( 9.062e-03 )

3000

4

0.10 0.01 -1.311e-03 ( 9.949e-03 ) -2.629e-04 ( 1.147e-02 ) -1.319e-03 ( 9.919e-03 ) -3.875e-03 ( 1.488e-02 ) -3.450e-02 ( 9.266e-03 ) -2.734e-02 ( 9.266e-03 ) -1.586e-02 ( 9.266e-03 ) -1.047e-02 ( 9.266e-03 )

0.10 0.10 -6.119e-04 ( 4.646e-03 ) -6.119e-04 ( 4.646e-03 ) -5.418e-04 ( 4.271e-03 ) -5.418e-04 ( 4.271e-03 ) 5.067e-03 ( 1.110e-02 ) 1.173e-03 ( 1.110e-02 ) 9.424e-03 ( 1.110e-02 ) 1.934e-03 ( 1.110e-02 )

0.04 0.10 -3.466e-04 ( 2.857e-03 ) -3.466e-04 ( 2.857e-03 ) -2.526e-04 ( 2.213e-03 ) -2.526e-04 ( 2.213e-03 ) 1.528e-02 ( 7.266e-03 ) 4.746e-03 ( 7.266e-03 ) 9.771e-03 ( 7.266e-03 ) 2.417e-03 ( 7.266e-03 )

0.10 0.04 -5.101e-04 ( 3.747e-03 ) -5.101e-04 ( 3.747e-03 ) -4.975e-04 ( 3.689e-03 ) -4.975e-04 ( 3.689e-03 ) -8.294e-03 ( 7.568e-03 ) -2.569e-03 ( 7.568e-03 ) 3.002e-03 ( 7.568e-03 ) 9.125e-05 ( 7.568e-03 )

0.01 0.10 -2.139e-04 ( 2.061e-03 ) -2.139e-04 ( 2.061e-03 ) -1.071e-04 ( 1.160e-03 ) -1.071e-04 ( 1.160e-03 ) 2.152e-02 ( 5.082e-03 ) 9.862e-03 ( 5.082e-03 ) 1.014e-02 ( 5.082e-03 ) 2.513e-03 ( 5.082e-03 )
1

0.10 0.01 -4.592e-04 ( 3.343e-03 ) -4.592e-04 ( 3.343e-03 ) -4.658e-04 ( 3.344e-03 ) -4.658e-04 ( 3.344e-03 ) -1.630e-02 ( 5.449e-03 ) -7.609e-03 ( 5.449e-03 ) -4.451e-03 ( 5.449e-03 ) -2.486e-03 ( 5.449e-03 )

0.10 0.10 -4.069e-03 ( 3.886e-02 ) -4.042e-03 ( 3.894e-02 ) -4.124e-03 ( 3.884e-02 ) -4.124e-03 ( 3.884e-02 ) 1.739e-03 ( 1.392e-02 ) -6.164e-04 ( 1.392e-02 ) -1.459e-03 ( 1.392e-02 ) 3.787e-04 ( 1.392e-02 )

0.04 0.10 -1.900e-03 ( 2.591e-02 ) -1.900e-03 ( 2.591e-02 ) -1.946e-03 ( 2.586e-02 ) -1.946e-03 ( 2.586e-02 ) 2.826e-02 ( 9.685e-03 ) 2.383e-02 ( 9.685e-03 ) 1.286e-02 ( 9.685e-03 ) 8.152e-03 ( 9.685e-03 )

0.10 0.04 -3.851e-03 ( 2.523e-02 ) -2.913e-03 ( 2.716e-02 ) -3.904e-03 ( 2.529e-02 ) -3.904e-03 ( 2.529e-02 ) -2.571e-02 ( 9.819e-03 ) -2.464e-02 ( 9.819e-03 ) -1.539e-02 ( 9.819e-03 ) -9.358e-03 ( 9.819e-03 )

0.01 0.10 3.016e-03 ( 1.572e-02 ) 3.016e-03 ( 1.572e-02 ) 2.921e-03 ( 1.571e-02 ) 2.921e-03 ( 1.571e-02 ) 4.154e-02 ( 7.571e-03 ) 3.614e-02 ( 7.571e-03 ) 2.102e-02 ( 7.571e-03 ) 1.358e-02 ( 7.571e-03 )
2

0.10 0.01 -6.134e-03 ( 1.580e-02 ) -2.319e-03 ( 2.122e-02 ) -6.155e-03 ( 1.587e-02 ) -6.155e-03 ( 1.587e-02 ) -3.944e-02 ( 7.691e-03 ) -3.665e-02 ( 7.691e-03 ) -2.384e-02 ( 7.691e-03 ) -1.641e-02 ( 7.691e-03 )

0.10 0.10 -1.611e-03 ( 1.481e-02 ) -1.611e-03 ( 1.481e-02 ) -1.641e-03 ( 1.464e-02 ) -1.619e-03 ( 1.464e-02 ) 4.685e-03 ( 1.370e-02 ) 9.799e-04 ( 1.370e-02 ) 1.048e-02 ( 1.370e-02 ) 4.470e-03 ( 1.370e-02 )

0.04 0.10 -1.053e-03 ( 1.028e-02 ) -1.053e-03 ( 1.028e-02 ) -1.067e-03 ( 9.973e-03 ) -1.044e-03 ( 9.975e-03 ) 2.589e-02 ( 9.622e-03 ) 1.660e-02 ( 9.622e-03 ) 1.294e-02 ( 9.622e-03 ) 4.742e-03 ( 9.622e-03 )

0.10 0.04 -1.202e-03 ( 1.051e-02 ) -1.202e-03 ( 1.051e-02 ) -1.224e-03 ( 1.050e-02 ) -1.216e-03 ( 1.050e-02 ) -1.943e-02 ( 9.382e-03 ) -1.523e-02 ( 9.382e-03 ) -1.121e-03 ( 9.382e-03 ) 6.551e-04 ( 9.382e-03 )

0.01 0.10 -3.717e-04 ( 7.406e-03 ) -3.717e-04 ( 7.406e-03 ) -3.790e-04 ( 6.956e-03 ) -4.075e-04 ( 7.051e-03 ) 3.650e-02 ( 7.456e-03 ) 2.497e-02 ( 7.456e-03 ) 1.547e-02 ( 7.456e-03 ) 6.156e-03 ( 7.456e-03 )
3

0.10 0.01 -1.491e-03 ( 7.459e-03 ) -9.980e-04 ( 8.387e-03 ) -1.505e-03 ( 7.491e-03 ) -1.516e-03 ( 7.434e-03 ) -3.152e-02 ( 7.189e-03 ) -2.391e-02 ( 7.189e-03 ) -1.071e-02 ( 7.189e-03 ) -5.589e-03 ( 7.189e-03 )

0.10 0.10 7.423e-04 ( 1.062e-02 ) 7.423e-04 ( 1.062e-02 ) 5.510e-04 ( 9.290e-03 ) -1.009e-03 ( 1.594e-02 ) 2.753e-03 ( 1.364e-02 ) 6.542e-04 ( 1.364e-02 ) 7.379e-03 ( 1.364e-02 ) 4.698e-03 ( 1.364e-02 )

0.04 0.10 6.193e-04 ( 8.002e-03 ) 6.193e-04 ( 8.002e-03 ) 3.662e-04 ( 6.025e-03 ) -6.089e-04 ( 9.968e-03 ) 2.078e-02 ( 9.666e-03 ) 1.157e-02 ( 9.666e-03 ) 8.163e-03 ( 9.666e-03 ) 4.023e-03 ( 9.666e-03 )

0.10 0.04 4.200e-04 ( 7.034e-03 ) 4.200e-04 ( 7.034e-03 ) 3.713e-04 ( 6.773e-03 ) -7.222e-04 ( 1.195e-02 ) -1.687e-02 ( 9.077e-03 ) -1.044e-02 ( 9.077e-03 ) 1.233e-04 ( 9.077e-03 ) 2.475e-03 ( 9.077e-03 )

0.01 0.10 6.903e-04 ( 6.532e-03 ) 6.903e-04 ( 6.532e-03 ) 2.543e-04 ( 4.209e-03 ) -1.790e-04 ( 6.454e-03 ) 3.005e-02 ( 7.326e-03 ) 1.847e-02 ( 7.326e-03 ) 9.436e-03 ( 7.326e-03 ) 4.386e-03 ( 7.326e-03 )

6000

4

0.10 0.01 1.945e-04 ( 5.235e-03 ) 2.588e-04 ( 5.372e-03 ) 1.930e-04 ( 5.244e-03 ) -1.169e-03 ( 8.524e-03 ) -2.690e-02 ( 6.627e-03 ) -1.730e-02 ( 6.627e-03 ) -8.580e-03 ( 6.627e-03 ) -3.163e-03 ( 6.627e-03 )

0.10 0.10 -4.857e-04 ( 3.799e-03 ) -4.857e-04 ( 3.799e-03 ) -4.439e-04 ( 3.432e-03 ) -4.439e-04 ( 3.432e-03 ) 3.493e-03 ( 9.817e-03 ) -7.852e-05 ( 9.817e-03 ) 5.977e-03 ( 9.817e-03 ) 1.520e-03 ( 9.817e-03 )

0.04 0.10 -2.793e-04 ( 2.390e-03 ) -2.793e-04 ( 2.390e-03 ) -2.150e-04 ( 1.793e-03 ) -2.150e-04 ( 1.793e-03 ) 1.143e-02 ( 6.374e-03 ) 2.316e-03 ( 6.374e-03 ) 6.143e-03 ( 6.374e-03 ) 1.602e-03 ( 6.374e-03 )

0.10 0.04 -4.006e-04 ( 3.014e-03 ) -4.006e-04 ( 3.014e-03 ) -3.966e-04 ( 2.948e-03 ) -3.966e-04 ( 2.948e-03 ) -6.412e-03 ( 6.785e-03 ) -1.704e-03 ( 6.785e-03 ) 1.815e-03 ( 6.785e-03 ) 4.182e-04 ( 6.785e-03 )

0.01 0.10 -1.761e-04 ( 1.764e-03 ) -1.761e-04 ( 1.764e-03 ) -9.754e-05 ( 9.503e-04 ) -9.754e-05 ( 9.503e-04 ) 1.735e-02 ( 4.348e-03 ) 7.050e-03 ( 4.348e-03 ) 6.093e-03 ( 4.348e-03 ) 1.660e-03 ( 4.348e-03 )
1

0.10 0.01 -3.581e-04 ( 2.662e-03 ) -3.581e-04 ( 2.662e-03 ) -3.639e-04 ( 2.660e-03 ) -3.639e-04 ( 2.660e-03 ) -1.330e-02 ( 4.774e-03 ) -5.738e-03 ( 4.774e-03 ) -3.412e-03 ( 4.774e-03 ) -1.233e-03 ( 4.774e-03 )

0.10 0.10 -2.816e-03 ( 3.230e-02 ) -2.816e-03 ( 3.230e-02 ) -2.787e-03 ( 3.232e-02 ) -2.787e-03 ( 3.232e-02 ) 1.807e-04 ( 1.442e-02 ) 9.431e-04 ( 1.442e-02 ) -1.195e-03 ( 1.442e-02 ) -1.182e-03 ( 1.442e-02 )

0.04 0.10 -1.580e-03 ( 2.202e-02 ) -1.580e-03 ( 2.202e-02 ) -1.548e-03 ( 2.205e-02 ) -1.548e-03 ( 2.205e-02 ) 2.651e-02 ( 1.011e-02 ) 2.352e-02 ( 1.011e-02 ) 1.232e-02 ( 1.011e-02 ) 4.707e-03 ( 1.011e-02 )

0.10 0.04 -2.193e-03 ( 2.200e-02 ) -1.982e-03 ( 2.245e-02 ) -2.202e-03 ( 2.200e-02 ) -2.202e-03 ( 2.200e-02 ) -2.625e-02 ( 1.006e-02 ) -2.224e-02 ( 1.006e-02 ) -1.402e-02 ( 1.006e-02 ) -6.208e-03 ( 1.006e-02 )

0.01 0.10 2.151e-03 ( 1.347e-02 ) 2.151e-03 ( 1.347e-02 ) 2.183e-03 ( 1.349e-02 ) 2.183e-03 ( 1.349e-02 ) 3.970e-02 ( 7.925e-03 ) 3.482e-02 ( 7.925e-03 ) 1.986e-02 ( 7.925e-03 ) 9.841e-03 ( 7.925e-03 )
2

0.10 0.01 -4.451e-03 ( 1.358e-02 ) -1.564e-03 ( 1.753e-02 ) -4.458e-03 ( 1.359e-02 ) -4.458e-03 ( 1.359e-02 ) -3.945e-02 ( 7.923e-03 ) -3.385e-02 ( 7.923e-03 ) -2.179e-02 ( 7.923e-03 ) -1.252e-02 ( 7.923e-03 )

0.10 0.10 -6.362e-04 ( 1.199e-02 ) -6.362e-04 ( 1.199e-02 ) -5.250e-04 ( 1.187e-02 ) -7.616e-04 ( 1.211e-02 ) 1.926e-03 ( 1.397e-02 ) 2.096e-03 ( 1.397e-02 ) 8.207e-03 ( 1.397e-02 ) 2.701e-03 ( 1.397e-02 )

0.04 0.10 -4.218e-04 ( 8.336e-03 ) -4.218e-04 ( 8.336e-03 ) -2.993e-04 ( 8.109e-03 ) -4.720e-04 ( 8.281e-03 ) 2.193e-02 ( 9.676e-03 ) 1.439e-02 ( 9.676e-03 ) 1.003e-02 ( 9.676e-03 ) 2.365e-03 ( 9.676e-03 )

0.10 0.04 -4.689e-04 ( 8.495e-03 ) -4.689e-04 ( 8.495e-03 ) -4.332e-04 ( 8.485e-03 ) -5.921e-04 ( 8.654e-03 ) -1.927e-02 ( 9.651e-03 ) -1.176e-02 ( 9.651e-03 ) -3.134e-04 ( 9.651e-03 ) 9.745e-04 ( 9.651e-03 )

0.01 0.10 -1.474e-04 ( 6.226e-03 ) -1.474e-04 ( 6.226e-03 ) -6.644e-05 ( 5.980e-03 ) -1.859e-04 ( 6.078e-03 ) 3.213e-02 ( 7.298e-03 ) 2.138e-02 ( 7.298e-03 ) 1.154e-02 ( 7.298e-03 ) 3.500e-03 ( 7.298e-03 )
3

0.10 0.01 -6.160e-04 ( 6.339e-03 ) -3.852e-04 ( 6.773e-03 ) -6.146e-04 ( 6.346e-03 ) -7.508e-04 ( 6.443e-03 ) -3.002e-02 ( 7.377e-03 ) -1.969e-02 ( 7.377e-03 ) -8.279e-03 ( 7.377e-03 ) -3.807e-03 ( 7.377e-03 )

0.10 0.10 2.247e-04 ( 8.260e-03 ) 2.247e-04 ( 8.260e-03 ) 2.704e-04 ( 6.804e-03 ) -9.437e-04 ( 1.112e-02 ) 1.854e-03 ( 1.153e-02 ) 3.752e-04 ( 1.153e-02 ) 3.715e-03 ( 1.153e-02 ) 2.585e-03 ( 1.153e-02 )

0.04 0.10 1.825e-04 ( 6.345e-03 ) 1.825e-04 ( 6.345e-03 ) 1.628e-04 ( 4.299e-03 ) -5.337e-04 ( 7.024e-03 ) 1.545e-02 ( 7.876e-03 ) 6.063e-03 ( 7.876e-03 ) 3.515e-03 ( 7.876e-03 ) 2.057e-03 ( 7.876e-03 )

0.10 0.04 1.321e-04 ( 5.357e-03 ) 1.321e-04 ( 5.357e-03 ) 1.814e-04 ( 5.028e-03 ) -7.143e-04 ( 8.226e-03 ) -1.283e-02 ( 7.809e-03 ) -5.284e-03 ( 7.809e-03 ) 5.802e-04 ( 7.809e-03 ) 1.616e-03 ( 7.809e-03 )

0.01 0.10 2.679e-04 ( 5.207e-03 ) 2.679e-04 ( 5.207e-03 ) 9.021e-05 ( 2.889e-03 ) -2.816e-04 ( 4.713e-03 ) 2.298e-02 ( 5.761e-03 ) 1.165e-02 ( 5.761e-03 ) 4.628e-03 ( 5.761e-03 ) 2.348e-03 ( 5.761e-03 )

9000

4

0.10 0.01 8.575e-05 ( 4.022e-03 ) 8.575e-05 ( 4.022e-03 ) 1.053e-04 ( 3.992e-03 ) -7.044e-04 ( 6.174e-03 ) -2.115e-02 ( 5.641e-03 ) -1.070e-02 ( 5.641e-03 ) -5.456e-03 ( 5.641e-03 ) -1.563e-03 ( 5.641e-03 )

0.10 0.10 -4.040e-04 ( 3.256e-03 ) -4.040e-04 ( 3.256e-03 ) -3.286e-04 ( 2.850e-03 ) -3.286e-04 ( 2.850e-03 ) 3.046e-03 ( 8.896e-03 ) 9.321e-05 ( 8.896e-03 ) 4.693e-03 ( 8.896e-03 ) 9.573e-04 ( 8.896e-03 )

0.04 0.10 -2.330e-04 ( 2.057e-03 ) -2.330e-04 ( 2.057e-03 ) -1.479e-04 ( 1.479e-03 ) -1.479e-04 ( 1.479e-03 ) 9.476e-03 ( 5.712e-03 ) 1.594e-03 ( 5.712e-03 ) 4.836e-03 ( 5.712e-03 ) 1.103e-03 ( 5.712e-03 )

0.10 0.04 -3.326e-04 ( 2.573e-03 ) -3.326e-04 ( 2.573e-03 ) -3.086e-04 ( 2.471e-03 ) -3.086e-04 ( 2.471e-03 ) -4.893e-03 ( 6.188e-03 ) -8.652e-04 ( 6.188e-03 ) 1.567e-03 ( 6.188e-03 ) 1.125e-04 ( 6.188e-03 )

0.01 0.10 -1.475e-04 ( 1.523e-03 ) -1.475e-04 ( 1.523e-03 ) -5.809e-05 ( 7.829e-04 ) -5.809e-05 ( 7.829e-04 ) 1.497e-02 ( 3.836e-03 ) 5.791e-03 ( 3.836e-03 ) 4.847e-03 ( 3.836e-03 ) 1.271e-03 ( 3.836e-03 )
1

0.10 0.01 -2.968e-04 ( 2.266e-03 ) -2.968e-04 ( 2.266e-03 ) -2.941e-04 ( 2.251e-03 ) -2.941e-04 ( 2.251e-03 ) -1.118e-02 ( 4.278e-03 ) -4.403e-03 ( 4.278e-03 ) -2.522e-03 ( 4.278e-03 ) -1.037e-03 ( 4.278e-03 )

0.10 0.10 -2.479e-03 ( 2.708e-02 ) -2.479e-03 ( 2.708e-02 ) -2.478e-03 ( 2.718e-02 ) -2.478e-03 ( 2.718e-02 ) 1.444e-03 ( 1.416e-02 ) 1.819e-03 ( 1.416e-02 ) -8.404e-03 ( 1.416e-02 ) -3.532e-03 ( 1.416e-02 )

0.04 0.10 -1.613e-03 ( 1.887e-02 ) -1.613e-03 ( 1.887e-02 ) -1.578e-03 ( 1.893e-02 ) -1.578e-03 ( 1.893e-02 ) 2.676e-02 ( 9.881e-03 ) 2.300e-02 ( 9.881e-03 ) 6.972e-03 ( 9.881e-03 ) 1.759e-03 ( 9.881e-03 )

0.10 0.04 -1.776e-03 ( 1.879e-02 ) -1.756e-03 ( 1.884e-02 ) -1.796e-03 ( 1.882e-02 ) -1.796e-03 ( 1.882e-02 ) -2.469e-02 ( 9.904e-03 ) -2.059e-02 ( 9.904e-03 ) -1.838e-02 ( 9.904e-03 ) -6.732e-03 ( 9.904e-03 )

0.01 0.10 1.221e-03 ( 1.181e-02 ) 1.221e-03 ( 1.181e-02 ) 1.250e-03 ( 1.188e-02 ) 1.250e-03 ( 1.188e-02 ) 3.938e-02 ( 7.714e-03 ) 3.366e-02 ( 7.714e-03 ) 1.646e-02 ( 7.714e-03 ) 7.564e-03 ( 7.714e-03 )
2

0.10 0.01 -3.500e-03 ( 1.170e-02 ) -1.394e-03 ( 1.472e-02 ) -3.513e-03 ( 1.173e-02 ) -3.513e-03 ( 1.173e-02 ) -3.776e-02 ( 7.753e-03 ) -3.193e-02 ( 7.753e-03 ) -2.420e-02 ( 7.753e-03 ) -1.171e-02 ( 7.753e-03 )

0.10 0.10 -7.615e-04 ( 1.017e-02 ) -7.615e-04 ( 1.017e-02 ) -7.234e-04 ( 1.017e-02 ) -7.224e-04 ( 1.019e-02 ) 2.797e-03 ( 1.271e-02 ) 1.896e-03 ( 1.271e-02 ) 5.798e-03 ( 1.271e-02 ) 2.360e-03 ( 1.271e-02 )

0.04 0.10 -4.943e-04 ( 7.046e-03 ) -4.943e-04 ( 7.046e-03 ) -4.452e-04 ( 6.957e-03 ) -4.296e-04 ( 6.978e-03 ) 2.113e-02 ( 8.768e-03 ) 1.236e-02 ( 8.768e-03 ) 6.704e-03 ( 8.768e-03 ) 2.427e-03 ( 8.768e-03 )

0.10 0.04 -5.718e-04 ( 7.230e-03 ) -5.718e-04 ( 7.230e-03 ) -5.655e-04 ( 7.264e-03 ) -5.791e-04 ( 7.270e-03 ) -1.727e-02 ( 8.752e-03 ) -9.889e-03 ( 8.752e-03 ) -6.482e-04 ( 8.752e-03 ) 3.879e-04 ( 8.752e-03 )

0.01 0.10 -3.136e-04 ( 5.416e-03 ) -3.136e-04 ( 5.416e-03 ) -2.636e-04 ( 5.250e-03 ) -2.287e-04 ( 5.252e-03 ) 3.050e-02 ( 6.562e-03 ) 1.887e-02 ( 6.562e-03 ) 8.877e-03 ( 6.562e-03 ) 3.321e-03 ( 6.562e-03 )
3

0.10 0.01 -5.613e-04 ( 5.594e-03 ) -4.770e-04 ( 5.784e-03 ) -5.677e-04 ( 5.608e-03 ) -5.845e-04 ( 5.625e-03 ) -2.757e-02 ( 6.671e-03 ) -1.730e-02 ( 6.671e-03 ) -7.425e-03 ( 6.671e-03 ) -3.533e-03 ( 6.671e-03 )

0.10 0.10 5.959e-04 ( 7.006e-03 ) 5.959e-04 ( 7.006e-03 ) 3.456e-04 ( 5.153e-03 ) -1.348e-04 ( 8.244e-03 ) 1.746e-03 ( 1.083e-02 ) 7.589e-04 ( 1.083e-02 ) 2.912e-03 ( 1.083e-02 ) 2.064e-03 ( 1.083e-02 )

0.04 0.10 5.061e-04 ( 5.531e-03 ) 5.061e-04 ( 5.531e-03 ) 1.872e-04 ( 3.151e-03 ) -2.360e-05 ( 5.108e-03 ) 1.142e-02 ( 7.475e-03 ) 3.582e-03 ( 7.475e-03 ) 2.968e-03 ( 7.475e-03 ) 2.190e-03 ( 7.475e-03 )

0.10 0.04 3.282e-04 ( 4.397e-03 ) 3.282e-04 ( 4.397e-03 ) 2.673e-04 ( 3.905e-03 ) -1.416e-04 ( 6.224e-03 ) -8.897e-03 ( 7.147e-03 ) -2.311e-03 ( 7.147e-03 ) 1.286e-03 ( 7.147e-03 ) 7.879e-04 ( 7.147e-03 )

0.01 0.10 4.809e-04 ( 4.806e-03 ) 4.809e-04 ( 4.806e-03 ) 8.968e-05 ( 2.011e-03 ) 3.167e-05 ( 3.399e-03 ) 1.780e-02 ( 5.394e-03 ) 8.334e-03 ( 5.394e-03 ) 3.309e-03 ( 5.394e-03 ) 2.316e-03 ( 5.394e-03 )

12000

4

0.10 0.01 1.943e-04 ( 3.205e-03 ) 1.943e-04 ( 3.205e-03 ) 1.977e-04 ( 3.163e-03 ) -1.549e-04 ( 4.965e-03 ) -1.576e-02 ( 4.922e-03 ) -7.170e-03 ( 4.922e-03 ) -2.904e-03 ( 4.922e-03 ) -8.778e-04 ( 4.922e-03 )

21



Table S2: Bias and empirical standard errors of σ21 (random effect variance) points estimates for
all methods, based on 200 replicates for each simulation setting. Setting 1, 2, 3 are described in
Supplementary Note 2.3. Setting 4 corresponds to the main paper simulation setting.

n Setting σ20 σ21 REHE HE REML sREML reREHE.0.05 reREHE.0.1 reREHE.0.05.median reREHE.0.1.median

0.10 0.10 6.187e-04 ( 8.558e-03 ) 6.187e-04 ( 8.558e-03 ) 6.338e-04 ( 7.997e-03 ) 6.338e-04 ( 7.997e-03 ) -9.637e-03 ( 1.342e-02 ) -1.718e-03 ( 1.342e-02 ) -1.837e-02 ( 1.342e-02 ) -6.588e-03 ( 1.342e-02 )

0.04 0.10 3.844e-04 ( 6.612e-03 ) 3.844e-04 ( 6.612e-03 ) 3.389e-04 ( 5.697e-03 ) 3.389e-04 ( 5.697e-03 ) -2.293e-02 ( 9.496e-03 ) -8.275e-03 ( 9.496e-03 ) -1.872e-02 ( 9.496e-03 ) -6.403e-03 ( 9.496e-03 )

0.10 0.04 4.818e-04 ( 5.473e-03 ) 4.818e-04 ( 5.473e-03 ) 5.164e-04 ( 5.399e-03 ) 5.164e-04 ( 5.399e-03 ) 9.948e-03 ( 8.901e-03 ) 5.797e-03 ( 8.901e-03 ) -7.757e-03 ( 8.901e-03 ) -2.790e-03 ( 8.901e-03 )

0.01 0.10 2.672e-04 ( 5.692e-03 ) 2.672e-04 ( 5.692e-03 ) 1.728e-04 ( 4.507e-03 ) 1.728e-04 ( 4.507e-03 ) -2.971e-02 ( 7.261e-03 ) -1.373e-02 ( 7.261e-03 ) -1.998e-02 ( 7.261e-03 ) -7.959e-03 ( 7.261e-03 )
1

0.10 0.01 4.220e-04 ( 3.999e-03 ) 4.220e-04 ( 3.999e-03 ) 4.435e-04 ( 4.016e-03 ) 4.435e-04 ( 4.016e-03 ) 2.042e-02 ( 6.398e-03 ) 1.185e-02 ( 6.398e-03 ) 7.375e-05 ( 6.398e-03 ) -3.040e-04 ( 6.398e-03 )

0.10 0.10 5.387e-03 ( 5.091e-02 ) 5.842e-03 ( 5.184e-02 ) 5.528e-03 ( 5.106e-02 ) 5.528e-03 ( 5.106e-02 ) -2.334e-03 ( 1.434e-02 ) -2.531e-04 ( 1.434e-02 ) -1.838e-02 ( 1.434e-02 ) -7.007e-03 ( 1.434e-02 )

0.04 0.10 1.256e-03 ( 3.418e-02 ) 3.659e-03 ( 3.769e-02 ) 1.184e-03 ( 3.395e-02 ) 1.184e-03 ( 3.395e-02 ) -2.943e-02 ( 1.011e-02 ) -2.580e-02 ( 1.011e-02 ) -3.292e-02 ( 1.011e-02 ) -1.863e-02 ( 1.011e-02 )

0.10 0.04 6.308e-03 ( 3.211e-02 ) 6.308e-03 ( 3.211e-02 ) 6.346e-03 ( 3.205e-02 ) 6.346e-03 ( 3.205e-02 ) 2.622e-02 ( 9.993e-03 ) 2.548e-02 ( 9.993e-03 ) 7.414e-03 ( 9.993e-03 ) 8.529e-03 ( 9.993e-03 )

0.01 0.10 -5.544e-03 ( 2.137e-02 ) 2.858e-03 ( 2.999e-02 ) -5.595e-03 ( 2.118e-02 ) -5.595e-03 ( 2.118e-02 ) -4.301e-02 ( 7.942e-03 ) -3.864e-02 ( 7.942e-03 ) -4.050e-02 ( 7.942e-03 ) -2.581e-02 ( 7.942e-03 )
2

0.10 0.01 9.497e-03 ( 1.951e-02 ) 9.497e-03 ( 1.951e-02 ) 9.512e-03 ( 1.948e-02 ) 9.512e-03 ( 1.948e-02 ) 4.051e-02 ( 7.785e-03 ) 3.842e-02 ( 7.785e-03 ) 2.061e-02 ( 7.785e-03 ) 1.653e-02 ( 7.785e-03 )

0.10 0.10 2.185e-03 ( 2.114e-02 ) 2.185e-03 ( 2.114e-02 ) 2.214e-03 ( 2.110e-02 ) 2.201e-03 ( 2.113e-02 ) -5.566e-03 ( 1.436e-02 ) -2.080e-03 ( 1.436e-02 ) -2.089e-02 ( 1.436e-02 ) -8.120e-03 ( 1.436e-02 )

0.04 0.10 1.483e-03 ( 1.514e-02 ) 1.483e-03 ( 1.514e-02 ) 1.471e-03 ( 1.494e-02 ) 1.471e-03 ( 1.496e-02 ) -2.874e-02 ( 1.022e-02 ) -2.089e-02 ( 1.022e-02 ) -2.710e-02 ( 1.022e-02 ) -1.006e-02 ( 1.022e-02 )

0.10 0.04 1.580e-03 ( 1.450e-02 ) 1.580e-03 ( 1.450e-02 ) 1.618e-03 ( 1.457e-02 ) 1.605e-03 ( 1.457e-02 ) 2.099e-02 ( 9.918e-03 ) 1.797e-02 ( 9.918e-03 ) -1.841e-03 ( 9.918e-03 ) -1.507e-03 ( 9.918e-03 )

0.01 0.10 1.372e-04 ( 1.093e-02 ) 1.132e-03 ( 1.217e-02 ) -4.462e-05 ( 1.033e-02 ) -5.103e-05 ( 1.031e-02 ) -4.028e-02 ( 8.129e-03 ) -3.041e-02 ( 8.129e-03 ) -3.164e-02 ( 8.129e-03 ) -1.423e-02 ( 8.129e-03 )
3

0.10 0.01 2.426e-03 ( 9.325e-03 ) 2.426e-03 ( 9.325e-03 ) 2.460e-03 ( 9.387e-03 ) 2.449e-03 ( 9.374e-03 ) 3.430e-02 ( 7.696e-03 ) 2.825e-02 ( 7.696e-03 ) 9.178e-03 ( 7.696e-03 ) 4.751e-03 ( 7.696e-03 )

0.10 0.10 -1.870e-04 ( 2.271e-02 ) -1.870e-04 ( 2.271e-02 ) -7.783e-05 ( 2.033e-02 ) -7.006e-06 ( 3.272e-02 ) -3.862e-03 ( 1.745e-02 ) -3.059e-03 ( 1.745e-02 ) -1.792e-02 ( 1.745e-02 ) -8.457e-03 ( 1.745e-02 )

0.04 0.10 -2.305e-04 ( 1.700e-02 ) -2.305e-04 ( 1.700e-02 ) -1.493e-04 ( 1.376e-02 ) -1.084e-04 ( 2.077e-02 ) -2.695e-02 ( 1.218e-02 ) -2.136e-02 ( 1.218e-02 ) -2.180e-02 ( 1.218e-02 ) -1.054e-02 ( 1.218e-02 )

0.10 0.04 -3.126e-05 ( 1.490e-02 ) -3.126e-05 ( 1.490e-02 ) 1.379e-06 ( 1.433e-02 ) 3.969e-04 ( 2.344e-02 ) 2.158e-02 ( 1.205e-02 ) 1.705e-02 ( 1.205e-02 ) -3.399e-03 ( 1.205e-02 ) -1.966e-03 ( 1.205e-02 )

0.01 0.10 -1.981e-03 ( 1.153e-02 ) -2.523e-04 ( 1.422e-02 ) -8.698e-04 ( 9.157e-03 ) -2.073e-03 ( 1.200e-02 ) -3.862e-02 ( 9.492e-03 ) -3.073e-02 ( 9.492e-03 ) -2.673e-02 ( 9.492e-03 ) -1.498e-02 ( 9.492e-03 )

3000

4

0.10 0.01 1.093e-03 ( 9.567e-03 ) 1.093e-03 ( 9.567e-03 ) 1.102e-03 ( 9.518e-03 ) 3.655e-03 ( 1.477e-02 ) 3.440e-02 ( 9.115e-03 ) 2.737e-02 ( 9.115e-03 ) 6.188e-03 ( 9.115e-03 ) 4.148e-03 ( 9.115e-03 )

0.10 0.10 3.279e-04 ( 5.975e-03 ) 3.279e-04 ( 5.975e-03 ) 2.506e-04 ( 5.771e-03 ) 2.506e-04 ( 5.771e-03 ) -4.732e-03 ( 1.165e-02 ) -1.429e-03 ( 1.165e-02 ) -1.134e-02 ( 1.165e-02 ) -3.114e-03 ( 1.165e-02 )

0.04 0.10 1.871e-04 ( 4.603e-03 ) 1.871e-04 ( 4.603e-03 ) 7.227e-05 ( 4.162e-03 ) 7.227e-05 ( 4.162e-03 ) -1.480e-02 ( 8.060e-03 ) -4.730e-03 ( 8.060e-03 ) -1.086e-02 ( 8.060e-03 ) -3.002e-03 ( 8.060e-03 )

0.10 0.04 2.719e-04 ( 3.839e-03 ) 2.719e-04 ( 3.839e-03 ) 2.610e-04 ( 3.853e-03 ) 2.610e-04 ( 3.853e-03 ) 8.371e-03 ( 7.592e-03 ) 2.315e-03 ( 7.592e-03 ) -4.650e-03 ( 7.592e-03 ) -1.114e-03 ( 7.592e-03 )

0.01 0.10 1.168e-04 ( 3.957e-03 ) 1.168e-04 ( 3.957e-03 ) -2.494e-05 ( 3.328e-03 ) -2.494e-05 ( 3.328e-03 ) -2.091e-02 ( 6.010e-03 ) -9.534e-03 ( 6.010e-03 ) -1.218e-02 ( 6.010e-03 ) -3.919e-03 ( 6.010e-03 )
1

0.10 0.01 2.439e-04 ( 2.838e-03 ) 2.439e-04 ( 2.838e-03 ) 2.524e-04 ( 2.859e-03 ) 2.524e-04 ( 2.859e-03 ) 1.629e-02 ( 5.237e-03 ) 7.381e-03 ( 5.237e-03 ) -1.933e-04 ( 5.237e-03 ) 9.409e-05 ( 5.237e-03 )

0.10 0.10 3.673e-03 ( 3.911e-02 ) 3.730e-03 ( 3.926e-02 ) 3.729e-03 ( 3.906e-02 ) 3.729e-03 ( 3.906e-02 ) -1.720e-03 ( 1.417e-02 ) 2.984e-04 ( 1.417e-02 ) -1.020e-02 ( 1.417e-02 ) -5.964e-03 ( 1.417e-02 )

0.04 0.10 1.638e-03 ( 2.625e-02 ) 2.555e-03 ( 2.787e-02 ) 1.667e-03 ( 2.617e-02 ) 1.667e-03 ( 2.617e-02 ) -2.824e-02 ( 9.856e-03 ) -2.403e-02 ( 9.856e-03 ) -2.151e-02 ( 9.856e-03 ) -1.235e-02 ( 9.856e-03 )

0.10 0.04 3.567e-03 ( 2.529e-02 ) 3.567e-03 ( 2.529e-02 ) 3.623e-03 ( 2.533e-02 ) 3.623e-03 ( 2.533e-02 ) 2.571e-02 ( 9.999e-03 ) 2.440e-02 ( 9.999e-03 ) 6.917e-03 ( 9.999e-03 ) 4.293e-03 ( 9.999e-03 )

0.01 0.10 -3.174e-03 ( 1.611e-02 ) 1.981e-03 ( 2.215e-02 ) -3.178e-03 ( 1.601e-02 ) -3.178e-03 ( 1.601e-02 ) -4.150e-02 ( 7.725e-03 ) -3.629e-02 ( 7.725e-03 ) -2.910e-02 ( 7.725e-03 ) -1.754e-02 ( 7.725e-03 )
2

0.10 0.01 5.907e-03 ( 1.573e-02 ) 5.907e-03 ( 1.573e-02 ) 5.930e-03 ( 1.580e-02 ) 5.930e-03 ( 1.580e-02 ) 3.943e-02 ( 7.832e-03 ) 3.645e-02 ( 7.832e-03 ) 1.617e-02 ( 7.832e-03 ) 1.140e-02 ( 7.832e-03 )

0.10 0.10 1.246e-03 ( 1.539e-02 ) 1.246e-03 ( 1.539e-02 ) 1.278e-03 ( 1.516e-02 ) 1.256e-03 ( 1.517e-02 ) -4.521e-03 ( 1.411e-02 ) -1.226e-03 ( 1.411e-02 ) -1.387e-02 ( 1.411e-02 ) -5.287e-03 ( 1.411e-02 )

0.04 0.10 8.123e-04 ( 1.102e-02 ) 8.123e-04 ( 1.102e-02 ) 8.281e-04 ( 1.065e-02 ) 8.042e-04 ( 1.066e-02 ) -2.572e-02 ( 1.001e-02 ) -1.670e-02 ( 1.001e-02 ) -1.652e-02 ( 1.001e-02 ) -5.654e-03 ( 1.001e-02 )

0.10 0.04 9.316e-04 ( 1.058e-02 ) 9.316e-04 ( 1.058e-02 ) 9.554e-04 ( 1.054e-02 ) 9.472e-04 ( 1.055e-02 ) 1.949e-02 ( 9.610e-03 ) 1.501e-02 ( 9.610e-03 ) -3.296e-03 ( 9.610e-03 ) -2.155e-03 ( 9.610e-03 )

0.01 0.10 2.194e-04 ( 8.297e-03 ) 5.956e-04 ( 8.864e-03 ) 1.728e-04 ( 7.733e-03 ) 2.042e-04 ( 7.819e-03 ) -3.632e-02 ( 7.865e-03 ) -2.499e-02 ( 7.865e-03 ) -1.992e-02 ( 7.865e-03 ) -8.863e-03 ( 7.865e-03 )
3

0.10 0.01 1.267e-03 ( 7.264e-03 ) 1.267e-03 ( 7.264e-03 ) 1.283e-03 ( 7.285e-03 ) 1.294e-03 ( 7.242e-03 ) 3.154e-02 ( 7.337e-03 ) 2.370e-02 ( 7.337e-03 ) 4.715e-03 ( 7.337e-03 ) 1.732e-03 ( 7.337e-03 )

0.10 0.10 -1.218e-03 ( 1.156e-02 ) -1.218e-03 ( 1.156e-02 ) -1.017e-03 ( 9.976e-03 ) 5.410e-04 ( 1.613e-02 ) -2.630e-03 ( 1.471e-02 ) -1.014e-03 ( 1.471e-02 ) -1.072e-02 ( 1.471e-02 ) -6.116e-03 ( 1.471e-02 )

0.04 0.10 -9.707e-04 ( 9.064e-03 ) -9.707e-04 ( 9.064e-03 ) -7.015e-04 ( 6.913e-03 ) 2.657e-04 ( 1.035e-02 ) -2.060e-02 ( 1.058e-02 ) -1.173e-02 ( 1.058e-02 ) -1.087e-02 ( 1.058e-02 ) -5.123e-03 ( 1.058e-02 )

0.10 0.04 -7.347e-04 ( 7.217e-03 ) -7.347e-04 ( 7.217e-03 ) -6.831e-04 ( 6.841e-03 ) 4.105e-04 ( 1.186e-02 ) 1.688e-02 ( 9.651e-03 ) 1.014e-02 ( 9.651e-03 ) -4.346e-03 ( 9.651e-03 ) -3.894e-03 ( 9.651e-03 )

0.01 0.10 -9.623e-04 ( 7.634e-03 ) -8.470e-04 ( 7.866e-03 ) -5.196e-04 ( 5.205e-03 ) -1.134e-04 ( 6.971e-03 ) -2.984e-02 ( 8.192e-03 ) -1.849e-02 ( 8.192e-03 ) -1.384e-02 ( 8.192e-03 ) -7.422e-03 ( 8.192e-03 )

6000

4

0.10 0.01 -4.286e-04 ( 5.003e-03 ) -4.286e-04 ( 5.003e-03 ) -4.257e-04 ( 4.991e-03 ) 9.354e-04 ( 8.316e-03 ) 2.688e-02 ( 6.936e-03 ) 1.705e-02 ( 6.936e-03 ) 2.009e-03 ( 6.936e-03 ) -1.029e-03 ( 6.936e-03 )

0.10 0.10 3.432e-04 ( 4.936e-03 ) 3.432e-04 ( 4.936e-03 ) 2.990e-04 ( 4.681e-03 ) 2.990e-04 ( 4.681e-03 ) -3.487e-03 ( 1.014e-02 ) -2.141e-04 ( 1.014e-02 ) -6.497e-03 ( 1.014e-02 ) -1.756e-03 ( 1.014e-02 )

0.04 0.10 2.154e-04 ( 3.796e-03 ) 2.154e-04 ( 3.796e-03 ) 1.379e-04 ( 3.345e-03 ) 1.379e-04 ( 3.345e-03 ) -1.122e-02 ( 6.808e-03 ) -2.370e-03 ( 6.808e-03 ) -6.520e-03 ( 6.808e-03 ) -1.974e-03 ( 6.808e-03 )

0.10 0.04 2.652e-04 ( 3.171e-03 ) 2.652e-04 ( 3.171e-03 ) 2.636e-04 ( 3.150e-03 ) 2.636e-04 ( 3.150e-03 ) 6.294e-03 ( 6.801e-03 ) 1.437e-03 ( 6.801e-03 ) -2.833e-03 ( 6.801e-03 ) -6.928e-04 ( 6.801e-03 )

0.01 0.10 1.515e-04 ( 3.257e-03 ) 1.515e-04 ( 3.257e-03 ) 4.815e-05 ( 2.647e-03 ) 4.815e-05 ( 2.647e-03 ) -1.696e-02 ( 4.818e-03 ) -6.808e-03 ( 4.818e-03 ) -7.700e-03 ( 4.818e-03 ) -2.578e-03 ( 4.818e-03 )
1

0.10 0.01 2.261e-04 ( 2.340e-03 ) 2.261e-04 ( 2.340e-03 ) 2.338e-04 ( 2.351e-03 ) 2.338e-04 ( 2.351e-03 ) 1.315e-02 ( 4.605e-03 ) 5.496e-03 ( 4.605e-03 ) -2.600e-04 ( 4.605e-03 ) -8.072e-05 ( 4.605e-03 )

0.10 0.10 2.567e-03 ( 3.255e-02 ) 2.567e-03 ( 3.255e-02 ) 2.542e-03 ( 3.255e-02 ) 2.542e-03 ( 3.255e-02 ) -3.839e-04 ( 1.433e-02 ) -1.322e-03 ( 1.433e-02 ) -8.204e-03 ( 1.433e-02 ) -2.368e-03 ( 1.433e-02 )

0.04 0.10 1.414e-03 ( 2.232e-02 ) 1.791e-03 ( 2.306e-02 ) 1.376e-03 ( 2.232e-02 ) 1.376e-03 ( 2.232e-02 ) -2.664e-02 ( 1.006e-02 ) -2.377e-02 ( 1.006e-02 ) -1.870e-02 ( 1.006e-02 ) -7.857e-03 ( 1.006e-02 )

0.10 0.04 2.015e-03 ( 2.207e-02 ) 2.015e-03 ( 2.207e-02 ) 2.026e-03 ( 2.206e-02 ) 2.026e-03 ( 2.206e-02 ) 2.610e-02 ( 9.973e-03 ) 2.196e-02 ( 9.973e-03 ) 7.084e-03 ( 9.973e-03 ) 3.423e-03 ( 9.973e-03 )

0.01 0.10 -2.245e-03 ( 1.380e-02 ) 1.403e-03 ( 1.832e-02 ) -2.348e-03 ( 1.373e-02 ) -2.348e-03 ( 1.373e-02 ) -3.980e-02 ( 7.888e-03 ) -3.501e-02 ( 7.888e-03 ) -2.563e-02 ( 7.888e-03 ) -1.339e-02 ( 7.888e-03 )
2

0.10 0.01 4.308e-03 ( 1.353e-02 ) 4.308e-03 ( 1.353e-02 ) 4.317e-03 ( 1.354e-02 ) 4.317e-03 ( 1.354e-02 ) 3.932e-02 ( 7.826e-03 ) 3.362e-02 ( 7.826e-03 ) 1.585e-02 ( 7.826e-03 ) 8.715e-03 ( 7.826e-03 )

0.10 0.10 3.903e-04 ( 1.256e-02 ) 3.903e-04 ( 1.256e-02 ) 2.802e-04 ( 1.238e-02 ) 5.173e-04 ( 1.255e-02 ) -2.052e-03 ( 1.415e-02 ) -2.456e-03 ( 1.415e-02 ) -1.141e-02 ( 1.415e-02 ) -2.722e-03 ( 1.415e-02 )

0.04 0.10 2.544e-04 ( 8.987e-03 ) 2.544e-04 ( 8.987e-03 ) 1.308e-04 ( 8.703e-03 ) 3.044e-04 ( 8.821e-03 ) -2.198e-02 ( 9.900e-03 ) -1.459e-02 ( 9.900e-03 ) -1.195e-02 ( 9.900e-03 ) -2.669e-03 ( 9.900e-03 )

0.10 0.04 2.920e-04 ( 8.634e-03 ) 2.920e-04 ( 8.634e-03 ) 2.581e-04 ( 8.601e-03 ) 4.171e-04 ( 8.724e-03 ) 1.915e-02 ( 9.646e-03 ) 1.148e-02 ( 9.646e-03 ) -3.209e-03 ( 9.646e-03 ) -1.480e-03 ( 9.646e-03 )

0.01 0.10 3.017e-05 ( 6.941e-03 ) 1.864e-04 ( 7.223e-03 ) -7.333e-05 ( 6.615e-03 ) 4.603e-05 ( 6.669e-03 ) -3.213e-02 ( 7.543e-03 ) -2.148e-02 ( 7.543e-03 ) -1.481e-02 ( 7.543e-03 ) -5.668e-03 ( 7.543e-03 )
3

0.10 0.01 4.736e-04 ( 6.245e-03 ) 4.736e-04 ( 6.245e-03 ) 4.739e-04 ( 6.247e-03 ) 6.100e-04 ( 6.322e-03 ) 2.990e-02 ( 7.270e-03 ) 1.945e-02 ( 7.270e-03 ) 3.587e-03 ( 7.270e-03 ) 8.458e-04 ( 7.270e-03 )

0.10 0.10 -5.309e-04 ( 8.996e-03 ) -5.309e-04 ( 8.996e-03 ) -5.703e-04 ( 7.365e-03 ) 6.450e-04 ( 1.127e-02 ) -1.994e-03 ( 1.207e-02 ) -8.203e-04 ( 1.207e-02 ) -4.967e-03 ( 1.207e-02 ) -3.444e-03 ( 1.207e-02 )

0.04 0.10 -4.103e-04 ( 7.210e-03 ) -4.103e-04 ( 7.210e-03 ) -3.765e-04 ( 5.050e-03 ) 3.110e-04 ( 7.344e-03 ) -1.545e-02 ( 8.472e-03 ) -6.292e-03 ( 8.472e-03 ) -4.303e-03 ( 8.472e-03 ) -2.579e-03 ( 8.472e-03 )

0.10 0.04 -3.330e-04 ( 5.460e-03 ) -3.330e-04 ( 5.460e-03 ) -3.808e-04 ( 5.049e-03 ) 5.170e-04 ( 8.132e-03 ) 1.266e-02 ( 7.964e-03 ) 4.948e-03 ( 7.964e-03 ) -2.432e-03 ( 7.964e-03 ) -2.255e-03 ( 7.964e-03 )

0.01 0.10 -4.370e-04 ( 6.172e-03 ) -3.500e-04 ( 6.352e-03 ) -2.538e-04 ( 3.734e-03 ) 9.382e-05 ( 5.156e-03 ) -2.289e-02 ( 6.380e-03 ) -1.170e-02 ( 6.380e-03 ) -7.669e-03 ( 6.380e-03 ) -4.077e-03 ( 6.380e-03 )

9000

4

0.10 0.01 -2.340e-04 ( 3.770e-03 ) -2.340e-04 ( 3.770e-03 ) -2.521e-04 ( 3.726e-03 ) 5.575e-04 ( 5.949e-03 ) 2.100e-02 ( 5.632e-03 ) 1.043e-02 ( 5.632e-03 ) 9.468e-04 ( 5.632e-03 ) -9.221e-04 ( 5.632e-03 )

0.10 0.10 1.898e-04 ( 4.098e-03 ) 1.898e-04 ( 4.098e-03 ) 1.045e-04 ( 3.892e-03 ) 1.045e-04 ( 3.892e-03 ) -3.274e-03 ( 9.294e-03 ) -4.730e-04 ( 9.294e-03 ) -5.360e-03 ( 9.294e-03 ) -1.749e-03 ( 9.294e-03 )

0.04 0.10 1.064e-04 ( 3.161e-03 ) 1.064e-04 ( 3.161e-03 ) 1.735e-06 ( 2.819e-03 ) 1.735e-06 ( 2.819e-03 ) -9.478e-03 ( 6.178e-03 ) -1.763e-03 ( 6.178e-03 ) -5.231e-03 ( 6.178e-03 ) -1.653e-03 ( 6.178e-03 )

0.10 0.04 1.593e-04 ( 2.625e-03 ) 1.593e-04 ( 2.625e-03 ) 1.347e-04 ( 2.598e-03 ) 1.347e-04 ( 2.598e-03 ) 4.657e-03 ( 6.271e-03 ) 5.651e-04 ( 6.271e-03 ) -2.048e-03 ( 6.271e-03 ) -8.227e-04 ( 6.271e-03 )

0.01 0.10 6.474e-05 ( 2.718e-03 ) 6.474e-05 ( 2.718e-03 ) -5.393e-05 ( 2.266e-03 ) -5.393e-05 ( 2.266e-03 ) -1.477e-02 ( 4.373e-03 ) -5.684e-03 ( 4.373e-03 ) -6.425e-03 ( 4.373e-03 ) -2.027e-03 ( 4.373e-03 )
1

0.10 0.01 1.440e-04 ( 1.932e-03 ) 1.440e-04 ( 1.932e-03 ) 1.421e-04 ( 1.936e-03 ) 1.421e-04 ( 1.936e-03 ) 1.096e-02 ( 4.147e-03 ) 4.148e-03 ( 4.147e-03 ) 5.900e-05 ( 4.147e-03 ) -2.070e-04 ( 4.147e-03 )

0.10 0.10 2.199e-03 ( 2.729e-02 ) 2.199e-03 ( 2.729e-02 ) 2.199e-03 ( 2.737e-02 ) 2.199e-03 ( 2.737e-02 ) -1.759e-03 ( 1.425e-02 ) -2.224e-03 ( 1.425e-02 ) 6.422e-04 ( 1.425e-02 ) 1.783e-03 ( 1.425e-02 )

0.04 0.10 1.421e-03 ( 1.910e-02 ) 1.522e-03 ( 1.932e-02 ) 1.384e-03 ( 1.915e-02 ) 1.384e-03 ( 1.915e-02 ) -2.697e-02 ( 1.001e-02 ) -2.327e-02 ( 1.001e-02 ) -1.294e-02 ( 1.001e-02 ) -3.723e-03 ( 1.001e-02 )

0.10 0.04 1.576e-03 ( 1.885e-02 ) 1.576e-03 ( 1.885e-02 ) 1.597e-03 ( 1.888e-02 ) 1.597e-03 ( 1.888e-02 ) 2.447e-02 ( 9.915e-03 ) 2.030e-02 ( 9.915e-03 ) 1.272e-02 ( 9.915e-03 ) 4.804e-03 ( 9.915e-03 )

0.01 0.10 -1.345e-03 ( 1.206e-02 ) 1.184e-03 ( 1.534e-02 ) -1.423e-03 ( 1.208e-02 ) -1.423e-03 ( 1.208e-02 ) -3.954e-02 ( 7.858e-03 ) -3.386e-02 ( 7.858e-03 ) -2.165e-02 ( 7.858e-03 ) -1.027e-02 ( 7.858e-03 )
2

0.10 0.01 3.340e-03 ( 1.168e-02 ) 3.340e-03 ( 1.168e-02 ) 3.354e-03 ( 1.170e-02 ) 3.354e-03 ( 1.170e-02 ) 3.757e-02 ( 7.730e-03 ) 3.169e-02 ( 7.730e-03 ) 1.947e-02 ( 7.730e-03 ) 8.921e-03 ( 7.730e-03 )

0.10 0.10 4.906e-04 ( 1.063e-02 ) 4.906e-04 ( 1.063e-02 ) 4.536e-04 ( 1.057e-02 ) 4.513e-04 ( 1.062e-02 ) -3.043e-03 ( 1.304e-02 ) -2.291e-03 ( 1.304e-02 ) -6.143e-03 ( 1.304e-02 ) -2.835e-03 ( 1.304e-02 )

0.04 0.10 3.109e-04 ( 7.592e-03 ) 3.109e-04 ( 7.592e-03 ) 2.620e-04 ( 7.446e-03 ) 2.446e-04 ( 7.492e-03 ) -2.126e-02 ( 9.127e-03 ) -1.258e-02 ( 9.127e-03 ) -7.666e-03 ( 9.127e-03 ) -3.119e-03 ( 9.127e-03 )

0.10 0.04 3.758e-04 ( 7.323e-03 ) 3.758e-04 ( 7.323e-03 ) 3.706e-04 ( 7.335e-03 ) 3.839e-04 ( 7.363e-03 ) 1.707e-02 ( 8.847e-03 ) 9.582e-03 ( 8.847e-03 ) -1.215e-03 ( 8.847e-03 ) -1.250e-03 ( 8.847e-03 )

0.01 0.10 1.772e-04 ( 6.010e-03 ) 2.211e-04 ( 6.095e-03 ) 1.203e-04 ( 5.777e-03 ) 8.237e-05 ( 5.799e-03 ) -3.057e-02 ( 6.911e-03 ) -1.900e-02 ( 6.911e-03 ) -1.144e-02 ( 6.911e-03 ) -5.267e-03 ( 6.911e-03 )
3

0.10 0.01 4.028e-04 ( 5.505e-03 ) 4.028e-04 ( 5.505e-03 ) 4.101e-04 ( 5.516e-03 ) 4.268e-04 ( 5.547e-03 ) 2.739e-02 ( 6.648e-03 ) 1.705e-02 ( 6.648e-03 ) 4.134e-03 ( 6.648e-03 ) 1.103e-03 ( 6.648e-03 )

0.10 0.10 -9.755e-04 ( 7.662e-03 ) -9.755e-04 ( 7.662e-03 ) -7.029e-04 ( 5.756e-03 ) -2.425e-04 ( 8.715e-03 ) -2.088e-03 ( 1.089e-02 ) -1.293e-03 ( 1.089e-02 ) -4.039e-03 ( 1.089e-02 ) -3.047e-03 ( 1.089e-02 )

0.04 0.10 -7.982e-04 ( 6.309e-03 ) -7.982e-04 ( 6.309e-03 ) -4.404e-04 ( 3.931e-03 ) -2.664e-04 ( 5.666e-03 ) -1.157e-02 ( 7.771e-03 ) -3.907e-03 ( 7.771e-03 ) -3.871e-03 ( 7.771e-03 ) -2.695e-03 ( 7.771e-03 )

0.10 0.04 -5.674e-04 ( 4.477e-03 ) -5.674e-04 ( 4.477e-03 ) -5.027e-04 ( 3.948e-03 ) -9.692e-05 ( 6.328e-03 ) 8.618e-03 ( 7.013e-03 ) 1.944e-03 ( 7.013e-03 ) -1.926e-03 ( 7.013e-03 ) -1.553e-03 ( 7.013e-03 )

0.01 0.10 -7.248e-04 ( 5.622e-03 ) -7.096e-04 ( 5.657e-03 ) -2.788e-04 ( 2.875e-03 ) -2.774e-04 ( 4.017e-03 ) -1.781e-02 ( 5.799e-03 ) -8.456e-03 ( 5.799e-03 ) -5.772e-03 ( 5.799e-03 ) -3.320e-03 ( 5.799e-03 )

12000

4

0.10 0.01 -3.634e-04 ( 2.952e-03 ) -3.634e-04 ( 2.952e-03 ) -3.661e-04 ( 2.905e-03 ) -1.389e-05 ( 4.879e-03 ) 1.553e-02 ( 4.711e-03 ) 6.893e-03 ( 4.711e-03 ) -2.737e-04 ( 4.711e-03 ) -7.964e-04 ( 4.711e-03 )
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Table S3: Bias and empirical standard errors of heritability points estimates for all methods, based
on 200 replicates for each simulation setting. Setting 1, 2, 3 are described in Supplementary Note 2.3.
Setting 4 corresponds to the main paper simulation setting.

n Setting σ20 σ21 REHE HE REML sREML reREHE.0.05 reREHE.0.1 reREHE.0.05.median reREHE.0.1.median

0.10 0.10 3.160e-03 ( 3.494e-02 ) 3.160e-03 ( 3.494e-02 ) 3.251e-03 ( 3.190e-02 ) 3.251e-03 ( 3.190e-02 ) -4.972e-02 ( 6.226e-02 ) -1.025e-02 ( 6.226e-02 ) -8.517e-02 ( 6.226e-02 ) -2.905e-02 ( 6.226e-02 )

0.04 0.10 2.578e-03 ( 3.211e-02 ) 2.578e-03 ( 3.211e-02 ) 2.397e-03 ( 2.479e-02 ) 2.397e-03 ( 2.479e-02 ) -1.669e-01 ( 6.017e-02 ) -6.282e-02 ( 6.017e-02 ) -1.246e-01 ( 6.017e-02 ) -4.157e-02 ( 6.017e-02 )

0.10 0.04 3.586e-03 ( 3.637e-02 ) 3.586e-03 ( 3.637e-02 ) 3.824e-03 ( 3.580e-02 ) 3.824e-03 ( 3.580e-02 ) 7.052e-02 ( 6.084e-02 ) 4.076e-02 ( 6.084e-02 ) -4.931e-02 ( 6.084e-02 ) -1.692e-02 ( 6.084e-02 )

0.01 0.10 1.934e-03 ( 2.857e-02 ) 1.934e-03 ( 2.857e-02 ) 1.481e-03 ( 1.603e-02 ) 1.481e-03 ( 1.603e-02 ) -2.752e-01 ( 5.576e-02 ) -1.319e-01 ( 5.576e-02 ) -1.557e-01 ( 5.576e-02 ) -5.560e-02 ( 5.576e-02 )
1

0.10 0.01 3.899e-03 ( 3.610e-02 ) 3.899e-03 ( 3.610e-02 ) 4.095e-03 ( 3.626e-02 ) 4.095e-03 ( 3.626e-02 ) 1.856e-01 ( 5.690e-02 ) 1.075e-01 ( 5.690e-02 ) 4.513e-03 ( 5.690e-02 ) 1.896e-04 ( 5.690e-02 )

0.10 0.10 2.715e-02 ( 2.533e-01 ) 2.715e-02 ( 2.533e-01 ) 2.790e-02 ( 2.541e-01 ) 2.790e-02 ( 2.541e-01 ) -1.130e-02 ( 6.905e-02 ) -2.008e-03 ( 6.905e-02 ) -4.402e-02 ( 6.905e-02 ) -3.776e-03 ( 6.905e-02 )

0.04 0.10 9.237e-03 ( 2.413e-01 ) 9.237e-03 ( 2.413e-01 ) 9.082e-03 ( 2.400e-01 ) 9.082e-03 ( 2.400e-01 ) -2.099e-01 ( 6.944e-02 ) -1.851e-01 ( 6.944e-02 ) -1.708e-01 ( 6.944e-02 ) -8.764e-02 ( 6.944e-02 )

0.10 0.04 4.514e-02 ( 2.291e-01 ) 4.514e-02 ( 2.291e-01 ) 4.542e-02 ( 2.286e-01 ) 4.542e-02 ( 2.286e-01 ) 1.877e-01 ( 6.877e-02 ) 1.813e-01 ( 6.877e-02 ) 9.266e-02 ( 6.877e-02 ) 8.002e-02 ( 6.877e-02 )

0.01 0.10 -5.045e-02 ( 1.895e-01 ) -5.045e-02 ( 1.895e-01 ) -4.939e-02 ( 1.889e-01 ) -4.939e-02 ( 1.889e-01 ) -3.907e-01 ( 6.937e-02 ) -3.523e-01 ( 6.937e-02 ) -2.922e-01 ( 6.937e-02 ) -1.773e-01 ( 6.937e-02 )
2

0.10 0.01 8.643e-02 ( 1.775e-01 ) 8.643e-02 ( 1.775e-01 ) 8.658e-02 ( 1.772e-01 ) 8.658e-02 ( 1.772e-01 ) 3.688e-01 ( 6.834e-02 ) 3.487e-01 ( 6.834e-02 ) 2.206e-01 ( 6.834e-02 ) 1.572e-01 ( 6.834e-02 )

0.10 0.10 1.120e-02 ( 1.024e-01 ) 1.120e-02 ( 1.024e-01 ) 1.132e-02 ( 1.019e-01 ) 1.124e-02 ( 1.020e-01 ) -2.815e-02 ( 6.878e-02 ) -1.172e-02 ( 6.878e-02 ) -8.960e-02 ( 6.878e-02 ) -3.612e-02 ( 6.878e-02 )

0.04 0.10 1.094e-02 ( 1.018e-01 ) 1.094e-02 ( 1.018e-01 ) 1.083e-02 ( 9.982e-02 ) 1.082e-02 ( 9.993e-02 ) -2.059e-01 ( 6.930e-02 ) -1.511e-01 ( 6.930e-02 ) -1.597e-01 ( 6.930e-02 ) -5.366e-02 ( 6.930e-02 )

0.10 0.04 1.143e-02 ( 1.024e-01 ) 1.143e-02 ( 1.024e-01 ) 1.168e-02 ( 1.027e-01 ) 1.157e-02 ( 1.027e-01 ) 1.499e-01 ( 6.831e-02 ) 1.275e-01 ( 6.831e-02 ) -4.805e-03 ( 6.831e-02 ) -8.575e-03 ( 6.831e-02 )

0.01 0.10 1.054e-03 ( 8.858e-02 ) 1.054e-03 ( 8.858e-02 ) 7.819e-04 ( 8.448e-02 ) 7.242e-04 ( 8.429e-02 ) -3.672e-01 ( 6.934e-02 ) -2.790e-01 ( 6.934e-02 ) -2.394e-01 ( 6.934e-02 ) -8.950e-02 ( 6.934e-02 )
3

0.10 0.01 2.208e-02 ( 8.460e-02 ) 2.208e-02 ( 8.460e-02 ) 2.237e-02 ( 8.510e-02 ) 2.226e-02 ( 8.494e-02 ) 3.119e-01 ( 6.776e-02 ) 2.563e-01 ( 6.776e-02 ) 8.928e-02 ( 6.776e-02 ) 4.486e-02 ( 6.776e-02 )

0.10 0.10 -2.711e-04 ( 1.110e-01 ) -2.711e-04 ( 1.110e-01 ) 3.253e-04 ( 9.927e-02 ) 3.256e-04 ( 1.616e-01 ) -1.953e-02 ( 8.432e-02 ) -1.603e-02 ( 8.432e-02 ) -7.201e-02 ( 8.432e-02 ) -3.266e-02 ( 8.432e-02 )

0.04 0.10 -7.612e-04 ( 1.165e-01 ) -7.612e-04 ( 1.165e-01 ) -5.165e-05 ( 9.322e-02 ) -3.799e-05 ( 1.441e-01 ) -1.930e-01 ( 8.326e-02 ) -1.538e-01 ( 8.326e-02 ) -1.184e-01 ( 8.326e-02 ) -5.343e-02 ( 8.326e-02 )

0.10 0.04 2.046e-04 ( 1.056e-01 ) 2.046e-04 ( 1.056e-01 ) 4.589e-04 ( 1.017e-01 ) 2.901e-03 ( 1.670e-01 ) 1.542e-01 ( 8.398e-02 ) 1.214e-01 ( 8.398e-02 ) -1.603e-02 ( 8.398e-02 ) -8.607e-03 ( 8.398e-02 )

0.01 0.10 -1.789e-02 ( 9.667e-02 ) -1.789e-02 ( 9.667e-02 ) -6.074e-03 ( 7.518e-02 ) -1.719e-02 ( 1.026e-01 ) -3.520e-01 ( 8.183e-02 ) -2.811e-01 ( 8.183e-02 ) -1.837e-01 ( 8.183e-02 ) -9.626e-02 ( 8.183e-02 )

3000

4

0.10 0.01 1.012e-02 ( 8.680e-02 ) 1.012e-02 ( 8.680e-02 ) 1.022e-02 ( 8.647e-02 ) 3.331e-02 ( 1.345e-01 ) 3.131e-01 ( 8.147e-02 ) 2.486e-01 ( 8.147e-02 ) 6.177e-02 ( 8.147e-02 ) 4.041e-02 ( 8.147e-02 )

0.10 0.10 2.179e-03 ( 2.436e-02 ) 2.179e-03 ( 2.436e-02 ) 1.798e-03 ( 2.282e-02 ) 1.798e-03 ( 2.282e-02 ) -2.463e-02 ( 5.526e-02 ) -6.722e-03 ( 5.526e-02 ) -5.268e-02 ( 5.526e-02 ) -1.287e-02 ( 5.526e-02 )

0.04 0.10 1.942e-03 ( 2.223e-02 ) 1.942e-03 ( 2.223e-02 ) 1.243e-03 ( 1.785e-02 ) 1.243e-03 ( 1.785e-02 ) -1.080e-01 ( 5.228e-02 ) -3.410e-02 ( 5.228e-02 ) -7.274e-02 ( 5.228e-02 ) -1.874e-02 ( 5.228e-02 )

0.10 0.04 2.319e-03 ( 2.551e-02 ) 2.319e-03 ( 2.551e-02 ) 2.223e-03 ( 2.545e-02 ) 2.223e-03 ( 2.545e-02 ) 5.950e-02 ( 5.270e-02 ) 1.695e-02 ( 5.270e-02 ) -3.120e-02 ( 5.270e-02 ) -6.153e-03 ( 5.270e-02 )

0.01 0.10 1.652e-03 ( 1.963e-02 ) 1.652e-03 ( 1.963e-02 ) 7.137e-04 ( 1.160e-02 ) 7.137e-04 ( 1.160e-02 ) -1.943e-01 ( 4.682e-02 ) -8.931e-02 ( 4.682e-02 ) -9.386e-02 ( 4.682e-02 ) -2.378e-02 ( 4.682e-02 )
1

0.10 0.01 2.351e-03 ( 2.561e-02 ) 2.351e-03 ( 2.561e-02 ) 2.422e-03 ( 2.579e-02 ) 2.422e-03 ( 2.579e-02 ) 1.480e-01 ( 4.683e-02 ) 6.740e-02 ( 4.683e-02 ) -2.930e-04 ( 4.683e-02 ) 2.118e-03 ( 4.683e-02 )

0.10 0.10 1.917e-02 ( 1.951e-01 ) 1.917e-02 ( 1.951e-01 ) 1.947e-02 ( 1.949e-01 ) 1.947e-02 ( 1.949e-01 ) -8.746e-03 ( 6.880e-02 ) 2.152e-03 ( 6.880e-02 ) -2.462e-02 ( 6.880e-02 ) -1.565e-02 ( 6.880e-02 )

0.04 0.10 1.272e-02 ( 1.858e-01 ) 1.272e-02 ( 1.858e-01 ) 1.306e-02 ( 1.854e-01 ) 1.306e-02 ( 1.854e-01 ) -2.019e-01 ( 6.833e-02 ) -1.711e-01 ( 6.833e-02 ) -1.172e-01 ( 6.833e-02 ) -6.390e-02 ( 6.833e-02 )

0.10 0.04 2.596e-02 ( 1.807e-01 ) 2.596e-02 ( 1.807e-01 ) 2.637e-02 ( 1.810e-01 ) 2.637e-02 ( 1.810e-01 ) 1.835e-01 ( 6.944e-02 ) 1.750e-01 ( 6.944e-02 ) 6.518e-02 ( 6.944e-02 ) 3.808e-02 ( 6.944e-02 )

0.01 0.10 -2.792e-02 ( 1.436e-01 ) -2.792e-02 ( 1.436e-01 ) -2.706e-02 ( 1.434e-01 ) -2.706e-02 ( 1.434e-01 ) -3.775e-01 ( 6.804e-02 ) -3.294e-01 ( 6.804e-02 ) -2.096e-01 ( 6.804e-02 ) -1.245e-01 ( 6.804e-02 )
2

0.10 0.01 5.394e-02 ( 1.434e-01 ) 5.394e-02 ( 1.434e-01 ) 5.415e-02 ( 1.440e-01 ) 5.415e-02 ( 1.440e-01 ) 3.584e-01 ( 6.930e-02 ) 3.321e-01 ( 6.930e-02 ) 1.573e-01 ( 6.930e-02 ) 1.054e-01 ( 6.930e-02 )

0.10 0.10 6.941e-03 ( 7.498e-02 ) 6.941e-03 ( 7.498e-02 ) 7.124e-03 ( 7.397e-02 ) 7.005e-03 ( 7.392e-02 ) -2.316e-02 ( 6.814e-02 ) -5.678e-03 ( 6.814e-02 ) -6.382e-02 ( 6.814e-02 ) -2.468e-02 ( 6.814e-02 )

0.04 0.10 6.744e-03 ( 7.458e-02 ) 6.744e-03 ( 7.458e-02 ) 6.889e-03 ( 7.223e-02 ) 6.715e-03 ( 7.218e-02 ) -1.845e-01 ( 6.853e-02 ) -1.191e-01 ( 6.853e-02 ) -1.001e-01 ( 6.853e-02 ) -3.492e-02 ( 6.853e-02 )

0.10 0.04 7.093e-03 ( 7.500e-02 ) 7.093e-03 ( 7.500e-02 ) 7.275e-03 ( 7.485e-02 ) 7.211e-03 ( 7.481e-02 ) 1.389e-01 ( 6.662e-02 ) 1.078e-01 ( 6.662e-02 ) -2.137e-02 ( 6.662e-02 ) -1.398e-02 ( 6.662e-02 )

0.01 0.10 2.872e-03 ( 6.799e-02 ) 2.872e-03 ( 6.799e-02 ) 2.998e-03 ( 6.386e-02 ) 3.260e-03 ( 6.467e-02 ) -3.314e-01 ( 6.781e-02 ) -2.273e-01 ( 6.781e-02 ) -1.456e-01 ( 6.781e-02 ) -5.709e-02 ( 6.781e-02 )
3

0.10 0.01 1.167e-02 ( 6.616e-02 ) 1.167e-02 ( 6.616e-02 ) 1.182e-02 ( 6.637e-02 ) 1.191e-02 ( 6.589e-02 ) 2.865e-01 ( 6.495e-02 ) 2.161e-01 ( 6.495e-02 ) 4.454e-02 ( 6.495e-02 ) 1.657e-02 ( 6.495e-02 )

0.10 0.10 -5.174e-03 ( 5.455e-02 ) -5.174e-03 ( 5.455e-02 ) -4.095e-03 ( 4.704e-02 ) 3.811e-03 ( 7.950e-02 ) -1.384e-02 ( 6.987e-02 ) -4.374e-03 ( 6.987e-02 ) -4.636e-02 ( 6.987e-02 ) -2.729e-02 ( 6.987e-02 )

0.04 0.10 -5.517e-03 ( 5.875e-02 ) -5.517e-03 ( 5.875e-02 ) -3.503e-03 ( 4.392e-02 ) 3.563e-03 ( 7.139e-02 ) -1.483e-01 ( 7.084e-02 ) -8.335e-02 ( 7.084e-02 ) -6.311e-02 ( 7.084e-02 ) -3.113e-02 ( 7.084e-02 )

0.10 0.04 -4.779e-03 ( 5.032e-02 ) -4.779e-03 ( 5.032e-02 ) -4.372e-03 ( 4.781e-02 ) 3.537e-03 ( 8.441e-02 ) 1.202e-01 ( 6.615e-02 ) 7.311e-02 ( 6.615e-02 ) -2.695e-02 ( 6.615e-02 ) -2.615e-02 ( 6.615e-02 )

0.01 0.10 -6.962e-03 ( 6.027e-02 ) -6.962e-03 ( 6.027e-02 ) -2.735e-03 ( 3.872e-02 ) 1.300e-03 ( 5.887e-02 ) -2.729e-01 ( 6.844e-02 ) -1.683e-01 ( 6.844e-02 ) -8.916e-02 ( 6.844e-02 ) -4.221e-02 ( 6.844e-02 )

6000

4

0.10 0.01 -3.794e-03 ( 4.529e-02 ) -3.794e-03 ( 4.529e-02 ) -3.759e-03 ( 4.520e-02 ) 8.686e-03 ( 7.561e-02 ) 2.441e-01 ( 6.099e-02 ) 1.556e-01 ( 6.099e-02 ) 2.116e-02 ( 6.099e-02 ) -8.105e-03 ( 6.099e-02 )

0.10 0.10 1.950e-03 ( 2.033e-02 ) 1.950e-03 ( 2.033e-02 ) 1.733e-03 ( 1.868e-02 ) 1.733e-03 ( 1.868e-02 ) -1.753e-02 ( 4.902e-02 ) -4.793e-04 ( 4.902e-02 ) -3.117e-02 ( 4.902e-02 ) -8.314e-03 ( 4.902e-02 )

0.04 0.10 1.715e-03 ( 1.875e-02 ) 1.715e-03 ( 1.875e-02 ) 1.247e-03 ( 1.462e-02 ) 1.247e-03 ( 1.462e-02 ) -8.118e-02 ( 4.564e-02 ) -1.681e-02 ( 4.564e-02 ) -4.462e-02 ( 4.564e-02 ) -1.234e-02 ( 4.564e-02 )

0.10 0.04 2.091e-03 ( 2.114e-02 ) 2.091e-03 ( 2.114e-02 ) 2.068e-03 ( 2.088e-02 ) 2.068e-03 ( 2.088e-02 ) 4.517e-02 ( 4.778e-02 ) 1.073e-02 ( 4.778e-02 ) -1.862e-02 ( 4.778e-02 ) -4.511e-03 ( 4.778e-02 )

0.01 0.10 1.427e-03 ( 1.681e-02 ) 1.427e-03 ( 1.681e-02 ) 7.442e-04 ( 9.525e-03 ) 7.442e-04 ( 9.525e-03 ) -1.569e-01 ( 3.948e-02 ) -6.386e-02 ( 3.948e-02 ) -5.644e-02 ( 3.948e-02 ) -1.570e-02 ( 3.948e-02 )
1

0.10 0.01 2.131e-03 ( 2.112e-02 ) 2.131e-03 ( 2.112e-02 ) 2.197e-03 ( 2.121e-02 ) 2.197e-03 ( 2.121e-02 ) 1.198e-01 ( 4.156e-02 ) 5.023e-02 ( 4.156e-02 ) -7.944e-04 ( 4.156e-02 ) -2.225e-04 ( 4.156e-02 )

0.10 0.10 1.328e-02 ( 1.623e-01 ) 1.328e-02 ( 1.623e-01 ) 1.315e-02 ( 1.623e-01 ) 1.315e-02 ( 1.623e-01 ) -1.377e-03 ( 7.142e-02 ) -5.681e-03 ( 7.142e-02 ) -2.065e-02 ( 7.142e-02 ) -2.389e-03 ( 7.142e-02 )

0.04 0.10 1.069e-02 ( 1.580e-01 ) 1.069e-02 ( 1.580e-01 ) 1.047e-02 ( 1.582e-01 ) 1.047e-02 ( 1.582e-01 ) -1.897e-01 ( 7.162e-02 ) -1.688e-01 ( 7.162e-02 ) -1.017e-01 ( 7.162e-02 ) -3.766e-02 ( 7.162e-02 )

0.10 0.04 1.465e-02 ( 1.576e-01 ) 1.465e-02 ( 1.576e-01 ) 1.473e-02 ( 1.576e-01 ) 1.473e-02 ( 1.576e-01 ) 1.870e-01 ( 7.104e-02 ) 1.577e-01 ( 7.104e-02 ) 6.202e-02 ( 7.104e-02 ) 2.678e-02 ( 7.104e-02 )

0.01 0.10 -1.992e-02 ( 1.231e-01 ) -1.992e-02 ( 1.231e-01 ) -2.019e-02 ( 1.232e-01 ) -2.019e-02 ( 1.232e-01 ) -3.613e-01 ( 7.148e-02 ) -3.173e-01 ( 7.148e-02 ) -1.902e-01 ( 7.148e-02 ) -9.123e-02 ( 7.148e-02 )
2

0.10 0.01 3.930e-02 ( 1.231e-01 ) 3.930e-02 ( 1.231e-01 ) 3.938e-02 ( 1.233e-01 ) 3.938e-02 ( 1.233e-01 ) 3.580e-01 ( 7.103e-02 ) 3.065e-01 ( 7.103e-02 ) 1.512e-01 ( 7.103e-02 ) 8.005e-02 ( 7.103e-02 )

0.10 0.10 2.397e-03 ( 6.098e-02 ) 2.397e-03 ( 6.098e-02 ) 1.863e-03 ( 6.019e-02 ) 3.068e-03 ( 6.126e-02 ) -1.002e-02 ( 6.973e-02 ) -1.150e-02 ( 6.973e-02 ) -5.147e-02 ( 6.973e-02 ) -1.403e-02 ( 6.973e-02 )

0.04 0.10 2.445e-03 ( 6.058e-02 ) 2.445e-03 ( 6.058e-02 ) 1.599e-03 ( 5.880e-02 ) 2.855e-03 ( 5.995e-02 ) -1.569e-01 ( 6.922e-02 ) -1.035e-01 ( 6.922e-02 ) -7.491e-02 ( 6.922e-02 ) -1.776e-02 ( 6.922e-02 )

0.10 0.04 2.336e-03 ( 6.106e-02 ) 2.336e-03 ( 6.106e-02 ) 2.100e-03 ( 6.086e-02 ) 3.256e-03 ( 6.187e-02 ) 1.371e-01 ( 6.837e-02 ) 8.269e-02 ( 6.837e-02 ) -2.065e-02 ( 6.837e-02 ) -1.017e-02 ( 6.837e-02 )

0.01 0.10 9.677e-04 ( 5.716e-02 ) 9.677e-04 ( 5.716e-02 ) 2.694e-04 ( 5.483e-02 ) 1.376e-03 ( 5.571e-02 ) -2.922e-01 ( 6.657e-02 ) -1.948e-01 ( 6.657e-02 ) -1.063e-01 ( 6.657e-02 ) -3.252e-02 ( 6.657e-02 )
3

0.10 0.01 4.377e-03 ( 5.672e-02 ) 4.377e-03 ( 5.672e-02 ) 4.380e-03 ( 5.674e-02 ) 5.633e-03 ( 5.750e-02 ) 2.723e-01 ( 6.590e-02 ) 1.774e-01 ( 6.590e-02 ) 3.402e-02 ( 6.590e-02 ) 8.245e-03 ( 6.590e-02 )

0.10 0.10 -2.051e-03 ( 4.256e-02 ) -2.051e-03 ( 4.256e-02 ) -2.205e-03 ( 3.461e-02 ) 3.938e-03 ( 5.548e-02 ) -9.784e-03 ( 5.840e-02 ) -3.148e-03 ( 5.840e-02 ) -2.175e-02 ( 5.840e-02 ) -1.525e-02 ( 5.840e-02 )

0.04 0.10 -2.013e-03 ( 4.674e-02 ) -2.013e-03 ( 4.674e-02 ) -1.724e-03 ( 3.156e-02 ) 3.306e-03 ( 5.035e-02 ) -1.106e-01 ( 5.729e-02 ) -4.406e-02 ( 5.729e-02 ) -2.639e-02 ( 5.729e-02 ) -1.596e-02 ( 5.729e-02 )

0.10 0.04 -2.055e-03 ( 3.824e-02 ) -2.055e-03 ( 3.824e-02 ) -2.376e-03 ( 3.538e-02 ) 4.088e-03 ( 5.791e-02 ) 9.079e-02 ( 5.587e-02 ) 3.604e-02 ( 5.587e-02 ) -1.490e-02 ( 5.587e-02 ) -1.491e-02 ( 5.587e-02 )

0.01 0.10 -2.914e-03 ( 4.809e-02 ) -2.914e-03 ( 4.809e-02 ) -1.077e-03 ( 2.670e-02 ) 2.347e-03 ( 4.301e-02 ) -2.089e-01 ( 5.336e-02 ) -1.062e-01 ( 5.336e-02 ) -4.370e-02 ( 5.336e-02 ) -2.249e-02 ( 5.336e-02 )

9000

4

0.10 0.01 -2.030e-03 ( 3.429e-02 ) -2.030e-03 ( 3.429e-02 ) -2.191e-03 ( 3.388e-02 ) 5.208e-03 ( 5.417e-02 ) 1.912e-01 ( 5.065e-02 ) 9.526e-02 ( 5.065e-02 ) 1.063e-02 ( 5.065e-02 ) -7.367e-03 ( 5.065e-02 )

0.10 0.10 1.409e-03 ( 1.698e-02 ) 1.409e-03 ( 1.698e-02 ) 9.964e-04 ( 1.535e-02 ) 9.964e-04 ( 1.535e-02 ) -1.591e-02 ( 4.488e-02 ) -1.592e-03 ( 4.488e-02 ) -2.549e-02 ( 4.488e-02 ) -6.911e-03 ( 4.488e-02 )

0.04 0.10 1.314e-03 ( 1.583e-02 ) 1.314e-03 ( 1.583e-02 ) 6.658e-04 ( 1.203e-02 ) 6.658e-04 ( 1.203e-02 ) -6.779e-02 ( 4.124e-02 ) -1.191e-02 ( 4.124e-02 ) -3.552e-02 ( 4.124e-02 ) -9.131e-03 ( 4.124e-02 )

0.10 0.04 1.443e-03 ( 1.753e-02 ) 1.443e-03 ( 1.753e-02 ) 1.259e-03 ( 1.715e-02 ) 1.259e-03 ( 1.715e-02 ) 3.373e-02 ( 4.411e-02 ) 4.516e-03 ( 4.411e-02 ) -1.387e-02 ( 4.411e-02 ) -4.547e-03 ( 4.411e-02 )

0.01 0.10 1.178e-03 ( 1.441e-02 ) 1.178e-03 ( 1.441e-02 ) 3.627e-04 ( 7.870e-03 ) 3.627e-04 ( 7.870e-03 ) -1.358e-01 ( 3.516e-02 ) -5.264e-02 ( 3.516e-02 ) -4.520e-02 ( 3.516e-02 ) -1.208e-02 ( 3.516e-02 )
1

0.10 0.01 1.416e-03 ( 1.743e-02 ) 1.416e-03 ( 1.743e-02 ) 1.395e-03 ( 1.745e-02 ) 1.395e-03 ( 1.745e-02 ) 1.000e-01 ( 3.755e-02 ) 3.792e-02 ( 3.755e-02 ) 1.607e-03 ( 3.755e-02 ) -1.179e-03 ( 3.755e-02 )

0.10 0.10 1.158e-02 ( 1.359e-01 ) 1.158e-02 ( 1.359e-01 ) 1.158e-02 ( 1.364e-01 ) 1.158e-02 ( 1.364e-01 ) -8.054e-03 ( 7.086e-02 ) -1.035e-02 ( 7.086e-02 ) 2.389e-02 ( 7.086e-02 ) 1.432e-02 ( 7.086e-02 )

0.04 0.10 1.096e-02 ( 1.353e-01 ) 1.096e-02 ( 1.353e-01 ) 1.072e-02 ( 1.357e-01 ) 1.072e-02 ( 1.357e-01 ) -1.919e-01 ( 7.087e-02 ) -1.654e-01 ( 7.087e-02 ) -6.109e-02 ( 7.087e-02 ) -1.271e-02 ( 7.087e-02 )

0.10 0.04 1.159e-02 ( 1.345e-01 ) 1.159e-02 ( 1.345e-01 ) 1.173e-02 ( 1.348e-01 ) 1.173e-02 ( 1.348e-01 ) 1.755e-01 ( 7.059e-02 ) 1.457e-01 ( 7.059e-02 ) 1.041e-01 ( 7.059e-02 ) 3.584e-02 ( 7.059e-02 )

0.01 0.10 -1.139e-02 ( 1.077e-01 ) -1.139e-02 ( 1.077e-01 ) -1.164e-02 ( 1.084e-01 ) -1.164e-02 ( 1.084e-01 ) -3.587e-01 ( 7.056e-02 ) -3.069e-01 ( 7.056e-02 ) -1.572e-01 ( 7.056e-02 ) -6.909e-02 ( 7.056e-02 )
2

0.10 0.01 3.050e-02 ( 1.062e-01 ) 3.050e-02 ( 1.062e-01 ) 3.062e-02 ( 1.064e-01 ) 3.062e-02 ( 1.064e-01 ) 3.423e-01 ( 7.016e-02 ) 2.887e-01 ( 7.016e-02 ) 1.850e-01 ( 7.016e-02 ) 8.178e-02 ( 7.016e-02 )

0.10 0.10 3.016e-03 ( 5.159e-02 ) 3.016e-03 ( 5.159e-02 ) 2.844e-03 ( 5.143e-02 ) 2.827e-03 ( 5.161e-02 ) -1.473e-02 ( 6.407e-02 ) -1.072e-02 ( 6.407e-02 ) -3.005e-02 ( 6.407e-02 ) -1.333e-02 ( 6.407e-02 )

0.04 0.10 3.001e-03 ( 5.113e-02 ) 3.001e-03 ( 5.113e-02 ) 2.674e-03 ( 5.034e-02 ) 2.549e-03 ( 5.056e-02 ) -1.515e-01 ( 6.344e-02 ) -8.912e-02 ( 6.344e-02 ) -4.872e-02 ( 6.344e-02 ) -1.899e-02 ( 6.344e-02 )

0.10 0.04 3.014e-03 ( 5.178e-02 ) 3.014e-03 ( 5.178e-02 ) 2.982e-03 ( 5.189e-02 ) 3.070e-03 ( 5.207e-02 ) 1.224e-01 ( 6.262e-02 ) 6.903e-02 ( 6.262e-02 ) -7.561e-03 ( 6.262e-02 ) -7.796e-03 ( 6.262e-02 )

0.01 0.10 2.547e-03 ( 4.965e-02 ) 2.547e-03 ( 4.965e-02 ) 2.125e-03 ( 4.805e-02 ) 1.796e-03 ( 4.811e-02 ) -2.776e-01 ( 6.052e-02 ) -1.721e-01 ( 6.052e-02 ) -8.195e-02 ( 6.052e-02 ) -3.124e-02 ( 6.052e-02 )
3

0.10 0.01 3.762e-03 ( 4.999e-02 ) 3.762e-03 ( 4.999e-02 ) 3.828e-03 ( 5.010e-02 ) 3.975e-03 ( 5.038e-02 ) 2.495e-01 ( 6.023e-02 ) 1.554e-01 ( 6.023e-02 ) 3.820e-02 ( 6.023e-02 ) 1.050e-02 ( 6.023e-02 )

0.10 0.10 -4.057e-03 ( 3.607e-02 ) -4.057e-03 ( 3.607e-02 ) -2.708e-03 ( 2.639e-02 ) -3.695e-04 ( 4.183e-02 ) -9.619e-03 ( 5.381e-02 ) -5.266e-03 ( 5.381e-02 ) -1.769e-02 ( 5.381e-02 ) -1.308e-02 ( 5.381e-02 )

0.04 0.10 -4.408e-03 ( 4.073e-02 ) -4.408e-03 ( 4.073e-02 ) -1.953e-03 ( 2.335e-02 ) -5.318e-04 ( 3.713e-02 ) -8.206e-02 ( 5.372e-02 ) -2.649e-02 ( 5.372e-02 ) -2.318e-02 ( 5.372e-02 ) -1.704e-02 ( 5.372e-02 )

0.10 0.04 -3.632e-03 ( 3.122e-02 ) -3.632e-03 ( 3.122e-02 ) -3.167e-03 ( 2.741e-02 ) -2.810e-04 ( 4.453e-02 ) 6.226e-02 ( 4.992e-02 ) 1.462e-02 ( 4.992e-02 ) -1.301e-02 ( 4.992e-02 ) -9.809e-03 ( 4.992e-02 )

0.01 0.10 -4.839e-03 ( 4.433e-02 ) -4.839e-03 ( 4.433e-02 ) -1.060e-03 ( 1.868e-02 ) -5.893e-04 ( 3.122e-02 ) -1.619e-01 ( 4.953e-02 ) -7.613e-02 ( 4.953e-02 ) -3.156e-02 ( 4.953e-02 ) -2.183e-02 ( 4.953e-02 )

12000

4

0.10 0.01 -3.184e-03 ( 2.677e-02 ) -3.184e-03 ( 2.677e-02 ) -3.208e-03 ( 2.634e-02 ) -3.072e-05 ( 4.422e-02 ) 1.416e-01 ( 4.282e-02 ) 6.304e-02 ( 4.282e-02 ) -1.460e-03 ( 4.282e-02 ) -6.661e-03 ( 4.282e-02 )
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