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I. Methods 

a. Materials 

Chromophore structures are shown in Figure 1. IR-1061(1) was purchased from Sigma Aldrich. IR-26 (2) 
was purchased from Exciton. Dichloromethane (DCM, HPLC grade), ethanol (anhydrous) and ethanol-d1 
(99.5%) were purchased from Fisher scientific. IR-27 (4) and dyes 3–4, 7–15;1 and 5–6 and 16–212 were 
prepared following reported procedures. 

b.  Absorption coefficient 

Absorption coefficients were calculated with serial dilutions in DCM in volumetric glassware. Error was 

taken as the standard deviation of the triplicate measurement. Absorbance spectra were collected on a 

JASCO V-770 UV-VIS/NIR spectrophotometer. The total molar absorption coefficient was numerically 

integrated over the NIR/SWIR absorption.  

To find the integrated absorption cross section of the S0 → S1 electronic state including its vibrational 
progression (Figure 1) in units of absorption (𝜎(𝜔)) per unit angular frequency we numerically integrate 
using linear interpolation and Simpson’s rule (Equation S1).  

∫ 𝑓(𝑥)𝑑𝑥
𝑥𝑁

𝑥0

≈
𝑥𝑛 − 𝑥𝑜

3𝑛
∑ 𝑓(𝑥2𝑖−2) +

𝑛/2

𝑖=1

 𝑓(𝑥2𝑖−1) + 𝑓(𝑥2𝑖) (S1) 

Standard error was calculated by repeating this method for the upper bound and lower bound of each 

point from repeat measurements. The number of points used for the interpolation was twice that of the 

original points in that range. 

c. Fluorescence quantum yield 

Photoluminescence spectra were obtained on a Horiba Instruments PTI QuantaMaster Series fluorometer 

with 90º collection. For dyes 1–16, relative quantum yields were taken with IR-26 as the standard in DCM 

(detailed methodology in references).1,2 The Φ𝐹 of IR-26 (2) was taken to be 5 × 10−4 in accordance with 

several recent measurements.3–5 Dyes 17–21 were found using absolute quantum yield with an 

integrating sphere.2 Quantum yield for 3’ and 3’’ were determined using the relative method compared to 

3 [ Φ𝐹= (0.61 ±  0.02) × 10−2].2 For each compound, five solutions and a solvent blank were prepared 

and measured for their absorbance (890 nm) and emission spectra (excitation: 890 nm, emission 

collected between 920 – 1500 nm, no filter, excitation slit width: 0.77 nm, emission slit width: 11.52 nm, 

integration time: 0.3 s, step size: 4 nm) to plot integrated fluorescence intensity versus absorbance. Error 

calculation of quantum yield was propagated from the error in slope of both the reference and the 

unknown. 

d.  Time correlated single photon counting  

We recorded PL lifetimes using a home-built, all-reflective epifluorescence setup.6 For dyes 1–15, we used 

a pulsed 970 nm (70
𝜇𝐽

𝑐𝑚2  , IRF = 44 ± 1 ps) excitation; for dyes 16–20, we used a pulsed 780 nm 

(900
𝜇𝐽

𝑐𝑚2 , 𝐼𝑅𝐹 = 59 ± 1 ps) excitation; for the comparison of dye 3, 3’, 3” we used a pulsed 785 nm 

(0.19
𝜇𝐽

𝑐𝑚2 , 𝐼𝑅𝐹 = 68 ± 1 ps) excitation. Emission was then collected and filtered with a 90:10 beamsplitter 

and appropriate excitation filters finally reflectively coupled into a single-mode fiber (F-SMF-28-C-10FC, 
Newport) and detected using an SNSPD (Quantum Opus One).2,6,7  

Given the short lifetimes of these dye, lifetimes were fit with a convolution of the instrument response 
function and an exponential. To determine the lifetime (or decay rate, 𝑘) for each TCSPC trace we fit each 
curve to a convolution of Gaussian with a single exponential decay: 



 

 

 

 

 

 

The width, 𝜎, of the Gaussian was determined using the instrument response function (IRF) which was 
measured as the back-scatter off of a cuvette with solvent (i.e. DCM) without the longpass filters. The initial 
peak amplitude, 𝐼0, and the rate, 𝑘, were free fitting parameters, while the time offset, 𝑡0, and the IRF width, 

𝜎 were fixed variables. We use a conservative error of 1 ps (the instrument resolution) for our lifetimes 
except where noted in our statistics. Figure S1 shows the lifetime fitting of the Dye 3, 3’, 3”. 

 

 

  

𝐼(𝑡) =
𝐼0

2
𝑒

−𝑘((𝑡−𝑡0)−
𝜎2𝑘

2
)
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√2𝜎
)) (S2) 

Figure S1: Example lifetime fit: Fitted lifetimes for dye 
3, 3’,3”. 



 

 

II. Modeling absorption and emission 

This manuscript establishes the relationship between the energy gap and quantum yield of molecular 
systems in the shortwave infrared. In this supporting information, we will outline or derive the expressions 
that relate spectroscopic and structural observables to the radiative and non-radiative rates of a molecular 
chromophore, separating molecular details (e.g. transition dipole moment, number of/coupling to vibrations, 
and excited/ground state degeneracy) from photonic degrees of freedom (e.g. index of refraction and 
density of photon states as a function of energy gap). 

a. Einstein coefficients, absorption, and emission. There is considerable ambiguity when 
describing how spectroscopic observables such as the molar absorptivity, lifetime and quantum yield relate 
to intrinsic molecular properties such as transition dipole moment and oscillator strength. Much of the 
literature defines these relationships in terms of gas-phase atomic transitions, and while the physics is 
identical for molecular systems, the presence of a stokes shift between absorption and emission, broader 
more complex lineshapes, a dielectric environment, and more complex excited state degeneracy 
complicates numerical comparison between chromophores.8–12 Several papers clarify this discussion and 
we simply elaborate on their work below, keeping notation and unit consistency with our manuscript, and 
including solvent dielectric effect in all cases.8–12 To guide the discussion, we provide a table of units for 
each of the terms given in both gaussian and SI unit systems (Table S1). 

To relate the molar absorptivity to the rate of absorption (and ultimately the rate of emission), we will use 
the Einstein formalism, depicted in Figure S2. In steady state the change in population is zero (𝑁1’ = 0), 
which allows us to express the following equation:  

𝐵12
𝐸 𝑁1𝑢(𝐸) = 𝐵21

𝐸 𝑁2𝑢(𝐸) + 𝐴21𝑁2, (S3) 

Where 𝐵12, 𝐵21 and 𝐴21 are the rate constants for absorption, stimulated emission and spontaneous 

emission respectively, 𝑢(𝐸) is the energy density of radiation per unit energy, and 𝑁1and 𝑁2 are the 

population of molecules in 𝜓1 and 𝜓2 respectively. The superscript omega denotes that these 𝐵 coefficients 
include units of angular frequency as it is the rate of absorption or stimulated emission at a given excitation 
energy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table S1: Unit table 

Variable Gaussian (cgs)  SI units 

𝑩𝟏𝟐 𝒐𝒓 𝑩𝟐𝟏 𝑐𝑚

𝑔
 10

𝑚

𝑘𝑔
 

𝑨𝟐𝟏 𝑠−1 𝑠−1 

𝑰 𝑔

𝑠2𝑐𝑚
 10

𝑘𝑔

𝑠2𝑚
 

𝝈𝟎 𝑐𝑚2𝑒𝑟𝑔 10−3𝑚2𝐽 

𝝐 𝑚𝑜𝑙 ∙ 𝑐𝑚2 104𝑚𝑜𝑙 ∙ 𝑚2 

𝒖(𝑬)(𝒃𝒍𝒂𝒄𝒌 𝒃𝒐𝒅𝒚) 𝑔

𝑐𝑚
𝑒𝑟𝑔 10−7

𝑘𝑔

𝑚
𝐽 

〈𝑼〉 𝑔

𝑠2 ∙ 𝑐𝑚
 0.1

𝑘𝑔

𝑠2 ∙ 𝑚
 

𝝁𝟐𝟏 𝐷 3.335 × 1030𝐶 ∙ 𝑚 



 

 

 

 

b. Absorption parameters to Einstein coefficients 

The absorption cross section (SI: m2) is measurable using a conventional UV-VIS spectrometer. The cross 
section is defined as the energy absorbed by the chromophore per unit time divided by the energy per unit 
area per unit time of incident light (e.g., intensity). The energy absorbed per second is given by the rate of 

absorption, (𝐵12
𝐸 𝑢(𝐸)) (total units of s-1), multiplied by the energy of each photon absorbed (𝐸𝑔). The intensity 

is given by the average energy density of monochromatic light as 〈𝑈〉 (energy per unit volume). The input 

intensity is therefore 𝐼0 = 𝑣〈𝑈〉, where 𝑣 is the speed of light in a dielectric medium, i.e. 𝑣 = 𝑐/𝑛. We arrive 
at the following expression for cross section:  

𝜎(𝐸) =
𝑛𝐸𝐵12

𝐸 𝑢(𝐸)

𝑐〈𝑈〉
 (S4) 

Which simplifies to  

𝜎(𝐸)𝑑𝐸 =
𝑛𝐸𝐵12

𝐸

𝑐
 (S5) 

where 〈𝑈〉 = 𝑢(𝐸)𝑑𝐸. The change in intensity as a function of penetration depth of this incident light is  

𝑑𝐼

𝑑𝑥
= −𝑁1𝜎(𝐸)𝐼(𝑥)𝑑𝐼 (S6) 

which for a fixed path length, 𝑙, leads naturally to  

𝐼𝑓𝑖𝑛𝑎𝑙

𝐼0

= 𝑒−𝑁1𝜎(𝐸)𝑙 (S7) 

A standard absorption spectrometer measures the intensity transmitted of absorbed light as a function of 
input frequency for a monochromatic beam. By chemistry convention the absorbance is  

𝐴(𝐸) = −𝐿𝑜𝑔10

𝐼(𝐸)

𝐼0(𝐸)
 = 𝜖(𝐸)𝑀𝐿 (S8) 

Where 𝜖(𝐸) is the molar absorptivity (or attenuation), 𝑀 is the concentration of sample (commonly in units 
of molarity), and L is the path length. This translates to cross-section as follows. 

𝜎(𝐸) =
1000

𝑁𝐴 log10 𝑒
𝜖(𝐸) ≈ 1.66 × 10−21 𝜖(𝐸) (S9) 

In this paper, we will consider uniform illumination over the entire lowest energy absorption feature (usually 
well separated in the NIR or SWIR). Our coefficient therefore corresponds to the overall absorption of the 

Figure S2: Depiction of Einstein coefficients: Defining 
induced absorption, stimulated emission, and spontaneous 
emission for a 2-level system 



 

 

lowest energy transition(s). We thus define single absorption coefficient 𝜎0 corresponding to the following 
integral 

𝜎0 = ∫ 𝜎(𝐸)𝑑𝐸
𝜔2

𝜔1

 (S10) 

We can also define a simple lineshape function 𝑔(𝐸) = 𝜎(𝐸)/𝜎0. This allows us to use either the overall 

Einstein coefficient 𝐵12, or the coefficient at a specific wavelength 𝐵12
𝐸 = 𝐵12𝑔(𝐸) 

To relate the measured total absorption cross section with emission, we will use the rest of the relevant 
Einstein coefficient relations. Without external illumination, (at thermal equilibrium) the population at each 

energy level is 
𝑁2

𝑁1
=

𝑔2

𝑔1
𝑒−𝛽𝐸𝑔, where 𝛽 = (𝑘𝑇)−1, 𝐸𝑔 is the energy gap, and 𝑔1 and 𝑔2 are the degeneracy of 

ground and excited state respectively. Here, we can use 𝑢(𝜔) the energy density of a blackbody at 

temperature 𝑇 and 𝑣: 

𝑢(𝐸) =
𝐸𝑔

3

𝜋2𝑣3ℏ2(𝑒𝛽𝐸 − 1)
 (S11) 

Through substitution of 𝑁2, 𝑢(𝐸) , and 𝑣 in S3 we arrive at 

𝐵12𝐸𝑔
3𝑛3

𝜋2ℏ2𝑐3
=

𝑔2

𝑔1

𝐵21𝐸𝑔
3𝑛3

𝜋2ℏ2𝑐3
𝑒−𝛽𝐸𝑔 + 𝐴21

𝑔2

𝑔1

(1 − 𝑒−𝛽𝐸𝑔) (S12) 

Equation S12 is true at all temperatures which allows us to relate absorption and spontaneous emission. 
For the low temperature limit (appropriate when 𝑘𝑇 ≪ ℏ𝜔), then 𝑇 → 0, 𝛽 → ∞  

𝐵12 =
𝑔2

𝑔1

𝜋2ℏ2𝑐3

𝐸𝑔
3𝑛3

 𝐴21 (S13) 

Therefore, one can calculate the radiative rate from the absorption cross section, assuming we know the 

relevant energy gap (𝐸𝑔) and the ratio of the degeneracy between ground and excited states.  

𝜎0 =
𝑛ℏ𝐸𝑔𝐵12

𝑐
=

𝑔2

𝑔1

𝐴21𝜋2ℏ3𝑐2

𝐸𝑔
2𝑛2

  (S14) 

We obtain 𝐴21independently by measuring the lifetime and quantum yield of each dye (see Section I), we 

can compare each to determine the degeneracy ratio 
𝑔2

𝑔1
 for each dye.  

In this paper, to compare absorption and emission measurements we assume a common energy gap for 
all photophysical measurements, in this case the midpoint between absorption and emission. Within the 

displaced harmonic oscillator model, 𝐸𝑔 is the energy difference between harmonic wells. As cyanine dyes 

have small stokes shifts and low Huang Rhys factors, we believe this simplification will introduce minimal 
relative errors. We can therefore relate our absorption cross section to the spontaneous (radiative) rate.  

c. Comparison to the Strickler-Berg equation 

The spontaneous radiative rate coefficient derived here matches that derived by Strickler and Berg with 
appropriate unit conversions (reproduced below in both the common condensed form and its expanded 
form).9  

Note that this equation, energy is defined in wavenumber not energy defined in Joules as described above. 
Additionally, The Strickler-Berg accounts for the molecular band gap differently by differentiating between 
the emission energy and the absorption energy such that the carrier frequency is defined by the 
fluorescence spectra. While this is a reasonable approximation, it renders absorption and emission metrics 
of radiative rates internally inconsistent, so we will use the mid-gap point instead.  

𝐴21 =
𝑔1

𝑔2

𝐸𝑔
2𝑛2

ℏ3𝜋2𝑐2
 𝜎0 =

𝑔1

𝑔2

1000𝐸𝑔
2𝑛2

𝑁𝑎𝐿𝑜𝑔10(𝑒)𝜋2ℏ3𝑐2
∫ 𝜖(𝐸)𝑑𝐸

𝐸2

𝐸1

 (S15) 

𝐴21 = 2.88 × 10−9𝑛2〈𝜈𝑓
−3〉−1

𝑔1

𝑔2

∫ 𝜖(𝜈)𝑑ln(ν̃
𝜔2

𝜔1

)

=
8 × 1000𝜋𝑐𝑛2

𝑁𝐴 log10 𝑒
𝑛2〈𝜈𝑓

−3〉−1
𝑔1

𝑔2

∫ 𝜖(𝜈)𝑑ln(ν̃
𝜔2

𝜔1

) 

(S16) 



 

 

d.  Relating Einstein coefficients to transition dipole moments 

The transition dipole moment is the molecular parameter which sets the strength of absorption and the rate 
of emission for dipole allowed transitions. We can derive the relationship between the transition dipole 
moment and radiative rate through an application of Fermi’s Golden rule. The transition rate comes from 
first order perturbation theory.13 

𝐴21 =
2𝜋

ℏ
|𝑀21|2𝑔(𝐸𝑔) (S17) 

  

In free space, 𝑔(𝐸𝑔), can be computed by computing the number of photon modes in a cavity of volume 𝑉0.  

𝑔(𝐸𝑔) =
𝐸𝑔

2𝑉0

𝜋2ℏ2𝑣3
 (S18) 

For a randomly oriented dipole in free space the transition matrix is  

|𝑀12|2 =
1

3
𝜇21

2 ℰ𝑣𝑎𝑐
2  (S19) 

With the magnitude of energy of the fluctuating electric field in a vacuum defined as.  

ε𝑣𝑎𝑐 = (
𝐸𝑔

2𝜀0𝑉0

)

1
2
 (S20) 

Combining Equations S17-20. 

𝐴21 =
𝜇21

2 𝐸𝑔
3

3𝜋ℏ4𝑣3𝜀
 (S21) 

We modify this slightly by including the refractive index 𝜀 = 𝜀0𝑛2 (in cgs units 𝜀 =
1

4𝜋
𝑛2). With this correction, 

we arrive at  

𝐴21 =
4𝜇21

2 𝐸𝑔
3𝑛

3ℏ4𝑐3
 (S22) 

Which is identical to the equation found in the prior literature with the addition of the refractive index 
correction.8 We can therefore relate transition dipole moment to the absorption cross section using S14 and 
S22 as follows: 

𝜇21
2 =

𝑔1

𝑔2

3ℏ𝑛𝑐

4𝐸𝑔𝜋2
 𝜎0 (S23) 

 

e.  Oscillator strength 

Oscillator strength is defined as the comparison of the absorption or emission rate to the rate of absorption 
or emission of a classical oscillator. The classical oscillator rate of transition is defined as 

𝛾𝑐𝑙 =
𝑞2𝐸𝑔

2𝑛

6𝜋𝜀𝑂𝑚ℏ2𝑐3
 (S24) 

where 𝑚 is the mass of an electron and 𝑞 is electron charge. We then can define the emission oscillator 
strength as  

𝑓21 = −

1
3

𝐴21

𝛾𝑐𝑙

. (S25) 

We use the radiative rate found through use of quantum yield and total lifetime to determine the oscillator 
strength of emission. Similar to how 𝐵12 and 𝐵21 are related by the degeneracy ratio so are 𝑓12 and 𝑓21. We 

can solve for 𝑓12 with the relationship between the classical oscillator cross section, 𝜎𝑜𝑐, compared to the 
experimental absorption cross section.8 



 

 

𝜎𝑜𝑐 = ∫

𝛾𝑐𝑙

2𝜋

(
𝐸
 ℏ

−
𝐸0

ℏ
)

2

+ (
𝛾𝑐𝑙

2
)

2

∞

−∞

𝜋𝑞2

2𝜀0𝑚𝑐
𝑑𝐸  (S26) 

 

𝑓12 = 𝜎0/𝜎0𝑐 ⇒
2𝜀𝑚𝑐

𝜋ℏ𝑞2
𝜎0 (S27) 

 

  



 

 

III. Nonradiative rate estimation 

a.  Exponential rate law assumptions.  

We summarize the nonradiative rate energy gap law as derived in Englman and Jortner (E&J) and shown 
in Equation 5. E&J notes that internal conversion in large molecules closely resembles the mutiphonon 
relaxation in semiconductors. In short, the large number of vibrational frequencies resembles a 
quasicontinuum of transitions which can weakly couple the ground and excited states. They then derive the 
rate equations in two limits, the first applicable for systems with large stokes shifts relative to the energy 
gaps (appropriate for systems with avoided crossing or conical intersections), and the other applicable with 
small stokes shifts relative to the energy gap (relevant to our work). Within the latter limit, it is possible to 
evaluate the rate as defined below for first order perturbation theory (or Fermi’s Golden Rule). Therefore, 
the rate is as follows 

𝑊 =
2𝜋

ℏ
∑ ∑ 𝑝(𝑠𝑖)|𝑉𝑠𝑖,𝑙𝑗|

2
𝛿(𝐸𝑠𝑖 − 𝐸𝑙𝑗)

𝑗𝑖

 (S28) 

Where 𝑝(𝑠𝑖)is the occupation of a given mode on the excited state. They further simplify this equation to  

𝑉𝑠𝑖,𝑙𝑗 ≈ 𝐶𝑆𝑠𝑖,𝑙𝑗 (S29) 

Where 𝐶 is the coupling term between ground and excited states, and 𝑆𝑠𝑖,𝑙𝑗 are the Franck Condon overlap 

factors. 

𝑆𝑠𝑖,𝑙𝑗 = ∏ ⟨𝑋𝑒,𝑡(𝑄𝑡
(𝑒)

, 𝜈𝑒,𝑡)|𝑋𝑔𝑡 (𝑄𝑡
(𝑔)

, 𝜈𝑔,𝑡)⟩

𝑡

 (S30) 

Where 𝑋(𝑒,𝑔)𝑡 (𝑄𝑡
(𝑒,𝑔)

, 𝜈(𝑒,𝑔),𝑡) are the excited or ground nuclear wavefunctions.  

C is derived in a previous paper,14 and is the total derivative or Hertzberg-Teller coupling,15,16 the largest 
perturbation to the Born-Oppenheimer approximation which couples ground and excited states. While this 

is challenging to calculate or experimentally determine, estimates typically range from 102 cm−1 to 
104 cm−1 , for which we use 2000 cm−1 and 4080 cm−1 in our manuscript.  

E&J arrive at a method for evaluating the Franck-Condon overlap factors through the use of the displaced 
harmonic oscillator model combined with a generating function method.17 Within the weak coupling limit 
(where the stokes shift is small) they evaluate the summation using the method of steepest descent, arriving 
at the expression shown in Equation 6. Within this estimate, they find that the highest energy vibration 
contributes the most to the summed overlap integral, which for organic molecules is typically the C-H 
stretch.  
To allow for clarity between E&J equation and the version used in the text in order to simplify and allow for 
it to be combined with radiative rate expressions. 
E&J denotes the equation as 

𝑘𝑛𝑟 =
𝐶2√2𝜋

ℏ√ℏ𝜔𝑀Δ𝐸
exp [−

Δ𝐸

ℏ𝜔𝑀

(ln (
2Δ𝐸

𝑑ℏ𝜔𝑀Δ𝑀
2 ) − 1)] . 

 
(S31) 

Where, Δ𝐸 is the energy at the HOMO-LUMO gap, 𝜔𝑀  is the maximum vibration, 𝑑 is the number of 
degenerate or near degenerate modes, Δ𝑀 is the reduced displacement of the maximum transition. ℏ𝜔𝑀 

and Δ𝐸 are changed to 𝐸𝑀 and 𝐸𝑔, respectively. The main changes are made to the 𝑑ℏ𝜔𝑀Δ𝑀
2  terms, as 

these relate to parameters to more spectroscopic variables.  
We can relate these vibrational displacement parameters to the stokes shift, 
𝐸𝑆𝑇, as a summation of all the vibrations coupled to the electronic transition. 

𝐸𝑆𝑇 = ∑ ℏ𝜔𝑗Δ𝑗
2 ≥ 𝑑ℏ𝜔𝑀Δ𝑀

2

𝑗

  
(S32) 

We can thus recast the 𝑑ℏ𝜔𝑀Δ𝑀
2  as a proportion of the total stokes shift, 𝛾𝑀, such that 𝛾𝑀 =

𝑑ℏ𝜔𝑀Δ𝑀
2

𝐸𝑆𝑇
.  

Plugging into Equation S31 , we get the equation in the text. 



 

 

𝑘𝑛𝑟 =
𝐶2√2𝜋

ℏ√ℏ𝜔𝑀𝐸𝑔

exp [−
Δ𝐸

ℏ𝜔𝑀

(ln (
2𝐸𝑔

𝛾𝑀𝐸𝑆𝑇  
) − 1)] . 

 
(S33) 

We also test tested if the Huang Rhys parameter of 0.1 for a C-H mode would be observable. Based on a 
simple Frank Condon model, we see that under the ideal pessimistic scenario this peak could be resolved 
though the intensity is considerably under the background (Figure S3). Our results suggest that a 0.1 H-R 
coupled 3000 cm-1 vibronic feature is plausible under the absorption envelope.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure S3: Vibronic feature comparison: 
Comparison of a 3000 cm-1 vibronic feature with an 
S=0.1 to a selection of dyes that are centered to their 
maximum peak energy. 



 

 

b. Impact of 𝛄𝒎 and 𝑪 on quantum yield  

In Figure S4, we test the how variance in γ𝑀 and 𝐶 affect the quantum yield fit (Equation 8). Decreasing 
both parameters, shifts the energy at which the quantum yield precipitously falls off further into the red as 
both parameters impact the amount of coupling to the vibrational relaxation manifold.   

 

  

Figure S4: Impact of 𝜸𝑴 or 𝑪 on the quantum yield with respect to energy gap. Plots 
showing the impact of changing a) The degree to which the high frequency mode 
couples to the quantum yield ( 𝛾𝑚) and b) The nonadiabatic coupling (𝐶) on the quantum 
yield while keeping the other value held constant. Scenario P represents the pessimistic 
case. 



 

 

IV. EQME with labelled polymethine dyes 

 

 

 

Figure S5: Labelled Version of Figure 5. Combined Energy Gap Law for optimistic and pessimistic 
cases, with a key for the points in Table S2.   



 

 

Table S2: Key for Figure S5 

Label Dye Label Dye Label Dye 

1 IR-10613 19 82 37 5L5 in DCE18 

2 IR-261 20 42 38 5H5 in DCE18 

3 1(Flav 7) 1 21 102 39 6L6 in DCE18 

4 11(IR-27) 1 22 Flav33 40 6H6 in DCE18 

5 72 23 IR-12519 41 Rh82420 

6 52 24 IR-14019 42 Rh92320 

7 21 25 Cryptocyanine19 43 Rh109320 

8 41 26 ICG in PBS21 44 CX1 in CHCl322 

9 71 27 ICG in 70:30 EtOH:H2O21 45 CX2 in CHCl322 

10 51 28 HITC21 46 CX3 in CHCl322 

11 61 29 IR-80023 47 87 

12 81 30 FD-1080 in EtOH24 48 77 

13 91 31 BTC980 in DCE25 49 107 

14 101 32 BTC982 in DCE25 50 117 

15 3(JuloFlav7)1 33 BTC1070 in DCE25 51 LZ-1060 in CH3OH26 

16 92 34 BTC980 in PBS25 52 LZ-1092 in CH3OH26 

17 22 35 BTC982 in PBS25 53 LZ-1105 in CH3OH26 

18 62 36 BTC1070 in PBS25 54 LZ-1118 in CH3OH26 

 

  



 

 

V. Derivation of comparison equation  

We desire a method to compare chromophores with different energy gaps. We observe that the log of the 

quantum yield varies linearly in the NIR and SWIR for our parameters. Therefore, we will use a linear 

model to develop an energy-gap independent quantum yield comparator.  

We will assume that we have two chromophores, 𝑎 and 𝑏 with quantum yields 𝜙𝑎 and 𝜙𝑏, and energy 

gaps 𝐸𝑎 and 𝐸𝑏. Here, we define 𝜙𝑎
†
 as the prediction of what the quantum yield of 𝑎 would be at 𝐸𝑏. We 

define improvement factor as 𝜁 =
𝜙𝑏−𝜙𝑎

†

𝜙𝑎
† . Values greater than zero indicate improvement relative to the 

energy gap law expectation. We can predict 𝜙𝑎
†
  

is the quantum yield prediction of chromophore b given the molecular properties from chromophore a and 

the linear approximation of this energy gap law such that: 
 

ln(𝜙𝑎
†) = 𝜅(Δ𝐸) + ln(𝜙𝑎) (S34) 

𝜙𝑎
† = 𝜙𝑎𝑒𝜅Δ𝐸 (S35) 

Where Δ𝐸 = 𝐸𝑏 − 𝐸𝑎 .  

Plugging back into our improvement factor we have the improvement factor as defined in the main text.  

𝜙𝑏

𝜙𝑎

𝑒−𝜅Δ𝐸 − 1 (S36) 

The slope 𝜅 can be found from taking the natural log of Equation 8 leading to the following expression 

ln 𝜙(𝐸𝑔) = ln (1 +
3𝜖0𝑐2𝐶2

2
5
2𝜋

3
2𝜇12

2 𝑛𝐸𝑀

1
2 𝐸𝑔

7
2

exp [−
𝐸𝑔

𝐸𝑀

(ln
2𝐸𝑔

𝛾𝑀𝐸𝑆𝑇

− 1)])

−1

. 

 

(S37) 

Combining constants, we arrive at: 

ln 𝜙(𝐸𝑔) = ln (1 + 𝑎𝐸𝑔

−
7
2 exp[−𝑏𝐸𝑔(ln(cEg) − 1)])

−1

. 

 

(S38) 

If the second term in S35 is larger than 1, (true for low QY samples), we consider the following equation 

which we will take the derivative of to find the slope.  

dln 𝜙(𝐸𝑔)

dEg

 =
d

dEg

(−ln (𝑎𝐸𝑔

−
7
2 exp[−𝑏𝐸𝑔(ln(cEg) − 1)])) (S39) 

 

dln 𝜙(𝐸𝑔)

dEg

 =
7

2𝐸𝑔

+ 𝑏(ln(𝑐𝐸𝑔) (S40) 

Assuming that 𝛾𝑀 = 1 we arrive at the following expression.  

dln 𝜙(𝐸𝑔)

dEg

= 𝜅 =
7

2𝐸𝑔

+
1

𝐸𝑀

(ln (
2𝐸𝑔

𝛾𝑀𝐸𝑆𝑇

) (S38) 

 



 

 

We show that 𝜅 slightly overestimates the numerically evaluated slope in Figure S6 from 950 to 1200 nm 

This indicates that our numbers evaluate a conservative estimate of improvement 

 

a. Enhanced worked example: 

 In Figure S7 we compare dyes 2–4 (common names, IR-26, Flav7, and IR-27, respectively). 

While all of the dyes have identical methine bridges, they differ in their heterocycle, which leads 

to large changes in quantum yield and absorption energy. For simplicity, we chose dye 2 to be 

chromophore a. When we plug in 
𝐸𝑔,𝑎

𝛼𝐸
= 9107 cm−1, 𝛾𝑀 = 1,

𝐸𝑆𝑇

𝛼𝐸
= 298.7 cm−1𝑎𝑛𝑑

𝐸𝑀

𝛼𝐸
= 3000 cm−1  

into equation 11 or S38 and reproduced below , 𝜅𝛼𝐸  0.0014 cm, for this analysis.  

 

IR-26 is the reddest chromophore in our dataset (𝜆𝑚𝑎𝑥 = 1080 , 𝜙𝐹 = 5 × 10−4), while IR-27 substitutes 

the oxygen for sulfur in the heterocycle, resulting in a 93 nm blueshift and an increase in quantum yield 

𝜙𝐹 = 3.2 × 10−3. Previously, we hypothesized that the improvement in quantum yield arises from a 

decreased heavy atom effect, leading to lower intersystem crossing rates.3 However, to fully assess this 

claim we need to deconvolute the effect of the change in 𝐸𝑔 in resultant 𝜙𝐹. Using values defined above 

and 
𝐸𝑔,𝑏

𝛼𝐸
= 100011 cm−1 into Equation 10 or S36 We find that the energy gap independent improvement 

factor for IR-26 to IR-27 of 𝜉 = 0.9, i.e. IR-27 is 1.9 times (𝜉 + 1) more emissive, even when adjusted for 

its blue-shifted energy gap, still an improvement, but considerably less impressive than the apparent 𝜒 =

6 improvement factor. Flav7 adds an additional dimethyl amino group and replaces sulfur in the IR-26 

scaffold. These structural changes both increase the quantum yield to 6.1 × 10−3and blue shift the 

Figure S6: EQME slope versus the 𝜿 estimate: 
Comparison of the slope estimation described above 
to a numerical derivative of the natural log of the slope 
and the inverse of the nonradiative rate. 



 

 

chromophore 53 nm, leading to a direct improvement of 𝜒 = 11.2 in 𝜙𝐹 relative to IR-26. However, the 

adjusted improvement is only 𝜉 = 4.6.   

 

b.  Comparison relative to IR-27 (dye 4)  

We compared all the dyes with an energy gap above 950 nm (7-methine family) in the main text to Dye 4 

(Figure S8 and Table 3). These results confirm that the energy gap dependence can account for 

significant improvements in QY. We note that scaffolds that remove alkenyl C-H stretches compared to 

Dye 3, especially removal of the 2-position phenyl group (5, 6), seem to improve even with energy gap. 

Figure S7: Worked out Example of the 
energy gap independent parameter. IR-
26, IR-27 and Flav7 show increasing 
quantum yields. To compare these dyes, we 
apply an energy gap independent 
comparator, 𝜉, which factors in the change 

in 𝐸𝑔.   



 

 

 

  

Figure S8: Energy gap independent parameter using Dye 4 as the standard: Simplified 
energy gap law assuming that dye 4 is the point of comparison for the 16 dyes analyzed in 
the manuscript table with values below. 



 

 

VI.  Overcoming energy gap laws  

a. Enhancement from changing maximum vibrational stretch comparing parameters 

We show how our methods of improvement changed depending on our pessimistic (scenario P) compared 

to our optimistic (scenario O) parameter. Given that only changing the maximum energy vibronic stretch 

impacted the location of maximum enhancement that is produced in Figure S6. Decreasing γ𝑚 and 𝐶 

compared to scenario P both red shifted our peak enhancement to the red as well as decreasing the amount 

of enhancement (Figure S9). For the change in transition dipole, we see a similar trend, where the onset of 

the increase in enhancement is redshifted. Thus, experimental verification of γ𝑚 and 𝐶 is necessary to fully 

understand the full impact of changing the maximum vibrational character on quantum yield  

 

b. Synthesis and characterization of dye 3’ and 3” 

General synthetic procedures 

Chemical reagents were purchased from Sigma-Aldrich (cyclohexanone, acetyl chloride and phosphoryl 

chloride), Fisher Scientific (solvents, sodium acetate and acetic anhydride), TCI America (aniline), and 

Cambridge Isotope Laboratory (deuterated compounds). 7-(Dimethylamino)-4-methyl-2-

phenylchromenylium tetrafluoroborate (S2) was synthesized according to published procedure.1 THF was 

dispensed from a Grubb’s-type Phoenix Solvent Drying System constructed by JC Meyer. Nuclear 

magnetic resonance (1H NMR, 13C NMR) spectra were taken on a Bruker DRX500 or AV500 

spectrometer. All chemical shifts in 1H NMR and 13C NMR are reported in the standard notation of ppm 

relative to residual solvent peak (DMSO-d6 H=2.50, C=39.52). High resolution mass spectrometry was 

acquired on a Thermo Scientific Q Exactive Plus Hybrid Quadrupole-Orbitrap M with Dionex UltiMate 

3000 RSLCnano System. Absorption spectra were collected on a JASCO V-770 UV–visible/NIR 

spectrophotometer after blanking with the appropriate solvent. Photoluminescence spectra were obtained 

on a Horiba Instruments PTI QuantaMaster Series fluorometer equipped with InGaAs detector. Samples 

Figure S9: Impact of Deuteration based on 

different EQME conditions: Enhancement 

by switching all Evib from C-H stretch to C-D 

stretch for scenario O and P. 



 

 

were dissolved in HPLC grade CH2Cl2 and measured in Quartz cuvettes (2 mm × 10 mm) for absorption 

and photoluminescence measurements. All spectra were obtained at ambient temperature. 

 

 

 

 

N-((2-chloro-3-((phenylimino)methyl-d)cyclohex-2-en-1-ylidene)methyl-d)aniline hydrochloride salt 

(S1): N,N-Dimethylformamide-d7 (1.00 g, 12.5 mmol, 2.5 equiv.) was cooled in ice bath and phospohryl 

chloride (1.0 mL, 11 mmol, 2.2 equiv.) was added dropwise. The mixture was stirred for 0.5 h to form a 

white, thick suspension. To this mixture was added cyclohexanone (0.52 mL, 5.0 mmol, 1.0 equiv.) and 

the mixture was heated at 90 °C for 1 h. After cooling to room temperature, aniline (0.91 mL, 9.9 mmol, 

2.0 equiv.) was added and further stirred for 1 h. The dark red mixture was transferred into a separatory 

funnel, diluted with H2O (50 mL) and neutralized with NaHCO3. The aqueous phase was extracted with 

CH2Cl2 (3 × 50 mL). The combined organic layer was dried (Na2SO4), concentrated and purified by 

column chromatography (1:10 ethyl acetate / hexanes). Collected yellow fractions were acidified by dry 

HCl in MeOH prepared by dissolving acetyl chloride (0.36 mL, 10 mmol, 2.0 equiv.) in MeOH (5 mL), 

concentrated to dryness and further washed with diethyl ether to afford S1 as a dark red solid (454 mg, 

1.26 mmol, 25%). Rf = 0.7 in 1:2 ethyl acetate/hexanes. 1H NMR (500 MHz, DMSO-d6) δ 11.61 (s, 2H), 

7.64 (d, J = 8.4 Hz, 4H), 7.44 (q, J = 7.3 Hz, 4H), 7.25 (t, J = 7.4 Hz, 2H), 2.77 (t, J = 6.0 Hz, 4H), 1.87–

1.78 (m, 2H). 13C NMR (126 MHz, DMSO-d6) δ 139.6, 129.7, 126.2, 119.0, 114.9, 48.6, 24.9, 19.5. HRMS 

(ESI+) m/z calcd for C20H18D2ClN2
+ [M+H+]: 325.1435, found 325.1433  



 

 

 

 



 

 

 

4-(2-(2-Chloro-3-(2-(7-(dimethylamino)-2-phenyl-4H-chromen-4-ylidene)ethylidene)cyclohex-1-en-1-

yl)vinyl)-7-(dimethylamino)-2-phenylchromenylium tetrafluoroborate-d2 (3’): To a 4 mL vial 

containing S1 (31 mg, 0.085 mmol, 0.45 equiv.), S2 (66 mg, 0.19 mmol, 1.0 equiv.) and sodium acetate 

(46 mg, 0.56 mmol, 3 equiv.) was added 3:7 butanol / toluene (2 mL) followed by immediate freeze-pump-

thaw × 3. The mixture was stirred at 100 °C under N2, cooled and concentrated to dryness. The dark 

mixture was separated by column chromatography (1:50 EtOH/CH2Cl2) to give 3’ as a dark purple solid 

(17 mg, 0.022 mmol, 27%). 1H NMR (500 MHz, DMSO) δ 7.99 (s, 6H), 7.61 – 7.50 (m, 6H), 7.45 (s, 2H), 

6.90 (s, 2H), 6.85 (d, J = 9.0 Hz, 2H), 6.65 (s, 2H), 3.08 (s, 12H), 2.76 (s, 4H), 1.88 (s, 2H). Absorbance 

(CH2Cl2): 523, 917, 1027 nm. Absorption coefficient 𝜀𝑚𝑎𝑥 = (2.3 ±  0.1) × 105 M−1cm−1= (n = 2, average 

± range) Emission (CH2Cl2, ex. 900 nm): 1053 nm. HRMS (ESI+) m/z calcd for C44H38D2ClN2O2
+ [M+]: 

665.2898, found 665.2907. 

 

 



 

 

 

 

 

 

4-(2-(2-Chloro-3-(2-(7-(dimethylamino)-2-phenyl-4H-chromen-4-ylidene)ethylidene)cyclohex-1-en-1-

yl)vinyl)-7-(dimethylamino)-2-phenylchromenylium tetrafluoroborate-d2-4 (3”): S2 (50 mg, 0.14 

mmol, 1.0 equiv.) and sodium acetate (35 mg, 0.43 mmol, 3.0 equiv.) were dissolved in D2O (1.3 mL) and 

dry THF (1.3 mL) followed by immediate freeze-pump-thaw × 3. The mixture was heated at 40 °C under 

N2 for 4 h. The solvent was then lyophilized and this procedure was repeated to maximize deuterium 

exchange. At this point, mass spectra suggest >80% methyl hydrogen atoms were exchanged to 

deuterium atoms. To the dried mixture was added S1 (23 mg, 0.064 mmol, 0.45 equiv.) and acetic 

anhydride (3 mL) followed by immediate freeze-pump-thaw × 3. The mixture was stirred at 75 °C under 

N2 for 15 min, cooled and concentrated to dryness. The dark mixture was washed with toluene and 

separated by column chromatography (1:75 EtOH/CH2Cl2) to give 3” as a dark purple solid (8.0 mg, 

0.011 mmol, 17%). Rf = 0.5 in 1:10 EtOH/CH2Cl2. 1H NMR (500 MHz, DMSO-d6) δ 8.17 (d, J = 6.3 Hz, 

6H), 7.67 (s, 2H), 7.62 – 7.59 (m, 6H), 7.10 (s, 2H), 7.01 (d, J = 9.3 Hz, 2H), 6.86 (s, 2H), 3.16 (s, 12H), 

2.87 – 2.81 (m, 4H), 1.93 – 1.87 (m, 2H). Absorbance (CH2Cl2): 524, 916, 1027 nm. 𝜀𝑚𝑎𝑥 =

(2.3 ±  0.1) × 105 M−1cm−1 (n =  2, average ±  range). Emission (CH2Cl2, ex. 900 nm): 1056 nm. HRMS 

(ESI+) m/z calcd for C44H38D2ClN2O2
+ [M+]: 665.2898, found 665.2903; isotopic pattern suggests 72% d2-, 

15% d3- and 12% d4-product. 

 

 



 

 

 

 

 

 

 

c. Comparison of dyes 3, 3’, and 3” spectral properties 

Absorption and emission data to compare how deuteration of the scaffold impacts spectral properties show 

good overlap near the HOMO-LUMO gap (Figure S10).  



 

 

 

d. T-test and error propagation 

For all t-tests, we used an independent samples t-test, with different variances. We used a population of 

one and the assumption that our error propagation in the text was for 95 percent confidence and used 

only one degree of freedom when converting the t-value. Additionally, for the total rate error, we used the 

confidence interval from the fitting. Table S3 shows the deviation used for the t-tests.  

 

 

 

 

 

  

Table S3: Errors used in t-tests.  

Dye 𝑘𝑡𝑜𝑡 𝑒𝑟𝑟𝑜𝑟 𝑘𝑟 𝑒𝑟𝑟𝑜𝑟 𝑘𝑛𝑟 𝑒𝑟𝑟𝑜𝑟 

𝟑 3.2 × 107 2.9 × 106 3.2 × 107 

𝟑′ 3.7 × 107 4.5 × 106 3.7 × 107 

𝟑′′ 4.3 × 107 7.0 × 106 4.4 × 107 

Figure S10: Steady state spectra of dye 3, 

3’, 3”. Normalized absorption and emission of 

dye, 3’, and 3” show a minimal peak shifting. 



 

 

VII. 50% quantum yield scaffold comparison 

To compare across scaffolds, we numerically solve for when EQME equals 0.5 e.g. when 𝑘𝑛𝑟 = 𝑘𝑟. For all 

points we use 𝑛 = 1.5, 𝐶 = 1000 𝑐𝑚−1, 𝐸𝑀 = 3000 𝑐𝑚−1, and 𝛾 = 1.  For the other dye classes, we found 

transition dipole moments using Equation 3. Examples for each chromophore class are shown in Table 

S4. 

Table S4: Values of Other Dye Scaffolds for Comparison Method 

Dye Class Dye 𝝁𝟏𝟐 𝑬𝑺𝑻 (𝒄𝒎−𝟏) 

Squaraines    

 SQA27 10.6 190 
 SQA2 -r27 13.3 100 
BODIPY    
 BODIPY 2 Cl28 9.9 585 
 BODIPY 2O28 8.5 571 
 BODIPY 2 S28 9.2 570 
 BODIPY 2Se28 9.6 580 
 BODIPY 2Te28 8.5 776 
 PM546 (BODIPY)11 7.1 461.4 
Fluorescein    
RFL butyl29 8.5 806 
 5COOH29 8.1 916 
 6 COOH29 8.1 806 
 5 SCN29 8.0 1013 
 SCN29 8.0 973 
FLX2 Cl29 8.2 840 
 Br29 8.2 843 
 I29 8.5 769 
 H29 8.3 843 
FLX4 Cl29 8.2 639 
 Br29 8.5 802 
 Br Na Et29 8.7 738 
 I29 8.6 827 
R4FLX4 R=Cl X=H29 8.6 639 
 R=Cl, X=I29 8.7 623 
 R=Br, X=Cl29 9.5 704 
 R=H, X=Cl29 8.4 639 

 

  



 

 

VIII. Solvent Deuteration Impact on Fluorescence Lifetime.  

To analyze O-H overtone stretch impact on lifetime of a SWIR polymethine dye, We took fluorescence 

lifetimes of IR-1061 in ethanol (EtOH) and ethanol-d1 (EtOD) with 785 laser light (IRF, 80 ps, Figure S11). 

Deuteration of the O-H stretch increased the lifetime from 14 ± 1 to 25 ± 1 is in part indicative of 

suppression of nonradiative rate. Quick photodegradation of IR-1061 made relative quantum yield 

measurements difficult. 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure S11: Impact of Solvent deuteration on fluorescence 

lifetime: Fluorescence lifetime of IR-1061 in ethanol and ethanol-d1 
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