1 Supplementary Materials For “Linkage disequilibrium

2 under polysomic inheritance”

s Appendix A. Expansion of Ap in triploids

4 In triploids, the value of Ayp is given by A = D48 + 2D45, where DAE and 2D£® can
5  be respectively expanded as

1
6 D{P =2 (Df: + D + D),

1
! 2D48 = S (D% + DA + DA+ DI + DA + D1,

8  in which the superscripts (or the subscripts) of D on the right side of the equals sign denote
9  the phased genotype at the first (or the second) locus, and the dot - denotes any allele.
10 Each term on the right side can be further expanded as follows (the terms with the
11 same two-locus unphased genotypes in the expansion are combined):

1 1
12 §D§‘: =3 (DEBE + Disn + Digs + Dipx + Digxh + DAY + Diggs + Disx + Dixs + Diia
13 + Dixyk + Dixs + DEgx + Digx + Dixx + Dixx),

1 1
14 3 Df = 3 (DEBE + Dipn + DESE + Dipx + Digh + DY + Dipd + Disx + Dibh + Disn
15 + Digx + Disp + DAY + Digx + Dby + DiEx),

1 1
16 3 D = 3 (DEBE + Disn + Dikh + Diths + Diggh + Dibs + Digs + D455 + Dixs + Di5s
17 + Digh + DA + D355 + DtE + Dixs + D),

1 1
18 3 DYy = 3 (DEBE + Dipn + Digs + Dipx + Digt + DAY + Dipd + Diax + Digs + Diap
19 + Digx + D455 + Digx + Disx + Ditax + Diax),

1 1
20 ng*. P=3 (DEBE + Dipn + DEXS + Diss + Digh + Dixa + DigX + Dixs + DX + DEag
21 + Diiks + D4R + DEXs + Ditkss + Ditxd + Dix),

1, 1
22 gDBf*. =3 (DESE + Diss + DESS + Disg + DEfh + DESY + Digk + DESS + Digs + DEGE
23 + Dixx + D% + Disx + Dixx + Dagx + Dagx),

1, 1
24 3D 4 = 3 (DEBE + DESE + DELS + Diss + Digh + DEEE + Dagk + DEss + Digh + DESE
25 + Dis + DiXa + Disa + Dyt + DfE + D5,

1, 1
26 3D gt = 3 (DEss + DEsE + DAKS + Disg + Digs + DESY + D44 + DS + Dids + DERS
27 + Digy + D55 + DERY + DRy + Dias + Das),
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1 . 1
305" = 3 (Diss + Dihi + Dss + Disx + Dxs + Digx + Dixs + Digx + Dixs + Dis
+ Dtk + Daxs + Digx + Dixx + Doxx + Dixx),
By summing all terms of the same two-locus unphased genotypes on the right sides
of the equals signs, we obtain the following equalities:
3Dgs = 3Ghis — 3Pads,
2(Dggi + Dy + Dis) = 2Gags — 6PAPx s
2(Disy + Dk + D) = 2Ghjx — 6Paqaqx,
4
3 (Dséx + Dgxs + Dpx + Dpxs + Db
4
+D3g¢ + Dt + DExE + Diss) = SGhgx — 12p5pxq3dx,
0485+ DI + D = G o
Dgxx + Dxpx + Dixs = Gxx — 3Padpqx
2
3 (Dsxs + Dpx + Digs + Digx + Dixs

+Dii%% + DAY + DEGK + D) = 2645 — 6papkadax,

2
3 (Dsix + Dpxx + Digx + Digxt + Dk
2
+D¢x5 + Digx + Dikié + DExt) = SGh3% — 6papidsax,
1
3 (Dsxx + Dxgx + Dixs + Digx + D
1
+DA¢X + Diks + Digx + DE%E) = 3GE%% — 3papkasdz,
where each (. denotes a two-locus unphased genotypic frequency, whose superscript and

subscript represent two unphased genotypes. Each expression on the right sides of the
above equalities is one of the following:

i iyv—i — — i —i —j P
uGA s - v(0m) (5 phvyiaay”, ij=1,23andv =3,

in which A'’X¥~! denotes an unphased genotype containing exactly i copies of 4, and the
meaning of B/ XV7J is similar. Because A,y is the sum of these expressions, it follows

v v
[P aixv—i v—W\/w-1\ . . i i
sio= 3 [Ssies - (L) (52 i adai .

i=1j=1
Note that
SARICES RS iv—ifv—j_-v v—-1 iv—i- o v -1 j v-j
;jzl(v—i)(v—j)p’qpx 59x __i:1(v_i)PAPx - j:1<v_j)quX

r v-1 r v-1
= pAZp;’?pff’_l)_kl a8 q;‘(q;(g”_l)_ll
| k=0 L =0
=paqe(Pa +x)" (g5 + qx)""" = Dags.

The next formula is valid for any ploidy level v:
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_ ij atxv-t | _
Ayp = é >Cgixv—i UPaqB-
i=1j=1

Appendix B. Non-identity coefficients

The single non-identity coefficient is defined as the probability that the two alleles of
an allele pair are not IBD. There are two configurations for two such alleles: (i) they are
sampled from the same individual, or (ii) they are sampled from different individuals. We
denote the single non-identity coefficient by P for (i), or by II for (ii). Then, P and II can be
described by symbols as follows:

P1—F and ¥ 19,
where 6 is the average kinship coefficient between all individuals in a population, i.e., the
probability that two alleles (each randomly sampled from a separate individual) are IBD.

The double non-identity coefficient is defined as the probability that neither of two
allele pairs are IBD. There are multiple configurations for these two allele pairs. Based on
Weir & Hill (1980), we established 3 digenic, 6 trigenic and 13 quadgenic two-locus allele
configurations for different polysomic inheritances, including four novel allele
configurations (9, 15%, 21st and 22nd) that have more than two haplotypes within
individuals. These allele configurations along with the notations of the corresponding
frequencies, double non-identity coefficients, and expectations are presented in Table 1,
where the first nine allele configurations do not have corresponding double non-identity
coefficients because they share the same alleles.

For example, the 10" allele configuration 744~ in Table 1 means that these two allele
pairs are from two haplotypes within the same individual, the first A and first B are in one
haplotype, and the second A and second B are in another haplotype. Moreover, the
corresponding frequency, double non-identity coefficient and the expectation of frequency
are denoted by Py, ©; and E, respectively.

The expectation E; of each frequency P; in Table 1 is derived by assuming no initial
LD, which is a linear combination of p,q,, p,q;(y +qy) and p,p,qyq,, whose
combination coefficients are listed in the three cells before E; in Table 1. For example, the
combination coefficients of Eg are 1, —II and A;. The allele pair AA or BB in the 18 allele
configuration 7 é:'_:"_l'_'_'_ll 5 consists of the alleles from different individuals, then the single
non-identity coefficient of each allele pair is I and the double non-identity coefficientis A;.
Hence the identity states of these two allele pairs can be described by the following three
aspects: (i) both pairs are non-IBD with probability Az, (ii) only one pair is IBD with
probability IT — A3 or (iii) both pairs are IBD with probability 1 — 2IT + Az. Therefore, the
expectation Eg is the following linear combination with 1, —I1 and A3 as the combination
coefficients:

Eig = M3pia’ + (- A3)(p,q2 + pia,) + (1 — 21T+ A3)p,q,

= paqp — Mpaqp(Px + qx) + A3PaDxqRAx-
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Appendix C. Derivation of moments of LD

measurements

In the process of deriving the moments of LD measurements, we need to use the
frequencies Py, P,, -+, P, listed in Table 1, and so we first discuss P; to P,,, and then derive
various moments.

PltOPZZ

Denote x;; for the state indicator of allele A related to the j* haplotype within the it
individual at the first locus, and y;; for that of B at the second locus, where x;; = 1 if the
allele copy at the first locus is 4, otherwise x;; = 0; the meaning of y;; is similar. Moreover,
we let the number of the sampled individuals be n (the sample size), and let the number
of haplotypes within each individual be v (the ploidy level). Then P, to P,, can be
expressed as follows.

Digenic:

DA.. 1
Py =Pg = Ezzxijyij
L
_ DA-.. _
PZ_P'B... nv(v—l)zlejyu

Loj#j
BA e _
e )R
3 B T n(n — 1)172 ijYi'j
i=i’ ]]
Trigenic:

Py =Pyl + Pgpr = nv(v m— 2 Z (xiyij%i0 + XijVijyig)

ijzj
_ pAAl ey A...
P5 - P .|B... + PBB...| n(n _ 1)1.72(17 — 1)2 Z Z(xl} U’yl’]” + yl]yl]’x ’ II)
i’ j=jioj"
 BALAL | AL
P =Pp |+ Pp g = n(n— 1)v2 Z Z(Xuyu U xijyl‘ﬂ’i’j’)
i=i! j,j’
 AA A | BA-.. [
P7 = PB| . P B...|B... Tl(‘l’l _ 1)‘U2(1.7 _ 1) Z Z’Z(xl]yljlx 1+ xl]yl]’yl’ u)
il j£j g
AlA] e | BA. [l o
Pg=P "\ g+ P! - |B.|B...
1
s Dwme 2, o e o)
ii'i J.j'j

are distinct
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130
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133

134

o P 1
Py = PMp + Plppr = =D = Z)Z z (xijacijryie + Xiyi Yijr)
i PET

1.J%]
are distinct

Quadgenic:
Dihaplotypic:

" 1
Pio = P = mz ; XiXij Vi Vi)'

- 1
P :PAlA:—ZZ PV XY

11 B..|B.. Tl(n — 1)172 Ay xuyuxl j Vi j
Trihaplotypic:
1

BAA" ..

P12 = P l xijyijxi’j’yi’j"

B..|"B.. n(n — 1)172(17 -1) L 4

SAA. -

1
_ v | BA AL _
Pz =Pp g+ Ppp |l = nn— Dv2(v— 1)2 Z Z(xijyl'ixij’yz"j” + X Vi Vi xit )

izl jEj

P, = pAtAal e 1
7Bl B T p(n—1)(n — 2)v3 L, L XijYijXit jrYir i

Lt 1]
are distinct

~ 1
Pys = Pglyn = -1 —2) E E XijYijXij' Vi
—

il

1]
are distinct

Quadhaplotypic:
1
S5A- LA
P16 =P = Z 2 XiiYii' Xit i1yl
‘B..|*B... _ 2 _ 2 yrsiy e v
nn—1Dv2(v—-1) & &
j”#j’”
SAA..| .. 1
P17 = P = Z Z x~-x--ly-l-/ly-l-/l/
-+ ...|BB... Lj™ L L
| n(n — Dv2(v — 1)2 & & JT J
j”ij”’
1
_ pA AL »
Pre =P s s S s D= v =1 XijYij' Xt jr Y
i jEj T
are distinct
P19 — ﬁAA...| L I + p CLLALAL — 1
++..|B..|B.. BB..|* ... Tl(?’l _ 1)(n — 2)U3(U — 1)
(xijxij'yi'j”yi”j”' + yijyij’xi’j”xi”j”')
i jEj I
are distinct
1
_ pALAL ]
PZO = P ol BB T Tl(‘l’l — 1)(‘[’1 — 2)(11 — 3)1]4 xijxi'j'yi”j”:)/i’”j”’
i,i’,i”,i”’ j,j,,j”,j”’
are distinct
P. =ﬁAA' e — 1 Xi: Xt ViittVisrir
21 - -BB... nv(v_l)(v_z)(v_3) jitij yl] yl]
A U

are distinct

5



135 P, = pAA ey proAnlae 1
227 0 Bedp T OB T = D2 (v - D(v - 2)

136 Z Z E(XU U’yUI!yLrJHI +_’yl]yl]lxl]ux ]u/)

iii, ]]I ]Il jHI
are distinct

137 E(DW) and E(Dﬁ,)
138 D, = P4+ — P4, = P, — P, by the definition of D,,, in which

1
139 Py =—32j%ijYij and Pp = ———=3 ¥ jxjr XijVij-

nv(v 1)
140 E(D,) =E(P) —E(P,) =E, - E,

141 D2 = (P, — P,)?

142 nzvzzzxuyux j'Yiryr = 2@-1)2 Z XijYijXi'j' Yt jr
1

i jj’ ii" jj'=j"
143 + n—zvz(v_ 1)22 Z N XijYij Xyl j1yi’
Li el )
1 2
144 = W[Clﬂ + C1oPro + C11P1a] — 202w —1) [C4Py + C12P12 + Ci5Pys]
1
145 + m [CZPZ + Cng + C10P10 + 2C15P15 + C16P16 + C21P21]
2
146 E(D ) = ——[C1E1 + CyoE1o + C1E1q] — m [C4E4 + C12E 5 + Cy5Eqs]
1
147 + 5 5, a~5 [C2E2 + CgEg + C10E10 + 2C15E15 + ClGEl6 + C21E21]

n2v?(v —1)2

148  where the coefficient C; is the reciprocal of coefficient before the summation sign in the
149  expression of P;, e.g., the final coefficient Cy,; is nv(v — 1)(v — 2) (v — 3).

150 E(ﬁb) and E(Dj})

151 D, = P4 — pg = P, — pg by the definition of D, in which
A 1
152 Py = s 1)2 Yjzj XijYij' Pa = Ziijij and gp = —%; X} Yij-
153 Dby = nv(v — 1)2 Z XY T a2 ZZ Xyt
l ]i] ll ]]
154 =P, — 2 > [nvPy + nv(v — 1P, + n(n — 1)v?P;]

1
155 E(D,)=E, - [clE1 + C,E, + C3E;]
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52 Z z X 11X 01 1117
b n2v2(v_1)2 yYij'Xi'j" Yi' j

III

J” j

Tl3 3(17— 1) Z Z Z xl]yl]’x’ Ilylu N7

il irr rogrr G

ii’i ]#]} Ni

X; yl X ny III "
n4v4 gyttt i

il rr It it

Llll]]]]

- 1
E(D}) = nZvZ(v — 1)2 [C2E2 + CoEg + CioEro + 2C15E 5 + Ci6Er6 + Co1Eay ]

- n3v3(—u N [C2E; + CoEy + C7E7 + CoEq + CioEro + Ci2E1p + Ci3Ey3
+ 3Ci1sE15 + C16E16 + CigE1g + C21Epq + CoEpy]
+ Tl4174 [ClEl + CZEZ + C3E3 + 2C4E4 + C5E5 + 2C6E6 + 2C7E7 + C8E8

+ 2C16E 6 + Ci7E17 + 4C1gE1g + Ci9E19 + CaoEpg + Ca1Epq + 2C55E >, ]

E(DwD))
D,D, = (nuzz Xij¥ij = nv(v — 1)2 z XijYij’ ><nv(v — 1)2 Z XijYij' nzvzzzxuyl'l'>
t ii" j,j
L 1
:mzz Z XijYijXi'j'yi' TE0e Z Z XijYiXitjYir i
i'il ] j'ij”

T 11 ;5T 211

i’ ]] ]
— xijy["xi’ iy nyL "X Ilyl!! e
n?v?(v-1)2 4L Ly SRR m3v3 (v — 1) L L A JA
L J#j Lini" gy "
LS L
1

E(ﬁwﬁb) = m [C4E4 + Ci2E 5 + CisEys]

1
e [C1E1 + C4E4 + CoEg + CioE1g + C11E11 + CipE1p + Ci3Eq5 + CraFEry
+ C15E151]

T (o —1)2 [C2E; + CoEg + CioE1g + 2C15E 5 + Ci6E16 + C21E24]

+ P —1) [C2E; + CoEy + CE7 + CoEg + CioEqg + Ci2E1, + Ci3Eq3
+ 3Cy5E 5 + CigE16 + CigE1g + Co1Epq + CppErp]

E(D) and E(D?)
D = D,, + D, by the definition of D, then
1
E(D) =E(D,) +E(Dp) = E, — 5z LCiE1 + oy + CaFs]

p% = (D,, +D,)* = D2 + 2D,,D, + D?

E(D?) = E(D2) + 2E(D,,Dp) + E(D?)
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204
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207

1
=2y [C1E; + CioE19 + C11E11] — [C4E4 + C12E15 + Cy5Eqs]

2
n?v2(v—1)
1
+ W [ClEl + C2E2 + C3E3 + ZC4E4 + CSES + ZCGEG + 2C7E7 + CBEg

+ 2C16E 6 + Ci7E17 + 4C1gE g + Ci9E19 + Ca0Ezg + Ca1Epq + 2C53E ;]

+ n—zvz(v - [C4E4 + C12E 5 + CisEys]

2
T 303 [C1E1 + C4E4 + CoEg + CioE1g + C11E11 + CipE1p + Ci3E13 + CiaEqy
+ Ci5E1s]

E(A) and E(A?)
A = D,, + vD, by the definition of A, then
o ~ ~ 1
E(A) = E(Dw) + vE(Dp) = E1 — e [C,E1 + CoE; + C3E5]

= (D,, +vD,)* = D2 + 2vD,, D, + v2D?
E(A%) = E(D2) + 2vE(D,,D,) + v2E(D?)

1
= n2p2 [ClEl + CioE10 + C11E11] - [C4E4 + Ci2E1, + C15E15]

n2v2(v—1)
1

+ 22 [C2E; + CoEg + CioE1g + 2C15E 5 + Ci6E16 + C21E24]
2

+ C116E16 + CigE1g + C21Ez1 + CppEpp]

toae [C1E1 + CoE; + C3E3 + 2C,E, + CsEs + 2C4Eg + 2C7E, + CgEg

+ 2C16E16 + Ci7E17 + 4C1gE1g + Ci9E1g + CooEpg + Ca1Epq + 2055y, ]

+ (v —1) [C4E4 + Ci2E12 + CisEis]

2
T2 [C1E1 + C4E4 + C4Eg + CigE1g + C11E11 + C12E1p + Ci3E13 + CiaEqy
+ Ci5E4s]

E(Q)

Q = PaPxdplx = (Pa — P3)(@s — 45) by Q = papxqsqx, in which
1 . 1
EZiijij and g = n_inZjYij-

~ 1
¢= Ezzx nzvzzzx”x” nvzzy” nZUZZZy”yl'ﬂ

ii’ ]] ii" jJ’
nzvzzzxu yl —n Z Z (xijyi'j’yi”j” +xijxi'j’yl” H)
i’ jj’ L g
X"X ly s Hy III mnr
41,4 5] ij i
n- Lil i g gt
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1
E(Q) = ]] ClEl + C2E2 + C3E3]

1
3—173 [2C1E1 + 2C2E2 + 2C3E3 + 2C4E4_ + CsEs + 2C6E6 + 2C7E7 + C8E8
+ CoEs]
1
+ W [C]_El + C2E2 + C3E3 + 2C4E4 + C5E5 + 2C6E6 + 2C7E7 + C8E8

+ 2C16E16 + Ci7E17 + 4CigE1g + CioE19 + CooEzg + Co1Epq + 2053 Ep ]

E(R)

Pyu= i 2j=jr Xijx;j and Ppp=——Y,; 2j=j'YijYij' by the definition of Py,.

nv(v 1) nv (v 1)

R= [Pa—vP; + (v — 1)ﬁAA][ZiB — v+ (v — 1)13133)] by Equation (2).

1 1 1
2 50 g 0 Dy 2w |5 D
T T

i’ jj! i j=j!

Zzyl]yl”-l_ Zzyl]yu

i’ ]} i j=j'

X Z Z X Vil 0 Vitt 10 = XX 0 :0Vir1 01
nzvzzz yYi'jy' — n3v2 (xijyerjryin X Vi)

ii" g’ ii'i" gl

1
X; -1 " III 111
n4p2 l] yl j Vi
R

llll]]]]

nZ‘UZZE 2 (xl]yl’]’yl’]” +yUx 1t Xil i H)

i jojrE"

—W Z Z Z (xijx Iyl”}llyllljlll +yl}ylljlx " l/x " III)

I n nr

lll]]]i]

X: I A
nzvzz Z gy YirY

ii’ J¢J
j"#j

E(R) = —— [CLE; + CLE; + C3Es]

R

nr

1
3_1]2 [ZC]_E]_ + ZCZEZ + 2C3E3 + ZC4E4_ + CSES + ZCGEG + ZC7E7 + CSES
+ CoEy]
1
+ W [C]_El + C2E2 + C3E3 + 2C4E4 + C5E5 + 2C6E6 + ZC7E7 + CSES

+ C9E9 + 2C10E10 + 2C11E11 + 4612E12 + 4C13E13 + 4C14_E14 + 4C15E15
+ 2C16E 6 + Ci7E17 + 4C1gE1g + Ci9E1g + CaoEzg + Ca1Epq + 2053, ]

1 1
+ nzvz [2C4E4- + CSES + CgEg] - W [ZC4E4_ + CSES + CgEg + 4C10E10
+ 4'(i13E13 + 8C15E15 + 2C17E17 + CioE19 + 2031 Epq + 2055 Ep;]
+ g2 [2C10E10 + 4Ci5Ers + Ci7Er7 + CpqEpq]
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Appendix D. HS mating system

The double non-identity coefficients are closely related to the haplotypes that are used
to detect the specific alleles. In this appendix, we consider such relationships in the
haplotype sampling (HS) mating system. The effective population size N, in this system is
assumed to be the same as the population size N. We will adopt N, instead of N in our
discussion in order to accommodate other mating systems, and we will also write the
double non-identity coefficient as the dni-coefficient for brevity.

For the case of dni-coefficients ®; and ©,, it can be seen from Table 1 that only two
haplotypes (say H, and H,) are sampled, and both alleles in each haplotype need to be
detected. These two haplotypes can be copied from either the same haplotype (written as
H; = H,), or different haplotypes in the same individual (written as H; = H,), or different
haplotypes in different individuals (written as H; ~ H,). For this case, we will divide into
three situations (named HS©1, H502 and HS©3) to carry out our discussion.

HS®1 H; = H,, weight 1, dni-coefficient 0;

HS®2 H; = H,, weightv — 1,
(a) none recombined, probability (1 — ¢)?, dni-coefficient 04;
(b) one recombined, probability 2c(1 — ¢), dni-coefficient :%i Ty;

1 2(v-2)

(w=-2)(v-3) .
1)2 0, + (w-1)2

w-nz "%

(c) both recombined, prob. ¢2, dni-coefficient

HSe3 H; ~ H,, weight (N, — 1)v,
(a) none recombined, probability (1 — ¢)?, dni-coefficient ©,;

I, +

(v-

(b) one recombined, probability 2c(1 — ¢), dni-coefficient I'j;
(c) both recombined, probability c?, dni-coefficient A;.

Now, the expression of dni-coefficients 03 or 0; in the next generation can be written
out. In fact, let Wy = [wyg, W4, W34] be the vector consisting of those weights, i.e. Wy =
[1,v—1,(N, — 1)v], and let ® = [0,,0;,65], where each 6; is the weighted sum of dni-
coefficients in HSOi, with the corresponding recombination probabilities as their weights
(if the recombination probability does not occur, 6; is set as the dni-coefficient in HS®i),
i=1,2,3, thatis

91 = 0,

— (1 _ ~\2 _ -2 2 1
6, = (1—c)?0; + 2c(1— ) =T, + ¢ [(v_l)z 0, +
93 = (1 - C)ZG)Z + 2C(1 - C)Fl + C2A1.

2(v-2)
D I, +

(v=2)(v-3)
(v—1)2 Ae]'

W1g01+W;060;,+W3903

Then 0] = 0, = W07 /Wyl = , where 1 is the column vector [1,1,1]7.

Wi19+tW29+Wsg
This is a linear combination of dni-coefficients in the current generation, and the products
of combination coefficients times N,v(v — 1) are listed in the second column of Table S3.

For the case of I} to I, it can be seen from Table 1 that three haplotypes are sampled,
in which one is the haplotype that both alleles need to be detected, denoted by H,, another
is that only the allele at the first locus needs to be detected, denoted by H,, and the third is
that only the allele at the second locus needs to be detected, denoted by Hs. Because H,
and H; are only detected the allele at a single locus, it is unnecessary to model their
recombination. For this case, the combinations among three relations =, = and ~ can be
divided into nine situations (named HSI'1 to HST9).

HSI'l H, = H, = H3, weight 1, dni-coefficient 0;
10
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HSF2 H1 = H2 = H3 01‘ H1 = H3 = H2, Welght 2(17 - 1),
(a) not recombined, probability 1 — ¢, dni-coefficient 0;

1
oD 0, +

v—-2
2(v-1)

(b) recombined, probability c, dni-coefficient -

HSF?) H1 = H2 = H3, Welght v — 1,
(a) not recombined, probability 1 — ¢, dni-coefficient 0,;

[y

(b) recombined, probability ¢, dni-coefficient :—:i Ty;
HST'4 H, = H, = Hz, weight (v —1)(v — 2),
(a) not recombined, probability 1 — ¢, dni-coefficient I';;
(b) recombined, probability ¢, dni-coefficient %_1 I, + EAG ;
HSI'5 H; = H, ~ Hs or H; = H3 ~ H;, weight 2(N, — 1)v,
(a) not recombined, probability 1 — ¢, dni-coefficient 0;
(b) recombined, probability ¢, dni-coefficient I, /2;
HSI'6 H, = H3 ~ Hy, weight (N, — 1)v,
(a) not recombined, probability 1 — ¢, dni-coefficient ©,;
(b) recombined, probability ¢, dni-coefficient I';;
HSI'7 H; = H, ~ H3 or H; = H3 ~ H,, weight 2(N, — 1)v(v — 1),
(a) not recombined, probability 1 — ¢, dni-coefficient I';;

(b) recombined, probability ¢, dni-coefficient 2; I, + EA7 ;

(v-1) v—-1
HSI'8 H; ~ H, = H3, weight (N, — 1)v(v — 1),
(a) not recombined, probability 1 — ¢, dni-coefficient I';;
(b) recombined, probability c, dni- coefficient Ay;
HST9 H; ~ H, ~ Hs, weight (N, — 1)(NN, — 2)v?,
(a) not recombined, probability 1 — ¢, dni-coefficient I'3;
(b) recombined, probability ¢, dni-coefficient A;.

Now, let W), = [wyy, Wy, -, Wqy ] and T = [yy,¥2, -+, ¥9], where the definitions of W,

and I are similar to those of Wy and ©. Then

=Ty =T} =T}

_ WyFT _ Wiy V1 + WayY2 +-t Woy Y9

N Wyl - W1y+W2y+”'+W9-y

This is also a linear combination, and the products of combination coefficients times NZv?
are listed in the third column of Table S3.

For the case of A; to A;, we see from Table 1 that four haplotypes are sampled, in

HSA1 H; = H, = H; = Hy, weight 1, dni-coefficient 0;
HSA2 H; = H, = H3 = H,, weight v — 1, dni-coefficient 0;
HSA3 H, = H, ~ H3 = H,, weight (N, — 1)v, dni-coefficient 0;

HSA4 HH =H,=H;=H,orH,=H,=H,=H;orH, =H, =H; =H,or

H; = H,, weight 4(v — 1), dni-coefficient 0;

HSA5 H, = H, ~ Hy = Hyor H; = H, ~ H; = H,, weight 2(N, — 1)v(v — 1),

dni-coefficient 0;

HSA6 H]_EH3EH4~H201'H2EH3EH4~H101'H15H2EH3~H4Or

H, ~ H;, weight 4(N, — 1)v, dni-coefficient 0;

11

which two are the haplotypes that the allele at the first locus is detected, denoted by H;
and H,, and the other two are that the allele at the second locus is detected, denoted by Hz
and H,. Because there is only the allele at a single locus to be detected, the recombination
of these four haplotypes need not be modelled. For this case, the combinations of three
relations can be divided into 22 situations (named HSA1 to HSA22).

H, =H, =

H, =H, =
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HSA7 Hy ~H, =H; =H,orH, ~H =H;=H,orHi=H,=H;~H,or H{=H,=
H, ~ H;, weight 4(N, — 1)v(v — 1), dni-coefficient 0;
HSA8 H, ~ H, ~ Hy = H, or H, = H, ~ Hy ~ H,, weight 2(N, — 1)(N, — 2)v?, dni-
coefficient 0;
HSA9 H, = H, = H; = Hy or H; = H, = H3 =< H,, weight 2(v — 1) (v — 2),
dni-coefficient 0;
HSA10 H; = H; = H, = H, or H; = H, = H, = H3, weight 2(v — 1),
dni-coefficient 04;
HSA11 H, = H; ~ H, = H, or H, = H, ~ H, = H;, weight 2(N, — 1)v,
dni-coefficient 0,;
HSA12 Hy=Hy~Hy, =<H,orH, =H, ~Hy, <HsorH, = Hy ~H, < H or H,=H, ~
H; = H;, weight 4(N, — 1)v(v — 1), dni-coefficient I} ;
HSA13 H =H; =H,~H,orH, =H,=H, ~Hz;orH, =H; =H; ~H,or H,=H, =
Hy~H;orH =H;=H,~H,orH  =H,=H;~H,or H,=H;=H,~H,
or H, = H, = H; ~ H;, weight 8(N, — )v(v — 1),
dni-coefficient T;;
HSA14 H =H; ~H, ~H,orHi=H,~H, ~H;orH,=H; ~H, ~H,or H,=H, ~
H, ~ Hs, weight 4(N, — 1)(N, — 2)v?, dni-coefficient [s;
HSA15 Hy =H; =H, =H,orH; =H,=H,=H;orH,=H; =H, =<H,or H,=H, =
H; = H3, weight 4(v — 1) (v — 2), dni-coefficient I;;
HSA16 H, = H; ~ H, = H, or H; = H, ~ H, = H3, weight 2(N, — Dv(v — 1)?,
dni-coefficient A;;
HSA17 H, = H, ~ H3 = H,, weight (N, — 1)v(v — 1)?, dni-coefficient A,;
HSA18 Hy =H; ~H, ~HyorHy =H,~H, ~H;orH, <=H3; ~H; ~H,or H,=H,~
H, ~ Hs, weight 4(N, — 1)(N, — 2)v?(v — 1), dni-coefficient As;
HSA19 H, = H, ~ Hy ~ H, or Hy ~ H, ~ Hy = H,,
weight 2(N, — 1)(N, — 2)v?(v — 1), dni-coefficient A,;
HSA20 H; ~ H, ~ H; ~ H,, weight (N, — 1)(N, — 2)(N, — 3)v3, dni-coefficient As;
HSA21 H, = H, = H3 = H,, weight (v — 1)(v — 2)(v — 3), dni-coefficient Ag;
HSA22 H, =H, =H; ~H,orH, =H,=H,~Hz;orH, <=H;=H,~H,or H,=H;=
H, ~ H; weight 4(N, — 1)v(v — 1) (v — 2), dni-coefficient A,.

Now, let Wg and A be the row vectors consisting of 22 weights and 22 dni-coefficients
in HSA1 to HSA22, respectively. Then

Ny = A = - = A, = WsAT /W;s1.

This is still a linear combination, and the products of combination coefficients times N3 v
are listed in the final column of Table S3.

The expressions in Table S3 are the essential factors to form Q7 of the transition matrix
Q for the HS mating system. Moreover, the matrices T and S in the principal part of Q are
listed in Appendix I.

Appendix E. Corrections for finite sample size

Matrix A can be decomposed as the following combination:

A= Al + n_lAz + n_2A3 + n_3A4 + 0(71_4),

12
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where n is the sample size, and the principal parts can be calculated by:

A, = lim A,

n—-oo

A2 = llm Tl(A - Al)’
n—oo

A3 = llm le(A—Al _Az/n),

n—-oo

A4_ = llm Tl3(A - A1 - Az/n - A3/Tl2).
n—oo
The elements in A; and A, are listed in Tables S1 and S2, respectively.
It is clear from M, = w” A that the next formula is valid:

M, =w'A +n 1w A, + n 2w A; + n3wTA, + @TO(n™%). (S1)

When the sample size n is large enough, the principal part of M, is @"A;, and the
remainder can be neglected, then M, ® w"A; = M, indicating that the matrix A; can be
used to approximate the moments of LD measurements. We will use HS mating system as
an example to illustrate, using the fourth and the sixth column elements in A; (Table S1)
and the approximated w in Section "Approximations’,
2c+ctv—1 2c+civ—1

w= |1+ ,1+ , 1,11,
c,cv, VN, c,cv, VN,

T

we have

, _E(D?) wAY v+ (1-20n
STEQ) T WwA®  2-)eNvv

— A2
- dHSl'

where A;i) denotes the i column of A;. Similarly, §* can be approximately expressed as

, _E(®) wA® v+ (1-20)v
STER) T @A T (2=0)cNvp ST

In real studies, the finite sample size n will influence the estimation of #2 and 7. For
example, if the two loci are unlinked, % = r{ = 0 while #? and #{ are greater than zero. To
avoid such an error, higher-order terms in Equation (S1) should be considered. To
accommodate this effect, we use the following approximates to include more higher-order
terms:

Mw =~ wTA1 + n_leAz = sz,
M, ~ oA +n wTA, + n2wTA; = M,
Mw = wTA1 + n_leAz + n_szA3 + n_SwTA4 = Mw4_.

The resulting approximations of djg and §3g are respectively dig,, dss, dfsa, Ofisz,
8As3 and 83s,. For example,

c?v(N,v; — nv + 3) — vy (nv — 3) + 2¢cv; (N,v — nv + 3)
c,cN v v(nw — 2) '
The difference d5 — d? can be expanded as
dis; — ds; = ! + ! (1+c +E—i)
HS2 - PHSI ™y —2 T ouN,(mv—2)\c¢ ' 2 v e/
The rightmost term is tiny and can be ignored. The net effect for djg caused by including

2 —
dHSZ -

A, is approximately ﬁ This can be written as

13
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1
nv—2
We use the same way and derived the following differences
1

n—1

Nligloo(dlzqsz —dfisy) =

Jim (dhss — d) =
lim (d3s, — diis1) = ——
N:Lnoo( HS4 fis1) o — 1

It can be found the sequence of differences is converged to ﬁ Similarly, for 62, the
sequence is

1\}1_@%(51?152 —8fs1) = —=

n—2'

lim (635 — 64gy) = L

N, \OHS3 T OHs1) = T
. 2 2 1

1\}:an(6”54 — 8fs1) = n—1

Thus, the approximate expressions of d? and 62 considered the effect of sample size
n on sampling are
4 v+ (1 -2, 1
HS ™ "2 —)¢eNyyyv  vn—1

ctv+ (1-20), 1
(2-=c¢)cN,v;v n—1
For the remaining mating systems, the same method can be used, and the compensate
term is the same.

2 A
Sfis ~

Appendix F. MS and ME mating systems

The method to derive the expression of each element in Q for the monoecious mating
systems is the same as that for the HS mating system. It is noteworthy that unlike the HS
mating system, two haplotypes sampled within the same individual need to be detected
whether they are from the same gamete: (i) if they are from the same gamete, the

vf__ll; (ii) otherwise, the probability is ZT/zl We will denote (H, H', --+) for

which those haplotypes within brackets are from the same gamete.

probability is

For (i), it is assumed that the chromosomes form bivalents during meiosis, and the
double-reduction will never happen, then the paired chromosomes will segregate into
different oocytes, which means that two haplotypes H and H' within the same gamete are
copied from different haplotypes. However, this is not strictly equivalent to H = H'. This
is because the paired chromosomes will segregate into different oocytes. In order to avoid
repetition, we first discuss nine situations similar to HSI'1 to HSI'9 in Appendix D, named
MOT'1 to MOTI'9 in turn.

MOTI'1 H; = H, = Hs, weight 1, dni-coefficient 0;
MOTI2 H; = H, = Hz or H; = H3 = H,, weight 2(v — 1),
(a) not recombined, probability 1 — ¢, dni-coefficient 0;
(b) recombined, probability ¢, dni-coefficient I, /2;
MOI'3 H; = H, = H3, weightv — 1,
(a) not recombined, probability 1 — ¢, dni-coefficient 0,;
(b) recombined, probability ¢, dni-coefficient I';

14
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MOT4 H; = H, = Hj, weight (v — 1)(v — 2),
(a) not recombined, probability 1 — ¢, dni-coefficient I';;
. . . .. 1 v-3
(b) recombined, probability ¢, dni-coefficient —T, +-—A;
MOTI5 H; = H, ~ H; or H; = H; ~ H,, weight 2(N, — 1)v,
(a) not recombined, probability 1 — ¢, dni-coefficient 0;
(b) recombined, probability ¢, dni-coefficient I, /2;
MOTI'6 H, = H; ~ Hy, weight (N, — 1)v,
(a) not recombined, probability 1 — ¢, dni-coefficient 0,;
(b) recombined, probability ¢, dni-coefficient I;;
MOTI7 H; = H, ~ H; or H; = H; ~ H,, weight 2(N, — 1)v(v — 1),
(a) not recombined, probability 1 — ¢, dni-coefficient I’;;
(b) recombined, probability ¢, dni-coefficient A;;
MOTI8 H; ~ H, = H;, weight (N, — 1)v(v — 1),
(a) not recombined, probability 1 — ¢, dni-coefficient I';;
(b) recombined, probability ¢, dni-coefficient A;;
MOI9 H, ~ H, ~ Hs, weight (N, — 1)(N, — 2)v?,
(a) not recombined, probability 1 — ¢, dni-coefficient I’3;
(b) recombined, probability ¢, dni-coefficient A;.

For (ii), if the mating system is MS, because selfing is allowed, two haplotypes H and
H' from different gametes can be copied from either the same haplotype (H = H'), or
different haplotypes in the same individual (H = H'), or different haplotypes in different
individuals (H ~ H"). These relationships are obviously equivalent to those in the HS
mating system. If the mating system is ME, because selfing is excluded, two haplotypes
from different gametes must be from different individuals (H ~ H').

There may be more than one situation of HS® (HSI', HSA or MOT') appearing in an
item, and we will use some symbols to denote this phenomenon. For example, the symbol
(MOTI'2/2,3,4,7/2) in the item (1) of I'; below denotes that there are four situations (i.e.,
MOTI2/2, MOI'3, MOTI'4 and MOI'7/2) appearing in this item, in which MOI'2/2 represents
that the number of expressions describing the relations among the haplotypes is half of
that for MOT'2. This is because H; and H, are in the same gamete in the item (1) of I;, thus
only the second expression in the two expressions in MOI'2 (H; = H, = H; and H; = H3 =
H;) can hold. The weight for MOTI'2/2 is also half of the weight for MOI'2, and the meaning
of MOI'7/2 is analogous. It is noteworthy that MOI'2 and MOTI'2/2 are the same except their
number of expressions and weights, as are MOI'7 and MOI'7/2.

We next discuss the dni-coefficients in the next generation one by one.

,u
0!
v/2-1
4

(1)  (Hy, Hy), probability —
(a) none recombined, probability (1 — c¢)?, dni-coefficient 0,;
(b) one recombined, probability 2c(1 — ¢), dni-coefficient I;
(c) both recombined, probability c¢?, dni-coefficient A4;

2)  (Hy),(Hy) , probability = ,
others identical to (HS 0 1-3) for MS;
others identical to (HS©3) for ME;

then 0] = my + %WQ 07 /Wy1 for MS, or 0] = mg + ZT/zl (w3005 /Wy 1) for ME, where

my =222[(1 = €)20, + 2¢(1 — )T, + c2A,].

v—1

15
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The expression of 0] is a linear combination of dni-coefficients in the current generation,
whose combination coefficients are the first row of Q for the MS or the ME mating system.

0): identical to (HS01-3), and thus 0, = Wy®T /W, 1 for MS or ME.

Iy

(1)  Hy, (H,, Hy), probability ”1{ “—, others identical to (HSI'2,4,8);

) Hy,(H,), (Hs) , probability 22
others identical to (HS r 1-9) for

others identical to (HSI'5,7,9) for ME;
v/2

7

MS;

thenT] = m, +-—=W,I"/W, 1 for MSorIj =m, + 22 WoyVs® WiyVrt Works g1 ME, where

v—-1 v—-1 wy1

_ V/2—1 Wy V2t WayVat Wy Vs

LA | w, 1

In this way, the expressions of other double non-identity coefficients can be written

down, so can the elements in the corresponding rows of Q. We will omit these lengthy

explanations from the following discussion.

I;:

(1)  (Hy, Hy), Hs, probability "i “—, others identical to (MOI2/2,3,4,7/2);

Q) (Hy), (Hy), Hs ) probability e
MS: identical to (HS r

ME: identical to (HSI'5/2,6,7/2,8,9).
Here “others’ is omitted for brevity, the same below.
I3: identical to (HSI'1-9).
[y

e (W/2-1)(/2-2)
(1) (Hl, HZ' H3), probablhty W,
(a) not recombined, probability 1 — ¢, dni-coefficient I';;

(b) recombined, probability ¢, dni-coefficient Ag;

1-9);

2)  (HyHy),(Hy)  or  (HyHs),(H,) ,  probability —202-D@/2

w-1)w-2)

MS: identical to MO r 2/2,3,4,7/2);

ME: identical to (MOI'7/2);
G)  (H(Ha H) , probability s

MS: identical to (HS r
ME: identical to (HSI'8).

AL:

(1) (Hy,H3), (Hy H,y), probability (v/2-1)*

wv-1)2 "

4

2,4,8);

identical to (HSA2,9,10/2,15/2,16/2,21);

@) (HyHy), (H)(Hy) or  (Hy),(Hs),(HyHy) , probability 2&/2=0@/2

(wv-1)2

MS: identical to (HS A 2,4/2,7/2,9,10/2,12/4,13/4,15*3/4,16/2,18/4,21,22/2);

ME: identical to (HSA7/2,13/4,18/4,22/2);
(v/2)?

() (Hy), (H3), (Hy), (H,) , probability (r—-1)2
MS: identical to (HS A
ME: identical to (HSA3,5,8,11/2,12/2,14/2,16/2,17,18/2,19,20).

16
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AY:

ey
)

©)

A:

ey

)

A

o))

~

As

Ag:

ey
)

©)

(4)

AL

1
)

(Hy, Hy), (H, Hy), probability 2222 identical to (HSA10,15,17,21);

(Hy, Hy), (Ha), (Hy) or  (Hy),(Hy), (Ha,Hy) ,  probability 222002
MS: identical to (HS A 4/2,5/2,9/2,10,13/2,15,17,19/2,21,22/2);

ME: identical to (HSA13/2,19/2,22/2);

- w/2)?

(Hy), (Hy), (Hy), (Hy) , probability o :
MS: identical to (HS A 1-22);
ME: identical to (HSA11,12,14,16,18,20).

(Hy,H3) , probability vl/iz_—11 ’
identical to (HSA2,4/2,7/2,9,10/2,12/4,13/4,15*3/4,16/2,18/4,21,22/2);

. 2

(Hy), (H3) , probability % ,
MS: identical to (HS A 1-22);

ME: identical to (HS A 3,5,6/2,7/2,8,11/2,12/2,13/2,14*3/4,16/2,17,18*3/4,19,20,
22/2).

(Hy, Hy) , probability vl/gz__ll ’
identical to (HSA4/2,5/2,9/2,10,13/2,15,17,19/2,21,22/2);

(Hy), (Hy) , probability % ’
MS: identical to (HS A 1-22);

ME: identical to (HSA6/2,7/2,8/2,11,12,13/2,14,16,18,19/2,20,22/2).

: identical to (HSA1-22).

J (w-4)(v-6) . .
(Hy,H,, Hs, Hy), probability B0 3y identical to (HSA21);

(Hy), (Hy, H3, Hy) or (H,), (Hy, H3, Hy) or (H3), (Hy, Hp, Hy)

- -4
or (H,), (Hy, Hy, Hs) , probability YTy~ (:_(11]) (v)_ 5 ,
MS: identical to (HS A 9/2,15/2,21,22/4);
ME: identical to (HSA22/4);
e -2
(Hy,Hy), (H3,Hy) , probability FTEST (:_(11;) (v)_ 3 ,
MS: identical to (HS A 10,15,17,21);
ME: identical to (HSA17);
- -2

(Hy Hs), (HyHy)  or  (HyHy),(HyHy)  probability ¢

MS: identical to (HS A 2,9,10/2,15/2,16/2,21);
ME: identical to (HSA16/2).

4

(Hy, Hy, H3), probability 4(1:_1), identical to (HSA9/2,15/2,21,22/4);

. 2
(Hy, Hs), (Hp) or (Hy),(Hp Hy) probability y (1:1) ,
MS: identical to (HS A 2,4/2,7/2,9,10/2,12/4,13/4,15*3/4,16/2,18/4,21,22/2);
ME: identical to (HSA7/4,12/4,13/8,16/2,18/4,22/4);
(Hy, Hy), (H3) , probability
MS: identical to (HSA4/2,5/2,9/2,10,13/2,15,17,19/2,21,22/2);

17
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ME: identical to (HSA5/2,13/4,17,19/2,22/4).

The transition matrix @ for the MS or the ME mating system is not shown, but the
matrices T and S in the principal part of Q are listed in Appendix I.

Appendix G. DR mating system

In the dioecious mating systems, no matter whether it is DR or DH, each individual is
formed by a sperm and an egg that are independently sampled from the sperm and the
egg pools, respectively. We will discuss the double non-identity coefficients one by one for
the DR mating system in this appendix.

For simplicity, we will use the symbol { * } to be the identifier of an item, e.g., the item
{HS®2} means that its contents are the same as those in HS02 except for the weight, and
we also use the symbol ME®] to represent ©; in ME, and so on.

0;: identical to ME®].
05: identical to ME®5.
I}: identical to MEI].

[;: identical to MET;.

I3

{HST'1} H, = H, = H3, weight 2(1 + f?);

{HSI'2} H, = H, = H3 or H; = H; = H,, weight 4(1 + f?)(v — 1);

{HSI'3} H, = H, = Hj, weight 2(1 + f?)(v — 1);

{HST'4} H, = H, = Hj, weight 2(1 + f)(v — 1) (v — 2);

{HST'5} H, = H, ~ Hy or H; = H3 ~ H,, weight 2(1 + f)?vN, — 4(1 + f%)v;
{HST6} H, = H; ~ Hy, weight (1 + f)?vN, — 2(1 + f?)v;

{HST'7} Hy = H, ~ H; or H; = H; ~ H,,

weight 2(1 + f)?(v — DvN, —4(1 + f) (v — Dv;
{HSI'8} H, ~ H, = H3, weight (1 + f)?(v — 1)vN, —2(1 + f5)(v — Dv;
{HST'9} H, ~ H, ~ H3, weight (1 + f)?v2NZ — 3(1 + f)?v2N, + 4(1 + f*)v?;

then T3 = W;TT /W, 1, where W; is the row vector consisting of the above nine weights.

T: identical to MET}.

Al:
(1)  (Hy, Hs), (Hy, Hy), probability (';C 2_‘1;32, identical to (HSA2,9,10/2,15/2,16/2,21);

() (Hy,Hs), (H;)(Hy) or (Hy), (Hs), (Ha, Hy), probability 222012,
identical to (HSA7/2,13/4,18/4,22/2);
. (/2)2
() (Hy), (Hs), (Hy), (Ha), probability (22,
{HSA3} H, = H, ~ H3 = H,, weight 8f;
{HSA5} H, = H, ~ H3 = Hyor H; = H, ~ H3 = H,, weight 16f (v — 1);
{HSA8} H; ~ H, ~ Hy = H, or H; = H, ~ H3 ~ H,, weight 2(1 + f)*vN, — 16fv;
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593 {HSA14/2) H, = H, ~ Hy ~ Hy or Hy = Hs ~ H, ~ H,,
594 weight 2(1 + £)2vN, — 16fv;
595 {HSA16/2} H, = Hy ~ Hy = Hs, weight 8f (v — 1)%
596 {HSA17} H, = H, ~ H; = H,, weight 8f (v — 1)
597 {HSA18/2) H, = H, ~ Hy ~ Hs or Hy = Hs ~ H, ~ H,,
598 weight 2(1 + f)?(v — DvN, — 16f (v — D)v;
599 {HSA19} Hy = H, ~ Hy ~ H, or H, ~ H, ~ H; = H,,
600 weight 2(1 + f)?(v — DvN, — 16f (v — 1)v;
601 {HSA20} H, ~ H, ~ H3 ~ H,, weight (1 + f)?v2NZ — 4(1 + f)?*v?N, + 16fv2.
602 AY:
603 (1) (Hy,Hy), (Hs,H,), probability (’;/; 2_‘1;32, identical to (HSA10,15,17,21);
604 (@) (Hy,Hy), (Hy), (Hy) or (Hy), (Hy), (Hs, Hy), probability 2220072,
605 identical to (HSA13/2,19/2,22/2);
2
606 () (Hy), (Hy), (H), (H,), probability 222,
607 {HSA11} H; = H3 ~ H, = Hy or H; = H, ~ H, = H3, weight 16f;
608 {HSA12) Hy = Hy ~ Hy, =< Hyor H; = Hy ~ Hy = Hy or H, = Hy ~ Hy = H,
609 or H, = H, ~ H; = H3, weight 32f (v — 1);
610 {HSA14) Hy = Hy ~ Hy ~ Hy or H; = Hy ~ Hy ~ Hy or Hy = Hs ~ Hy ~ H,
611 or H, = H, ~ Hy ~ H3, weight 4(1 + f)?vN, — 32fv;
612 {HSA16} H; = H3 ~ H, = H, or H; = H, ~ H, = H3, weight 16f (v — 1)?;
613 {HSA18} Hy = Hy ~ Hy ~ H, or H, = Hy ~ Hy ~ Hy or Hy = Hs ~ H, ~ H,
614 or H, = H, ~ Hy ~ H3, weight 4(1 + f)?*(v — 1)vN, — 32f (v — Dv;
615 {HSA20} H, ~ H, ~ H3 ~ H,, weight (1 + f)?v2NZ — 4(1 + f)?v?N, + 16fv?;
616 Al
617 (1) (Hy, Hy), probability 2=,
618 {HSA2} H, = H, = H; = H,, weight 2(1 + f?2);
619 {HSA4/2} H, = H, = H, = Hy or H; = H, = H; = H,, weight 4(1 + f?);
620 {HSA7/2} H, ~H; = H; =H,orH; = H, =H; ~H,,
621 weight 2(1 + £)2vN, — 4(1 + f2)v;
622 {HSA9} H, = H, = H; = H, or H; = H, = Hy = H,, weight 4(1 + f?)(v — 2);
623 {HSA10/2} H, = H, = H, = H,, weight 2(1 + £2);
624 {HSA12/4} H, = H, ~ Hy = Hs, weight (1 + f)?vN, — 2(1 + f?)v;
625 {HSA13/4} H, =H; =<=H, ~H,orH, =H, = H; ~ H,,
626 weight 2(1 + f)?vN, — 4(1 + f?)v;
627 {HSA15*3/4} Hy =H, = H, =H;orH, = H; =H, =H,orH, = H, = H; = Hy,
628 weight 6(1 + f2)(v — 2);
629 {HSA16/2} H;, = Hs ~ H, =< H,, weight (1 + f)?(v — D)vN, — 2(1 + f)(v — Dv;
630 {HSA18/4) H, = Hy ~ H, ~ H,,
631 weight (1 + f)?v2N2 —3(1 + f)?v2N, + 4(1 + f?)v?;
632 {HSA21} H, = H, =< H3 =< H,, weight 2(1 + f2)(v — 2)(v — 3);
633 {HSA22/2} H, = H, = Hy ~ Hyor H, = H; = H, ~ H,,
634 weight 2(1 + f)?(v — 2)vN, — 4(1 + f2) (v — 2)v;
635 () (Hy), (Hs), probability 2=,
636 {HSA3) H, = H, ~ H; = H,, weight 4f;
637 {HSA5} Hy = H, ~ Hy; = H, or H; = H, ~ H; = H,, weight 8f (v — 1);
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{HSA6/2} H, = H3; = H, ~ H, or H; = H, = H, ~ H3, weight 4(1 + f?);
{HSA7/2} H, ~ H, = H3 = Hy or H; = H, = H, ~ H3, weight 4(1 + f?)(v — 1);
{HSA8) H, ~ H, ~ Hy = H, or H, = H, ~ H ~ H,,
weight 2(1 + f)?vN, — 4(1 + f)?v;
{HSA11/2} Hy = H, ~ H, = H,, weight 4f;
{HSA12/2} H, = Hy, ~ H, = H3 or H, = H; ~ H; = H,, weight 8f (v — 1);
{HSA13/2}H =H, =H, ~Hy;orH,=H, <=H; ~HyorH, =Hy; =H, ~ H
or H, = Hy = H; ~ H,, weight 8(1 + f2)(v — 1);
{HSA14*3/4) H, = H, ~ Hy ~ Hy or Hy = Hy ~ H, ~ H, or H, = H, ~ H, ~ Hs,
weight 3(1 + f)?vN, —8(1 + f + f)v;
{HSA16/2} H, = H, ~ H, = Hj, weight 4f (v — 1)%;
{HSA17} H; = H, ~ H3 = H,, weight 4f (v — 1)%
{HSA18*3/4} H; = H, ~H, ~Hs;orH, =H; ~H; ~H,orH, = H, ~ Hy ~ Hg,
weight 3(1 + f)?(v — DvN, —8(1 + f + fA) (v — Dv;
{HSA19} Hy = H, ~H3 ~H,or H . ~ H, ~ H; = H,,
weight 2(1 + f)?(v — D)vN, — 4(1 + f)*(v — D)v;
{HSA20} H, ~ H, ~ Hs ~ H,,
weight (1 + f)?v2NZ — 5(1 + f)?v?N, + 8(1 + f + fA)v%;
{HSA22/2} H; = H, = H, ~Hzor H, = H; = H, ~ H,
weight 4(1+ f2)(v — 1)(v — 2);

Ay:

(1) (Hy,Hy), probability 2222,

HSA4/2} H, = H, = H3 = H, or H, = H; = H3 = H,, weight 4(1 + f?2);
HSA5/2} H, = H, ~ H3 = H,, weight (1 + f)?vN, — 2(1 + f?)v;

{
{
{HSA9/2} H, = H, =< H5 = H,, weight 2(1 + f?)(v — 2);
{
{

HSA10} H, = H3 =< H, = Hy or H; = H, =< H, = H;, weight 4(1 + f?2);
HSA13/2} Hi=H;=H, ~H,orH, =H, =H, ~H;orH, =H; =H; ~H,

or H, = Hy = H; ~ H3, weight 4(1 + f)?vN, — 8(1 + f?)v;
{HSA15} Hy =H; =H,=H,orH, =H,=H,=H;orH,=H;=<H, =H,

or H, = Hy, = H; = Hs, weight 8(1 + %) (v — 2);

{HSA17} H, = H, ~ H3 = H,, weight (1 + f)?(v — )vN, — 2(1 + f5)(v — Dv;
{HSA19/2) Hy = Hy ~ Hs ~ H,,

weight (1 + f)?v2NZ — 3(1 + f)?v?N, + 4(1 + f2)v?;
{HSA21} H; = H, = H3 = H,, weight 2(1 + f*)(v — 2)(v — 3);
{HSA22/2} H; = H, = H; ~ Hyor H; = H, = H, ~ Hs,

weight 2(1 + f)?(v — 2)vN, —4(1 + fH) (v — 2)v;
(@) (Hy), (Hy), probability 22,
{HSA6/2} H, = H3 = H, ~ H, or H, = H3 = H, ~ H,, weight 4(1 + f?2);
{HSA7/2} Hy ~ H, = H3 = H, or H, ~ H; = H3 = H,, weight 4(1 + f?)(v — 1);
{
{
{

HSA8/2} Hy ~ H, ~ Hy = H,, weight (1 + f)?vN, — 4(1 + f?)v;

HSA11} H, = H3 ~ H, = H, or H; = H, ~ H, = H3, weight 8f;

HSA12} Hy =Hs ~Hy, =<H,orHy = H, ~H, =< Hyor H, = Hy ~ H, < H,
or H, = H, ~ H; = H3, weight 16f (v — 1);

{HSA13/2} Hy =H; =H, ~H,orH, =H,=H; ~H,orH, =H; =H, ~H,

or H, = H, = Hy ~ H,, weight 8(1 + f%)(v — 1);

(HSA14} Hy =Hy ~Hy, ~H,orHy = H, ~ Hy ~ Hy or H, = Hy ~ H, ~ H,

or H, = H, ~ Hy ~ Hs, weight 4(1 + f)?vN, — 8(1 + f)?v;
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{HSA16} H, = H3 ~ H, =< Hy or H; = H, ~ H, = H3, weight 8f (v — 1)%
{HSA18) Hy = Hs ~ H, ~ Hy or Hy = H, ~ H, ~ Hy or H, = Hs ~ Hy ~ H,

or H, = Hy ~ Hy ~ H3, weight 4(1 + f)?(v — 1)vN, —8(1 + f)?(v — Dv;
{HSA19/2} H, ~ H, ~ H3 = H,, weight (1 + f)?(v — DvN, —4(1 + f)(v — Dv;
{HSA20} H, ~ H, ~ Hs ~ H,,

weight (1 + f)?v2NZ2 — 5(1 + f)?v?N, + 8(1 + f + fA)v?;
{HSA22/2} Hy = Hs = H, ~ H, or H, = Hy = Hy ~ H,,

weight 4(1 + f2)(v — 1)(v — 2);

Ag:

{HSA1} H, = H, = H3 = H,, weight 4(1 — f + f?);

{HSA2} H, = H, = H; = H,, weight 4(1 — f + f%) (v — 1);

{HSA3} H, = H, ~ H3 = H,, weight (1 + f)?vN, —4(1 — f + fH)v;
{HSA4} H =H,=H; =H,orH,=H,=H,=H;orH, =H,=H; =H,

or H, = Hy = Hy = H,, weight 16(1 — f + f?)(v — 1);
{HSA5} H, = H, ~ Hy = Hy or H, = H, ~ H; = H,,
weight 2(1 + f)?N, (v — D)v—8(1 — f + fA) (v — Vv;
{HSA6} Hy =H; =H,~H,orH,=H; =H,~HyorH =H,=H; ~ H,
or H; = H, = H, ~ Hs, weight 8(1 + f*)N,v — 16(1 — f + f?)v;
{HSA7} H; ~H, =H; =H,orH, ~H, = Hy;=H,orH, =H, = H; ~ H, or
H, = H, = H, ~ H3, weight 8(1 + f2)N,v(v — 1) — 16(1 — f + f?)v(v — 1);
{HSA8} H, ~ Hy ~ Hy = H, or H, = Hy, ~ Hy ~ H,,
weight 2(1 + f)?NZv? — 2(5+ 2f + 5f?)N,v? + 16(1 — f + f2)v?;
{HSA9} H; = H, = H; = H,or H; = H, = H; = H,,
weight 8(1 - f + fA)(v — V(v — 2);
{HSA10} H, = H3 < H, = H, or H; = H, =< H, = H;, weight 8(1 — f + f%)(v — 1);
{HSA11} H; = H; ~ H, =H, or H; = H, ~ H, = Hj,
weight 2(1 + f)?N,v —8(1 — f + f2)v;
{HSA12} H, = H; ~H, = HyorH; =H, ~ H, = Hyor H, = H; ~ H, = H, or
Hy = Hy ~ Hy = Hs, weight 4(1 + f)?N,(v—1Dv—16(1— f + f) (v — Dv;
{HSA13} H = Hy; =H, ~H,orH, =H, =H, ~Hy;orH, =Hy =<=H; ~ H,
orH,=H,=H,~Hz;orH =H;=H,~H,orH =H,=H; ~ H,
orH,=H;=H,~H,orH,=H,=H; ~Hy,
weight 16(1 + f5)N,(v — v —-32(1— f + fH) (v — Dv;
{HSA14} H, = H; ~ H, ~ H, or H, = Hy ~ H, ~ Hy or H, = Hy ~ H; ~ H,
orH,=H, ~H; ~ H;,
weight 4(1 + f)2NZv? — 4(5+ 2f + 5f?)N,v? +32(1 — f + f2)v?;
{HSA15} Hy =H; =H,=H,orH, =H,=H,=H;orH,=H;=<H, =H,
or H, = Hy, = H; = Hs, weight 16(1 — f + f2)(v — 1)(v — 2);
{HSA16} H, = Hy ~ H, = H, or H, = H, ~ H, =< Hs,
weight 2(1 + f)2N,(v — 1)?v - 8(1 — f + fH) (v — 1)?v;
{HSA17} Hy = H, ~ Hy = H,,
weight (1 + f)?N,(v — D*v—4(1 — f + f) (v — 1)?v;
{HSA18} H, = Hy ~ Hy ~ Hy or Hy = H, ~ Hy ~ Hy or Hy =< Hy ~ Hy ~ H,
or H, = Hy ~ Hy ~ H3, weight 4(1 + f)?NZ2v?(v— 1) —4(5+ 2f +
5f)Nv2(v—1)+32(1— f + fHv2(v - 1);
{HSA19} H, = H, ~ H3 ~ H, or H; ~ H, ~ Hy = H,, weight 2(1 + f)?NZ(v — 1)v?
=25+ 2f +5f3)N.,(v—Dvi+16(1—f + f)(w - 1v?
{HSA20} H, ~ H, ~ H3 ~ H,, weight (1 + f)?N3v? — 6(1 + f)?NZv3 +
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(19 + 6f + 19F2)N,v3 — 24(1 — f + f2)v?
{HSA21} H, = H, = H; = H,, weight 4(1 — f + f?)(v— D)(v — 2)(v — 3);
{HSA22} Hy = H, = Hy ~ Hy or Hy = Hy = Hy ~ Hy or H; = Hy = Hy ~ H,

or Hy = Hy = H, ~ Hj,

weight 8(1+ f2N,(v — (v —-2)v—16(1 - f + fA)(v — D)(v — 2)v,

then Ay= W3AT /W51 where Wy is the row vector consisting of the above 22 weights.
Ag: identical to MEAg,.
A%: identical to MEAY.

The transition matrix @ for the DR mating system is not shown, but the matrices T
and S in the principal part of Q are listed in Appendix I.

Appendix H. DH mating system

For the DH mating system, because each individual remains in a reproductive unit for
its entire lifetime, the offspring produced within each reproductive unit are either full- or
half-sibs. We will denote [H, H', -] for which those haplotypes within square brackets are
from the same reproductive unit.

07: identical to ME®].
05: identical to ME®5.
[: identical to MET}.

[;: identical to MET;.

I3:

(3) [Hy, Hy, Hs], probability #

{HST'1} H, = H, = H;, weightL ﬁ;

{HST2} H, = H, <= HzorH, = H3 = H, welght 4’;;;;
{HST3} H, = H; = H;, welght + 8f2v2;

{HST4} H, = H, = Hs;, weight (v 1)(v 2, (U—B;)Z(:Z—Z);
&mmm_m~mmm_m~MW%m_Z%:;
{HST'6} H, = H3 ~ Hy, welght — % + ;f‘zl-

{HST7} Hy = H, ~ Hy or H; = H3 ~ HZ, welght_ 41 - 1, @ :;gf 1),
(HIST8} Hy ~ Hy = H, weight =+ + . 3;2-2—1);

{HSI'9} H; ~ H, ~ %Aw%m%ﬁn+ngq%

2) [Hy, H,], [H3] or [Hy, Hs], [H,], probability (M 1)
{HSI'5/2} Hy = H, ~ Hy or H; = H; ~ H,, WelghtE 4%/

. -1, v-1
{HST7/2} Hy = H, ~ Hyor H, = H; ~ H,, welght];—v + Z?;

{HST'9} H; ~ H, ~ H3, Weigh’c];‘—_f1 + %;
. M-1
(3) [HZ) H3]; [Hl], probablhty W’
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1
} s
1
{HSI'8} Hy ~ H, = H3, welght —v + va
{HSF9} H1 ~ H2 ~ H3, Welght_ + =
[H

4f
(4)  [Hy],[H,], [Hs], probability < 1)(’”
T,

(/2-1)(v/2-2)

(1)  (Hy,Hy, H3), probability DD

(a) not recombined, probability 1 — ¢, double non-identity I;
(b) recombined, probability ¢, double non-identity Ag;

@) (Hy,Hy), (Hs) or (Hy, Hs), (Hy), probability% identical to (MOT7/2);

(3)  (Hy),(Hy H3), probablhty(v/+()(v/) identical to (MOT'S).

{HSF6 HZ = H3 ~ Hl/ Welght_v

1dent1ca1 to (HSI'9).

1 (v/z 1)2
v-1)2 ’

(1) [(Hy,Hs), (Hy, Hy)l, probab1hty

HSA2} H, = H, = H; = H,, weight !

1
4v(v-1) + afv(v—1)

v—2 v-2
2v(v-1)  2fv(v-1)

{
{HSA9} H, = H, = H3 = H, or H; = H, = H; = H,, weight

— 3 1 .
{HSA10/2} Hy = H, =< H, = H3, welght4 o5 T iy
{HSA15/2} Hy = H, = H, = Hz; or H, = H3 = Hl = H,, weight
{
{

v—2 v-2
2v(v-1)  2fv(v-1)

HSA16/2} Hl - H3 ~ H2 - H4_,

(v 2)(1; 3) (v—2)(v-3),
HSA21} H, = H, = H3 = H,, weight prer— + oD
(2)  [(Hy, Hs), (Hy), (Hp] or [(Hy), (H3), (Hy, Hy)), probability 22200/,

1
{HSA7/2} H2 ~ Hl - H3 = H4_ or Hl = H2 - H3 ~ H4_, Welghtz_v Zf_lll
. 1,01

{HSA13/4} H, = H; = H; ~ Hyor H; = H, = H; ~ H,, welghtz—v + T
{HSA18/4} H, = Hy ~ H, ~ H,, weight fz—‘;,—
{

. -2 | v-2
HSA22/2} H, = H, = Hy ~ Hyor H, = H; = H, ~ H,, welghtvz—v + ZW’

3)

( /2)*

[(H1), (H3), (Hz), (Ha)], PrObablhtY M
{HSA3} H; = H, ~H; = H,, welght
}

oy
f Y

{HSA5} H; = H, ~H; =<H,orH, =H, ~H; =H,, welght f —
{HSA8} H; ~ H, ~H; =H,or H, = H, ~ H3 ~ H,, weight 7,
{HSA11/2} H, = H, ~ H, = H;, weight — 2f 5

{HSA12/2} H =H, ~H, = Hyor H, = H; ~ H; = H,, welght f =
{HSA14/2} H, = H, ~ H, ~ Hs; or H, = H3 ~H, ~H,, weight 2f_v'

{HSA16/2) H, = H, ~ H, = Hs, Welght i

2fv? '
. v-1)2
(HSA17) H, = H, ~ H, = H,, weight & 207
& 2vf
{HSA19} H, = H, ~ H; ~ H, or H; ~ H, ~ H; = H,, weight (V—lz)v(;—ﬂ;

M- 1(1;/2 1)2
v-1)2 7

(4)  [(Hy, H3)], [(Hz, Hy)], probability ——

identical to (HSA16/2);
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803 (5)  [(HyH)), [(H), () or [(Hy), (H3)], [(Ha, Hy)], probability 222000/,
804 identical to (HSA18/4);

805 (6)  [(Hy), (H3)], [(Hy), (H,)), probability = ((;’f 21)) identical to (HSA20).
806 Ab:
807 (1) [(Hy, Hy), (Hs, H)), probability O,
808 {HSA10} H, = Hy = H, = H,or H, = H4 = H, = Hy, weight — (i_l) t5m (11]_1);
809 (FISA15) Hy = Hy = Hy = Hy or Hy = Hy = Hy = Hy or Hy = Hy = Hy = H,
2
810 orH, =H, =H; = H;, welght fviv w
811 {HSA17} Hl - HZ ~ H3 - H4_,
_ _ - . (v-2)(v-3) , w—2)(v-3),
812 {HSA21} H, = H, = H3 = H,, weight D) + oD
813 @ [(HyHy), (Hs), (Ho)] or [(Hy), (Hy), (Hs, Hy)l, probability = 2002,
814 {HSA13/2} Hl = H3 - HZ ~ H4_ or Hl = H4_ - HZ ~ H3 or HZ = H3 - Hl ~ H4_
815 or H, =H, = H, ~ Hs, weight§+ %;
816 [HSA19/2} Hy = H, ~ Hy ~ Hy, weight = E-
817 {HSA22/2} H, = H, = Hy ~ H, or H, = H2 = H, ~ Hy, weight == +7 }f
2
818 (3)  [(H), (Hy), (H), (Hy)], probability 2. 222
819 {HSAll} Hl = H3 ~ HZ = H4_ or Hl = H4_ ~ HZ = H3, Welghtf 2,
820 {HSA12} Hl = H3 ~H2 :H4_OrH1 :H4_ ~H2 - H3 OrH2 = H3 ~H1 :H4_
821 or H, = H, ~ H, = H;, weight 2(” L,
822 {HSA14} H1 = H3 "’HZ "’H4 01‘H1 = H4 ~ H2 ~H3 OrHZ = H3 ~H1 ~H4_
823 or H, = H, ~ Hy ~ Hs, weight ff;
824 (HSA16} Hy = Hy ~ H, = H, or Hy = H, ~ H, = Hs, weight (”sz)z;
825 {HSA18} H1 = H3 "’HZ "’H4 01‘H1 = H4 ""HZ ~H3 OrH2 = H3 ~H1 ~H4_
826 or H, = H, ~ H; ~ H;, weight %;
827 (4)  [(Hy, Hy)), [(Hs, Hy)], probability * &2 1;3 . identical to (HSA17);
828 ) [ L 101, )] o (G4, G0 [, Ho), probbiy T
829 identical to (HSA19/2);
830 6)  [(Hy), (), [(Hs), (H,)], probability “—= </ 2))2, identical to (FHSA20).
831 A:
832 (1)  [(Hy,Hs3),H,, Hy, probability — w 1:/]2_11,
833 {HSAZ} Hl - HZ = H3 - H4_, Welght_ + 8‘sz2/
834 {HSA4/2} H, = H, =H, = H;or H, = H, = H; = H,, weight— +— 4v2f2,
835 {HSA7/2} Hy ~ H, =< Hy = H, or H; = H, = Hy ~ H,, weight—v ﬁ + f;z;
836 {HSAg} H1 —_ HZ - H3 = H4_ or Hl = HZ —_ H3 —_ H4, Welght_ + 4U2f2,
837 {HSA10/2} H, = H, = H, = H,, welght— ﬁ
f-1
838 {HSA12/4} H, = H, ~ H; = Hy, welght o 8f_v + YEN,
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f-1.

839 {HSA13/4} H2 = H3 = H1 ~ H4_ or Hl = H4_ = H3 ~ Hz, Welght_u +—+

4f17 4f2y’
840 {HSA15*3/4} H{ = H, = H, = HyorH, = H; =H; = H,orH, = H, = H; = Hj,
841 weight 3(;7 22) + 38(;2_:2),‘
842 {HSA16/2} Hy = Hy ~ Hy = H,, weight = + ’;T‘i + %“’v‘”
843 {HSA18/4} Hy = Hy ~ H, ~ H,, weight 2L f” +Y ‘25{ 2
844 (HSA21} H, = Hy = Hy = H,, weight "0 4 (";j)z(;’; 25
845 {HSAZZ/Z} Hl - Hz - H3 ~ H4 or Hl - H3 - H4 ~ H2,
846 weight 22 + 22 +(”2#,
847 @) [CH:),(Ho), Ha, By, probabilty L,
848 {HSA?)} Hl = HZ ~ H3 = H4_, Welght 4-f 2,
849 {HSA } H1 = H2 ~ H3 - H4 or H1 - HZ ~ H3 = H4, Welght 2f 2,
850 {HSA6/2} H2 = H3 = H4 ~ Hl or Hl = H2 = H4 ~ H3, Welght_ +— 4f21]2,
1
851 {HSA7/2} H, ~ H, = Hy = H, or H; = H, = H, ~ Hs, welght 41;21;2'
-1
852 {HSA8} H1 ~ H2 ~ H3 = H4_ or Hl = H2 ~ H3 ~ H4, Welght ‘ffz‘li;
853 {HSAll/Z} Hl = H4 ~ H2 = H3, Welght f 2,
854 {HSA12/2} Hl = H4_ ~ HZ - H3 or HZ = H3 ~ Hl - H4_, Welght f 2,
855 {HSA13/2} Hl = H4_ - HZ ~ H3 or HZ = H4_ - Hl ~ H3 or HZ = H3 - H4_ ~ Hl
v—-1
856 or HZ = H4, = H3 ~ le we1ght27 W,
857 {HSA14*3/4} Hl = H4_ ~ HZ ~ H3 or HZ = H3 ~ Hl ~ H4_ or HZ = H4_ ~ Hl ~ H3,
858 welght — + szz
_1\2

859 {HSA16/2) H, = H, ~ H2 = H,, weight @ 12 .
860 {HSA17} H, = H, ~ Hs = H,, weight & - )
861 {HSA18*3/4} Hl = H4 ~ H2 ~ H3 or H2 —_ H3 ~ H1 ~ H4_ or HZ = H4_ ~ H1 ~ H3,
862 weight C=DU0  C=DU=D,
863 {HSA19} H, = H, ~ Hy ~ Hy or Hy ~ H, ~ Hy = H,, weight (”‘i)f(lf D4 ("‘:;(;; D,
864 {HSA20} H, ~ Hy ~ Hy ~ H,, weight %f“‘z)
865 (HSA22/2) Hy = Hy = Hy ~ Hy or Hy = Hy = Hy ~ Hy, weight ©=00=2 4 =007,
866 () [(HyHy)], [Hy, Hyl, = “’,{2_11,
867 {HSA12/4} H, = H, ~ H; = H;, Welght—v 4}%
868 {HSA16/2} Hy = H; ~ H, = H,, weight % T +2= f;;
869 {HSA18/4} H, = H; ~ H, ~ H,, welght — + =

2
870 @) [(Hy), (H3)], [Hy, Ha), "/ 2,

1
871 {HSA14/4} H, = H, ~ H; ~ Hs, welght; e
872 {HSA18/4} H, = H, ~ Hy ~ Ha, weight =+ %;
873 {HSA20} H, ~ H, ~ H; ~ H,, welght — + =
874 (5)  [(Hy Hy), Hp), [H,), - ”{,2_11,

— 1.

875 {HSA7/4} H, = H, = H; ~ H,, welghta Y
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876 {HSA13/8} H2 = H3 = H1 ~ H4, Welghtﬁﬁ- 1

4},—1/'
877 (HSA18/4} Hy = Hy ~ H, ~ H,, weight = E +3
878 {HSA22/4} Hl _ H2 - H3 ~ H4, Welght_v + 4f17
-1v/2
879 (6)  [(Hy), (Hs), Hol, [Ha], .
1
880 {HSAS/Z} Hl = H2 ~ H3 ~ H4, Welght4_v 4f_17,
_ . 1,01
882 {HSA18/4} H2 - H3 ~ Hl ~ H4_, Welght_v + 4-f17
883 {HSA19/2} Hl - H2 ~ H3 ~ H4_, Welght4_v + 4-f17’
884 {HSA20} Hy ~ Hy ~ Hy ~ H,, weightE
885 (7)  [(Hy Hy), Hyl, [Hy), " “’/ =,
U1
886 {HSA7/4} HZ ~ Hl - H3 = H4_, WEIght4—U 4-f_17,
=H, = H. ~ ioht L4 L.
887 {HSA13/8} Hl = H4_ - H3 Hz, WEIght 4v + 4—f‘U,
888 (HSA18/4} H, = Hy ~ H, ~ H,, weight = E +3
889 {HSA22/4} Hl —_ H3 —_ H4 ~ H2, Welght _‘U + 4fv;
-1v/2
890 (8) [(Hy),(H3),H,) [Hz], probablhty e :1/1
891 {HSAS/Z} Hl ~ HZ ~ H3 = H4_, Welght El F‘l]]f
892 {HSA14/4} H, = H, ~ H, ~ Hj, welght—v 4f—v’
893 {HSA18/4} Hl = H4_ ~ HZ H3, Welght_v + 4-f17
894 {HSA19/2} H, ~ H, ~ Hy = H,, welght— + "fl
895 {HSAZO} Hl ~ H2 ~ H3 ~ H4_, Welght_
896 ©)  [(Hy, Hs)), [H,], [Ha], probability w”/ 271 identical to (HSA18/4);
897 (10)  [(Hy), (H3)], [Ha], [Ha], probability w o2 ", identical to (HSA20).
898 Ay:
’ e 1 /21
899 (1) [(Hy, Hy), H3, Hy], probability ———,
900 {HSA4/2} H, = H, = H; = H, or H, = H1 = H3 = H,, weight — + 4}%
901 {HSA5/2} Hy = H, ~ Hy = H,, weight — + E + ; f‘zf];
902 {HSAg/Z} Hl - H2 - H3 = H4, Welght_ + 8f2'l]2,
903 [HSA10} Hy = Hy = H, = Hy or Hy = Hy = H, = Hy, weight — + 4}%
904 {HSA13/2} Hl = H3 - HZ ~ H4_ or H1 = H4_ - H2 ~ H3 or H2 = H3 = Hl ~ H4_
1 -1
905 orH, =H, = H; ~ Hj, welght — + 7 + szzv;
906 {HSA15} Hy = H; =H, =H,orH, =H, = 12-12 = H23 orH,=H; =H, =H,
— . v— v—
907 orH,=H, = H, = Hj, welghtﬁ + W;
908 {HSA17} Hy = Hy ~ Hy = H,, weight > + 5 + %
909 {HSA19/2} Hy = H, ~ Hy ~ H,, weight 2L ;1) +Y ‘?f‘f —2),
. w-2)(v-3) , (v—-2)(v-3)
910 {HSA21} H; = H, = H3 = H,, weight o T 570
911 {HSAZZ/Z} Hl = HZ = H3 ~ H4_ or Hl = HZ = H4_ ~ H3,
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912 weight =2 + 22 + 20D,

4fv af2v 7
913 @) [(Hy), (Hy), Hs, H4], probability =22,
914 {HSA6/2} H, = H; =H, ~H,orH, =H; =H, ~ H;, weight— +— 4f2v2,
915 {HSA7/2} Hl ~ H2 - H3 = H4 or H2 ~ H1 - H3 = H4, Welght 402 41;2112,
916 {HSAS/Z} Hl ~ H2 ~ H3 = H4_, Welght 4f2 ;
917 {HSAll} H1 = H3 ~ H2 = H4 or Hl = H4 ~ H2 = H3, Welght f 2,
918 {HSA12} H1 = H3 "‘"Hz AH4OI'H1 :H4 ~H2 = H3 OrH2 = H3 ~H1 XH4
919 orH, =H, ~H; = Hs, we1ght I
920 {HSA13/2} Hl EH3 ZH4, ""Hz or Hl = 4 AH3 ~H2 or H2 EH3 XH4~H1
e T
921 orH, =H, = H; ~ Hy, we1ght27 + 2o
922 {HSA14} Hl = H3 ~H2 ~H4_ OI‘H1 = H4 ~ HZ ~H3 OrH2 = H3 ~H1 ~H4_
_ . f-1 f-1
923 or H, = H, ~ H; ~ H3, weight F + Y
_ 12
924 {HSA16} Hy = Hy ~ Hy = Hy or Hy = Hy ~ Hy = Ha, weight & fiz :
925 {HSA18} H1 = H3 ~H2 ~H401'H1 = H4 ~H2 "’H3 OI'H2 = H3 ~H1 ~H4
oy L 0-DU-D) | =)D,
926 orH, =H, ~H; ~ H;, welgh(tf 1)(2fv1) + TR
. - v—
927 {HSA19/2} H, ~ H, ~ H; = H,, weight Tarw
928 {HSA20} H, ~ H, ~ Hy ~ H,, weight %f“‘z)
929 {HSA22/2} Hy = Hy = H, ~ H or Hy = Hy = H, ~ Hy, weight ©=20=2 ¢ (";;)2(:2‘ 2,
M-1v/2-1
930 () [(Hy, Hy)), [Hs, Hal, -
U1
931 {HSA5/2} H; = H, ~ H; = H,, welght—v m
932 {HSA17} H; = H, ~ H; = H,, Welght—v + 4fv;
933 {HSA19/2} Hl = H2 ~ H3 ~ H4, Welght_ + -
934 @) [(Hy), (H,)], [Hs, Hy), probability MS 4
!
935 {HSAS/Z} Hl ~ H2 H3 = H4, Welghtz 4—f_‘U,
. v=1 | v-1
936 {HSA19/2} Hl ~ H2 ~ H3 - H4, Welght4_v + m,
937 {HSA20} H, ~ Hy, ~ Hy ~ H,, weight E +3
M 1v/2-1
938 (5)  [(Hy Hy), Hs], [H,), ”1{_1 ,
939 {HSA13/4} H, = Hy =< H, ~ H, or H, = H3 = Hy ~ H,, weight —+ Zfiv;
940 {HSA19/2} Hy = Hy ~ Hy ~ H,, weight = E +5
941 {HSA22/4} H; = H, = Hy ~ H,, welght —v + == 4fv
942 (6)  [(Hy), (Hy), Hy), [Hy], probability “—2 2,
. 1 1
943 {HSA14/2} Hl = H3 ~ HZ ~ H4 or HZ = H3 ~ Hl ~ H4_, Welght;‘l"‘}f_v;
. -1, v-1
944 {HSA18/2} Hl = H3 ~ Hz ~ H4 or H2 = H3 ~ H1 ~ H4_, Welghtv‘l-_v +‘Z?,
945 {HSA20} H, ~ H, ~ H; ~ H,, welght — + =
M 1v/2-1
946 (7)  [(Hy Hy), Hyl, [Hy), "{,_1 ,
. 1 1
947 {HSA13/4} Hy = H, = H, ~Hyor H, = H4 = Hl ~ Hj, welghtz + T
948 {HSA19/2} Hl - HZ ~ H3 ~ H4, Welght_ + .y
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4fv
950 (8 [(Hy), (H,), Hy], [Hs], probability MJ 4
951 {HSA14/2} Hl = H4 ~ H2 ~ H3 or Hz = H4 ~ Hl ~ H3, Welghti‘u 2]‘%
952 {HSA18/2} H, = Hy ~ H, ~ Hs or H, = H4 ~ Hy ~ H;, weight =+~ fl
953 {HSAZO} H1 ~ H2 ~ H3 ~ H4, Welght _'
954 ©9)  [(Hy, Hy)], [Hs], [Hy], probability M”/ 271 identical to (HSA19/2);
955 (10) [(Hy), (H)], [Hs], [Hy], probability w "/ 2 identical to (FISA20).
956 Ac:
957 (1) [Hi,Hy, Hiz, Hyl, probab1hty M3,
1
958 {HSA].} Hl - Hz - H3 - H4_, Welght ‘U3 +W,
v-1
959 {HSAZ} Hl = HZ - H3 - H4_, WEIght ‘U3 W,
— f-1
960 {HSA3} H, = H, ~ H3 = H,, weight 8f 7 T Terv
961 (HSA4} Hy=H,=Hy;=H,orH, = H, = H4 =HsorH, =H,=H,=H,
962 or Hz = H, = H; = H,, welght— :f—g;,
963 (HSAS) Hy = Hy ~ Hy = Hy ot Hy = Hy ~ Hy = H,, weight — %
964 {HSA6} H15H3EH4~H2 OI'HZEH3:H4~H101‘H1 Hz—H3~H4
_ g — . -1
965 or Hi = H, = H, ~ Hj, welght— + 4f2v2 t o
966 {HSA7} H1~H2AH3—H4OI'H2~H1AH3—H4OI'H1 HZAH3~H4
967 or Hi = H, = H, ~ Hs, welght— 41;212 +Y 4;)3(:2 L,
968 {HISA8} Hy ~ Hy ~ Hy = H, or H, = H, ~ Hy ~ H,, welght ffj + %;
969 {HSA9} H, = H, = Hy = H, or H; = H, = Hy = H,, weight o o
970 {HSA10} H, = Hy =< H, = H, or H, = H, = H, = H,, weight”;1 ;T;,-
-1
971 {HSAll} H1 = H3 ~ H2 = H4 or Hl = H4_ ~ HZ = H3, Welght 4-f 2 +W}
972 {HSA12} H1 = H3 "’HZ =H4OI'H1 :H4_ ~H2 —_ H3 OrH2 = H3 ~H1 :H4_
U-DE-1),
973 orH,=H, ~H = H;, Welght 202 + W’
974 {HSA13} Hl = H3 = H2 ~H40rH1 EH4_ - H2 ~H3 OrH2 = H3 = Hl ~H4_
975 OI‘H2EH4=H1~H3OI‘HIEH3=H4~H201‘H1EH4=H3~H2
976 OrHZEH3:H4~H10rH2§H4:H3~H1,
. v-1 v-1 (f-1)(w-1),
977 weight P + s + 2
978 {HSA14} Hl = H3 "‘"Hz ~H4 OI'Hl = H4 ~ H2 ~H3 OI‘H2 = H3 ~H1 ~H4_
— . -1 f-1 (F-DH(-2),
979 orH, =H, ~H, ~ Hs, Welghtm+2]“_zv+4f—3v'
980 {HSA15} Hy =H; =H, =<=H,orH,=H,=H, =H;orH,=H;=H; =<H,
981 or H, = H, = H; = H;, weight (v_i)v(:_z) (v;;)gg_z);
982 {HSA16} H, = Hy ~ Hy = Hy or Hy = H, ~ Hy = Hs, weight (Z;g +U ‘;;S;“Z;
. (v-1)? -1)(v-1)2
983 (HSA17) Hy = Hy ~ Hy = H,, weight -1 4 S00U,
984 {HSA18} Hl = H3 "‘"Hz ~H4 OI'Hl = H4 ~H2 ~H3 Oer = H3 ~H1 ~H4_
- - - . C-De-1) |, F-HE-1) | F-DEF-2)w-1),
985 or H, = H, ~ H; ~ H;, weight re + 27y + e ;
986 {HSA19} Hl = H2 ~ H3 ~ H4 or Hl ~ HZ ~ H3 = H4_,
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987
988

989

990
991

992
993
994
995

996
997
998

999
1000

1001

1002
1003

1004
1005
1006

1007
1008
1009
1010
1011

1012
1013

1014
1015
1016
1017

1018
1019

1020
1021

1022
1023
1024
1025

F-HE-1

: U-H-1)  F-HU-2)(v-1),
weight ofv + e + T ;
. UG-nU-2) , ¢ -HU-2)(f-3),
{HSAZO} H1 ~ H2 ~ H3 ~ H4, Welght 4f2 + 16f3 y
— — - . (v-1)(w-2)(v-3) | (v—-1)(v—2)(v-3),
{HSA21} H, = H, = H3 = H,, weight ry + 6o

{HSA22} H1=H2=H3~H4OI‘H1=H2:H4~H3OI'H1:H3=H4~H2

. w-1)(w-2) | (v-H-2) , F-HE-([-2)
or Hy = H3 = H, ~ Hy, weight ——-—+ s i
2) [Hy, Hy, Hs], [H4] or [Hy,Hy, H,], [Hs] or [Hy, Hs, Hyl, [H,] or [Hy, Hs, Hy], [H1],

1)

probablhty
{HSA6/4} Hl —H3 —H4 ""Hz Oer EH3 EH4~H1 OrHl EHZ EH3 ~H4

- = . 1 1
orH, = H, =H, ~ Hy, welghtﬁ + Yzt
{HSA7/4} Hl ~H2 :H3 EH4OI'H2 ~H1 :H3 EH4OI'H1 EHZ :H3 ~H4_
_ . v-1 v-1
orH =H, =H, ~ Hs, welghtm Pyt

_ _ -1
{HSA8/2} Hl ~ H2 ~ H3 = H4 or H1 = HZ ~ H3 H4_, WelghtB_v + E + 8f2

{HSA13/4} H15H31H2~H4OI'H1§H4:H2"’H3OI'H2—H3ZH1~H4

01‘H2EH4=H1~H3OI'H15H3=H4~H201‘H15H4=H3~H2
. -1 -1

orH,=H;=H, ~H,orH, EH4:H3~H1,we1ghtz?+#;

{HSA14/2} HIEH3~H2~H4OTH1§H4~H2~H3OrH2§H3~H1~H4

1, f-1.

afv " af

{HSA18/2} Hl=H3~H2~H401'H1=H4~H2~H3OI'H2=H3~H1~H4

or H2 = H4_ ~ H1 ~ H3, Welghtﬁ +

4

= ; v=1  v-1  (-DHE-1),
orH, = Hy, ~ H; ~ Hj, Welght7+m+q—2u’
— - . v—-1 v—1 (F-D(w-1),
{HSA19/2} Hy = Hy ~ H3 ~ H, or Hy ~ H, ~ Hz =< H,, weight — + TRy

) 3(f-1 f-1D)(-2)
(HSA20} Hy ~ Hy ~ Hy ~ H,, weight 2222 + L0022,

{HSA22/4} H1=H2=H3~H4OI‘H1=H2—~H4~H301‘H1=H3=H4~H2

or H2 - H3 - H4_ ~ Hll Welght (U 1)(1] 2) + (v;]})z(:;Z),
)

() [Hy, Hzl, [H3, Hy),
o —
v—1 v—-1

[
{HSA3} H; = H, ~ H; = H,, welght TR R
— _ . v—1
{HSA5} H1 :H2 ~H3 :H4 or Hl '\Hz ~H3 :H4, Welghtm-l_zlfvz W,
( | 1, f-1, f-1,

— — . 1
HSA8 Hl "’HZ ~H3 =H4OI'H1 =H2 ~H3 ~H4,Welghtz+m+a+8fzv,

{HSA17} H, = H, ~ H; = H,, weight (v-1)? + w-12 | =12

16v2 8fv? 16f2v?’
{HSA19} H1AH2~H3 H40rH1~H2~H3=H4,

v-1 F-DE-1) | F-DE-1).
welght +f+ afv + 8f2 ;

(Fr-12,
{HSAZO} Hl ~ Hz ~ H3 ~ H4_, Welght + f + 16f2 ’
(4)  [Hy, Hsl,[Hy, Hy] or [Hy, Hy, [Hy, Hs),
{ 1 1
{

HSAll/Z} Hl = H3 ~ Hz = H4_ or H1 = H4_ ~ H2 = H3, Welght 1602 vaz W,
HSA12/2} Hl EH3 "‘"Hz =H4_OrH1 EH4_ ~H2 =H3 OI‘H2 =H3 ~H1 :H4_

_ . v—1 v—1 v—-1
orH,=H, ~H, =Hj, welghtm + prne

{HSA14/2} H15H3~H2~H4OI'H1§H4~H2~H3OrH2§H3~H1~H4
1 f-1, f-1.

OI'HZ EH4_~H1 ~H3,Welght_v+m+8f_v+8fzv,

w-1)% | w-1)? | (w-1)?%

{HSA16/2} H; = H3 ~ H, = H, or H; = H, ~ H, = H3, weight
{HSA18/2} Hl =H3 ~H2 ~H4 OI'Hl =H4 ~H2 ~H3 OI‘HZ =H3 ~H1 ""’H4_
29
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1026
1027
1028
1029
1030

1031

1032
1033
1034
1035

1036
1037

1038
1039

1040
1041

1042
1043

1044

1045
1046

1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061

- - - . v-1  v-1 (-DE-1)  F-HE-1),
or H, = H, ~ H; ~ H3, weight yraas e + ofv + YRR
{HSA20} H, ~ Hy ~ Hs ~ H,, weight + + /=2 4 Y=1U°.
1 2 3 4r ght af Tof2
e, 2(M=1)(M-2
(5)  [Hy, Hyl,[H3], [H4] or [H3, Hy, [Hy], [H], probability *,
. 1 1
{HSA8/2} H, ~H, ~Hy =H,or H = H, ~ H; ~ H,, we1ght4—u + pre
. v-1  v-1
{HSA19/2} Hl - H2 ~ H3 ~ H4_ or H1 ~ HZ ~ H3 - H4_, Welghtz—}_ztf_u’
(6) [Hy, Hs], [H,], [Hy] or [Hy, Hy, [H], [Hs] or [Hy, H3, [Hy], [H4]
or [Hy, Hy, [H,], [Hs], probability *H—X=2)
{HSA14/4} Hl = H3 "‘"Hz ~H4OI'H1 = H4 ~H2 ~H3 OrH2 EH3 ~H1 ~ H4
. 1 1
or H2 = H4 ~ H1 ~ H3, Welght; +m,
{HSA18/4} Hl =H3 ~H2 ~ H401'H1 = H4 ~H2 "’H3 OI'H2 :H3 ~H1 ~ H4
orH, =H, ~H, ~Hj, weightv‘};v1 + ZT_E;
{HSAZO} H1 ~ H2 ~ H3 ~ H4_, Welght%‘l‘ f_l;

4f
(7) [Hl]' [HZ]' [H3]' [H4]r Pl'Obablhty

M_:)(M_S), identical to (HSA20).
M
Ag:

(1) (Hy,Hy, Hs, Hy), probability &/ :—11%/7 2_;?35‘1/32)‘3), identical to (HSA21);
) (Hy, Hy, H3), (Hy) or (Hy, Hy, Hy), (H3) or (Hy, Hs, Hy), (Hy)
or (H,, H, H,), (Hy), probability ‘*(”({] 2_‘1%”_/22)‘(?_(;’)/ 2 identical to (HSA22/4);

. Ww/2-1)% (v/2)
(3) (Hy, Hy), (H3, Hy), probability -Do-Dw—3)

(4)  (Hy, H3), (Hy, Hy) or (Hy, Hy), (Hy, Hs), probability
identical to (HSA16/2).

identical to (HSA17);

2(v/2-1)? (v/2)
w-1)(w-2)(v-3)

A%
e 1 (W/2-1)(/2-2)
1) [(Hy, H,, H3), Hy], probability ﬁ—v(v—n(;]—z) :

. 1 1
HSA9/2) Hy = Hy = Hy = Hy, weight =+

(

{

(HSA15/2} Hy = H, = Hy = H or Hy = Hy = H; = H;, weight -+ —
{

{

m}
. -3, v-3
HSA21} Hy = Hy = Hy = H,, weight =% + 2=
HSA22/4} H, = H, = Hs ~ H,, weight % + f;;
e M-1(v/2-1)(v/2-2) . .
(2) [(Hl, Hz, Hg)], [H4]r Pl'Obab1hty T%’ identical to (HSA22/4)/

e 1 (/2-1)(/2)
(3)  [(Hy,H,),(H3),H,], probability M D2
[HSA5/2} Hy = H, ~ H; = H,, weight — +

1 .
afv’

{HSA13/4} Hy =H, =H, ~HzorH, = H, = H; ~ H;, Weight% 4

2fv
v-1

. -1
{HSA17} Hl = HZ ~ H3 = H4_, Welght";_v + 4—f'U,

{HSA19/2} H, = H, ~ H3 ~ H,, weight fz—_fl;
. 2 v-2
{HSA22/4} H; = H, = H, ~ Hy, welght:—v + Z—v;
1 Hy), (H3)],[H,4], probability — ~~——=—=2 identical to ;
4)  [(Hy, Hy), (Hs)], [Hy], probability %2 ®20) identical to (HSA19/2

(5)  [(Hy,Hy), (Ho), Hyl or [(Hy, Hy), (Hy), Hy), probability = G200,
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1062
1063
1064

1065

1066
1067
1068
1069

1070
1071

1072

. 1 1
{HSA7/4} H, ~ Hy = H3 = H,, Welghtz + e

{HSA12/4} HZ = H4 ~ ]'I1 = H3, Welght4iv+ 1

4f_v;
{HSA].?)/S} Hl = H4_ = H3 ~ HZ/ Welghtﬁ{— 1

afv

4

. -1 -1
{HSA16/2} Hl - H3 ~ H2 = H4_, welghtv‘}—v-k%;

{HSA18/4) H, = H; ~ H, ~ H,, weight fz—‘]};

{HSA22/4} H, = Hy = Hy ~ H,, weight = + ’;f;j;

(6)  [(Hy, H3), (H)), [Ha] or [(Ha, H3), (Hy1)], [Hs], probability
identical to (HSA18/4).

2(M-1) (v/2-1)(v/2)
M (v-Dw-2)’

The transition matrix Q for the DH mating system is not shown, but the matrices T

and S in the principal part of Q are listed in Appendix I.

31



1073

1074
1075

1076

1077

Appendix I. T and S for various mating systems

HS mating system
[c2v, vc2  cve 0
2v, 21 121
0 & =2cq 0
0 0 —-—— 0
2171
0 0 0 -
2171
0 0 0 0
ve
0 A
41]1 21]1
T=| 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0
0 0 0
0 0 0 0

vy

c?v
2vy

CU,
2171

cv
4v,
V3
4p?

0

0
vV,

41]11]3

0

o

0

0
vV,

81]11]3

0

cv

2171
cv

2171

v,

2
2v;

L]

N
‘C{OOOQ{|
5

N
<
N

32

CUy
4'171

CU,
2171

cv
2171

VU,

27717]3

4v; |



1078

1079 Shs
[ 1 ¢ c ve?2  cve cv, (v — cvy) c%v c?v,v;
St — = = 0 0 2 - 0 0 0 0
2 + 2 <C2 + 1;12) 2v, v, v? 2v, 2v?
1+ 2c¢; c? 2¢cv,(vy — cv c?v,v
F-——1r— -2 2q 0 0 Zeva(vs = cva) —c? 0 0 0 0 23
v 2 vy, v,
cv, q 1 c—cv,  3vg v2(v; — CV3) c —3cv cviv,
Y2 o0, E 2 Er 0 0 0 2
2vv5 2V, 2v, 2 21, 2vvg 204 2v; 2vv;
c1V; ci VL —CVy V=, 3vey (v — cvy)v, c 0 —3cv 0 0 CU,V3
2vv, 2vy 2vy 2vq 2vq 2viv 2 2v; 2v1v
c vy —CVy 2V — 2¢V cv
0 -1 2 -z 21 2 3¢ 0 L 0 -3¢ 0 0 0
v v v v
3¢+ 2v; — 2cv ve ve 3v1v, —c(Bvsv + 14 cv cvz3(3v —4
12 0 _1 _1 0 1v2 ( > 5 ) = 0 0 0 0 3( > )
4v;i 4v, 2v; 4vi 4v, 4v;i
1080 _ v2 v, v, v v3 VU, VU, v 3v? viv,
007 w2 v 7 2007 w2 Y T W T2 dw
1 1 1 1 1 1 1 1 1 vuy
v2 2v, v v3 VU, v (5-2v)v 3v? viv,
2007 o 0 W i * w w Tz T :
1 1 1 1 1 1 %1 V1 4vvg
1 1 v, 2 24+v 3v
0 (| — = = 0 = 0 1 -= 0
v 2v; U, 121 2 v 21, 121
2v, 2 1 1 Vy 3v
0 0 0 = = 0 0 -2 - = 0
v, vy 2 v 21, 12
4 4 2
0 0 0 0 - 0 0 0 4 —— 2—— -6 0
v v v
v 8+v(2v -9 1A% (A7 28+ v(7v —32
- 0 0 0 0 # -2 0 0 ( ’ )
2vivs3 VU3 4v,v3 8v,v3 8v;
Uy 1 1 3v 3v 5+v 3
0 0 — = 0 = - = = 0 -
2vy 121 2vvy 2 4 2vq 4v, 4v, v
1081
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1082 MS mating system

1083
c2v, wvc? cvce ccyv c?v c?v
12 1 21 0o -—=2 — 9 0 0 0 20
2171 2171 V1 V1 2171 2171
0 ¢ -2, 0 0 0 c? 0o 0 0 0 0 0
0 0 av va 0 v 0o =2 o o 0 0
2vy 2vy 2vy 2vq
0 o 0 a4 0 0 o < o0 o 0 v
2v4 21, 21, 21,
0 0 0 0 -1 0 0 0 c 0 0 0 0
440 vCq C1Vy cv CUy cv
0o o0 -—-— 2% o 2= — 9 0 0o o = =
4v, 2v4 4v, 4v, 4v, 20,
0 0 0 0 0 0 v o 22 v’ 0 0
1084 Tys = 42 202 4vp?
v3 vy, V2
0o 0 0 0 0 0 20 —= — 0 0
4vi 2v{  4vj
v, v
0 0 0 0 0 0 0 0 —_— 0 — 0 0
21, 204
v, v
0 0 0 0 0 0 0 0 0 _— — 0 0
2vy 2v;
0 0 0 0 0 0 0 1 0 0
vV vV VU v
O 2 2 0 0 4Ye6 4
4v,v3 8vyvs 8v,v3 2v1v3
0 o 0 0 0 0 0 0 LA 0 Ve
L 2vy 4y 4v, |
1085
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1086

1087

1088

Sms =

0 0 0
—c? 2cc, 0
0 1V, vy +c—cvy
2v4 121
C; VU —CVy 1
2vy 2vy 2vq
C; UV —Cvy 2V —2cv,
v v v
0 0 0
v
0 0 —
V1
2v
0 0 -2
V1
v v
0 d —
2vv, VU,
2v.
0 0 —
VU
0 0
0 0
0 1 1
2v4 vy

vey

v

vey
U1

3¢

=) oc|-l>,S|NEN|w§N|c

0 0
2¢cv, (v — cvy) 5
—_— c
vV,
v3(v; — cV3) cv,
2vv? 2v;
vy (vy — cvy) c
2viv 2
cv
0 -1
v
0 0
v3 v}
2vv3 4v?
3
v
_23 0
4%
]
0 i
2v
0 0
0
0 0
Vs 1
2vv, 2

35

vi

2
4v;

o

EN )

cv
V1
cv

U1

—3c

VU3

2
2v;

U1

o

vy
2
V53

2vv?
CUyV3
2vv

viv,

3
4vv;
v3v;

4yvd

C%V,V3




1089
1090

1091

1092

ME and DR mating systems

TME/DR =

v, vt cvg
2171 2171 V1
0 ¢ =2cq
1V,
0 [ —
2vy
0 0 0
0 0
440
0 —_
4v,
0 0 0
0 0 0
0 0 0
0 0 0
0 0
0 0 0

1V,
2vy

vCq
2vy

0
vecy

2vq

vcy

2vq
-

cCivy

U1
0

0

0

0
C1V4

4v,

0

c?v

2vy

CU,
2vy

cv

4v,
2

4v?

o

|Q§ o o o

N
<
i

36

CUy
4v,

CUy
2v;

cv
2v;

VU,

2v,v3

Uy
4v, |




1093

1094

1095

SME/DR =

0 0
2ccq 0
C1Vy vy +c—cvy
204 121

Vg — CVy 1
2vy 2vq
Vg —CVy, 2V — 2Cv,
v v
0 0
v
0 =
V1
2v
0 =
V1

V2 U2
2vv, VU,

2v

0 -z

vV,

0 0

0 0

1 1
2v4 vy

vey

v

vey
U1

3¢

=) oc|-l>,S|NEN|w§N|c

0

2¢cv, (v — cvy)

vV,
v3(vy — cvs)
2vv?
vy (Vy — Cvy)
2vv

2vv,

37

cv,
2
c
2

vi

2
4v;

o

EN )

cv
V1
cv

U1

—3c

VU3

2
2v;

U1

o

v,
cv2v,

2vv?
CUyV;
2vv

v3vs

3
4vv;
viv,

4y}

€%V, V3




1096
1097

1098

1099

DH mating system

Tpu =

2

[ci vy

YA
0

0

vc?
YA

cf

0

0

cvey

U1

—2ccy
C1V2

2171

vcy
4171

C1V;
2171

vy
2171

vy

c‘v 0 0
204
2 0 0
w,
2U1 2171
0 0 cv
2171
0 0 c
cv 0 0
4U1
vz vV
0
4v; 2v;
2
v
_22 0
4v7
U2
0 0 _—
2vq
0 0 0
0 0 0
VU, VU, 0
4'171 V3 8U1 V3
0 0 v
2171

38

CUy
4'171

CU,
2171

cv
2171

VU,

2171173

Vs
4'171 i




1100
1101

1102

1103

1+ 2ccy

v
cv,

2
2vv;
[
2vv,

v;

3
4vv;
2

3
2vv;

CZ

121

0 0 0
—c? 2ccy 0
0 1, vy +c(1—vy)

2v, v

c; VU, —CV, 1
2v, 2v, 2v,

cy Uy — CV,y 2vy — 2cv,

v v v

0 0 0
1 1 v,
20+ vy A+ m vt
1 2 2v,
a+Hvi A+m vt
1 1 v,
0 _— —_—
v 2y vV,

2v.
0 0 -2
vy,

0 0

0 0

0 1 1
2v, A

3¢,

0
vfi

21+ f)v?

vfi
A+ fHvf

3
2v,
3
2v,
4
v
0
0

0

vy

v3 (v — cv3)

2
2vv;

V(U — CVy)

2vy,

0

0

vi

3
2vv;

vi

3
VY3

2¢cv, (v, —cvy)

0 0 0 0 0
—c? 0 0 0 0
cv, cv
- 0 -— 0 0
2y, v
c 0 cv 0 0
2 121
47
— -3¢ 0 0
v
0 0 0 0 0
v? —fvi-2 1 v[5+3f— @+ f)v] vf; fv?
41+ v 2+2f 2(1+ fHv? 21+ fHv, 1+ fv?
1 v vf, 1-v? fv?
1+f 4v} 1+ v, v} 1+ fv?
1 1 0 3 1 5v
2 v 2v, 21,
0 1 1 3 3—2v; 2v
2 v 2 2v, 2
2
0 0 4 —— 2—- —6
v
0 0 0 0 0
1 1 v v
= - - - 0
2 4 v 2v,

39

0 0
CVEv, cv,
2vv? vy
cviv, cv,
2vv? vy
CV,V3 0
2v,v

2cv.
0 2
v

0 0
V3V, v
4vv3 v?
v3vs v}
4vv3 v?

4 1

0 1——+—

v v
4 1

0 1——+—

vy

0 0

0 0

3 5+4+v 1
v 4v 2




1104

1105
1106
1107

1108

1109
1110

1111
1112

1113
1114

1115
1116

1117
1118
1119
1120

1121

1122
1123

1124

1125

1126

1127

1128
1129
1130
1131

1132
1133

Appendix J. Approximations of d? and &>

The equality T1 =1 still holds for all five mating systems. Therefore, the
approximations of d? and 6% can be derived with the same method. The following matrix
equation holds if N, is large enough:

S—-rD1=U-T)x,

where X = [xq,X,, **, X;5]7. From Appendix I, we show that the elements in the 11" row of
I — T are all zero, and the 11 element in the vector (S — rI)1is —E — r for all five mating

systems. Therefore, the 11" equation in this matrix equation is —g —r =0, and thusr =

—2/v. For the other 13 unknowns x4, x,, -+, X1 3, the 13 differences
X1 =~ X110, X2 — X157, X143 T X1

can be solved for each mating system. The appropriate expressions are listed in Table S4.

Let a; = x; —x41, then x; =a; +xy,, i =1,2,---,13. The solutions of the matrix
equation for each mating system can be expressed as

r==2/v, xy=a1+{, x;=a,+{,, Xxy3 =a13+7,
where ¢ is any number. Now, if we let { be 0, we obtain a special solution as follows:
r=-2/v and X = [ay,a,, ", a,3]".
In addition,v =1+ N;r + O(N"2) and w = 1 + N;x + O(N~2), it follows

Nev—2

Ne+a, Neta, Ne+a13]T
Nev :

Ne ' No ' ' Ng

and wz[

=~

Similarly, by substituting the approximation of w into Equation (4), we can calculate the
approximations of various moments.

Appendix K. LD moments under pair sampling of

clones

Denoting p;; as the probability of there are j pairs of clones in i individuals. Such that

2 () (1)

pij = (n) (i = 2]);

In the following example, we will use stars to denote the symbols under non-random
sampling. The observed expectation of each allele configuration under pair sampling of
clones are:

Digenic:
Ei =E;
E; = E,

40



1134 E;= P21 (C1E1 + C3E3) + paoEs

1135
1136  Trigenic:
1137  Ej=E,

1138 Ei=p (2C4E4 + CoEy) + paoEs

(v —1)

1
1139 Eg = P21 (C1E1 + C4E,) + p2oEs

1140  E7 = Pum (GoE; + CoE4 + CoEg) + paokE

1141 E; = pmm (C3E5 + CsEs + 2CoEg + 2C,E;) + p3oEs
1142 E =E,

1143

1144 Quadgenic:

1145  Dihaplotypic:

1146 El = Eyo

1147 Ef =Py 3 . (C1E1 + C10E10) + P20E1s
1148

1149  Trihaplotypic:

1150  Efp =p21 (2C4E4 + Ci5E15) + paoEs

1
nvi(v—1)
(v —1)
1152 Efy =ps

1153  Efs = Eis
1154
1155  Quadhaplotypic:

1151  Efz=p (C4E4 + CioE1g + CisErs) + pooErs

3nmn = 1)v? (2C6Eg + 2Cy3E 3 + C11Eqy + Ci3E12) + p3oEia

1156 Efg=p (CoE; + 2CoEg + CyEqg + 2C15E 5 + C21E31) + DaoEie

2 nv2(v —1)2

1157 Ef; =px (2C19E19 + 4Cy5E 5 + Ca1Ezp) + pooEry

nvi(v —1)2

1158  Efg =p31 (2C7E; + 2C13E 3 + 2C52E»; + C3E1p + Ci6E) + P3oErs

3nn—Dv3(v—-1)

1159 Efg =pa1 (4C13E13 + 2CpE; + CsEs + C17E17) + p3oEio

3n(n—1Dv3(v—-1)

1160 E;O = 42W(C3E3 + 2C5E5 + C17E17 + 2C11E11 + 4C12E12 + 2C16E16)

1161 + Pyy 3ntn— (= 2)v° (CgEg + C19E19 + 2C14E14 + 2C18E7g) + PyoEg
1162 Ej, = Eyy

1163 Ey =pa 2o — D@ =2) (CoEg + 2Cy5E15 + Co1E21) + DaoEas

1164

1165  Using these expectations, the LD moment can be derived by the same method in Appendix
1166  C. The principal parts of A, are shown in Tables S8 and S9. It can be found A} is identical
1167  to Ay, while A} is distinct from A, in two aspects: the coefficients of double non-identities
1168  are changes; extra terms of single non-identities, heterozygosities and allele probabilities
1169  are presented. Because they are not linear functions of double non-identities d? and &2
1170  cannot be derived with our previous methods.
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1171

1172

1173

1174

1175
1176

Supplementary Tables

Table S1. Elements in combination matrix A;/Q

E(D2) E(DZ) ED,D,) EMD? E@* E(Q) E(R)
0, 0 0 0 0 0 0 0
0, 1 0 0 1 1 0 0
L -2 0 1 0 2v, 0 0
L, 0 0 0 0 0 0 0
Iy 0 0 -1 -2 —2v 0 0
T, 0 0 0 0 0 0 0
A, 1 1 -1 0 v2 0 0
A, 0 0 0 0 0 0 v}
Az 0 -2 1 0 —2v;v 0 0
A, 0 0 0 0 0 0 —2v,v
As 0 1 0 1 v2 1 v2
Ag 0 0 0 0 0 0 0
A, 0 0 0 0 0 0 0

Table S2. Elements in combination matrix A,/Q

E(DZ) ED}) ED,D,) E®D» E@) E@Q) E(R)
o Virl L L w2 2,
1 2% v, vV, v v v
1 2
0, -1 0 I 0
v v
2 2 2
r, 2 _z e L 0
v v v
4 2 4
r, 0 - _% _% 8y, 0 -8y
4 4+6 4
L 0 z 3 Y otw 2 4w
v v v
. 2v3 2v, VpV3 0 4v,v, 0 4v,v,
* A7 (A7 Uy v v
2-3v  2w-1
A, -1 vz —3v2 0 0
v v
A, 0 0 0 0 0 0 —3v?
10v — 4 4 4
A, 0 v -3 T vy, 2 4o,
v v v
2 2 2
A, 0 % 0 D o, 2 gup,
As 0 -6 0 -6 —6v2 -6 —6v?
VU3 VU3 _ Va3 V VU3 V1V, V3
B vV, vV, %72 0 v 0 v
4v 2v
A, 0 -2 -2 0 —4vv, 0 —4vv,
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1179 Table S3. Essential factors to form Q' for HS mating
1180 system
0] to 05 I] to T, A} to A}
0, c? + civ? vy — CVy 2v,
0, vcZN; vy —c1Nyv 2vN,
I —2cvcy Ny, vN; (v — cvy) 4vN, v,
FZ O Zle(Ul - Cvz) 817N1v1
F3 0 —v2C1N1N2 4v2N1N2
Iy —2cv,(cvy — vq) (v — cvy)vy 4v,v,
A, c?vN,v, cvN, v, 2vN,v?
A, 0 0 vN;v?
A 0 cv?N; N, 412N, N,v,
A, 0 0 2v2N; N, v,
Ag 0 0 v3N;N,N;
Ag v,y CV,V5 V1V, V3
A, 0 2cvN;v, 4vN,v,v,
Divisor Nvv, N?v? N3p3
1181 There are 13 columns for Q7, the first two columns are the same, each of which is Nvv,
1182  times of the combination coefficients of ©7 or ©5. Similarly, the next four columns are the
1183  same, so are the last seven columns. Moreover, ¢ — 1 is denoted by ¢;, N — i by N; and v —
1184 ibywv;,i=1,2,3.
1185
1186
1187 Table S4. Expressions of x; — x11,X2 — X11, ", X13 — X11
HS MS ME/ DR DH
2c+ctv—1 * * *
X1 — X11 -
CCV1V
2c+ctv—1 * * *
X2 — X11 -
CCV1V
3 0 4cvy v, 4cvy v, 2cv,(2fvy +3v —2)
AR V2 (cv, + )3V —4) vi(cvy + 1)(3v—4) (L+ f)v(cv, + v)(3Bv —4)
2] 121 2v4
X4 = X11 0 w2 2 2
X5 — X11 0 0 0 0
Xe — X11 0 * * *
o —x 0 v2 v? fv:+3vi—6v+4
7o 1,v2(Bv —4) v,v2(3Bv —4) 1+ Hvv2@Br—4)
2v, 4v, 4v,
Xg — X11 0 >z 2 2
X9 — X11 0 0 0 0
v 2v 2v
X10 — X11 0 v_i v—zl v—zl
X11 — X11 0 0 0 0
X12 — X11 0 * * *
v 2v. 2v
X13 ~ X11 0 v_i v—zl v—zl
1188 The expressions represented by * are too long and are placed in the supplementary files.
1189
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1101 Table S5. Approximations of d?

v HS MS/ME/DR DH
) 1—2c+ 2c? 1—2c+ 2c? _1+f—2€(1+f)+cz(3+2f)
4¢cN, — 2¢2N, 4cN, — 2¢?N, 2(=24+c)c(1+ f)N,
3 —6c + 4c? 16 — 24c¢ + 12¢% + 5¢3 16(1+ f) — 24c(1 + f) + 4c?(5 + 3f) + c3(3 + 5f)
24cN, — 12¢2N, 128¢cN, — 32¢3N, - 32¢(—4 + c2)(1 + /)N,
5—10c + 6¢2 63 — 84c + 14c? + 32¢3 63(1+ f) —84c(1+ f) + 7c2(5+ 2f) + c3(26 + 32f)
60cN, — 30¢2N, 126¢(6 + ¢ — 2¢?)N, B 126¢c(—6 —c +2c¢?)(1 + )N,
7 — 14c + 8¢2 160 — 200c — 10c? + 99¢3 —10c2(=3 + f) + 160(1 + f) — 200c(1 + f) + c3(87 + 99f)
112¢N, — 56¢2N, 2560cN, + 640c2ZN, — 960c3N, 320c(—8 — 2¢ + 3¢2)(1 + f)N,
10 9 — 18¢ + 10c? —325+390c + 78¢%2 — 224c®  —325(1 + f) +390c(1 + f) + 13c¢%(1 + 6f) — 4c3(51 + 56f)
180cN, — 90c2N, 650c(—10 — 3¢ + 4cH)N, 650c(—10 — 3¢ + 4c2)(1 + f)N,

1192 1/(vn — 1) should be added to each expression in order to correct for finite sample size.

1193
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1194

1195

1196
1197

Table S6. Approximations of 62

v HS MS/ME/DR DH
1—2c+ 2c? —1+2c—2c¢ 1+ f—=2cf+2c2(1+f)
4cN, — 2c?N, 2(=2 +c)c(N, —v?n) 2(=2+c)c(1 + H(N, —v?n)
3 —6¢+ 4c? —4 + 3¢ —12¢? + 4¢3 3c(=5+f)—4(1+f)+4c3@B + f) — 4c?(5 + 3f)
24cN, — 12c2N, 2c(—4 + c?)(4N, — v3n) 2c(—4 + )1 + (AN, — v3n)
5 —10c + 6¢2 9(—7 — 4c — 26¢2 + 12¢3) 9[=7(1+ f) + 12¢3(3 + f) — 2¢(27 + 2f) — 2c2(25 + 13f)]
60cN, — 30c?N, 14c(—6 — ¢ + 2¢?)(9N, — v?n) 14c(—6 — c + 2¢2)(1 + f)(IN, — v?n)
7 — 14c + 8¢? 4(=10 — 19¢ — 44¢? + 24¢3)  4[—10(1 + f) + 24c3(3 + f) — 4c2(23 + 11f) — c(117 + 19f)]
112¢N, — 56¢2N,  5¢(—8 — 2c¢ + 3¢?)(16N, — v?n) 5¢(—8 — 2¢ + 3¢?)(1 + f)(16N, — v?n)
o 9- 18+ 10c? 25(—13 — 42c — 662 + 40c3)  25[—13(1 + f) + 40c3(3 + f) — 6¢(34 + 7f) — 2¢2(73 + 33f)]
180cN, — 90c?N, 26¢(—10 — 3c + 4c?)(25N, — v?n) 26c(—10 — 3c +4c®) (A + f)(25N, — v?n)

Wheren = 2(v+)2(v—1) for the MS mating system, or n = 4(1;;21)2 for the ME/DR/DH mating systems. 1/(n — 1)

should be added to each expression to correct for finite sample size.
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1198
1199 Table S7. Exact d? and 62

MRS e iy, T e i T
2 0.0083  0.0083 0.00% 0.0134  0.0134 0.00%
4 0.0036  0.0032  13.95% 0.0112  0.0108 4.13%
HS 6 0.0023  0.0020 19.45% 0.0108  0.0104 3.69%
8 0.0017  0.0014 22.49% 0.0106  0.0103 3.11%
10 0.0014  0.0011 24.43% 0.0105  0.0102 2.66%
2 0.0083  0.0083 0.00% 0.0134  0.0134 0.00%
4 0.0038  0.0033 13.06% 0.0134  0.0134 0.13%
MS 6 0.0024  0.0020 18.63% 0.0134  0.0135 -0.41%
8 0.0018  0.0015 21.81% 0.0134  0.0135 -0.51%
10 0.0014  0.0011  23.85% 0.0134  0.0135 -0.51%
2 0.0083  0.0083 0.00% 0.0133  0.0133 0.00%
4 0.0037  0.0033 12.99% 0.0133  0.0133 0.06%
ME 6 0.0024  0.0020 18.55% 0.0133  0.0133 -0.47%
8 0.0018 0.0014 21.71% 0.0133  0.0133 -0.57%
10 0.0014  0.0011  23.74% 0.0133  0.0133 -0.56%
2 0.0083  0.0083 0.00% 0.0133  0.0133 0.00%
DR 4 0.0037  0.0033 12.96% 0.0133  0.0133 0.04%
(f = 1) 6 0.0024  0.0020 18.52% 0.0133  0.0134 -0.48%
8 0.0018 0.0014 21.69% 0.0133  0.0134 -0.58%
10 0.0014  0.0011  23.72% 0.0133  0.0134 -0.56%
2 0.0083  0.0083 0.00% 0.0133  0.0133 0.00%
DR 4 0.0037  0.0033 12.95% 0.0133  0.0133 0.04%
(f = 2) 6 0.0024  0.0020 18.51% 0.0133  0.0134 -0.49%
8 0.0018 0.0014 21.68% 0.0133  0.0134 -0.58%
10 0.0014  0.0011 23.72% 0.0133  0.0134 -0.57%
2 0.0082  0.0082 0.00% 0.0133  0.0133 0.00%
DR 4 0.0037  0.0033 12.93% 0.0133  0.0133 0.02%
(f = 5) 6 0.0024  0.0020 18.50% 0.0133  0.0133 -0.50%
8 0.0018 0.0014 21.67% 0.0133  0.0134 -0.59%
10 0.0014  0.0011 23.71% 0.0133  0.0134 -0.58%
2 0.0091  0.0091 0.00% 0.0166  0.0166 0.00%
DH 4 0.0039  0.0035 10.13% 0.0166  0.0168 -1.20%
(f = 1) 6 0.0024  0.0021 16.04% 0.0165  0.0168 -1.35%
8 0.0018  0.0015 19.59% 0.0165  0.0167 -1.22%
10 0.0014 0.0012  21.92% 0.0165  0.0167 -1.07%
2 0.0088  0.0088 0.00% 0.0155  0.0155 0.00%
DH 4 0.0038 0.0034 11.04% 0.0154  0.0156 -0.85%
(f = 2) 6 0.0024  0.0021 16.85% 0.0154  0.0156 -1.10%
8 0.0018  0.0015  20.28% 0.0154  0.0156 -1.03%
10 0.0014  0.0011 22.51% 0.0154  0.0156 -0.93%
2 0.0085 0.0085 0.00% 0.0144 0.0144 0.00%
DH 4 0.0038 0.0034 11.96% 0.0143  0.0144 -0.45%
(f = 5) 6 0.0024  0.0020 17.66% 0.0143  0.0145 -0.83%
8 0.0018 0.0015 20.96% 0.0143  0.0145 -0.83%

10 0.0014  0.0011  23.10% 0.0143  0.0144  -0.77%
1200 Where the effective population size N, and the sample size n are 100, and the error
1201 rate is calculated by (dZ-o5 — dg:l—l/v)/dcztl—l/v or (67=05 — 5c2=1—1/v)/5c2=1—1/v-
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1202 Table S8. Elements in combination matrix A’ /Q

E(D;}) ED;* ED;D;) ED*?) E@? E(Q*) E(R)

0, 0 0 0 0 0 0 0

0, 1 0 0 1 1 0 0

I -2 0 1 0 214 0 0

I, 0 0 0 0 0 0 0

I3 0 0 -1 -2 —2v 0 0

I, 0 0 0 0 0 0 0

Ay 1 1 -1 0 1712 0 0

A, 0 0 0 0 0 0 v}

A, 0 -2 1 0 —2v,v 0 0

A, 0 0 0 0 0 0 —2vv

As 0 1 0 1 v? 1 v?

Ag 0 0 0 0 0 0 0

A, 0 0 0 0 0 0 0
1203
1204
1205

1206 Table S9. Elements in combination matrix A5

ED:)  E(D;)  EDuDy)  ED™) E@?) E(Q) E(R")
1 Vv, +1 1 v v
AP — == -—— = vi -2 i @v-1)
1% 1221 v, v v
All 0 1 0 1 v? -1 —v?
2 202 + 2 2 2v+1
pq = _re 2 -2 —wrtw-2 2 2 — 2v + 3v?
171 U‘Ul vv1
@1Q 21712 +2 i _i ﬁ ﬂ 0 ﬁ
vy 4% (A2 v v 4
2 200+ 2
0,0 -2 0 2z 2t -6 0 0
4 40 4w
0 4 = M -z —12v, 0 0
12 6v 12v
r,0 0 _t 2% e —24v, 0 —16v,
g Y 12v 48 8
r;0 0 id 6 v 20v i 8v
v v v
ro B 4_1;22 ﬁ 2v,03 0 8v;v, 0 8v,v,
vV, v, vV, v v
4-6 4v -2
5Q -2 v v 0 —6v? 0 0
v v
A,Q 0 0 0 0 0 0 —5p2
20v —8 8 8
250 0 v -6 i | 200w, £ 8w,
6v 6v 6v
1% %
) 0 il | 0 ik 6vv, il | 18vv,
v v v
AsQ 0 -12 0 -12 —12v2 -12 —12v?
A0 2v,v5 2v,03 B 2v,03 0 2V,V,V3 0 2v10,V3
6 1A% 2% 2% v v
12 6
A,Q 0 _ 2P V2 0 120,70, 0 —8v,v,
v v
1207  Where 1 = 2pq — p?q — pq>.

1208
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1200  Supplementary Figures

HS MS

Disomic

Tetrasomic

9 )
= & 73

Hexasomic

Octosomic

10 20 30 40 10 20 30 40 10 20 30 40 10 20 30 40 10 20 30 40 10 20 30 40 10 20 30 40

1210 Generations

1211 Figure S1. The behaviors of #2 and # for various mating systems (set N, = 40, v = 2,4, 6 or 8, L = 200 and ¢ = 0.1; for DR and DH, also set f = 2 or 5).
1212 Each column shows the results under a different mating system. Each row shows the results under a different ploidy level. Solid gray lines denote the
1213 approximate d? or §2, dotted gray lines denote of the exact d? or §2, and solid lines denote #2 and #, where the lines denoting §2 (or %) are above

1214  those denoting d? (or %) for each situation.
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Generations
Figure S2. The behaviors of #2 and f§ for the MS mating system under different

recombination frequencies (set N, = 80 and L = 200). The number above a line represents
a recombination frequency.
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Figure S3. The relationship between d? (or §2) and the recombination frequency c for
various mating systems (set N, = 100 and n = 100). The line styles are the same as those
in Figure 2. Each subscript of d? or §2 denotes a mating system, e.g., the subscript DR1 is
the DR mating system with f = 1.
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Figure S4. The bias and RMSE of N,. The first and second columns show the results for

unlinked and linked loci, respectively. The line styles and the remaining simulation
configurations are as for Figure 3.
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Figure S5. The relationship between the RMSE of V and the sample size n. The figure
layout and the line style are the same as those in Figure 3.

51



1236

1237

1238
1239
1240
1241
1242

<105 Unlinked %1078 Linked
5 100 SNPs || 200 SNPs | 2 100 SNPs 1 200 SNPs 1
0&.‘;—;———'=i/_ T : 1 _______
o ¢ | oo o= g
[ SN —— ) NSNS | S g
5 20 SSRs || 40 SSRs | 2 20 SSRs 1 40 SSRs 5:’6
_5:‘/’
x107%
4\ 100SNPs|\ 200 SNPs |
2_ 4
0= o
20 SSRs <
4 | =
2;
o> ol
o\ x10%®
B L | i A
aa) 9: 100 SNPs 1 200 SNPs | 1
6 1 6 :
=—— ———— 0 - &
9 20 SSRs 40 SSRs | 9 IBE
6 6 ] H
3t 3
ob— 0b—
x1072 x1072
6 100 SNPs |{ 200 SNPs | © 100 SNPs | 200 SNPs |
4 F\ | 4 . .
2t 2 "
5}
‘ g
6 =
[ 20 SSRs @)
4.
2+
100 200 300 100 200 300 100 200 300 100 200 300

Sample size (n)

Figure S6. The bias of ¥/ for different types of loci under different sampling strategies. The
first and second columns show the results for unlinked and linked loci, respectively. Four
sampling strategies are compared: random sampling, pair sampling of half-sibs, full-sibs
and clones, with the results for each shown on different rows. The line styles and the
remaining simulation configurations are as for Figure 3.
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