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Appendix A: Notation and set-up

We will suppose that the interest lies with the effect of a time-varying exposure
that can take one of two levels at any given time on a failure time outcome. In
particular, we consider a strictly increasing sequence (to,t1,...,tx) of K + 1 time
points (with tx 11 = —t_1 = +oo for notational convenience). For k = 0,1, ..., K—1,
let Ay denote the level of time-varying exposure of interest at t;. We denote the
history of any stochastic sequence (Xg, X1,..., Xx—1) up to and including t; by
Xp = (X0, X1...,Xy) for k=0,1,.., K —1 (and let X = Xy, _; and X _; = 0 for
notational convenience). For example, A = (Ag, A1, ..., Ax_1). Denote by T(a) the
counterfactual time elapsed until the event of interest since ty that would have been
realised had A been set to @, and let Yy (a) = I(T(@) < t;.) for k = 0,1, ..., K, where
I represents the indicator function. By convention, we stipulate that for all k, Y (@)
is invariant to the kth through K — 1th elements of @ (i.e., current survival status is
not affected by future exposures). With slight abuse of notation, for k = 0,1..., K,
we let Yy (ag) denote the outcome that would have been realised had (only) Ay been

set to ag.

Consistency

For theorems about per-protocol effects, we assume consistency of the form: for
k=1,..,K and alla, Yy(a) =Yy if a; = A; for all [ =0, ..., k — 1 such that ¥; = 0.
For theorems about intention-to-treat effects, a weaker condition is sufficient and
assumed: for k = 1,..., K and a = 0,1, Yi(a) = Y} if a = Ag. The assumption
may be further relaxed for theorems in which the estimand does not involve Yy (a),
k< K:fora=0,1, Yg(a) =Yk if a = Ay.

Conditional exchangeability
We also consider a sequence of variables L = (Lo, L1, ..., Lxx_1) that satisfies one of

the following conditions:

Vk,Va : (Yk+1(a), ey YK(E)) ain Ak\Yk(E) = O,Ek,Zk,1 = Qk—1,
(sequential conditional exchangeability, SCE)

where @y_1 is understood to represent the (k — 1)th through (K — 1)th elements of

a, or

Vao : (5/1(0,0), ...,YK(ao)) AL A0|L0,
(baseline conditional exchangeability, BCE)

although sometimes a weaker form of BCE suffices: Vag : Yi (ag) AL Ag|Lo.

Positivity

For the theorems that follow, we assume positivity to preclude division by zero and
undefined conditional probabilities, so that the weights that we will encounter are
finite and strictly greater than 1. The assumption can sometimes be relaxed if we

are willing to interpolate or extrapolate under (parametric) modelling assumptions.
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Appendix B: Identification results for non-matching

strategies
Intention-to-treat effect
For simplicity, it is assumed below that the covariates are discrete. The results can

however be extended to more general distributions.

Theorem 1 (Case-base sampling for marginal intention-to-treat effect) Suppose
BCFE holds as well as

PI"(S = 1|L0,A0) = PI“(S = 1) =0 (Sl)
for some 6 € (0,1]. Then,

E[I(Ay = )WYk = 1]
E[I(4g=0)W|Yx =1]  Pr(Yx(1)

Il
= =
—

E[I(4o=1)W|S=1]  Pr(Y(0)
E[I(Ag =0)W|S =1]

where

1
W= Pr(Ag = a|Lo, S =1)|,_,,’

Proof First, observe that Pr(4g = alLo,S = 1) = Pr(4Ag = a|Lp) for a = 0,1,
because

Pr(Ao = alLo, § = 1) = Lx8 =10, Ao = @) Pr(Ay = alLo)

Pr(S = 1|Lo)
]
= S PI‘(AO = a|L0) (by S].)
= PI‘(AO = a|L0)
Hence,
1
W =

Pr(Ap = al|Ly) a:Ao.

Now, consider the numerator of the left-hand side of the main equation in
Theorem 1 and note that, because of the above, we have

E[I(Ag= )WYk =1] 3, oE[I(Ado = )WYk |Vi = y] Pr(Yi =)
E[I(Ag=0)W|Ykx =1] 2;701@[1( = 0)WYk|Yk = y] Pr(Yx = y)
I(Ag =1)WYk|
E[I(Ag =0 WYK]

E WYK|A0 = 0] PI‘(A() =




where

E[WYK‘AO = a] = ]E{]E[WYK‘L(),AO = CL] |A0 = a}
o Z PI‘(YK = 1|L0 = l,AO = a) PI‘(LO = l|A0 = (Z)
- . PI'(AO = CL|L0 = l)
- Z PI‘(YK(G) = l‘LO = Z,Ao = a) PI‘(LO = l|A0 = CL)
- PI‘(AO = G‘LO = l)

(by consistency)
_ Z Pr(Yi(a) = 1|Lg = 1) Pr(Lo = l]Ag = a)
Pr(Ag = a|Lo =1)
(by baseline conditional exchangeability)
B Z Pr(Yi(a) = 1|Lg = 1) Pr(Ag = alLo = 1) Pr(Lg = 1)
; Pr(Ag = a|Lo =1)Pr(4p = a)

— By =a) ;Pr(YK(a) =1,Lo=1)

_ Pr(Yk(a) =1)
PI‘(AO = Cl) ’

so that

E[I(Ag = 1)W|Yx =1]  Pr(Ye(1)

E[I(Ao = 0)W|YK = 1] PI‘(YK(O)

D
1

3

Next, consider the denominator of the left-hand side of the main equation in

Theorem 1 and observe that

E[I(4g=1)W|S=1] E[I(4g=1)WS] E[WS|A;=1]Pr(4=1)

E[I(4o =0)W|S=1] E[I(4o=0)WS] E[WS|Ag=0]Pr(Ay=0)’
where

E[WS|Ag = a] = E{E[WS|Lo, Ag = a]|Ao = a}
o Z PI‘(S = 1|L0,A0 = CL) PI‘(LO = l|A0 = (l)
B ] Pr(4g = a|Ly =1)

- 5PY(L() = l|A(] = CL)

N zz: Pr(4p =a|Ly =1) (by S1)
0

= b= a) Xl:Pr(LO =1)

B ]

- PI‘(A() = CL)7
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It follows that

E[I(A) = 1)WYk =1]
E[I(Ag = 0)W|Yk =1]  Pr(Yi(l) =1)
E[I(Ag=1)W|S=1]  Pr(Yx(0)=1)
E[I(Ag =0)W|S =1]

O

Theorem 2 (Case-base sampling for conditional intention-to-treat effect) Suppose
BCE hold as well as S1, or the weaker version Pr(S = 1|Lg, Ag) = Pr(S = 1|Lg) =
0L, € (0,1]. Then,

E[I(Ao =1)|Lo, Yk =1]
E[I(Ao =0)|Lo, Yk =1]  Pr(Yx(1) = 1|Lo)

E[I(Ag =1)|Lo,S=1]  Pr(Yx(0) =1|Lo)’
E[I(Ao = 0)|Lo, S = 1]

Proof We have

E[I(Ag=1)[Lo, Yk =1] Z;ZOE[I(AO = 1)Yk|Lo, Yk = y] Pr(Yx = y|Lo)

E[I(4o = 0)|Lo,Yx = 1] 3} E[I(Ag = 0)Yi|Lo, Y = y] Pr(Yic = y|Lo)
_ E[I(Ag = 1)Yk|Lo]
~ E[I(Ay = 0)Yxk|Lo]
[YK|L0,A0 = 1] Pr(Ap = 1|Lop)
[YK|L0,AO = 0] Pr(Ag = 0[Ly)
[
[

Vi (1)|Lo, Ag = 1] Pr(A = 1|Lo)
YK |L0,AO = 0] PI‘(AO = O|L0)
(by consistency)

_E
TE
_E
" E

_ E[Yk (1)|Lo] Pr(Ag = 1|Lo)
E[Yik(0)|Lo| Pr(Ag = 0|Lo)
(by baseline conditional exchangeability)

Also,

E[I(Ao = 1)|Lo,S = 1] _ E[I(A = 1)S|Lo]
E[I(Ag = 0)[Lo,S=1] E[I(A = 0)S|Lo]
E[S|Lo, Ao = 1] Pr(Ag = 1|Ly)
E[S|Lo, Ao = 0] Pr(Ag = 0|Ly)
01, Pr(A4g = 1|Lo)
= 61, Pr(Ag = 0|Lo)
(under the assumption that Pr(S = 1|Lg, Ag) = Pr(S = 1|Lg) = 1, € (0,1])
Pr(Ag = 1|Lo)
" Pr(Ag = 0[Lo)’
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It immediately follows that

E[I(Ao = 1)|Lo, Yk = 1]
E[I(Ao = 0)|Lo, Yr =1]  Pr(Yx(1) = 1|Lo)
E[I(Ao=1)|Lo,S=1]  Pr(Yg(0) =1|Lo)’

[£(
E[I(Ao =0)|Lo, S =1]

Corollary 1 If in addition to the conditions of Theorem 2,

PI‘(YK = 1|L0 = l,AQ = ].)
PI‘(YK = 1|L0 = l,AO = O)

=0 (homogeneity condition H1)

for all l and some constant 0, then

E[I(A¢ = 1)|Lo, Yk =1]
E[I(Ag = 0)|Lo, Yk =1]  Pr(Yx(l)=1)
E[I(Ao=1)|Lo,S=1]  Pr(Yx(0)=1)’

[
E[I(Ao =0)|Lo, S =1]

because of the collapsibility of the risk ratio.

Theorem 3 (Survivor sampling for conditional intention-to-treat effect) Suppose
BCFE holds as well as

Pr(S = 1|Lo, Ao, Yi) = Pr(S = 1|Lo, Yk ) = 61, x (1 — Yk) (52)

for some 1, € (0,1]. Then,

E[I(Ao =1)|Lo, Yk =1]

E[I(Ag = 0)|Lo, Y = 1] Odds(Y (1) = 1|Lo)
I(Ag =1)|Lo, S =1]  Odds(Yk(0) = 1|Lo)’

(Ao = 0)|Lo, S = 1]

Proof First, consider the numerator of the left-hand side of the equation in

Theorem 3 and observe

E[I(Ag = 1)|Lo, Y =1]  Pr(Yx = 1|Lo, Ag = 1
[(Ao = DiLo, Yic = 1] _ Pr(Yic = 1ILo, g ) 0dds( A = 1]Lo)
E[I(AO = 0)|LQ,YK = 1] PI'(YK = 1‘L0,A0 = O)

o PI‘(YK<1) = 1‘LQ,AO = 1) -
= Pr YK(l) - 1‘L07A0 — O) OddS(AO = 1|L0)

(by consistency)
Pr(Yi(1) = 1|Lo)
(by baseline conditional exchangeability)

OddS(Ao = 1|L0)
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Next, consider the denominator and observe that

E[I(A¢ = 1)|Lo, 1] E[I(A;=1)S|Lo]
E[I(Ao = 0)|Lo,S =1]  E[I(Ay = 0)S|Lo]
E[S|Lo, Ao = 1]
= - (0dds(4p =1|L
E[S|Zo, Ag = 0] 00540 = 1Lo)
(S Lo PI‘(YK = 0|L07A0 = 1)
dds(Ag = 1|L
6L0 PI(YK = 0|L07A0 == O)O S( 0 | O)

(by S2)

PI‘(YK(].) = 0|L(), A() = 1)

Odds(Ag = 1|L

Yk (0) = 0| Lo, Ay = 0) (4o = 1|Lo)

(by consistency)

_ Pr(Yk(1) = 0[Lo) _
== PI"(YK(O) — O|L0)OddS(A0 = 1‘L0)

(by baseline conditional exchangeability)

It follows that

E[I(Ao =1)|Lo, Yk =1]
E[I(Ag = 0)|Lo, Yk =1]  Odds(Y (1) = 1|Lo)

E[I(4o =1)|Lo,S=1]  Odds(Yk(0) = 1|Lo)’
E[I(A¢ = 0)|Lo, S = 1]
O
Remark (Remark to Theorem 3) Under BCE, the stronger version of S2,
Pr(S =1|Lg, Ao, Yx) =Pr(S =1|Yk) = x (1 — Yk) (S2*)
for some 6 € (0,1] and with
1
Weoo———|
PI‘(AO = 0,|L0) a=Ag
we have
E[I(4y = 1)W|Yx =1]
E[I(Ag = 0)W|Ykx =1]  Odds(Yx(1) = 1) M
E[I(Ag=1)W|S=1]  Odds(Yx(0) =1)
E[I(Ag =0)W|S = 1]
(see proof below). However, from
o o - PI‘(S = 1|L0,A0 = CL) PI‘(AO = (LIL())
PI‘(A()—G|L0,S—1)— PI‘(S:1|L0)
_ 6PI‘(YK = O|L07 AO = a) PI‘(AO = CL|L0) (by SQ*)

3 Pr(Yx = O|Lo)
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= PI'(AO = a|L0, YK = 0),
it follows that the weights W above are not identified by

1

PI"(AO = a|L0,S = 1) A
a=Ao

when Y )M Ag|Lg. (However, Pr(Ay = a|Lo,S = 1) approzimates Pr(4y =
alLg) under a rare event assumption.) In fact, the target marginal odds ratio is
not identifiable, under BCE and S2* with unknown 6, from the available data
distribution, which is formed by the distribution of (Lo, Ao, Yk, S)|(Yxk = 1VS =1).
A proof is given below.

Proof of (1) under stated conditions As shown in the proof to Theorem 1,

E[I(4g=1)W|Yx =1] Pr(Yx(1)

1)
1)

E[I(Ag = 0)W[Yx = 1]  Pr(Yk(0)

Now

E[I(A4g=1)W|S=1] E[I(A4g=1)WS] E[WS|A;=1]Pr(4y=1)

E[I(Ag=0)W|S=1] E[I(4o=0)WS] E[WS|Ay=0]Pr(4y=0)

where

E[WS|A0 = a] = E{E[WSIL(),AO = a] |A0 = (l}
- Z PI‘(S = 1|L0,A0 = a) PI‘(LO = l|A0 = CL)
B . PI'(AO = (Z|L0 = l)
- Z 5PI‘(YK = 0|L0 = l,AO = a) PI‘(LO = ZIAO = Cl)
- . PI‘(AQ = Q‘LO = l)

(by 527%)
b

Pr(dy = a) Zl:Pr(YK = 0|Lo =1, Ag = a) Pr(Lo = 1)

5
= P =a) ;PY(YK(G) =0|Lo=1,A40 = a)Pr(Ly =)
(by consistency)
5
= PrAy = a) XZIPNYK(@ —0,Lo=1)

(by baseline conditional exchangeability)
_ 6Pr(Yk(a) =0)
~ Pr(4p=a)

so that

E[I(Ao=1)W[S=1] Pr(Yx(1)

E[I(Ay=0)W|S=1]  Pr(Yk(0)

0)
0)
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and, in turn,

E[I(Ay = )WYk = 1]

E[I(Ag = 0)W|Yk =1]  Odds(Yx(1) =
E[I(Ag=1)W|S=1]  Odds(Yk(0) =
E[I(Ag =0)W|S =1]

)
7

1
1

O

Proof of nonidentifiability of target marginal odds ratio under stated conditions Consider
two distributions of (Lo, Ao, Yk,S) satisfying S2*, each characterised by the

following conditionals:

Yk ~ Bernoulli(a),
S|Yk ~ Bernoulli(§ x (1 — Yk)),
Lo|Yk, S ~ Lo|Yk ~ Bernoulli(5/10 — 2/10 x Y),
Ao|Lo, Yk, S ~ Ag|Lo, Yi ~ Bernoulli(3/10 4+ 2/10 x Lo + 3/10 x Yk).

The parameter values of the distributions are given in the table below.

Parameter Distribution 1  Distribution 2

a 1/10 2/10
5 1/10 9/40

Now, for all [, a,y,s € {0,1},

Pr(Lo=0l,Ay=a, Yk =y,S=s|Yk =1V S=1)
B Pr(Lo=1,Ay=a,Yx =y, S=5Yr=1VS=1)
S Pr(Yg=1AS=0)+Pr(Yxk =0AS=1)+Pr(Yg =1AS=1)
_Iy=1Vvs=1)Pr(Lo =140 =a,Yx =y, S5 = s)
B Pr(Yx =1)+ 6 Pr(Yx = 0)
Pr(Lo=1,40=a|lYxk =y)Pr(S =s|Yk =y)Pr(Yx = y)

=Iy=1vs=1)

a+0(l—a)
Pr(Lo =1, Ag = a|Yk 0)(1 a+5(a1—a)> ify=0As=1,
= Pr(LO:l,Ao:a|YK:1)m ify=1As=0,
0 otherwise,
where
m —10/19

under Distribution 1 and under Distribution 2. Hence, Distribution 1 and 2 imply

the same available data distribution.
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However, as we now show, the distributions imply different target marginal odds

ratios. Since
1
Pr(Yg(a) =1) =Y Pr(Yx(a) =1|Lo = 1) Pr(Lo =1)
=0

= Pr(Yg(a) =1Ly =1, Ay = a) Pr(Lo = 1) (by BCE)
=0

1
= Z Pr(Yxk =1|Log=1,A9 = a)Pr(Ly =1) (by consistency)
1=0

L Pr(Lo =1,A¢ = a|Vi = 1) Pr(Yx

PI"(LO = Z,AO = a)

=1 > Pr(Lo = 1Yk =y) Pr(Yi = y)

y=0

Pr(Lo =1, A0 = alYx = 0)Pr(Yx = 0)\ ' ¢ o -
<1 Pr(Lo =1, 4g = a|Yx = 1) Pr(Yx = 1) > Pr(Lo =Y =) Pr(Yic = y)

Il
=]

M-

1=0 y=0
for a = 0,1, we have
5+ 2a 5—2a
Pr(Yi(l) = 1) = d
V() = 1) = 3553577 jodds(a) | 10 1 (125/12) jodds(a) ™
54+ 20 5 — 2«

Pr(Yx(0)=1) = 10 + (25/2) /odds () R (125/3) /odds(a)’

so that
587,791 o
Odds(Yg (1) = 1) _ 167,166 3.5 under Distribution 1,
Odds(¥ic(0) = 1) 512,539 ~ 3.4 under Distribution 2.

148,789

Hence, we found an available data distribution that is compatible with more than
one value of the target marginal odds ratio. This concludes the proof. O

Theorem 4 (Risk-set sampling for marginal intention-to-treat effect) Suppose
BCFE holds as well as

PI‘(Sk = 1|L0,A0,Yk) = PI‘(S}C = llyk) =0 x (1 — Yk), (SS)
for some § € (0,1]. If
Pr(YVi1(a) = 1Yi(a) = 0) = 0, (12)

fora=0,1 and some constants 0y, 01, then

E[I(Ay = 1)W|Yk = 1]
E[I(Ag = 0)W|Yg = 1] _ Pr(Yiesa (1) = 1[Yi41 (1) = 0)
I(Ag=1)W it 8] Pr(Ves1(0) = 1[Yy41(0) = 0)’
Ao = 0O)W S S




where

1
(Ao =alLo,So=1)[,_4,’

W:Pr

Proof First, observe that Pr(4y = a|Lg,So = 1) = Pr(4y = a|Lg) for a = 0,1,
because

P = 1|Lg, Ag = a) Pr(Ag = a|L
Pr(4o = a|Lo, S =1) = r(So = 1|Lo, Ao = a) Pr(Ay = a|Lo)

PI‘(SO = 1|L0)
)
=3 Pr(Ao = a|Lo) (by S3)
= PI‘(AO = CL|L0)
Hence,
1
W =

PI‘(AO = G,|L0) a:Ao.
For the numerator of the main result of Theorem 4, we thus have

E[I(Ag=1)W[Yx =1] E
E[I(Ag = O)W[Yx =1] E
E
E

where

E[WYK‘AO = a] = ]E{]E[WYK‘L(),AO = CL] |A0 = a}
_ Z PI‘(YK = 1|L0 = l,AO = a) PI(LO = l|A0 = a)
- . PI‘(AO = CL|L0 = l)
o Z PI‘(YK(CL) = l‘LO = Z,Ao = a) PI'(L() = l|A0 = a)
- PI‘(AO = G‘LO = l)

(by consistency)

B Pr(Yi(a) = 1|Lg = 1) Pr(Lo = l|]Ag = a)
B Z Pr(A(; = a|Lg :Ol) :

(by baseline conditional exchangeability)
_ Z PI‘(YK(G) = l‘LO = l) PI‘(AO = G|L0 = l) PI‘(LO = l)
B . Pr(Ag = a|Lo =1)Pr(4p = a)

_ BrA, = a) ;Pr(YK(a) =1,Lo=1)

_ Pr(Yk(a) =1)
PI‘(AO = Cl) ’

so that

E[I(Ag = 1)W|Yk =1]  Pr(Yg(l) =1
E[I(Ay=0)W|Yx =1 Pr(Yx(0)=1

)
)
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Yy Pr(Yea (1) = 1,Yi(1) = 0)
S Pr(Yiia (0) = 1,Y4(0) = 0)
Yico Pr(Yig (1) = 1¥3(1) = 0) Pr(Yi(1) = 0)
o Pr(Yiea (0) = 1]Y3(0) = 0) Pr(Y4(0) = 0)
b0 01 Pr(Yi(1) = 0)
KTy Pr(Yi(0) = 0) (by H2)
_ 6135 Pr(Yi(1) = 0)
b0 312! Pr(Y3,(0) = 0)

For the denominator, we have

E[I(Ao = D)W Yy Sk E[W S0 SlAo = 1] Pr(4g = 1)

- )

E[I(Ag = 0O)W S p) Skl E[W S5y Sil4o = 0] Pr(4y = 0)

where

E[W Sr ! Skldo = a] = S0y E{E[WSk|Lo, Ay = a] |4y = a}
K—-1

- Z Z PI‘(Sk = 1‘L0,A0 = (1) PI‘(LO = Z‘Ao = a)
- Pr(Ag =a|lLo =1)

=
(e}

l

B K*IZ SPr(Yy = 0|Lo =1, Ag = a) Pr(Lo = I|Ap = a)
=0 1 PI‘(AO = CL|L0 = l)
(by S3)
B K‘lz 5Pr(Yy = 0|Lo =1, Ag = a) Pr(Lo = 1)
=4 Pr(Ap =a)
K—-1

- Z (SPT(Y]C(G) = 0|L() = l7 A() = a) PY(L() = l)
n ] PI‘(AO = a)

k=0
(by consistency)
= > §Pr(Yi(a) = 0|Lo = 1) Pr(Lo = 1)
=4 Pr(Ag = a)
(by baseline conditional exchangeability)
1 K-1
= Pr(Yi(a) =0,Lg =1
rca, —a) 2 L0 =0.o =
1 K—1
= Br( Ay = a) dPr(Yi(a) =0),

so that

E[I(Ao = DW Y50 Si] _ Sy 6 Pr(Yi(1) = 0)
E[I(40 =W 35 8] Yiig 0Pr(Yi(0) = 0)
_ Yo Pr(¥a() =

Yo Pr(Yi(0) =

0)
0)



It follows that

E[I(Ao = )W |Yk = 1]
E[I(Ap = 0)W|Yx = 1] _ Pr(Yien (1) =1Yi(1) = 0)
E[I(Ag = 1)W Xt ] Pr(Yita(0) = 1]¥5(0) = 0)°
E[I(Ao = )W S p ' Sk

Remark (Remark to Theorem 4) Condition S3 holds if, for some constant d;;,

PI‘(Sk = 1) = 5;: PI‘(Yk_H = ].,Yk = 0),
Sk AL (Lo,Ao,?k”Yk = Oa (SS*>
PI‘(Sk = 1‘Yk = 1) =0.

The first requirement of S&* essentially means that the frequency of incident cases in
the kth window is proportional to the frequency of controls selected in this window.
Under 88, S3 is met with § = 6} Pr(Yi+1 = 1|Yx = 0), because

PI"(Sk = 1|L0,A0,?k) = PI‘(Sk = 1|Yk)
= PI‘(Sk = 1|Yk = ) X (1 — Yk)
= PI‘(S;€ = 1|Yk = 0) X (1 — Yk)
Pr(Skx =1)
1-Y
Pr(v —0) <L)
- (5;; Pr(Yk+1 == 1, Yk 0)
Pr(Y; = 0) x(1-Y)

= 5; PI‘(Yk+1 = 1|Yk = 0) X (1 — Yk)

Therefore, stipulating that &} is k-invariant is to state that Pr(Yi41 = 1|Y, = 0) is
constant for k=10,...., K — 1.

Theorem 5 (Risk-set sampling for conditional intention-to-treat effect) Suppose
BCE holds as well as S8, or the weaker version Pr(Sy = 1|Lg, Ao, i) = Pr(Sk =
1|L0,Yk) = 5L0 X (1 — Yk), 5[,0 € (O, 1] If

PI"(Y]C+1((I) = 1|L0 = l,Yk(a) = 0) = Qa (H3)

fora=0,1, alll and some constants 0y, 01, then

E[I(Ao = 1)|Lo, Yk = 1]
E[I(Ag=0)|Lo, Yk =1]  Pr(Yi1(1) = 1|Lo, (1) = 0)
E[I(Ao = 1) X5 SklLo]  Pr(Yet1(0) = 1|Lo, Yi(0) = 0)°
E[I(Ao = 0) X r—y Sk|Lo]

The proof to Theorem 5 is similar to that of Theorem 4 and therefore omitted.

Page 13 of 32
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Per-protocol effect

In this subsection, an individual qualifies as a case if and only if Yx = 1 and
the subject adheres to the protocol that was assigned at baseline. For any study
participant, let Sy, denote selection as a control for the period [tg, tx+1) and suppose

S}, satisfies

Sk =1=Y; =0 with probability 1, and
PI‘(Sk = 1|fk,Zk,Yk = 0) = PI"(Sk = 1|Zk,1,Yk = 0) and (84)
PI‘(Sk = 1|Zk,1,A0 = .= Akfl,Yk = 0) = 5,

for some ¢ € (0, 1].
Remark (Remark to Theorem 6) Condition S4 holds if, for some constant d;;,

PI‘(S},C = 1) = (5; PI"(Y]C+1 =1,Y,=0,Vj<k: A]‘ = Ao) and
Sy AL (fk,zk,Yk)KYk =0,Vj < k- Aj = AQ) and (84*)
Sp=1= Y, =0,Vj<k:A; =Ay) with probability 1.

The first requirement of S4* essentially means that the frequency of protocol-
adherent incident cases in the kth window is proportional to the frequency of controls
selected in this window. Under S4*, S4 is met with 6 = 0} Pr(Yy41 = 1Y, = 0,Vj <
k:A; =Ap), because

Pr(Sy = 1|Ly, Ay, Yi)
ZPF(Sk=1|Yk=0,Vj<kZAj:Ao) X(I—Yk) XI(Vj<k‘1Aj:A0)
o Pr(Sk = ].)
CPr(Yr=0,Vi<k:A; = Ap)
. (5;: PI’(Y]H,l =1.Y,=0,Vj<k: Aj = Ao)
- PI‘(Yk = O,Vj <k: Aj = Ao)
= JZPF(Yk_;,_l = 1|Yk =0,Vj <k: A]‘ = Ao) X (1 —Yk) X I(\V/j <k: Aj = Ao)

X(l—Yk)XI(Vj<kIAj:A0)

X(l*Yk)XI(Vj<kA]:A0)

Similarly, condition S4 holds if, for some constant 6;*,

Pr(Sy=1) =6*Pr(Yi41 =1,Y, =0) and
Sk AL (Zk,ﬂk,Yk)\(Yk =0) and (S4*)
Sy =1= Yy, =0 with probability 1,

in which case, 6 = §;* Pr(Yy11 = 1|Y, = 0), because

Pr(Sy, = 1|Lk, A, Yi)
= PI‘(Sk = 1|YV/C = O) X (1 — Yk)

o Pl"(Sk = 1)

= P =o)

o (5;2* PI‘(Yk+1 = 1,Yk = O) .

= Pr(Y;, = 0) < (1=Ti)

= (5;;* PI‘(Y;H_l = 1|Yk = O) X (1 — Yk).
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Theorem 6 (Risk-set sampling for marginal per-protocol effect) Suppose SCE
and S4 hold. If

Pr(Yier1(a) = 1Y (@) = 0) = b, (H4)

for a=0,1 and some constants 0y, 01, then

B[S0 I(Ay = DWWl (Vi = 1Y = 0)[Yie = 1,(Vj : ¥; =0 = A; = Ay)]
E[S e (A = OWil (Vi1 =1, Y, = 0)|[Yi = 1,(Vj: ¥V = 0= A; = A)]
E[I(A4 = 1) o " WSV Y =0 = A = Ao|
E[I(A4 = 0) S m ) WiV - Y; = 0= A = Ao|

Pr(Yii1(I) = 1|k (1) = 0)

Proof First, observe that Pr(4y = o/|Ly, (Vj < k : Aj = a),Y, = 0,5, = 1) =
Pr(Ax = d'|Ly,(Vj <k:Aj =a),Y, =0) for a’,a = 0,1, because

PI‘(Ak = a'\fk, (V] <k: Aj = a),Yk =0,5, = 1)
. Pr(Sk = ].|fk, (V] <k: A]’ = a),Ak = a’,Yk = 0) Pr(Ak = a’|fk, (Vj <k: Aj = a)7Yk = 0)
PI’(Sk = 1‘fk, (Vj <k: Aj = a),Yk = 0)

:gPr(Ak:a’|fk,(Vj<k:Aj =a),Y, =0). (by S4)

Hence, if Vj < k: Aj = Ao, then

ﬁ 1
j=0 A —CL]|LJ,AJ 1, —0) :Aj.

aj
For the numerator of the main result of Theorem 6, we thus have

E[ f‘ol I(Apy = D)WiI(Yig1 = 1,V = 0)|[Yr = 1,(Vj : Y; = 0= A; = Ag)]
E| (Ak = Wil (Yis1 = LY = 0)[Yi = 1,(Vj : ¥; = 0= A; = Ap)]
E[ k:o I Ay =a) Wil (Y1 =1, =0,Vj < k: Aj = AO)]
E[ S (A = a)Wil (Vi1 = 1,V = 0,¥) < k: Aj = A)]
P E[Wi Y (1= Y)I(V) <k:A; =a)]
o E[Wi Y (1= Y)I(Vj < k: Aj = a')]

- JOPr(A =alY;=0,Ly =1;,Vi<j: A =a)

Ik

ZZ PrYk+1—1 Yk—OV]<I€ A —aLk—Zk)

)

= Z Pr(Yii1 =1,V =0,¥j <k: A; =a', L = Ix)

[15_oPr(4; =a/|V; = 0,Lp =, Vi < j : A; = @)

k=0 1,



where

Z Pr(Yk+1 = 1,Yk = O,Vj S k: Aj = a,fk :Zk)
o Pr(4; = alY; = 0,L = i, Vi < j : A = a)

= ZPT(YkH =1|Ye =0, = ly,Vj < k: Aj = a)

Ik
X Pr(Ly = kY = 0, L1 = -1, ¥j < k: Aj = a)
k—1
x [T PV =1 = 0,T; =1;,¥i < j: Ay = )
=0

X PI'(L]‘ = l]|Y3 = O,Zj_l = Zj_l,Vi <j: A; = a)
= Pr(Yiqi (@) = 1|Yi(@) = 0,L, =1,Vj < k: A; = a)

X Pr(Ly = 1x|Yi(@) = 0,Ly—1 = lj—1,Vj < k : Aj = a)
< [[Pr(Yin@ =1Y;@ =0,L; =1;,¥i < j : 4; = a)

X PI‘(Lj = 17|Y7(6) = O,Zj_l = Zj_l,Vi <j: A, = a)
(by consistency)
= Pr(Yi1(@) = 1|Y(@) = 0,Ly = 1,Vj < k : A; = a)

X PI‘(L}C = lk|Yk(6) = O,Zk,1 = Zk,th <k: Aj = CL)
x [[ Pr(Yi41(@) = 1]Y;(@) = 0,L; = 1;,¥i < j : A; = a)

x Pr(L; = ;|Yj(@) = 0,Lj—1 =1;1,Yi < j: A; = a)

(by sequential conditional exchangeability)

=Y Pr(Yi1(@) = 1Y(@) = 0,Lp—1 = lp—1,Vj < k: A; = a)

Tua
x [[ Pr(Yis(@) = 11Y;(@) = 0,L; = 1;,Vi < j : A; = a)

x Pr(L; = 1;|Y;(@) = 0,L; 1 = 1;1,Vi < j : A; = a)

Page 16 of 32

=Y Pr(Yip1(@) = 1,Yi(@) = 0[Yi1(@) =0, L1 = lp—1,Yj <k : A; = a)

ik—l

X PI‘(Lk,1 = lkfllykfl(a) = O,Zk,Q = Zk,Q,V]’ <k-1: Aj = (L)
X Hpr(1/j+1(a):1m( Y=0,L; =1;,Vi<j: A =a)

XPY(L =U|Y;(@) =0,Lj—1=1;-1,Vi<j:A; =a)

(by repeating previous three steps, under sequential conditional exchangeability)
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= Pr(Yis1 (@) = 1, Y3(@) = 0)

and, similarly,

s Do =LY =0V ki = L=l pyy (@) = 1, %(@) = 0)

= H?ZOPI(Aj =alY; =0,Lg =0,Vi<j:A;=a)

Iy

Hence,

E[ S e (A = )Wl (Vg1 = 1,Y = 0,57 < k: A; = Ap)]
E[ S e (A = a)Wil (Vi1 = 1,V = 0,V) < k: Aj = Ag)]
_ Vi Pr(Yisa(@ = 1,Y:(@ = 0)
oy Pr(Yie (@) = 1, Y3 (@) = 0)
Yico Pr(Yi (@) = 1|Yi(@) = 0) [T}, Pr(Y;(@) = 0[Y;_1(a) = 0)
o Pr(Yip (@) = V(@) = 0) [T}, Pr(Y;(@) = 0]Y;_1 (@) = 0)
T K1 & (H4)
o 0ar (1= 0ar)
1= (11—,
1= (1=K
(since (1 —r) > p_,ar® = a(r! — r*T1) for any real a,r)

For the denominator, we have

E[I(4o = a) zk o P WSk Y = 0= A = Ay
E[I(Ao a’) o WiSkVi 1Yy = 0= A; = Ao
[ I(Ak = a)WkSkW] =0=A; = A
a [ I(Ak a' )Wy Sk|Vj : -:0:,,4-:,40}
E[I(Ak =a)W,Se[Vj: Y; =0= A; = A]
E[I(Ak =a )WiSklVj:Y; =0= A; = Ag|
E[I(Ak = a)WiSk|Y = o,vj <k:A;j=APr(Y, =0[Vj:Y; =0= A; = Ay)
SRV E[I(Ay = @) WiSk| Ve = 0,V <kt Aj = Ag] Pr(Yy = 0Vj : Y; = 0= A; = Ay)
(by S4)
K-1

i E[I(Ak =a)WiS|Y =0,Vj <k:A; = AO] Pr(Yy, =0,Vj <k:A; =A)
sz_OlE[I(Ak:a’)WkSk|Yk:O,ngk::Aj:AO] Pr(Y, =0,Vj <k:A; = Ag)
E[WkSk|Yr =0,Vj <k:A; =a]Pr(Yy, =0,Yj <k:A; =a)
k 0 [WkSk\Yk—OVj<k Aj=d]|Pr(Yy,=0Yj <k:A;=da)
E[Sk|Yi =0,Ly =1;,Vj<k:A;=a]Pr(Ypy =0,Ly =1;,Vj < k: Aj = a)
ZZ [ Pr(4; = alY; =0,L; =1;,¥i < j : A; = a)

ZE[Sk|Yk:07Zk:Zk,Vj<k'A —a
[T Pr(4; = a/|Y; = 0,T; = 1;,¥i < j : A; = o)
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K_lza Pr(Yy = 0,1 = I, ¥j < k: A; = a)
= [15_oPr(4; =alY;=0,L;=1;,Vi<j: A =a
~K-1 — (by S4)
Z(S Pr(Yk:07Lk:lk7Vj§k2AJ: /)
=T T Pr(Ay = alY; = 0L, =1, Vi< j: A=)
O S ST Pr(Y; = 0,L; = Y1 = 0,T; 1 =1;1,Vi < j: A; = a)
:1Zik51‘[§,opr(y~ 0,L; =L|Y; 1 =0,L; 1 =1, 1,Vi<j:A =a)

k

ZZ‘SH Pr(L; —Z\Y—OL 1:lj,1iVi<j:Ai:a)x

kOl =0 (]_OI j—1 _O’Lj—lzlj—laVi<j:Ai:a)

Z 126ﬁ Pr(L Z‘Y fj :7J LYi <A _a/)x
k=0 T (]:OD/J Ole—l] 1,Vi<j: A_a)
K—-1

ZZaﬁ Pr(L; = ;1Y) (@) = 0, T, = L1, ¥i < j : A; = a) x
Pr(Y;(@) = 01Y)1(@) = 0, L1 = L1, i < j : A, = a)

Z(Sﬁ PI‘(LJ‘ :lj|ij(al):0,Zj,1 :ijfl,Vi<j2Ai:a/) X
7 PI‘(Y}'(E/) = 0|Yj,1(a’) = O,Zj,1 = ijl,VZ' <jrA= CL/)
k

(by consistency)

Z 5H PI‘(Y](E) = 0|Yj_1(6) = O,Ej_l :Zj_l,Vi <j:A = a) X
: Pr(Lj1=1-1|Y;-1(@) =0,Lj2=1;2,Vi<j—1:A;=a)

k=0 k—1 Jj=0
= K1 kPY*/_Y z . Vi CA—d
Z‘SH r(¥; (@) = 0¥ (@) =0, 7*J1’Z<J a’) x
k=07, _, j=0 PI’(LJ 1—13 1‘}/} 1(5) LJ 2—13 2,V’L<]—1 A, _a)
¥ 5ﬁ Pr¥;(@) :Olyjil(a) :O,Zj,17: ijlvyi<j—1:A¢ =a) X
k=07,_, 5=0 Pr(Lj*l = lj*1|§/}*1(a) = 07Lj72 = lj727V7; <j-—1: A; = a)
=— - - | |
K 126H Pr(Y]( I):0|Y ( ) 0 Gj— 1_lj711VZ<j_1:Ai:a/)X
D7y =0 P =LalVia@) =01 =l Vi< j - 1: A = d))

(by sequential conditional exchangeability)
o 7, 0T Pr(Yj(@) = 0,Lj1 = [j_1|Yj—1(@) = 0,L; 2 =;2,Vi < j—1: A; = a)
ko 21, 0Tl o Pr(Y;(@) = 0,L; 1 = ;1 |Y; 1 (@) = 0,150 =1 2,¥i < j— 1: A; = o)

ZZ(SPrYk *0|Yk 1(7):0Zk 2:Zk 27Vi<k—1:Ai:a)><

k=07 y 1Pr(Y( )=0,Lj—1 =1;—1|Yj—1(@) =0,Lj_o =1j_2,Vi<j—1: A; =a)
k—

ZZ(S PI‘ ka)—0|Yk 1( )—O,Zk_QZZk_Q,Vi<k—1ZAi:a/)><
k=017, k éP (Y( )—O,Lj_l:lj_1|Y}_1(6/):O,Zj_QZZj_27vi<j—1:Ai:a/)

(by sequential conditional exchangeability)
i S Pr(Yi(@) = 0)
r P (Yi(@) = 0)
im0 Pr(Yi(@ =0)
im0 Pr(Yi(@) =0)
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1 T Pr(Yi(@ = 0Y;(a) = 0)
L+ 3000 T Pr(Y (@) = 01Y; (@) = 0)
— 1+ ZkK;ll(l — 0a)k
T+ (1= 0a)F
L+ [1—0,—(1—0,)571/0,
141 =04 — (1 —0,)K1]/0,
(since (1 —r) > p_, ar® = a(r! — r**1) for any real a,r)
oa’(l — (1 - oa)K_l)
0,(1—(1—6,)K-1)"

(by H4)

Hence,

E[S e (A = )Wl (Vg1 = 1,Y, = 0,V < k: Aj = Ao)|Yie = 1]
E[S e 1Ay =1 - a)WiI(Yipr = 1Y, = 0,¥) < k: Aj = Ag)|[Vie = 1]
E[ S I(Ay = a)W;,S]
E[ Y5y I(Ay =1 — a)W;.S]
1—(1—6)K"1 0,1 —(1—-0,)K1
1 (1= 0)E1 " 9o (1— (1—6,)K1)

which completes the proof. O

Appendix C: Identification results for exact 1: M
matching strategies
Intention-to-treat effect

In this subsection, cases are defined by Yx = 1 and have baseline exposure Ag. All
cases are assigned a (possibly variable) number M > 0 of control exposures AJ,
i=1,..., M, subject to

Pr(M > 0|Yx =1) > 0 and
M 1L Ao|(Lo,Yx =1) and
Vi,a,a' : Pr(A, =d'|Lo =1,A0 =a,Yx =1,M,M > 0) = Pr(4o = d'|Ly = 1),
(M1)

or

Pr(M > 0|Yx =1) > 0 and
M 1L A0|(L0,YK = 1) and
vz’a"a/ : PI‘(A; = a/|LO = l7A0 = CL,YK = 17M7M > O) = Pr(AO = a’l|L0 = l7YK = 0)7
(M2)



Page 20 of 32

or

Pr(M > 0|Yx =1) > 0 and
M 1 A0|(L07YK = ].,J) and
Vi,a,a’ : Pr(A, =d'|Lo=1,A0=a,Yk,J =j,M,M > 0) = Pr(Ag = d'|Lo =1,Y; = 0), where
J=max{k=0,1,..,K : Y, =0}.
(M3)

That is, cases are matched with subjects that have the same baseline covariate level
and who are alive at baseline (M1), at the end of study (M2), or whenever the case
is alive (M3).

For simplicity, it is assumed below that the variables are discrete. The results can
however be extended to more general distributions.

Theorem 7 (Case-base sampling for marginal intention-to-treat effect) If M1 and
BCE hold and

PI‘(YK = 1|L0 = l,AQ = 1)
PI"(YK = 1|L0 = l7A0 = 0)

=40 (H1)
for all l and some constant 0, then

E[Z?QI(A; =0,40=1)|Yx =1,M >0]  Pr(Yx(1)
B[S I(A =1,4) = 0)|Yix = 1,M > 0] Pr(Y«(0)

K2

1)
1)

Proof We have

E[X0 1A= 0,40 =1)|Yx =1,M > 0]  E[SM (A =0)|A4g =1,Yx =1,M > 0]
E[SM (A =14 =0)|Yxk =1,M >0] E[XY (A =1)|4=0,Yx =1, M > 0]
x Odds(4g = 1|Yg = 1, M > 0),

E[SM, I(A) = 0)|Ag = 1,Yk = 1,M > 0]
E[S M I(A = 1)[4g=0,Yx = 1,M > 0]
Ym0 B[ I(A; = 0)|Ag = 1, Yk = 1, M = m] Pr(M = m|Ag = 1,Yg = 1,M >0)
Yo B[ I(AL = 1)[Ag = 0, Yk = 1, M = m| Pr(M =m|Ay = 0,Yx = 1,M > 0)
> s 2o >y Pr(A; =0|Lo =1,Ag = 1,Yx = 1,M =m)Pr(M =m,Ly = |Ag = 1,Yg =1, M >
Y ons0 2oiey 2 Pr(A; =1|Lo =1,Ag = 0,Yg = 1,M = m) Pr(M =m, Ly = [|[Ag = 0,Yg = 1,M >
D ms0 iy 2 Pr(Ag = 0|Lo = 1) Pr(M =m, Lo = [|Ag = 1,Yk = 1, M > 0)
S o0 ooy > Pr(Ag = 1|Lo = |) Pr(M = m, Lo = [|Ag = 0,Yx = 1, M > 0)
(by M1)
S oo M S Pr(Ag = 0|Lo = ) Pr(M = m, Ly = I, Ag = 1|[Yx = 1) 1
> om0 iy 2oy Pr(Ag = 1|Lo = 1) Pr(M = m, Lo = I, Ag = 0]Yx = 1) Odds(Aq = 1|Yx = 1, M > 0)
_ Ym0 e 2 4l m) Pr(Yie = 1|Lo =1, Ag = 1)
a Ym0 2iey 21 4, m) Pr(Yi = 1|Lg = I, Ag = 0)
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1
" Odds(Ag = 1[Yx = 1, M > 0)
(under M1 and definition of ¢(I,m) (see below))

Zm>0 Z;zl Zl q(l,m)9 PI"(YK = ].|L0 = l7 AO = 0) 1
o o S q(l,m) Pr(Yg = 1]|Lo =1, Ag = 0) Odds(A4g = 1|Yx =1, M > 0)
(by HI)
0

T Odds(Ag = 1[Yx = L, M > 0)

where q(I,m) = Pr(M = m|Ly = [,Yx = 1)Pr(4Ap = 0|Lg = ) Pr(Aog = 1|Ly =
) Pr(Lg =1).
It follows that

E[32 I(A;=0,40 = 1)|[Yk =1,M >0]  Pr(Yyx = 1|Lo, Ag = 1)
E[XY, I(A; = 1,40 = 0)|Yi = 1,M > 0] " Pr(Yx = 1|Lg, Ag = 0)
PY(YK(l) = 1|L0,A0 = 1)
Pr(Yk(0) = 1|Lg, Ao = 0)
(by consistency)
(Y1) = 1]Lo)
~ Pr(Yx(0) = 1|Lo)
(by baseline conditional exchangeability)
_ Pr(Yx(1) =1)
 Pr(Yx(0)=1)’

O

Theorem 8 (Survivor sampling for conditional intention-to-treat effect) Suppose
M2 and BCE hold. If

OddS(YK = ].‘Lo,AO = 1)
Oddb(YK = 1‘L0,A0 = O)

=0 (H5)

for some constant 0, then

E[SM (A =0,40=1)|[Yk = 1,M >0] _ 0dds(Vi(1) = 1]Ly)
E[5, I(A; = 1,40 = 0)[Ykx = 1,M > 0]  Odds(Yk(0) =1|Lo)’

K2

Proof We have

E[XY I(A; = 0,40 =1)|Yx =1,M > 0]  E[SM (A =0)|4g=1,Yx =1,M > 0]

E[SM (A =1,4=0)Yxk =1,M >0] E[XX (A, =1)|40 =0,Yx = 1, M > 0]
X OddS(AO = 1|YK =1,M > 0),

B[S, 1(4; = 0)] 4o = 1, Yk = 1, M > 0]
E[Zf\il I(A;=1)|Ag =0,Yx =1,M > 0]

(3
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Y s o B[ I(A; = 0)|Ag = 1, Yk = 1, M = m] Pr(M = m|Ag = 1,Yg = 1)
o B[ I(A = 1)[Ag = 0, Yk = 1, M =m| Pr(M = m|A4g = 0,Yy = 1)
Zm>0217'11 > Pr(A;=0Lo=10,A4=1Yx =1, M =m)Pr(M =m,Ly=1|Ag=1,Yx =1, M >

(A7
S o0 ST, S Pr(AL = 1Lo = I, Ag = 0, Yic = 1, M = m) Pr(M = m, Lo = [[Ag = 0, Vi = 1, M >
Zm>0 Z:’;l Zl PI‘(AQ = O|L0 = l7YK = 0) PI‘(M = m,LO = l|A0 = 1,YK = 1,M > 0)
Zm>0 ZZI Zl PI‘(AO = 1|L0 =1,Yg = 0) PI‘(M =m, Ly = Z|A0 =0,Yxk =1,M > O)

(by M2)

Z iz Pr(Yx = 0|Lo =0, Ag = 0) Pr(Ay = 0|Lo = 1)

Pr(M=m,Ly=1,4, =1Yxk =1
PT(YK:()'LOZZ) I‘( m, Lo s 410 |K )

m>0i=1 [

Z iz Pr(Yx = 0|Lo =0, Ag = 1) Pr(Ag = 1|Lo = 1)
PI‘(YK = 0|L0 = l)

PI‘(M = m,LO = Z,AQ = 0|YK = 1)
m>0 i=1
o 1
OddS(A() = ].|YK = 1,M > 0)
D oms0 die1 221 4(l,m) Pr(Yie = 1|Lo = 1, Ag = 1) Pr(Yx = 0| Lo = 0, Ag = 0)
Zm>0 Z:il El q(l,m) PT(YK = 1|L0 = l, A() = 0) PI’(YK = 0|L0 = 0, A() = 1)
1
" Odds(Ag = 1[Yx = 1, M > 0)
(under M2 and definition of g(I,m) (see below))
Zm>0 Z:r;l Zl q(l,m)GPr(YK = 1|L0 = l,AO = 0) PT(YK = O‘LO = O,AQ = ].)
Zm>0 Z?il Zl q(l,m) PI‘(YK = 1|L0 = l,AO = 0) PI‘(YK = O|L0 = 0, AQ = 1)
1
" Odds(Ay = 1|Yx = 1, M > 0)
B 0
B OddS(AO = 1‘YK =1,M > 0)

(by H5)

where q(I,m) = Pr(M = m|Ly = [,Yx = 1)Pr(4p = 0|Lg = ) Pr(Ap = 1|Ly =
From the definition of 6, it follows that

E[SM, I(A; = 0,40 = 1)|Yxk = 1,M > 0] Odds(Yi (1) = 1|Lo, Ay = 1)
E[SM 1(A] =1,40 = 0)[Yx = 1,M > 0] Odds(Yx(0) = 1|Lo, Ao = 0)
(by consistency)
Odds(Yx (1) = 1|Lg)
~ 0dds(Yx (0) = 1|Lo)
(by baseline conditional exchangeability)
Odds(Yx (1) =1)
T 0dds(Yk(0) = 1)

O

Theorem 9 (Risk-set sampling for conditional intention-to-treat effect) Suppose
M3 and BCE hold. If

PI‘(Y}‘+1 = 1|Lo, Ao = LY; = 0)
PI‘(Y}+1 = 1|L0,A0 == O,Y} = 0)

=0 (H6)
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for 7 =0,1,..., K and some constant 0, then

I
oo
=

E[ X7, I(A; = 0,40 = 1)|Ye = 1,M > 0] Pr(Y;41(1) = 1|Lo, ¥;(1)

E[SM I(A=1,4=0)|Yx =1,M >0]  Pr(Yj1(0) = 1|Lo, ¥;(0)

(3

Proof If J =max{k=0,1,..., K :Y, =0}, then

E[SM 1(4] =0, 4 = 1)|Vi = 1, M > 0]
E[E£1I(A§:1,Ao=0)‘YK:1,M>0]
_ Ym0 B[ i I(A; = 0,40 = 1)|Yk = 1,M = m] Pr(M = m|Ygx =1, M > 0)
om0 E[ i I(A; =1,A0 = 0)|Yx =1, M = m] Pr(M = m|Ygx =1,M > 0)
_ Ym0 B[ I(A; = 0,40 =1)|Yx = 1,M =m] Pr(M =m,Yx = 1)
Ym0 B[ [(4; = 1,40 = 0)[Yi = 1, M = m] Pr(M = m, Y = 1)
Zm>02§i—012ﬂ€[221[(fl; =0,40=1)|Lo=1,J =j,M =m|Pr(Ly=1,J = j,M =m)
S0 Sopo SB[ I(A] = 1,Ag = 0)|Lo = 1,J = j, M = m] Pr(Lo = 1,J = j,M = m)
_ Lm0 it Z;(:_Ol SUE[I(A]=0,A0=1)|Lo=1,J =j,M =m]Pr(Lo =1,J = j,M = m)
Yo D Xy SUB[I(Af =1, A0 = 0)|Lo = 1, = j,M = m] Pr(Lo = 1. = j,M = m)

m K-—1

T

E[I(A]=0,40=1)|Lo=1Y; =0,Yj;1 =1, M = m]
XPI‘(LO ZZ,Y] :O’Y}J’_l = l,M:m)

(]
[~
-]

3
v
o
iy
I
_
<
I
o

i

E[I(A} =1,40=0)|Lo=1Y; =0,Yj;1 =1,M = m]
x Pr(Ly=1,Y; =0,Yj41 = 1,M =m)

3

v

(=}

iPM:
xS
Ld

-

PI‘(A;:O|LOZZ,A0:1,Y3 :O,Y;‘_;,_l :I,M:m)
XPI‘(LOZZ,AO:].,Y} :O,Y}+1 :1,M:m)
)

3

V

o
-
N

PI‘(A; =1|L0 :l7A0=0,Yj :O,}/j+1 = l,M:m
X Pr(Lo=1,40=0,Y; =0,Y;11 = 1,M = m)

N
-]

3
v
o
S
I
_
<
I
o

. Zm>0 Zzil Zj(:_ol Zl Pr(4o = 0[Lo = 1Y = 0)Pr(Lo =1, Ag = LY; =0,Yj1 =1, M= m)

S0 oy S S Pr(Ag = 1|Lo = 1,Y; = 0)Pr(Lo =1, Ag = 0,Y; = 0,Y; 11 = 1, M = m)
(by M3)
Y0 2ot g 22045l m) Pr(Yj = 1Lo =1, Ag = 1,Y; = 0)
Ym0 iy Sgco 01 45(lm) Pr(Yyan = 1]Lo =1, Ag = 0,Y; = 0)
(under M3 and definition of ¢;(I,m) (see below))
o S 500 X ai () Pr(Yya = 1Lo = 1, Ag = 0,Y; = 0)

S0 Sy St S gy (Lm) Pr(Y g = 1| Lo =1, Ag = 0,Y; = 0)
(by H6)

=4.

where g;(L,m) = Pr(M = m|Lo = 1,Y; = 0)Pr(Ay = 1|Lo = 1,Y; = 0) Pr(4o =
0|Lo =1,Y; = 0)Pr(Ly =1,Y; =0).
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E[Ez]\il I<A/ = 07A0 = 1)‘YK - 1] Pr(Yj+1 = 1|LQ’AO = 1,}/3 — O)
}/j+1 = 1|L07A0 = 071/} = 0)

E[SM I(A =1,4,=0)|Yx =1 ~ P
_ Pr(¥(1) = 1[Lo, 4o = 1,Y;(1) = 0)
Pr(Yj41(0) = 1|Lo, Ag = 0,Y;(0) = 0)

(by consistency)
_ Pr(Ya(1) = 1Lo, Y5(1) = 0)
Pr(Yj11(0) = 1]Lo, Y;(0) = 0)
(by baseline conditional exchangeability)

O

Per-protocol effect

In this subsection, an individual qualifies as a case if and only if Yx = 1 and the
subject adheres to the protocol that was assigned at baseline (i.e., Ay = Ay for all
k=0,1,.., K if Y = 0). All cases are assigned a (possibly variable) number M > 0

control exposures A}, i = 1,..., M, subject to

Pr(M >0|Yx =1,Vj: (Y; =0= A; = Ay)) > 0 and
M 1L Ao|(J, Y =1,L; =1;,Yi < J: A; = Ap) and
Vi,a:Pr(A,=d|Ly=1;¥j<J:Aj= Ay, Ao =a,Y; =0,J,M,M > 0)
=Pr(A;=d|L;=1;Yj<J:A; = Ap,Y;=0), where
J=max{k=0,1,..,K : Y, =0}.
(M4)

Theorem 10 (Risk-set sampling for conditional per-protocol effect) Suppose M4
holds. If

—0 (H7)

{z;ﬁlf(A;:o,AO:n)yK: ,vg:(yjzo:»AjzA@,Mm}

E[Zjﬁlf(A;:1,A0:0)‘YK:1,W (V; = 0= 4; = 49), M > 0]
_ PV (D) =1L =1, V(1) =0,Vi< j: Ai =1)
Pr(Yy(0) = 1L, = 1,.Y,(0) = 0.Vi < j : A, = 0)

Proof Let J =max{k =0,1,..., K : Yy = 0}. Then, for a =0, 1,

M

ZI(A;:1—CL,AOZG)

i=1

- M
= ZE[ZI(Agla,Aoa)
j=0 ] i=1

J

E YK:1,Vj§J:Aj:A0,M>O]

—

Ly=1;,0=j,Yx = LVj < J: Aj= Ay, M >0
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XPI‘( j:Zj,J:ﬂYK:1,Vi§J:Ai:A0,M>O)
K—-1 M
= ZE{ZI(AQ1a,A0a)lej,Yj(),Yj+11,Vj§J:AjA0,M>O
J=0 1, i=1
XPI‘(ij‘:ZJ 0}/j+1—1|YK—1v1<J A Ao,M>O)
K-1 -

Y, =
> I(A;=1-a,Ay=a)|L

=1,

Y; =0,V =1,V <J: A=Ay, M=m

m>0 j=0 7, i=1 _
XPI“(M:m,ij :7jaij :0,1/}‘+1 :1Vj§JZAj :Ao,M>O>
m K-—1 ~ T
=Y D3 3 N E|IA,=1-0a,Ag=0a)|L; =1;,Y; =0,Y;31 = 1,Vj < J: Aj = Ag, M =m
m>0u=1j=0 7, i
xPr(M:m,ij :Zj,Y; :O Y3+1 —1|Vj <J A —Ao,M>O)
m K-—1
= 3 N N P4, =1-a|L; =1;,Y; =0,Y; 11 =1,Yj < J: A; = a, M = m)
m>0u=1 j=0 Zj
XPI‘(M:TTL,AOZG,ij :Zj,Y}:O,Y_}_i_l —I‘VJ <J:A —A07M>0)
m K-1
= Z ZPr(Aozl—a\szo,fj:Zj7Vi§j:Ai=A0)
m>0u=1 j=0 Zj
x Pr(M =m,Ay=a,L; =1;,Y; =0,Yj41 =1|Vj < J: A; = Ag, M > 0)

0,L;

—ZZZZPrAO—l—a\

m>0u= 1J0l

=1;,Vi <

_] :

XPI‘(M:m,Z]‘ :Zj,AO :a,)/}+1 :].,Y} :O,VZ§]A1 :Ao)
x Pr(Yg =1,Vi: (Y; =0= A; = Ag),M > 0)!

m K-—1

=3 Y 3> Pr(Yi = 1[I

m>0u=1 j=0 1

=1;, 40

x q;(l;,m) Pr(Yx = 1,Vi: (V;

a"Y‘-j :0’

Z‘:O:>Ai:A0)7M>O)71

(under M4)
where
q](z]vm) :PI‘(M:TTL|ZJ :Z.WY] :O’}/j_"_l — 1,V’L S] . A’L — AO)
x Pr(Adg=1-alY; =0,L; =1;,Vi < j: A; = Ag)
x Pr(Ag =a|Y; =0,L; =1;,¥i < j : A; = Ao)
X PI‘(ZJ :Zja j :O,V’L S] : Az :AO)

It follows that

E[Zile(A’»:O Ag=1) ‘YKilVj:(Y‘:OéAj:AO),M>O}

E{Z

(Af:le_o)YK_wg (Y; = 0= A, _AO)M>0}
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Zm:KZlZ Pr(Yj = 1[L; =1, A0 = 1,Y; = 0,Vi < j : A; = Ag)
om0t =0 xqj(lj,m)Pr(Yx =1,Vi: (Y, =0= A; = Ag), M > 0)~!
i 12 Pr(Yi1 =1L; =1;,Ag = 0,Y; = 0,Vi < j : A; = Ag)
m=0ut 520 T xq;(l;,m)Pr(Yx =1,Vi: (Yi=0= A; = Ag), M > 0)*

B Zm>027 Z Zz Pr( J_Hfl\f l;,A0=1Y;,=0,¥i <j: A = Ay)g 4(74 m)
Zm>ozu 12] 0 Zl Pr( J+1_1‘L _lJ7A0_1Y_OVZ<] Ai = Ao)g (Z m)
Zm>02u 12 Zl PI‘( J+1*1‘L :l Y *0 VZ<] A —O)QJ(Z‘,TTZ)

Ym0 Sonet Sjo o1, Pr(Yien = 1L = 1;,Y; = 0,¥i < j : A; = 0)g;(1;,m)
(by HT)

=40.

The desired results follows by consistency. O

Appendix D: Parametric identification by conditional

logistic regression for exact or partial 1: M/ matching

We now allow for the possibility that cases (Yx = 1) are matched to M > 0 controls
on only part of Lg. That part of Ly on which exact matching is done will be denoted
L§; the other part is denoted Lj, so that Ly = (L, Ly). The identification result
below rests on the assumption that cases are assigned M > 0 pairs (A}, L}) of

baseline exposure and baseline covariate data, ¢ = 1, ..., M, subject to

Pr(M >0|Yx =1) >0 and
M UL (Ao, Lo)|(L, Y = 1) and
VLU a: Pr(A, = a, L} = U'|L% = I, Ly, Ag, Yic = 1, M, M > 0) =
Pr(Ag =a,L{ =U|L{ =1,Yx =0) and
(L, Ao), (LY, AY), ..y (L, Ay ) are mutually independent given (L§,Yx = 1, M > 0).
(M27)

It is assumed below that the variables are discrete with finite support for simplicity.
The results can however be extended to more general distributions.

Theorem 11 (Conditional logistic regression for conditional intention-to-treat
effect) Suppose BCE and M2* hold. For some known real-valued functions f;,
j=1,...,p, assume the following model:

P
logit Pr(Yi (a) = 1|Lg) = a + Z fi(a, L§, Ly) Bj (Outcome Model)

Jj=1

For v = 0,...,M, let Xi7j = f](A;,LS,L;) - fj(AO7L8>L6)7 with A6 = AQ, and

assume for any vi,...,7p € R, not all zero, that

M p
Pr < \/ [ZVJ’XM #£0[|Yk=1,M > 0) > 0, (Linear Independence)

i=1 Lj=1
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where \/ denotes the logical OR operator (i.e., given any indexed collection (P;);cr
of propositions, \/,.; P; is the proposition that P; is true for at least one i € I).
Then,

M D B -1
E| — log <1 + Zexp [ZXMBJ']>
j=1

i=1

YK=1,M>O]

is uniquely mazximized at B =f.

Proof We first demonstrate that

E Y

M D ~ -1
— log (1 + Zexp [ZXi,jﬁj})
i=1 j=1

1,M>01

has at most one maximum by showing that it is strictly concave as a function of J3.
Let X = (Xy,...,Xm) and X; = (X;1,..., X, p), ¢ = 1,..., M. To show that function
/s

f(B)=E Ye=1,M>0

M p -1
log (1 + Zexp [ZXi’jﬁj‘|>
i=1 j=1

—1
m P
=> ) log (1 +) exp [ xmﬂjD Pr(X = z|Yx =1, M = m) Pr(M = m|Yx = 1, M > 0),
=1 1

m>0 x j=

is convex (and —f concave) it suffices to show that its Hessian is positive
semidefinite, i.e., that Y 0, >°P | BrBiHy . (8) > 0 for all B € RP, where

0 0

Hy.(B) = 98, 9Br

f(B).
Positive definiteness of the Hessian, i.e., Y r_; > 1—; BkBiHk,(8) > 0 for all § € RP
such that 8y # 0 for some k € {1,...,p}, implies strict convexity of f (and —f

strictly concave).
Letting g(X;, ) = exp { Z§:1 X; ;B;} for i =1,..., M, we have

o 0
Hk,l(ﬂ) = %T&Cﬂﬂ)
— i Z:’il x%,kg(xzvﬁ) . _ _ B B
OB 22 145, (s, By "X =2l = LM =m)Pr(M =ml¥x = 1,M > 0)
_ 9 Z:ri1 xz,kg(xuﬁ) . . _ B B

(1 + Z g(x;, ,6’)) (Z X x Xing(xi, ﬁ))

i=1

B> (1+§g<xi,m)2

m>0 =z

- (Z Xirg(xi, ﬁ)) <Z Xig(ws, 5))]
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xPr(X =z|Yxk =1,M =m)Pr(M =m|Yx =1, M > 0),

so that, with v; = \/g(x;, 8) and w; = 3°_, @ ;8;1/9(ws, B),

p b
> BeBiHk(B)

k=1 1=1
_ZZPr =z|Yk =1,M =m)Pr(M =m|Yx =1,M > 0)

m>0 x (1+Zz 19(1'1’6))2

[Z > BB <1 + Zg(ﬂ?i, 5)) (Z i k@i,19(Ti, ,3))

k=11=1 i=1

=D > BB (sz kg(@i, B ) (Zfﬂi,zg(%/j)ﬂ
i=1

k:ll:l
ZZ (X =2|Yk =1,M =m)Pr(M =m|Yx =1,M > 0)

m>0 =z (1+Zz 1g(xlvﬁ))2

)

Brwikg(xi, ) (ZZﬂng z;, B >]

X

hS]

i=1 k=1 i=1 =1
ZPr( =1,M=m)Pr(M =m|Yx =1,M > 0)
m>0 =z (14—2;11 g(xiaﬁ))2
m m P 2 m P 2
x 1+Zg($m3)> > (Zﬁkwi,k\/g i, B ) ) (ZZﬂkxz k9(@i, B ) ]
i=1 i=1 \ k=1 =1 k=1

ZPr(X:a:|YK:1,M: m)Pr(M =m|Yx =1,M > 0)
m>0 = (1+Z:'llg(xﬂﬂ))2

[E(Ernima) - (£2)(5) - (B

=1
2
Pr(X =a[Yx =1,M =m)Pr(M =m|Yix =1, M > 0) & ( P )
Brxik/ 9(wi, B) | -
(1+ X0, gl 5))° 2\ 2 e

=533
(by the Cauchy-Schwarz inequality)

o

m>

Now,
2
ZZPr = 2|Yk =1, M = m) Pr(M = T\YK_l M > 0) Z(Zﬁz«um/g?ﬁ)
m>0 = (1+Zz 1g(x275)) =1 k=1
2
Pr(X = 2|Yx = 1, M = m)Pr(M = m|Yx = 1, M > 0) < ( )
= g 1‘176) ﬁ T,
mzz L+ S0, gl 8)° 2 2 e

M 2 M 2
=E (1 + Zg(Xi,ﬂ)> Zg(Xu B) (Z 5kXi,k>

k=1

YK:1,M>O‘|

>0
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with strict inequality under Linear Independence. Thus,

-1

M D

— log <1+Zexp [ZX”BJ]> YK:LM>O]
i=1 j=1

has at most one maximum.
It remains to be shown that

M P R -1

— log <1+Zexp [ZXi,ij]> YK:1,M>O]
i=1 j=1

is maximized at 3 = 4, i.e., 3/8/3}]“(5) =0forallk=1,...pat 3=4.

Now,
M S
9 4(p) =g | ZmXundEa D)l g
Mo X kg( X, B
=S Y E 2iz1 m“’“g( i:8) Li=1"Yx=1M= m] Pr(Li=1*, M =m|,Yx = 1,M > 0),
I m>0 1+Zi:1 9(Xi, B)
where

E Z:anl k:g(XhB)
1"’21 19(X

Z Z ST k(ai, 1 0) — frlao, 1, 10)] exp { S0 [fr(as, 1 ,i>—fﬁ<ao,z*,lo)15k}
lowil @01 T+ exp { Y b [felas, ! ,i)*fk(ao, 1*,10)]Bk}

XPI‘(AOZCL(),AI :Cl,l,...,A :G,TmLO:l(),...,L :lmlLE;:l* YK:1,M=m>

Z 3 St [frlai, 1%, 1) = frlao, %, Do) exp { by [fe(as, ,i)—fﬁ(ao,l*,lo)]ﬁk}
a0 am L+ 307 exp { Yohy [fr(as, 1%, 1) — fr(ao, 1%, 10)]Br }

X h(ao, ...,aM,lo, ,lM) Pr (AO = ao,All = a, ,AM = CLM,L6 = lo, ,Lfm = lm‘

O—Z* K—lM m]

.....

\/ [(AO = aU(O)7L6 :a(O)vAll = aa(1)7L,1 =o(1)> oy Ay = aa(m)aL:n :a(m))]7L8 = l*ayK =1,M= m)v

o

where permutation o denotes a bijection from {0, 1, ..., M} to itself and

h(ao, cees QM lo, ceey l]y[)

=Pr (\/ [(AO = Qg5(0)» L6 =o(0) All = Gg(1)5 Lll =o(1) e Ay = QAo (m), L;n :a(m))] ‘

o

L;';:l*,YK:LM:m).

Next, let By = (Lg, Ao) and B; = (L, AY), i = 1,2,..,M. Let b; = (I;,a;) for
i =0,..., M. We have

Pr <B0 = bo,,...,BM = bM

\/ [(Bo,...,BM> = (bg(o),...,ba(M))],La,YK =1, MM > 0)

g
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Pr(Bo = bo, ..., By = by | L, Y = 1, M > 0)
Pr (\/a [Bo = bu(oy s Brr = aoqan)] ’L(’;,YK —1,M,M > 0)
Pr(By = bo, ..., By = by | L, Y = 1, M > 0)
S Pr (BO = by, .. Bar = aa(M)’Lg,YK —1,M,M > 0)
1M, Pr(B; = bs|L§, Yk = 1, M, M > 0)
TS I Pr(B; = b, oLy, Y = 1, M, M > 0)
(by mutual independence of M2*)
_ Pr(Bo =bo|Ly, Yie = ) [T, Pr(By = bi| L§, Yie = 0)
3, Pr(Bo = boo)| L5, Yie = 1) [T, Pr(Bo = bogiy | L, Yic = 0)
(by M2%)
 Pr(Yi = 1|Bo = by, L) [TL, [1 — Pr(Yk = 1|By = bi, L)]
-, Pr(Yi = 1/By = b0y, L) [T, [1 = Pr(Ye = 1/Bo = beiy, L))
B Pr(Yie = 1|Lo = (L3, o), Ao = ao) [T04 [1 = Pr(Yie = 1|Lo = (L3, 1i), Ao = a;)]
S, Pr(Yie = 1|Lo = (L, Lo(0)s Ao = ao(0) [T [1 = Pr(Yie = 1|Lo = (L, Lo(s)): Ao = (i)
Pr(Yx = 1|Lo = (L3, 1o), Ao = ag) 14

1—=Pr(Yrx =1|Lo = L*7liaA = a;
1= Pr(Yg = 1|Lo = (L§, lo), Ao = ao) g[ i o =I5, 1), 4o )

X

Z Pr(Yx = 1{Lo = (L, l5(0)); Ao = as(0)) ﬁ[

1=Pr(Yx =1|Lo = (L§ ls(0)), Ao = ao(0)) ;
PI‘(YK = 1|L0 = (LBJO)’AO = ao)
1-— PI‘(YK = 1|L0 = (La,lo),Ao = (lo)

Z Pr(YK = 1|LO = (LSaZU(O))vAO = aU(O))
1-— PY(YK = 1|L0 = (Lé7 lg(o)),Ao = ag(o))
Pr(Yx = 1|Lo = (L§, o), Ao = ap)

1-— PI‘(YK = 1|L0 = (LS,ZO),AO = ao)

ﬁf: Pr(Yx = 1|Lo = (L&, 1), Ao = a;)

T Pr(Vi = 1Lo = (L, L), Ao = a7)
expit{a +>7_; fj(ao, L§, 10)B; }
1= expit{a + >¥_, fj(ao, Li,10)B; }
a fz”: expit{a + 7_ fi(ai, L3, 1:)B; }
prdl expit{o + Z‘?:l filai, g, 1) 85}
~exp [Y0 filao, Li, o))
- ZJ‘ZO exp [Z 1 filai, Lg, 1;) ;]

M 1
( exp [ fj alaLEk)al ) fj(GOaL37IO)]6j‘|>
=0 j=1

P —1
1+Zexp[2 filai, L, 1) fj<ao,L3,zo)]/3jD :

1 —Pr(Yx = 1|Lo = (Lgs lo(i)), Ao = ao(s))]
=0

Thus,
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o~ Z Z Zz 1 fk azal 7l) fk(a@vl 7l0 eXP{Z fk aul al) fk(a()yl*alO)]Bk}
T+ 307 exp { Xhy [fr(ai, I ,l) frlao, 1*,10)]Br }

1
T exp (g lan 1%, ) — filao, I, 10)]Be

0.8 Z Z hao,..,aM,lo7...7lM)

.....

h(a()a <y QMM ZO7 sty lM)

l AQyeeny Am,
i ex (ai, 1%, 1; ao, 1*,10)18
Sl felas 1) — i, o) o A Dt 00 ) — o, Dol
i=1 1+Z’L 1eXp{Z fk alal 7l) fk(a07l*7l0)]ﬁk}
1
1+Z 1eXP{Z fk awl 71) fk(a()»l*alO)]ﬁk}
0.8 Z h(ao,...,G,M,lo,...,lM)
{(l0;@0),---s(Im,anr)}

e . ) exp { Xh_ [fi(ai, 1", 1) — frlau,1*, 1)) Bk }
i)l ali - uyl 7l =
X;;[fk(a )7kl )]1'1'22 pexp { Yp g [fras, 15 1) = frlaw, 1%, 1)1 Br }
1
. 1 + Z:’il exp { ZZ:l[fk(ahl*?li) - fk(au7l*7lu)]ﬂk)}

= Z I'L(G,(),...,G,M,lo,...,lM)

{(l0;@0),---s(Im,anr)}
g * * exXp ZP: fk(ai7l*7li)8k
X ZZ[fk(a/z)l ali)_fk(a/iul alu)] m { u 1p N }~
u=1i=1 Sroexp{ Yh_y fulai 1*,1) B}

GXP{Z _1 fe(au, I, 1) B }
z Oexp{z —1 Jr(ag, l* ,l)ﬁk}

= Z h(ao,...,aM,lQ,...,l]w)
{(lo,ao) ..... (lm,aj\/j)}
. . exp { 30y frlas %, 1) By
x Z [fk(a’ivl 717,) _fk(a‘ual alu)] ™ { k 1p N }~
w,ie{l,..., m}i>u Zi:o exp{Zk:l fk(ai;l 711)/8]6}

eXp{Z 1fk aual 7l )Bk}
Soroexp { Ypy fulai, 1%, 1)k }
. . exp { Xh_y frlas, 1", 1) Br }
+ i7l ali - u;l 7lu ™m =
u ZG{I..Z,m} i<u[fk(a )~ e ) Simgexp{ Yhq felai, 1*,1:)Be }
eXp{Z 1fk Ay, 1%, 1y )5k}
z UeXP{E 1fk aulal)ﬁk:}

= > h(ag, ..., ans, Lo, oy Lnr)
{0;@0);--;(Lmsan) }

* * exp{ZiZI f’f(a’ial*7li)ﬂ~k}
i7l 711' - u,l alu ™ =
: u,ie{l,.Z.,m}:i>u[fk (a ) fk (a )] Zi:o exp { Zi:l fk (CLZ', l*’ l?,)ﬂk}
eXp{Zk 3 (@, 1, 1,) Br }
2 oeXP{E 1fk alvlal)ﬁk}

* * eXP{Z 1fk a’uvl 7l )Bk}
- f i,l ali _f ual 7l
u,ie{l,.Z,:m}:i>u[ e ) )] Soioexp{ Yh_y frlai, 1%, 1; )5k}
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exp{zk L fela, 1, )Bk}
OeXp{Z =1 kau )Bk}

= Z h(ao,...,aju,lo,...,lM)
{(l0;@0),---s(Im,anr)}

x Y Uelantt L) = fu(aw, 1))
w,i€{1,....,m}:i>u
% eXp{Zi 1fk a;, l*, )Bk} eXP{Z 1fk Ay, 17, )ﬁk}
z OeXp{Z 1fk a’Lv ) ﬁk}zl oeXP{Z 1fk ala a )Bk}

exp{z _1 frlay, I, )5k} exp { 37—y fr(ai, I* l)ﬁk}
OeXp{Z =1 kal? Bk}z Oexp{Zk 1fk a/l7 7 )Bk}

which is clearly zero when B = B. If follows that

0
OB

(B)=E

for all £k =1,...,p if and only if 3=4. O



