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Part A. Lemma 1

Surface W is an infinity plane in R3, which divide full space into two domains €2; and Q5. Point
@ at position rq is on ¥ (i.e., rq € ¥), while two different points S at rg and E at rg are
arbitrarily located in R3 (see Figure A1 A and B). When S and E are inside the same domain,
point S’ at rgs is the mirrored point of S with respect to plane W. Vector ng; (rq) is a normal
vector of surface ¥ at rq pointing from 25 to €21. Then the lst-order geometrical parameter

K\(I,1 )(rE, rg) defined in (9) can be calculated for planar boundary as

/ (rq —rs]) mgi(rq)d¥ (rq)

onai (rq)  |rq —rs*rp — rq
if rgonWw (A1)
= % if rgandrgin
|(;E12:31‘ else rg in ; and rg in Q3_; or on ¥,

where i € {1, 2}.

Proof. Here we introduce an auxiliary model of a charged plane ¥ in vacuum to prove (Al)
indirectly. Considering plane ¥ as z = 0 in Cartesian coordinates (x,y, z) originated at point
C' with coordinates rc = (0,0,0). First, we place point S on the z-axis at rg = (0,0, zg). Point
E at rg := (0,y,5, 2g) is placed on the plane z = 0. An arbitrary point @ is placed on plane
¥ at rq := (7,y,0). Next, we assume that a charge density function ¢(rq) € R (C m™2?) is
distributed across the surface ¥, defined as

d(rq —rs|) m2 (rq)
ong (rq)  |rq —rs|®

q(rq) ==

The existence of ¢(rq) on the entire charged plane ¥ leads to a static electrical potential
distribution U(r) € R (V) in R3. Then the static electrical potential evaluated at rg is deduced

as d\Il
Ul(re) / / ¥ (rq) (A2)
~ e \rE —rql’

which is similar to the left hand side of (Al). Thereby, one can prove (Al) with the solution
to static electrical potential U(rg). Next, we derive the expression of U(rg) based on (1) rg

on ¥ (2) rg and rg in the same domain Q; (3) rg in ; and rg in Q3_; or on ¥ .

1.1 Point S and E in the same domain

To obtain the expression of electrical potential at arbitrary position rg, an auxiliary point E’
at rpy := (0,0,sgn(zg)Rg) on z-axis is introduced (see Figure A1 A), where Rg, := |rg — rc/| is
the distance of line segment |EC| and sgn(x) is the sign function. Since this model has axial
symmetry with respect to z-axis, the general solution to U(rg) then satisfies

[e.e]

Ure) = (A RY + Rf +1> P, (cos 0c), (A3)

n=0

where A, B,, are a series of constants; fc € [0, 7] (rad s~1) is the angle between line segments
|SC| and |EC|; P,(z) are Legendre polynomials. When E and E’ are overlap (i.e., 6c = 0),



Figure Al. Auxiliary model of charged plane ¥ : z = 0 in vacuum. Boundary ¥
divide R? into two domains €7 : z > 0 and s : z < 0. Position S with coordinates
rs := (0,0, zg) is on the positive z-axis of the Cartesian coordinates originated at point
C. The position @ has coordinates rq = (z,y,0) is an arbitrary point on plane ¥.
The charge density ¢(rq) is distributed on ¥. Positions E, E' and E” are three points
on the plane x = 0, which satisfy the line segments |EC| = |E'C| = |E"C|. Point E’
is on the positive z-axis (A) while E” is on the negative z-axis (B). Angle ¢ is the
angle between line segments |SC| and |EC|. Point S’ at (0,0, —zs) is a mirrored point
of S with respect to ¥ in (A).

then (A3) is rewritten as

Urp) =Y (A Ry + R]fﬂ) (Ad)

n=0

According to (A2) in Cartesian coordinates, electrical potential at E’ can also be expressed as
1 > [ OJRgq dzdy
) = / / - Q D) 5 (A5)
47780 —00 J —00 8ZS RSQRQE/

in which Rgq := |rq —rs| = /22 +y? + 2§ is the distance between S and Q; Rqp :=

gy — rq| = /2% 4+ y? + R is the distance between @ and E’. Equation (A5) can be further
simplified as

U (I‘E/

sgn(zg) 1
U(rp) = — . A6
(rE ) 2e0 ‘Zs’ + Rg ( )

When |zg| # Rg, (A6) can be rewritten using Taylor series as

ey (<) i Re > e

U (rer) = (A7)
sgn(z RE .
;Olzgf St ()" if R <zl
Comparing (A7) with (A4) we have
An =0, By = —8C) (_|5)"  if Rp > |zs] (A8)
Ap =888 (o)™ B, =0 if R < |zs|.
Then, the Legendre polynomials can also be written as
Z 2" P, ( (A9)
Ve — 2:rt +1



which we can plug into (A3) using (A8) as well to obtain

U(rg) = — sgn(zs) . (A10)
280\/R% — 2Rg|zg| cos (m — 0c) + 23

When |zg| = Rg, then

Ure)||sg=ry € higlo UE)ljsgi=Rre—a» I UrE)l g 1=pea | -

According to (A10) and the Squeeze theorem, (A10) also satisfies that |zg| = REg.

As illustrated in Figure A1 A, we introduce a auxiliary point S" at rg = (0,0, —zg) to
simplify (A10). Point S’ is the mirrored image of S with respect to plane ¥. Then the distance
between S’ and F is described as

Ry = |rg —rg/| = \/R% — 2Rg|zs]| cos (m — 0c) + 23.

Finally, we can write the electrical potential at rg as

sgn(zs)
. . All
S (A1)

1.2 Point E on plane ¥ or in different domain from S

To obtain the expression of electrical potential at arbitrary position rg, an auxiliary point E”
at rgr := (0,0,sgn(zg)RE) on z-axis is introduced (see Figure A1 B). When ¢ = 7, then (A3)
is

o0
n n B"’L
n=0 E
Replacing E' with E” in (A6), the electrical potential at E” can be re-written as
sgn(zs) 1
U(rgr) = . Al3
(re) 2¢0 |2s|+ Re (A13)

Similar mathematical operations as (A7) (A8) (A9) (A10) can be performed to (A12) and
(A13). Then we can find general expression for electrical potential U(rg), namely,

sgn(zs) __sen(zs)

U(I’E) = — =
2e0 \/R% — 2Rg|zs| cos O + 23 2e0lise

(A14)

where Rgg = |rg —rg| = \/R% — 2Rg|zg| cos C + 22 is the distance between S and E.

1.3 Point S on plane ¥

From the assumption we have rg € W. Meanwhile according to the definition of rq, we can
find that rq € W. It follows that
O(vq —xs) _
8n21 (I'Q)
According to (A2) we have
U(rg) = 0. (A15)

One can find (A1) equating the right hand sides of (A11), (A14), (A15) and (A2).



Figure B1l. Auxiliary model of charged spherical shell in vacuum. A nonuniform
charged spherical shell ¥ is centered at the origin C of spherical coordinates (r,8, ) in
infinity vacuum R? with b the radius of ¥. Boundary ¥ divide the full space into two
domains €y : 7 > b and Q9 : 7 < b. The position @ has coordinates rq = (b, q, ¥q)
on ¥. The charge density g(rq) is distributed on surface ¥. The position S, E and E’
have coordinates rg := (Rg,0,0), rg := (Rg,0c,0) and rg := (Rg, 0,0), which satisfy
|[EC| = |E'C| and S, E’ are on positive z-axis. The length Rg is the distance between
S and C; the length Rg is the distance between FE and C. The angle 6¢ is defined
between line segment |SC| and |EC|; 6q is the angle between line segment |SC| and
|EC|.

Part B. Lemma 2

Surface V¥ is a spherical surface centered at C' with radius b in R3, which divide the full space
into two domains €2; and . Point @) at position rq is on ¥ (i.e., rq € ¥), while two
different points S at rg and E at rg are arbitrarily located in R? (see Figure B1). Vector
ny; (rq) is a normal vector of surface ¥ at rg pointing from €23 to €. Rg and Ry are are the
distance between S and C FE and C, respectively. Then the lst-order geometrical parameter
K\(I,1 )(rE, rg) defined in (9) can be calculated as

// aIPQ—rsD ny; (rq) dV (rq) (B1)

ny; (rq) lrq — rs|2 Irg — rql
o mn 2 n .
e Y 52 (ﬁ) P (cosfc) if Rs>b,Rp>b
A o o2 (B2)" P (cosbo) if Rs>bRp<b
AT sl (Rb) Py (cosfc)  if Rg=b,Rg>b )

N—"t

1
i 0ok (8) Pulcosbo)  if Rs=bRp<b
2

_%E ZO—O 3211 (%) Py, (cos Oc) if Rgs<b Rg>b

Y22 (8E)" B (cosfle)  else Ry < b Re <

\

Proof. Firstly, we establish a spherical coordinates in R? originated at the center C' of spherical
surface ¥. The position r := (7,6, ¢) is defined in spherical coordinates. For convenience, we
consider S with coordinates rg := (Rg,0,0) on the positive z-axis, while E with coordinates
rg = (Rg,0c,0) is placed on the plane ¢ = 0. Point ) with coordinates rq = (b,0q, ¢q)
is an arbitrary point on W. Angle f¢ is the angle between line segment |SC| and |EC|, 0q
is the angle between line segment |SC| and |QC|. Next, we follow a similar procedure as we
did in Lemma 1, proving (B2) indirectly with an auxiliary physical model of charged spherical
surface ¥ in vacuum.



2.1 Neither point S nor E is on spherical surface W

Considering a charge density function ¢(rq) on the spherical surface W, as illustrated in Figure
B1, we already know the electrical potential U(rg) is the key to give the proof from Lemma

1. Introduce an auxiliary point E’ With coordinates rg/ := (Rg, 0,0) on positive z-axis, which
satisty |E'C| = |EC|. From (A2 U (rg/) can be expressed as
- b? sin fgdfod
U (rg) / / \rQ rs|) sin (3 Qdeq (B3)
4reg lrq — rs|” |rg — rq|
where |rg —rg| = \/Rg +b? — 2bRg cosfg and |rp —rg| = \/R% + b? — 2bRg cos bq.

Equation (B3) can be further simplified as

& (2 + i In (VRRELL)) if R > b, R > b

Urg) = 4%0 REERS + \/R%RE In \/\/\/g:i—_:% ?f Rs >b,Rg <b (B4)
T \Fo=Fs T vRsms M\ VAe vVAs if Rg <b,Rg >b
1 (7o %”SRE e n (BEIE)) it Ry < b, R < b,

Expression (B4) can be rewritten using Taylor series as

;

ot Yoo 52 (7l ) i Rs > bR > b
U | T (k) ras> s (B5)
o St 22 (£ if Ry < b, R > b
2sob Yo ot (R%%E)n if Rs < b, Rg <b.
Comparing (B5) and (A4), we have
Ay, =0,B, = —%23111;;;‘11 if Rg> b, Rg > b
A, =— 2;)22113%1’3 =0 if Rg>bRp<b (86)
Ay =0,B, = 5 ggﬁRg if Rs <b,Rg>b
Ap= =202 08 B, =0 if Ry <b,Rp <b.
Substituting (B6) to (A3) gives
U(rg) =U (rgr) Py(cosfc). (B7)

2.2 Fither point S or E is on spherical surface ¥ Next we consider the cases when Rg = b
or Rg = b, which can be yield from the limit when Rg or Ry approaches b in (B7). The electrical
potential on these singularity is defined as

lima o U(rE)\RS:b+A,RE>b;’ U(re)lrg=b-a,Rp>b if Rg = b, Rg > b
lima_g U(PE)\RS:HA,RE@; U(re)lpg=b—a, rp<b if Rs = b, R < b
Ulrg) := < lima o U(rE)\Rs>b,RE=b+AJ2FU(I"E)\Rs>b,RE=b—A if R > b, Rpy — {B8)
Hma o U(rE)‘RS<b,RE:b+A;U(rE)‘RS<b,RE:b—A if Ry <b Rg=b
limp g e ms=rpmrea T U0 nsmromts i g —p Ry — b




Substituting (B5), (B7) into (B8) we have

'ﬁZfomH( ) P, (cosfc) if Re=b,Rg>b
250b Zn 0 2n1+1 (R ) COS GC) if Rg = b,Rg <b

U(rg) = 4 —250135 S g2 <Ri> P, (cosbo) if Rs>bRg=b  (BY)

n
Qsob 032 (B5)" Pa(coso) if Rs < b, Rg=b

~Fob > om0 gt P (cos fc) if Rs=0,Rg =b.

One can find (B2) equating the right hand sides of (B7), (B9) and (A2).
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Figure B2. Relative error distribution of electrical potential between theory and
FEM with varying nonhomogeneous electrical property in case study 2. A spherical
surface ¥ with radius b centered at point C divides full space into two domain £, and
22 with conductivity oy 2y and relative permittivity €1 ;2}, respectively. Sinusoidal
current (I =20 nA of 1 kHz) source S and potential recording electrode E are placed
in the same domain (A) and in different domains (D). Angle 6¢ is the angle between
of line segment |FC| and |SC|, and Rg, Rp are distance from S, E to point C,
respectively. Relative error distributions of potential magnitude and phase when FE
in Q; with Rg = 8 mm (B, C) and E in Qs with Rg = 3 mm (E, F) changing the
conductivity o = [0.01-01,100- 0] and relative permittivity e;o = [0.01 €1, 100 €41].
Additional simulation parameters: b = 5 mm, Rs = 10 mm, ¢ = 90°, o1 = 0.431
S/m, g1 = 8.67 x 10° (dimensionless).

Part C. Accuracy analysis

We proposed (9) to calculate the 1st-order approximated electrical potential in a
nonhomogeneous conducting volume. Therefore, the accuracy of the approximation is



determined by how electrically similar or different the tissues within the domain are. Here,
we compare the Ist-order approximation with finite element model simulation considering the
same case study 1 and 2 to assess the accuracy when varying the tissues’ electrical properties.
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Figure C1. Relative error distribution of electrical potential between theory and FEM
with varying nonhomogeneous electrical property in case study 1. A plane ¥ divides
full space into two domain €2; and 23 with conductivity oy, o} and relative permittivity
€{r1,r2}, respectively. Sinusoidal current (I = 20 nA at 1 kHz) source S and potential
recording electrode E are placed in the same domain (A) and in different domains
(D). Distance dgg is the length of line segment |SE|, and hg, hg are distance from
S, E to boundary W, respectively. Relative error distributions of potential magnitude
and phase when F in ; with dgg = 10 mm (B, C) and F in Q9 with dgg = 15 mm
(E, F) changing the conductivity oo = [0.01 - 01,100 - o1] and relative permittivity
gra = [0.01 - £,1,100 - &q]. Additional simulation parameters: hg = hg = 5 mm,
o1 = 0.431 S/m, &1 = 8.67 x 10° (dimensionless).

3.1 Simulation configuration

A surface ¥ divide full space into two domain 21 9y with conductivity oy 9y and relative
permittivity €1 9y, respectively. The electrical property in 2 is that of isotropic muscle,
4.31 x 107! S/m, &7 = 8.67 x 105 (dimensionless), while the electrical
property in 2y changes as o2 = [0.01 - 61,100 - 01], €2 = [0.01 - £1,100 - £1]. A point-
like source S located in € generating sinusoidal current (I=20 nA at 1 kHz). An
electrode FE records the electrical potential U. To evaluate the accuracy, we define
the magnitude error €mag = (|UTheory| - |UFEM|)/|UFEM| and phase error €phase ‘=
(Arg {Utheory } — Arg{Urrm}) /Arg {Urrm} of electrical potential, where Arg{-} is the
argument of a complex value.

e, o1 =



In case study 1, the potential recording electrode E can be placed in domain €; (see Figure
Cl A) and in Qg (see Figure C1 D). Geometrical parameters are set as constants: distance
dsg = 10 mm is the length of line segment |[SE|, and hg = 5 mm, hy = 5 mm are distance
from S, E to planar boundary W, respectively.

In case study 2, boundary ¥ is a spherical surface with radius b = 5 mm, and length
Rg = 10 mm, Rg are distance from S, E to spherical center point C. Electrode E can also
be placed in domain 7 with R = 8 mm (see Figure B2 A) and in 2 with R = 3 mm (see
Figure B2 D). Angle 6c = 90° is the angle between of line segment |EC/| and |SC|.

3.2. Accuracy

Figure C1 and B2 plot the accuracy of the 1st-order electrical potential predictions compared to
FEM simulation in case study 1 and 2, respectively. The conductivity and relative permittivity
properties in domain 2o change from 0.01 to 100 times to that in € while keeping the
geometrical parameters constants. The relative error of magnitude and phase are shown when
electrode FE located in domain €; (Figure C1 B and C in case study 1, Figure B2 B and C in
case study 2) and in Qs (Figure C1 E and F in case study 1, Figure B2 E and F in case study
2). The relative errors for magnitude and phase are < 0.14%, < 0.09% in case study 1, and
< 0.8%, < 7% in case study 2, respectively. Of note, when electrical property in domain 5 is
set as fat (i.e., o9/01 = 0.052 and e9/2; = 0.028), the relative errors of magnitude and phase
of electrical potential are both < 0.5%.



