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1 Model, basic notation and definitions

1.1 Demography

Basic demographic quantities that are used throughout are reviewed here. Notation largely follows [I].

1.1.1 Euler-Lotka equation

Let m; and p; be average fecundity and average survival, respectively, at individual age j in the population.
The fraction of newborns surviving at least up to age class j is

lj = pop1ip2.-pj—1,  j=0,1,... (SI.1)

with [y = 1. Reproduction begins at age o, i.e. m; =0, j =1,...,a—1, and is uninterrupted throughout,
ie.mj >0, 7 =oa,a+1,.... To exclude the impossibility of death, survival is assumed throughout to
be never “perfect” so that p; < 1, j = 0,1,.... Holding reproduction and survival fixed, the population
eventually attains a stable demographic equilibrium where the fraction in each age class is constant [I]. At
this demographic equilibrium, the Euler-Lotka equation

> lLmia i =1 (S1.2)
j=1

determines the constant growth rate of the population, X per time step . Of our interest are demographically
stable populations that are also demographically stationary, i.e. size stays constant and A = 1.
1.1.2 Net reproduction rate, generation time and reproductive value

The net reproduction rate

j=1

gives the expected lifetime offspring production. In a demographically stationary population, one has R =1
as reproduction is exactly at replacement level. The generation time (i.e. average age of parents) at
demographic stability in the population is [I]

T=> jlymA. (S1.4)
j=1
The reproductive value v; at age j is
N & »

which gives the residual expected number of offspring to an individual aged j where future offspring are
discounted by population growth [1,[2]. The reproductive value at birth (yet before the individual is censused
for the first time at its first birthday) is

vo =Y Lim\~ (S1.6)
=1

as defined in [I]. By Eq. (SI.2)), in a demographically stable, selectively neutral population vy = 1.



1.2 Ageing

Here, the operational definitions of ageing and negative ageing that are adopted in the present work are given.
These definitions are meant to apply to life histories with multiple reproductive events, i.e. iteroparity [3]. A
unique reproductive event followed by death, i.e. semelparity, can be thought of as the most extreme form
of ageing both in fecundity and in survival. Semelparity is not analyzed here. We focus on iteroparity. We
follow the convention of regarding ageing as pertinent to adult life and we adopt the following conventions:

Ageing in fecundity: m; > My, j=a,a+1,...
Negative ageing in fecundity: m; < My, j=a,a+1,...
Ageing in survival: Dj > Pj+1, j=a—-1a,...
Negative ageing in survival: Dj < Pj+1, j=a—1a,...
1.3 Metric
As we consider infinite ages, we will mostly deal with the space of sequences (a,) = ai,az,... of real

numbers. These sequences will represent fecundity, survival or some transformation thereof at each age.
Sometimes, it will be useful to retrieve the supremum, e.g. sup(ay), or the infimum, e.g. inf(a, ), of such
sequences. The space of sequences can be equipped with a metric d((ay), (b,)), which is a function that
measures the distance between any two members (a,,) and (b,,) of this space, to obtain a metric space. For
this purpose, we will use the metric:

o0

1 |aj — by
di((an), (bp)) = —J I SIL7
il(an), (b)) = ;2J1+aj_b! (517)
The reason for letting open the choice for the starting index in the series above is that we will generally
need to retrieve the distance between specific tails of sequences, as it will be clear during our exposition.

To show that d; is a metric, we note that the series it gives rise to is convergent because the series

22% (S1.8)

Jj=0

is convergent and is either equal to or larger than d;((ay), (bs)). Clearly, the series in Eq. only
contains non-negative terms and, therefore, it converges to a non-negative number. It converges to 0 if
and only if a; = b; for all terms in the series. We also have symmetry, i.e. d;((ay), (b)) = di((byn), (an)),
because |a; — bj| = |bj — a;|. Finally, d; obeys the triangle inequality, i.e. d;((an), (bn)) < di((an), (cn)) +
di((cn), (b)) for any sequence (c,). This can be shown term-wise by noting that the function z/(1 + 2)
has first derivative 1/(1+ 2)2, which exists and is positive for z > —1/2. Therefore, this function is strictly
increasing on (—1/2,00) and preserves order on this interval. Using the triangle inequality for absolute
value and order preservation, we have for the j-th term of d; that

b; e b
| —b | < |CL]—Cj’—|—|Cj ’: |aJ | |CL] CJ|+|CJ ]|
L+ ]a; —bj| = 1+ a; — ¢j| +|cj — by (51.9)
|aj — bj] |aj — ¢l |¢j = bj

L+a; —bj| = 1+]aj —c¢j|  1+][c; —bj|

As it is customary for metric spaces, the distance d(z, A) between a member z and a non-empty subset
A of the metric space is
d(z,A) = inf d(z a), (S1.10)

acA

where the infimum is taken over all members a of A.



1.4 Fitness

Here, the fitness function to be used in the breeder's equation, Eq. (5) in the main text (Methods Section),
is discussed. Two main approximations have been proposed in the literature:

(i) One is w =~ In A, which leads to

Ow _dlnA

afj - 823' ’
which holds for age-structured populations assuming frequency and density independent selection and
either permanent demographic equilibrium and multivariate normal joint distribution of traits [4],
or small genetic covariances without the requirement of permanent demographic stability [5].
keep the population of constant size (i.e. demographically stationary with A = 1) while preserving
the approximation in Eq. , some form of density dependence is required. To study survival
evolution, we will implement density dependence by scaling all survival probabilities with a constant
factor, as suggested by [6] (more on this in Section [L.6)).

(SI.11)

(i) The other approximation is obtained by equating fitness in the breeder's equation with the net repro-
ductive rate R in Eq. (SI.3)) so that we have

ow 10R
— SI.12
82j T (%j ’ ( )
where T is obtained by setting A = 1 in Eq. (SI.4)), see [7]. As R measures population change
per generation and not per time unit [8], an additional scaling by generation time is required. This
approximation will be used to study fecundity evolution. In this case, to implement density dependence
we scale all fecundities by a factor such that R = 1, as suggested by [6] (more on this in Section [1.6)).

Next, we show that these two approaches lead to the same more general assumption. As only the first
partial derivatives of fitness matter for present purposes, let ¢ be some parameter on which fecundity and
survival depend. From implicit differentiation of Eq. (SI.2]), we obtain

e (Z zi<so>mi<sow> (51.13)

i=1

and from direct differentiation of Eq. (SI.3]) and division by the generation time, we find

;gﬁ = ;6(1 (Z li(@ﬁ”z‘(@)) : (SI.14)

i=1

By differentiating the reproductive value at birth vy in Eq. (SI.6)) in a stationary population with respect
to the same parameter and dividing by the generation time while treating A as a constant, we obtain

;Egg’ = ;8(1 (Z li(90>mi(§0))‘_i> : (S1.15)

As only demographically stationary populations are considered, by setting A = 1 the right hand sides of
Egs. , and are identical. Thus, instead of using two different versions of Eq. (1) in the
main text, a convenient and unified way of expressing the breeder’s equation for demographically-stationary
age-structured populations is

1 9dvg

Zi(t+1) = ()+9JT( 09z (t) (S1.16)

1 81}0
Zg]z 82, (t)

A=1



The use of reproductive value at birth as a measure of fitness is not new and is consistent with suggestions in
[2, 14,9, 1], [10]. This also explains our definition of fitness in Eq. (1) of the main text (Methods Section). In
what follows, the gradient of reproductive value at birth is assumed to be taken in a stationary population.
As stated in the main text, all trade-offs are removed by setting g;; = 0 for i # j and g; = J, where
0 < § < 1 so that the additive genetic variance is set equal for each trait at all time so that all traits are
permanently subject to weak selection at the same intensity and they do not covary. Traits then evolve
according to the breeder’'s equation in the form

1 81}0
7005 "),y —

Zi(t+1) = z(t) + 0
In what follows, the assumption of weak selection is used repeatedly to take linear approximations so that,
in general, equations are valid to the first order in . Three things should be noted. First, the mechanisms
of ecologically-induced density dependence discussed above (more on this in Section have the effect
of limiting fecundity and survival values. In what follows, the traits under study are fecundity and survival.
As selection for fecundity and survival is always positive and trade-offs are assumed absent, fecundity and
survival (and, therefore, population growth) would increase without bound in the absence of ecological
pressure. Density dependence is then needed and it is assumed in parts of the classic theory as well [11
p. 36], which is also concerned with unconstrained selection of fecundity and survival. That the density
dependent case is the most relevant and realistic was later recognized by Hamilton [12, p. 89] himself.
Second, by assuming stationary populations, the model sets a condition to the evolution of ageing that
is less favourable than that of an increasing population. One offspring produced later in life is a smaller
contribution to an increasing population than one offspring produced earlier because the former offspring
finds itself in a bigger population. Therefore, the slower the growth, the less this discounts future offspring
value. Third, although the breeder's equation typically presupposes a finite number of traits, in what follows
we will not generally make such restriction. We will consider age-specific fecundity and survival assuming
potentially infinite ages and use Eq. with index j indicating age and running to infinity. In a few
cases, however, it will be clearly stated that some results and, mainly, numerical simulations are obtained
by placing a maximum age w beyond which survival is not possible, i.e. p,(t) = 0 for all time points t.

1.5 Selection gradients

Here, expressions for the gradient of vy on fecundity and survival are given. These expressions are general
enough to accommodate any form of age-specific genetic variation. To facilitate comparison with previous
work, these selection gradients are derived from the gradients found in the classic theory [11].

1.5.1 Selection gradients in the classic theory

Classic theory studies fecundity evolution by considering the slope of In A with respect to m; [11]. Here,
however, given the assumption of a stationary population, we look at the (proportionally equivalent) gradient

of the net reproduction rate,
OR .
T%Zl]>0’ ]:Oé,a+1, (S|18)

which, by Eq. (SI.1)), has the property that

OR /OR  li .
= =p; <1 = 1,... S1.19
amj+1/8m] l] p] < ) J a,a—}— ) ( )

i.e. positive selection on fecundity decreases with age. This property also pertains to the original gradient
of the classic theory under the sufficient condition that A > 1, i.e. the population is not going extinct.



In the classic life history theory of the evolution of ageing [11], survival evolution is studied by considering
the gradient

oln\ 1 & :
= ah?p‘ =5 D lmAT >0, j=01,... (S1.20)
J i=j+1

which is obtained by implicit differentiation of Eq. ((SI.2)). Convergence of the series in Eq. ((SI.20)) is implied
by convergence of the Euler-Lotka equation. This gradient has the properties

0<Hj; <1, j=01,...,a—1 (Sl.21a)

0<H;<1, j=oa,a+1,... (S1.21b)

HA

;I—]fl:l, j=01,...,a—2 (Sl.21c)
H.

0< = <, j=a-1a,..., (S1.21d)
Hj

i.e. constant positive selection at pre-reproductive ages and decreasing selection with reproductive age.
These properties are independent of the actual values of p; and m; and, therefore, of A\. By Eq. ,
the sequence (H,) = Hy, H1,... has terms that get progressively smaller for j = a, o + 1,... and are
bounded below by 0. Therefore, by monotone convergence, lim(H,,) = 0. Moreover, using Eq. , it
can be shown that the series 3%, H; converges,

ad 1
=

(0.9]

00

=0 i=j+1

where the double series was reduced to one using

T

1

[ee]
. T
Ioma NI = —
Z]ljmj)\ T 1,
J=1

Age 1 Age 2 Age 3 Age 4 Age n
llml)\_l lgmg)\_Q lgmg)\_3 l4m4/\_4 lymp A"
lomoA=2 | lamsA™3 | lymgA—? lymp A"
lamaA ™3 | lyma ™% lymp A"
l4Tﬂ4)\_4 lymp A"
lymp A"

by taking column sums instead of row sums.

1.5.2 Generalized selection gradients

Life history evolution may not only proceed by small additive changes in fecundity m; and small multiplicative
changes in survival p; [13] [14], as assumed in the classic theory [11]. To capture this situation in a general
way, let fiyr and fp be functions for which both the first derivative and the second derivative exist and are
continuous. Furthermore, it is assumed throughout that

(S1.23a)
(S1.23b)

0< fulm) <oo, m>0
0< fp(p) < oo, pe(0,1)
i.e. both fyr and fp preserve order and have inverses fk_l1 and f}Tl, respectively, in the relevant intervals.

Suppose genetic variation is additive on fy(m;) for age-specific fecundity and on fp(p;) for age-specific
survival. Using the chain rule, one gets

OR om; OR l; )
e e >O7 :O[,Oé+1,... S|24a
dfu(mg) — Ofu(m;) Om; — fy(m;) ’ ( )
Jln A Op; Olnp; dlnx 1 & -0, =01, (S1.24b)

ofe(p;)  Ofe(p;) Op; dlp;  fi(py) vy



As stationary populations are considered and Eq. (SI.17)) is used, one can write
1 (91}0 1 lj

-2 =—_—7 , j=a,a+1,..., SI.25a
TﬁfM(mj) A=1 Tfll\/[(mj) A=1 ( )
1 81)0 1 Hj .

Toe) yos ~ o)) 21 b (51:250)

which are generalized selection gradients. These expressions, which are derived from Egs. and
Eq. , give the components of the gradient of vy (divided by the generation time) that appear in
our general form of the breeder’s equation Eq. and are necessary to study fecundity evolution and
survival evolution. To reduce clumsiness, the sign of evaluation at A = 1 is dropped from now on.

The assumptions in Eq. ensure that selection favours fecundity and survival, because to an
increase in fyi(m;) there corresponds an increase in m; and vice versa. The same holds for survival.
Selection gradients point to increased fitness, considering selection against reduced fecundity or mortality
would merely add the complication of a sign change.

1.6 Dynamics

The breeder’s equation in Eq. updates the vector z of mean traits in the population in discrete time
steps. Here this equation is combined with the expressions in Eq. and with some form of density
dependence as anticipated in Section [1.4 The resulting equations describe the evolution of a population of
very large, constant size that is subject to selection acting on age-specific traits. The dynamics of fecundity
evolution and the dynamics of survival evolution are considered separately.

1.6.1 Dynamics of fecundity

Here, the equations governing the evolution of fecundity m;, j = o, +1,..., are given. In Eq. (51.17)), we
set Z;(t) = fm(m;(t)) with j = o, +1,.... Survival values are assumed to form a sequence pg, p1, ... of
arbitrary, fixed constants each independently chosen from the interval (0,1). Let m;(0), j = o, +1,...
be the initial fecundities, which are all positive and such that R(0) = 1. Fecundities at pre-reproductive
ages are set constant at zero throughout, i.e. m;(t) = Z;(t) =0, j=1,...,a — 1. Let
iy o= St (faa(mg) + 62 ! ' +1 (S1.26)
mj = m; =] =a,a+1,... :
ST T Ry ) |
be fecundity just after one iteration of the breeder’s equation, yet before the next time step. Let AjR > 0
be the corresponding increase in the net reproduction rate so that 1 + AgR is the net reproduction rate in
a population where fecundity at age j = a,a+1,... is fixed at 1. Dynamics for fecundity evolution are
given by the equations,

It (m;(0) + bty )
1+ AgR(t) ’

(51.27)

mj(t+1) = j=a,a+1,. ..,

where the denominator is

1+ AGR(t) = i Liri(t), (S1.28)
i=1

where, because of weak selection (0 < 0 < 1), the quantity AgR(t) is assumed small and the series on the
right hand side convergent. The quantity in Eq. imposes ecological equilibrium by scaling fecundity
at all ages by the same factor, see Section As a result, R(t) = 1 for all . Note that the dynamics
in Eq. ensure that fecundity is always positive. Since fyr is strictly increasing in its argument and
the selection gradient on fecundity is always positive, the numerator in Eq. at ¢ is always greater
than m;(t). The denominator is always positive. Hence, at each time step, age-specific fecundity is first
increased and, then, scaled by a positive quantity thereby keeping fecundity positive independently of ¢.



1.6.2 Dynamics of survival

Here the equations governing the evolution of survival p;, 7 = 0,1,..., are given. In Eq. (51.17)), we set

Zj(t) = fp(p;(t)). Fecundities m; are assumed to form a sequence 0,0, ...,0,my, Ma41,... of arbitrary
finite constants independent of ¢ that are zero at pre-reproductive ages and positive at reproductive ages.
Let p;(0), 7 =0,1,... be the initial survival values. These are chosen in the (0, 1) interval independently
of one another. The corresponding survivorship, see Eq. (SI.1)), is 1;(0), j =0, 1,.... Initial survival values
are such that A = 1 solves the Euler-Lotka equation for the given fecundities so that
oo
> 1(0)m; = 1. (S1.29)
j=1
Let then Lo
. -1 Vo .
J P J T afp (pj) ( )

be survival just after selection (i.e. one iteration of the breeder's equation) yet before the next time step.
Define l; = pop1...pj—1. 7 = 0,1,... with [p = 1. Let AgA(t) > 0 be the increase in growth rate A with
respect to the stationary regime (A = 1) that is required so that the Euler-Lotka equation

iij(t)mj(l +AN) T =1 (S1.31)
j=1

holds, i.e. 1+ Ag\(t) is the asymptotic geometric growth of a population where survival at age j = 0,1, ...
is fixed at p;(t). To ensure that the population is again stationary at ¢ + 1, so that

> Lt +1)my =1, (S1.32)

—

<

we have to set p;(t + 1) = p;(t)/(1 + AgA(t)). Survival evolution is then given by the equations

- H;(t)
fol (fp(pj(t)) + 5m pf@))
L+ AA(t) ’

pi(t+1) = j=0,1,... (S1.33)

No mechanism is enforced to ensure that survival cannot exceed 1 during the time evolution of the system.
This is deliberately done with the aim of finding out whether sensible choices of fp naturally respect this
bound. The problem of whether the dynamics in Eq. are bounded is discussed in Sections and
B.7] In what follows, it will be assumed that the bound is respected.

In the numerator of Eq. , survival evolves according to Eq. by small increments at the level
at which the genetic variance is additive. The denominator imposes ecological equilibrium by scaling survival
at all ages by the same factor, see Section [1.4, Permanent demographic stationarity is then obtained, and
Eq. can be iterated. Providing survival stays bounded, the dynamics in Eq. ensure its
positivity throughout. Since fp is strictly increasing in its argument and the selection gradient on survival
is always positive, the numerator in Eq. at ¢ is always greater than p;(t). The denominator is always
positive. Hence, at each time step, p; is first increased and, then, scaled by a positive quantity thereby
keeping p; positive independently of .

2 Analysis of fecundity evolution

2.1 Equilibria in fecundity evolution

Here some general properties of equilibria in fecundity evolution are derived. Equilibrium quantities are
denoted with an asterisk. Substituting Eq. ([S1.26)) into Eq. (S1.28)), taking a first order Taylor expansion



around ¢ and using the fact that ), l;m; = 1, i.e. the net reproduction rate in the unselected population,
one gets

8l; B § — 12
L ARl D (0 + <t>fﬁ4<mi<t>>2>‘“T(t)z.;fmmi(w’ (5134)

where the series is assumed to converge because, by weak selection (0 < 0 < 1), the quantity AsR(t) is
assumed small. The series starts at « because fecundities at pre-reproductive ages are zero throughout.
Substituting this expression into Eq. ([SI1.27]) and with a first-order Taylor expansion around § = 0, one gets

m;(t + 1) = m;(t)

0 | = a,a
1+T(t)( ()mej Zmez )] j=a,a+1,... (S1.35)

where the general relationship (f~1(2)) = 1/f'(f~'(z)) was used. An equilibrium of Eq. (SI.35)) implies
that

m;fﬂfl(/[(m;Jrl)Q = m;f{v[(m;)2pj, j=a,a+1,... (S1.36)
Note that a flat trajectory of fecundity, i.e. m{, = m} ; =---=m; = ..., cannot be an equilibrium, for
it would imply p; =1, j = o, +1,..., i.e. the impossibility of death at adult ages.

2.2 Equilibrium selection gradient on fecundity

Rearranging Eq. (S1.36]) and using p; = 141/1; from Eq. (SI.1]), one gets

by p‘m;-&-l
famiy) — Rylmy) 7 ms

By Eq. (SI.25b), one has that Eq. expresses a relationship about the equilibrium selection gradient
on fecundity at two consecutive ages. The relationship evidences how this gradient has no obvious universal
behaviour. However, when at equilibrium there is ageing in fecundity, m; ; <mj, j = a,a+1,..., the
squared root on the right hand side of Eq. (| is smaller than 1. Consequently at any eqU|I|br|um W|th
ageing, the selection gradient on fecundity decreases in magnitude with age.

j=o,a+1,. .. (S1.37)

2.3 Sets of functions for fecundity evolution

Aside from the restriction of having a positive first derivative, the function fy; requires further specification.
Here, two sets of functions are defined to sort out different assumptions on genetic variance additivity that
will be shown to lead to qualitatively similar dynamical behaviour. Consider the differential equation

(mf'(m)?) = f'(m)* +2mf (m)f"(m) =0, 0<m< oo (S1.38)

The general solution of this differential equation on (0, c0) is of the form ajy/m + a2, where a; and ag are
constants. To ensure a positive first derivative of this solution, we require a; > 0. But any such solution
leads to an unrealistic equilibrium in Eq. , as it requires p; = 1, j = o, + 1,..., i.e. impossibility
of death during adult life. This result naturally leads to consider two disjoint sets of functions for the
parametrization of the selection gradient on fecundity. These sets are obtained by looking at the differential
inequalities corresponding to the differential equation ([S1.38]).

2.3.1 Definition of 7"

The first set is
F = {fm: (mfli(m)?) >0 for 0 < m < oo} (S1.39)

10



From Eq. (SI.38)), linear and convex (i.e. fy;(m) > 0) functions on (0, c0), e.g. m? with ¢ > 1/2 or exp(m),
form a subset of .#{". From the strict monotonicity enclosed in the definition of 71",

if fu € ", then mf{;(m)?® preserves order on (0,c0) (S1.40)

2

and mfy;(m)* is an invertible function on (0, c0).

2.3.2 Definition of ™
The second set is
F™ = {fu: (mfiy(m)?) <0 for 0 < m < oo} (S1.41)

From Egs. (S1.23) and (S1.38)), if fu € #™, then fuy1 is concave (i.e. fyj(m) < 0). Notably, Inm and m4
with 0 < ¢ < 1/2 are in Z™. From the strict monotonicity enclosed in the definition of %™,

if fu € .Z™, then mf{;(m)? inverts order on (0, o) (S1.42)

and mf{;(m)? is an invertible function on (0, cc).

2.4 Fecundity at equilibrium

Equilibria of the form in Eq. ([SI.36)), if any exists for the given survival and the chosen fj1, can be obtained
via a recursive procedure. Using Eq. (SI.1)), the equilibrium equations (SI.36)) for fecundity can be expressed
as
l; .
i Ram))? =t fami P Gl (5143)
(e
Let m}, be the unknown 2. Taking the inverse function of zf{;(2)? on both sides of Eq. (SI.43)) allows to
express all other equilibrium fecundities solely as functions of z along with survival at some ages. Equilibrium
fecundities must also give a net reproduction rate of 1. Therefore, an equilibrium value of m, is equal to
any positive solution of the equation R(z) = 1. From this solution and using again the inverse of z fy;(2)?
on Eq. (S1.43), the corresponding equilibrium values of m;, j = a+ 1,a +2,..., are obtained.

2.4.1 Ageing in fecundity at equilibrium
Let fy € F'. By Egs. (S1.36) and (SI.40)), mi <mj, j=a,a+1,.... Therefore, an equilibrium life

history, if it exists, shows ageing in fecundity when age-specific genetic variation is additive at the level of
fm(m;). For some choices of fy, closed forms of the equilibria may be obtained via the strategy explained
above. For example, let fyr(m) = m? with ¢ > % Then, Eq. (S1.43) becomes

l.
q2(m;'f)2q_1 = q2(m*)2q_1—] j=a,a+1,... (S1.44)

« log’

and taking the inverse function of m fy;(m)? = ¢*>m??~! on both sides

L\ 2¢-1
m;:mz <lj> , j=a,a+1,... (S1.45)

Substituting this into R* = 1 using Eq. (SI.3)),

2q
o0 o0 _1 oo 2q—1
L\ 2¢-1 e
1=S"4m; =Y yms, (/) Cem Y L (S1.46)
j=a j=a “ j=a g™
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where we start the series at j = « because at pre-reproductive ages m; =0, j = 1,2,...,a—1. Combining
Egs. (S1.45) and (SI.46)),

l2q—1

1
mi=—2~——— j=aa+1,..., fu(m) =mi Withq>§. (S1.47)

J 2q

ZOO qufl
=o't

A sufficient condition for convergence of the series in the denominator of Eq. (SI.47)) is that the survival

values, po,p1,... which are arbitrary, fixed constants each independently chosen from the interval (0,1)
form a sequence (py,,) the least upper bound of which
sup(pn) = D, (S1.48)
is such that 2y
p2a-1 :=p < 1. (S1.49)

Since 2¢/(2¢ — 1) > 0 for ¢ > 1/2, we have that p < 1 is a sufficient condition for the inequality in

Eq. (S1.49)) to hold. In this case, we can use Eq. (SI.1)) and bound the series contained in Eq. (SI.47)) as

follows 20g
0 2q o] g > ro ﬁ2qoil
§ l'2q71 < § $)2g—1 — E 1 — . SI5O
= ' _i:a(p) q i:ar L=r 1_]5% ( )

We stress that Eqs. ((S1.48))-(SI.49) do not imply the impossibility of negative ageing in survival, see Sec-
tion [I.2] The sequence of survival may monotonically increase while asymptotically approaching p as its

limit value.

2.4.2 Negative ageing in fecundity at equilibrium

Let fu € .#™. By Egs. (S1.36)) and (SI.42)), miy >m7, j=a,a+1,.... Therefore, an equilibrium life
history, if it exists, shows negative ageing for some concave fy;. For some choices of fy € ™, closed
forms of the equilibria may be obtained via the strategy explained above. For example, the same expression
as in Eq. (S1.47) is obtained for fyr(m) = m? with 0 < ¢ < % which is a function in #™. Hence,
1
2t 1
m;zji, j=a,a+1,..., fM(m):mqwithO<q<§. (SI.51)

2q

Ezoioc lZ'2q71

However, we have I; = pop1...pi—1 < 1 for each term in the series in the denominator of Eq. .
This is because pg, p1,... are arbitrary, fixed constants each independently chosen from the interval (0, 1).
Since 2¢/(2¢ — 1) < 0 for 0 < g < 1/2, each term in the series in the denominator of Eq. (SI.51]) exceeds
1. Therefore, the series diverges and an equilibrium fecundity schedule is not found for fy(m) = m? with

0<q< i
The at2tempt of deriving expressions for equilibria when fy; € #™ reveals that also in other cases no
equilibrium of the form m7,, > mj, j = a,a +1,... is possible. An example is when f\i = In(m).
Suppose, towards a contradiction, that an equilibrium of the form mi > mj, j =aa+1,... exists
when fyr = In(m). Then, Eq. becomes
! :iﬁ, j=a,a+1,... (S1.52)
mi m la

and taking the inverse function of mf{;(m)? = m~! on both sides

lo ,
m; =m— j=o,a+1,. .. (S1.53)

*
J g
J
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Substituting this into R* = 1 using Eq. (SI.3)),

1= iljm; = ilam’& = lam,, i 1. (S1.54)
j=«a j=a j=«a

where the last series on the right diverges. Therefore, we have obtained a contradiction and no equilibrium
of the form mj,; > m}, j = a,a + 1,... exists in our model when fyr = In(m). Equilibria when
fvi(m) =m? with 0 < ¢ < 3 or fur = In(m) exist, if a maximum age w is imposed, i.e. p,, = 0.

2.4.3 Uniqueness

Here, it is shown that if the dynamics in Eq. (S1.35]) have an equilibrium of the form in Eq. (S1.36]), then
this equilibrium is unique. As seen above, an equilibrium point (m}},m;‘) Jj=a,a+1,..., in the my-m;
plane satisfies Eq. (S1.43]). Therefore, any such point is located on the curve defined by the equation

n”Lj‘)"P’l(mj)2 l; .
—_— " = = o, + 1 .« I
M f{v[(ma)2 lo’ J ’ ’ (S1.55)

in the mq-m; plane. Implicit differentiation on Eq. (SI.55]) can be used to find the slope of this curve,

I [ (b)) ] [2 (madl ]
_ m; fap(mj)? <8(mafﬁ4(ma)2>> (8(mjfﬁ4(mj)2)

Ma fr(Ma)? Omy, om;

(S1.56)

-1
> >0, j=a,a+1,...

The product on the right hand side of the second line of this expression is always positive, because the
first factor is always positive, while the last two factors always have the same sign. In particular, they
are both positive when fyr € Z1", while they are both negative when fyr € ™. Therefore, Eq.
defines a curve along which m; is strictly increasing in m,. Assume then that an equilibrium of the form in
Eq. |D exists. Foreach j = a,a+1,..., there is a point (m’;,mj) on the curve defined by Eq. 1)
Recall that, because of the assumption of demographic stationarity, 1 = R* = }"-° _ l;m}, where we omit
terms with index smaller than « because fecundity is zero at pre-reproductive ages.

Suppose now, towards a contradiction, that some other equilibrium of the form in Eq. exists.
We indicate this other putative equilibrium with two asterisks. Then, for at least one j, there is a point
(mg", m;*) different from (mg,, m7) yet located on the same curve given by Eq. . As the two points
are distinct, one can express (mg",m;*) = (m, + €qa,m] + ¢;) for £4 and €; not both zero. But g4 > 0
if and only if e; > 0 and €, < 0 if and only if £; < 0 because of Eq. , i.e. while moving along the

curve in Eq. (51.20)), any increase (decrease) in m,, corresponds to an increase (decrease) in m;. Therefore,
J

either mj* <m;, j=a,a+1,... or m}“* > m;‘ j=a,a+1,.... Either way,
oo o
R* =) lm*#> imi=R"=1 (S1.57)
i=x =

But this contradicts the assumption of demographic stationarity. Therefore, if there is an equilibrium of the
form in Eq. (S1.36)), then this equilibrium is unique.

2.5 Dynamical properties of fecundity evolution

2.5.1 Coordinate transformation

Some key dynamical properties of fecundity evolution are better understood with a coordinate transforma-
tion. The original system in Eq. (S1.27)) is in the variables m, mqo41,..., i.e. a sequence (m,), which

13



must be such that R =1 at all times t = 0,1,... for the chosen survival probabilities. Consider then the
transformed system in the variables
s
yj = S = aa41,. .. (S1.58)
mj

which form another sequence (y,) = Ya, Ya+1,... that is well defined when m; >0, j = o, +1,....
In this regard, recall that the positivity of fecundity is guaranteed by the dynamics in Eq. (S1.27)). The
transformation in Eq. (SI.58]) can be shown invertible. Take the sequence (m,,), which satisfies R = 1 for
the chosen survival probabilities. Let the term m,, of this sequence to be the unknown u > 0. Note that

mk:tui, k=a,a+1,... (S1.59)

Write then R in Eq. (S1.3)) using Eq. (S1.59)) and the given survival values,

00 i—1
=« j=«a

where the series converges to 1 for some value of w in (0,1). Since R'(u) > 0 and R(0) = 0, there is a
unique value @ of w in (0,1) such that R(a) = 1. Hence, to the sequence yo,y1,... there corresponds
corresponds a unique value m, = 4 for the first term of the original sequence (m,). Via Eg. m
the whole original sequence (m,,) of fecundity is uniquely determined and, therefore, the transformation is
invertible. In the following analysis of the transformed system, the quantities m;, j = 0,1,..., should be
seen as functions of the sequence (y,), as seen above.

2.5.2 Dynamics of the transformed system

Taking ratios of the equations of the system in Eq. (S1.27|) and with a first order Taylor expansion around
0 = 0, the dynamics of the transformed system are given by difference equations of the form

Ay;(t) == y;(t +1) —y;(t)
fiit (Pl () + 6 rti—r)

= —;(t) (Sl-61)
it (s () + Oty
%(5034()[13J &), j=a,a+1,...
where .
c}”(t) = Ty ), (e () >0, (S1.62)
and

m; (1) fig(m;(t))?

Here, c}”(t) always is greater than zero because it is a product of positive quantities. Consequently, the
sign of Ay;(t) only depends on the difference in brackets in Eq. (SI.61)). Supposing that y;(t) > 0,
j=a,a+1,..., forall t, the system can always be made correspond to the original system in Eq. (SI.27)),
as shown in the previous section. Working with Eq. seems complicated because of the laborious
evaluation of mg, Ma+1, . . ., which are here each a function of the sequence (y,,). However, the transformed
system can still help us to gain theoretical understanding of the original system as the next sections will
show.

14



mj+1

Figure SI.1: Age-specific fecundity at two successive ages in polar coordinates

2.5.3 Basic properties of the transformed system

Recalling that mf{v[(m)2 > 0, some basic properties connecting y; and §;, j = a,a +1,..., are readily
obtained. From Eq. (SI.40)),

y; > 1 ifand only if & > 1, v e 7, (Sl.64a)

yj <1 ifandonlyif & <1, fue F1 (S1.64b)
From Eq. ,

y; > 1 ifand only if & <1, fm€ Fm, (SI.65a)

yj <1 if and only if & > 1, fm€ Fm, (S1.65b)
and from Egs. (SI1.40) and (SI.42),

y; =1 if and only if §; =1, fme For fu e FI. (S1.66)

Further properties are derived by noting that any given positive value of y; corresponds to the slope of a line
through the origin in the mj-m;,1 plane. This line is the set of all ordered pairs (m;, m;1) corresponding
to the same y; value. Using polar coordinates, let 6; be the angle between the (horizonal) m-axis and the
line going through the origin and the point (m;, m; 1), which lies in a circle of radius g;, see Fig.
Let us then switch to polar coordinates, £;(6;, 0j), where g; = ,/m? + mjz-_H and 0; = arctan (%) =
arctany;, such that m;y1 = o;jsin(f;) and m; = p; cos(#;). Differentiating with respect to the angle,
06 _ Omjy1 0§ N om; 0§
89]' aej 8mj+1 8(9]' 8mj
0¢; 0¢;

1 d(mj1 frg(mjs1)?) s d(my f{(m;)?)
Fu(m;)? Omyji1 ™ om; '
From Egs. (SI.39), (SI.41)) and (SI.67)), one has that
ggf >0, fm e 71,
853- (S1.68)
L <0 T,
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Differentiating then with respect to the radius, we obtain

% N 6mj+1 86] 4 amj 85]

agj 8Qj 8m]‘+1 8Qj 8mj

I N\ T R0\
o; \omi T om, (S1.69)
_ 3 [ 1 0mjmfyulmia)®) 1 9(m;fy(my)?)
\/m Aa(mj)? Omjt1 S (m;)? om;
The quantity between brackets in (SI.69)) vanishes for m; = m;,1 corresponding to 6; = 7,
O
% =0. (S1.70)
an 0,==

The problem of establishing dynamical properties of the transformed system can now be tackled.

2.5.4 Set stability of fecundity

The aim here is to characterize regions of the state space of the transformed system that attract or repel

the dynamics of the sequence (y) = Ya, Ya+1,- - -. Define the sets

"= {(yn) : 0 < yj, j=a,a+1,...}

AT = 0<y; <1, i =a,a+1,...

AT = {(yn) : O<yj<1 j=a,a+1,...}

AT = {(yn) : y j=o,a+1,...}
so that U™ is the entire state space where the dynamics of (y,) unfold. The possibility that y; = 0 for
some j = a,a+1,... is excluded. This is because fecundity is assumed initially positive and the dynamics

in Eq. should guarantee its strict positivity throughout. In the transformed system, this should
preserve the positivity of y;, j = o, + 1,... throughout.

Any complement of a subset of U™ should be meant as a complement relative to U™ excluding the zero
boundary. The set A is the set of all life histories with fecundity that either stays constant or decreases
with age. By the definitions in Section , A is the set of all life histories with ageing in fecundity, while
AT is the set of all life histories with negative ageing in fecundity. Note that A”" is the interior of AZ'. The
dynamical behaviour induced by the two sets of functions defined in Section 2.3 is analysed separately.

Case 1: fm € 1.
As shown in Section at equilibrium, mj,; < mj, j = o, +1,.... Therefore, y= < 1,
j=a,a+1,... and yn) € A7 C A”Z. Here, three properties of A are shown under the
dynamics in Eq assuming sufF|C|ent|y weak selection:

(i) A is an invariant set: if (y,(t)) € AZ, then (yn(t + 1)) € A”. To show this, observe that
all y; change by very small amounts at t each time step because of weak selection. Hence, the
passage from y;(t) <1 to y;(t+1) > 1 for some j = a,a+1,... will happen in some small
neighbourhood at the boundary between A7 and its complement. In this neighbourhood,

y; ~ 1. Therefore, m; ~ mj1 and 6; ~ T in this neighbourhood.

By Eq. (S1.70]), the derivative % tends to vanish in this neighbourhood. Since 0; =

arctan(y;) only is a function of y; we can write the total differential

35 _ 96; 85 1 8¢
J
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(iii)

only in terms of the change in y; and the sensitivity of {; to it, because the y; with i # j

have an influence on &; only via o;. This differential is meant to be valid when y; ~ 1. We

also note that, in this differential, the quantity % is positive by Eq. ([SI.68)).
J

Suppose now, towards a contradiction, that (y,(t)) € AZ and (y,(t + 1)) ¢ A”. Then,
by Eq. , y;(t) <1, forall j = a,a +1,..., while y;(t + 1) > 1 for at least some
j=a,a+1,.... Let K C {a,a+ 1,...} be the index set such that j € K if and only
if y;(t+1) > 1. Then, y;(t +1) > 1 > y;(t) for j € K. This implies, by Eq. (SI.61)),
that p; — &(t) > 0 for j € K and, by Eq. (S1.64)), that §;(t +1) > 1 for j € K. But
p; < 1 for all j. Hence, using the total differential d¢;(¢) in Eq. (SI.72) as a substitute for
Ag(t) =&t +1) = &(1),

Ay;(t) 0¢;

T+ 2(1) 96 t), jekK. (S1.73)

pj <&(t+1)=&(t) +

Subtracting &;(t) from both sides of this inequality and then dividing by the positive quantity

p; — &;(t) and using Eq. (SI.61)),

1<46 cgﬂ(t) %

1+ y2(t) 00; 1), jek (B1.74)

But this contradicts the assumption of weak selection (i.e. 0 < § < 1). Therefore, it is
not possible that (y,(t)) € A2 and (yn(t + 1)) ¢ AZ. Equivalently, if (y,(t)) € AZ, then
(yn(t +1)) € AZ.

A™? pushes trajectories into its interior: if (y,(t)) € A, then (y,(t+1)) € A”. To show this,
suppose (yn(t)) € AZ. Ify;(t) = 1 for some j = a,a+1,..., then, by Eq. (S1.66), &;(t) = 1.
But p; < 1 for all j. Hence, p; — &;(t) < 0 and, by Eq. (SL.61)), y;(t +1) < y;(t) = 1. If
yj(t) <1 for some j = a, + 1,..., then the supposition that {;(t + 1) = 1 along with the
assumption of weak selection leads to the same contradiction as in Eq. via an argument
analogous to that used to prove invariance of A”. Thus, if y;(t) < 1, then y;(t +1) < 1.
Therefore, if y;(t) <1, then y;(t +1) <1forall j=a,a+1,....

AZ is a stable attracting set. Trajectories from outside of A7 end up in it and stay there.
To show this, we combine Egs. (S1.7)) and (SI.10]) with the fact that the sequence 1,1,... is
the boundary of A to get the distance of the sequence (y,) from the set AZ as

[e.9]

do((yn), AZ) =)

=

Oy — 1) |yi — 1
20 1+ y; — 1

(S1.75)

where © is the unit step function, i.e. ©(z) = 1 for z > 0 and O(2) = 0 for z < 0.
The unit step function takes care of the fact that if any term of (y,) is smaller than 1,
then the contribution of the corresponding term in the series in Eq. must be zero,
because there is some sequence in A’ that has a term that has both the same index and
the same value. Suppose (y,(t)) ¢ A so that do((yn(t)), A7) > 0. Then, y;(t) > 1 for
some j = a,a+1,.... Let K C {o,a+1,...} be the index set such that j € K if and
only if y;(t) > 1, i.e. K contains the indexes of the positive terms in the series given by
do((yn(t)), A7), while all other terms are equal to zero. Let us first consider those terms that
are equal to zero in this series. By invariance of A, if y;(t) < 1for j ¢ K, then y;(t+1) <1
for j ¢ K. Thus, for any term that is equal to zero in the series given by dq,((y,(t)), A7), the
corresponding term in the series given by d,((yn(t + 1)), A™) is still equal to zero. Consider
then terms that are greater than zero in the series given by?ia((yn(t)),A’g). By Eq. (S1.64),
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Case 2:

§(t)>1forje K. Butp; <1,j=0,1,.... By Eq. (51.61)), y;(t+1) < y;(t). Recall that
yj(t)—1>0for j e K. If yj(t+1) —1 <0, then

Oy;(t+1) - Dly;(t+1) — 1] _

T5 (0 +1) —1] 0
y;(t) — 1
E T — T yj(t) 3 (S|.76)
O(y; () — 1)|y;(t) — 1]

1+ Jy;(t) — 1]

If y;j(t+1) —1 > 0, then, using the fact that z/(1 + z) is strictly increasing on (—1/2,00)
and, therefore, preserves order on this interval,

Oy;(t+1) - Dy;(t+1) -1 y(t+1)—1
1+ Jy;(t+1) —1] I+y(t+1)—1
y;i(t) —1
1 —i—yj(t) -1
O(y;(t) — D]y (t) — 1]

L+ y;(t) — 1

< (S1.77)

Either way, all positive terms in the series given by do((yn(t)), AZ) are larger than the cor-
responding terms in the series given by do((yn(t + 1)), AZ). Hence, do((yn(t + 1)), AZ) <
da((yn(t)), AZ). By monotone convergence, we then have that

Jim da((yn (1)), AZ) = 0 (S1.78)

for any (y,(t)) € U™.

Hence, when fy; € Z1", the set A fulfils the properties [16] to be a globally stable attracting
set of the dynamics of (y,). In virtue of property (i), all trajectories lead to A™ so that the
distance between this set and (y,,) also goes to zero. This distance is also measured via Eq.
because the distance between an open set and a point on its boundary is zero. Eventually, ageing
in fecundity evolves from any initial life history.

fu € F.

As shown in Section [2.4.2, at an equilibrium (y;;) of the form in Eq. (S1.36) we have y; > 1,
Jj=aa+1,... sothat (y;;) € AZ. Here it is shown that the set AT, which contains any
such equilibrium when fyr € %™, is a repelling set under the dynamics in Eq. (S1.61)). Combining

Egs. (SI.7)) and (S1.10)), the distance between (y,) and AZ is

dal(y), 47y = 32 O D) fi\y_iiu’ (51.79)

1=

where the unit step function © takes care of the fact that if any term of (y,) is greater than 1,
then the contribution of the corresponding term in the series in Eq. must be zero, because
there is some sequence in AT that has a term that has both the same index and the same value.
We also note that if y; = 1 for j = o, + 1,..., then the distance in Eq. is zero, as it
should be, since the distance between a point on the boundary of an open set and this set is zero.

Suppose (yn(t)) ¢ AZ. Then, by Eq. (SI.71)), y;(t) <1 for some j = o, v+ 1,..., and

do((yn(t)), AL) > 0. (S1.80)
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C {a,a+1,...} be the index set such that j € K if and only if y;(t) < 1. By Egs. (S1.65)-
SI.66 L &i(t) > 1forj e K. Butp; <1, j=a,a+1,.... Thus, pj —&;(t) < 0 and, by
Eq. (S1.61)), y;(t + 1) < y;(t) for j € K. Therefore, y;(t + 1) < y;(t) < 1 for j € K. Using
the fact that z/(1 + z) is strictly increasing on (—1/2,00) and, therefore, preserves order on this
interval,
O(=(yi(t+1) =Dy (t+1) =1 [yt +1) —1]
1+ yj(t+1)—1] L+ yj(t+1) =1
1—y;(t+1)
TH 1yt 1)
1—y;(t)
51— 400
—(y;(t) — 1)|y;(t) — 1
OO =D =1
14 Jy; () = 1

Therefore, all positive terms in the series given by d,((yn(t + 1)), AZ) are larger than the corre-
sponding terms in the series given by dn((yn(t)), AZ). As for the zero terms in the series given
by du((yn(t)), AZ), the corresponding terms in the series given by do ((yn(t + 1)), AZ) are either
zero or positive. Either way, we have that

(S1.81)

da((ya(t + 1)), AT) > da((ya(1)), AZ) > 0. (51.82)

Hence, if (y,(t)) ¢ AT, then (y,(t+1)) ¢ AT and the distance between (y,(t)) and the set A7,
where an equilibrium (if any exists) is found, keeps increasing with time. The set of life histories
with negative ageing in fecundity A7 is repelling. Negative ageing in fecundity can not evolve from
an initial life history without negative ageing.

2.5.5 Stability of ageing in fecundity — Power functions

Using the Lyapunov method, the stability at an equilibrium of the transformed system is here explored when
fam(m) = m? with ¢ > 1/2. From Egs. (S1.58) and (S1.63]), we can write

&=y;"",  with fur(m) = m? (S1.83)

which shows that, in this case, £; only depends on y; and §§(yj) = (29 — 1)ng(q71). Since for ¢ > 1/2, we
have m? € .Z1", if there is an equilibrium of the form in Eq. (S1.36)), this is in A”". Define

00 2q—1\2
1
ymoy L @iy qul . (S1.84)
1=« 2 1 + (pl )
o . . 2q—1\ _ 2g—1  2q-—1 .
where (pn) = po,p1,- .. is the constant sequence of survival and (y»" ") = ¥a' ,Ya41 --- IS a Sequence

that evolves with time. The quantity p; — yzq ! ,j =a,a+1,...,in Eq. (51.84) corresponds to the

bracketed quantity in Eq. (SI.61)) when fy(m ) = m4. The series on the left hand side of Eq. is
convergent in virtue of Eq. (S1.8)) and is always positive except at equilibrium where it vanishes, as the
dynamics in Eq. show. Therefore, V" is a candidate Lyapunov function.

Suppose (y,(t)) is not at equilibrium at ¢ so that V™ (¢) > 0. Let K C {a,a + 1,...} be the index set
such that j € K is and only if (p; — yqu*l( ))? > 0. Note that if (p; — y2q L(t))2 = 0 for some j ¢ K,
then, by Eq. , yj(t+1) = y;(t) and yzq Yt+1) = yqu L(t) and, therefore, (p; yfq Yt4+1))2=0.
Thus, for any term that is equal to zero in the series given by V™ (t), the corresponding term in the series
given by V™ (¢t +1) is still equal to zero. Consider then terms in the series given by V"™*(¢) with index in K.

Neglecting terms of order 62 and using Eq. (SI.61)) to approximate both y2q 1(75 +1) and y?(zqfl)(t +1)
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with first-order Taylor expansions around 6 = 0 and to get an expression for Ay;(t) := y;(t + 1) — y;(t),
we have that

(P — "+ 1)) — (0 — 2 ())& —2p;Ay;(t)(20 — 1)%2(‘1 40
+ 2927 () Ay () (20 — 1)V (1)

)
= =220 1O -y (1))
< 0, j € K.

(S1.85)

The function z/(1 + z) is strictly increasing on (—1/2,00) and preserves order on this interval. Therefore,
if V™(t) > 0, then V"(t+1) —V™(t) <0, fu(m)=m? with ¢ > 1/2, (S1.86)

and V™ is a strict Lyapunov function: there is some (y;;) € A” that is a unique, globally stable equilibrium
of the transformed system when fy(m) = m? with ¢ > 1/2. Transforming back to the original system in
(my,), there is a unique globally stable life history with ageing in fecundity when fyr(m) = m? with ¢ > 1/2.

2.5.6 Stability of ageing in fecundity — Exponential functions

Stability at equilibrium for the original (non-transformed) system is here explored for functions fy; of the
exponential family. In particular, we focus on solutions of the differential equation

1
éﬂ(m) —c>0 (S1.87)
where c is a constant. This differential equation has the solution
exp(cm
fu(m) = alxp(c ) + ay (51.88)

where a; > 1 and ay are constants. This solution is in .#}", since fyj(m) > 0.
Using Eq. m define the map

Fj((mn(t))):mj(tﬂ):mj(t)+T‘(5)<fM(WlLf] S —my(t ZfM ) j=aa+1,...,
(S1.89)

which takes as argument the sequence (m,,) of fecundity at ¢ and returns the term m;, j = o, a+1,... of
the sequence (m,,) of fecundity at ¢t + 1. Suppose there exists an equilibrium sequence (m}) of fecundity
for fam(m) of the form in Eq. (SI.88). We then differentiate the map in Eq. (SI.89)),

S 2L fih (m* 212m* FI (m* 00 12
1_'_7* B J/fM(*;)_'_ ]/] M*(gg)_zlik*z i=j
OF; _ T fM(m]) fM(mj) r=a Sn(my) (S1.90)
om; (> § 202m* f(m?) '
(mn)=(m3,) I R\ ? Z#]
T f(mp)? '

At any equilibrium of the form in Eq. (S1.36)), Eqgs. (SI.1) and (SI.36]) imply that there is some constant
By, > 0 independent of age j such that

L
m} f'(m})?
Using this and the fact that R* = Y77 lpm} = 1, we can rewrite Eq. (S1.90) as

=By, Jj=a,a+1... (S1.91)

L 0 (2B | B R )
% — T fl(/[( *) fM( ]) M (S|.92)
OMi (g, )=(myz) | 0 2k BMm m; M(m ) ey
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By weak selection (0 < 0 < 1) and the fact that fyr(m) solves Eq. (S1.87)), this derivative is always positive.
Define

Atmy(t) = m;(t) —m;

’ j=a,a+1,... (S1.93)

which gives the difference at ¢ between m;, j = o,ac+1,... and its equilibrium value. Let (A*my,(t)) =
A*mg(t), A*ma41(t), ... be the corresponding sequence. Usmg these quantities and the map in Eq. (SI.89),

m; + Afm(t + 1) = Fj((my,) + (A%m, (1)), j=a,a+1,... (S1.94)

Suppose (my,(t)) is not at equilibrium but it is found in a sufficiently small neighbourhood of (m) so that
we can linearly approximate the right hand side of Eq. (S1.94) as follows

Fj((m;,) + (A%mq (1)) = Fj((my)) + > A m;(t) 5+
. i=a - (mn)=(m3,) (S|95)
* * J
:mJ—I—ZAmJ(t) : , J=a,a+1
i OMi{ ()= ()
Substituting this last line into the right hand side of Eq m and simplifying we get
A'mj(t+1) = ZA*mJ , j=a,a+1,.. ., (S1.96)
8’”% (mn)=(ms,)

which gives, up to a linear approximation, the dynamics of the difference between (m,,(t)) and its equilibrium
value around a small neighbourhood of this. Let

0<e= sgp(!A*mn(t)D, (S1.97)

where we have the sequence (|A*my,(t)]) = |A*ma ()], |A*ma41(t)],.... Upon taking absolute values
of both sides of Eq. (S1.96)), using Eq. (S1.97)), the triangle inequality and recalling that the derivative in

Eq. (S1.92)) is always positive, we have

AT \<628m1

Look at the series on the right hand side of Eq. (S1.98) and only consider solutions of the differential
equation (|S1.87)). Using the fact that R* = 1, we can see that

Z 8ml

, j=a,a+1,... (S1.98)
mn)=(m3,)

5 [e.@]
=14 — | —2cm; By + 2cm; By lgmj, — By
ma)=(m;) T*< ! e M)

k=« (Slgg)
_ 9By
T+
Let 5B
O<r=1- Tjﬂ <1, (S1.100)

where the inequalities derive from the assumption of weak selection (0 < § < 1). Rewriting Eq. (SI1.98)),
IA'm(t+ 1) <er, j=a,a+1,... (S1.101)

which implies that
sup(|A*my,(t+ 1)|) < er (S1.102)
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Then, iterating the reasoning above for the next time step

o0

= OF; OF;
|A*m;(t +2)| = ZA*mj(t+1) J §erz J —er?, j=o,a+1,...
i OMmilma=m)| i |9 L (ma)=(mz)
(S1.103)
By induction,
sup(|A*my (t + k)|) < er*. (S1.104)
Since i ) i
1 er 2 %er
I = fim 2T = 1.1
m D Ty M T 0 (S1-105)
using Eq. (SI1.7), we can see from Egs. (S1.93]) and (SI.104) that
Jim do((mn(t)), (my)) = 0. (S1.106)

Therefore, when (my,(t)) is within a sufficiently small neighbourhood of (m.), the distance between (m,,(t))
and the equilibrium eventually goes to zero under the dynamics in Eq. ((SI.89). An equilibrium (m}) of the

form in Eq. (SI1.36)), if it exists for a given solution of Eq. (S1.87)), is linearly stable.

2.5.7 Instability of negative ageing in fecundity

Let fu € ™. If an equilibrium (m}) of the form in Eq. exists, there is negative ageing in
fecundity. Using the same approach as in Section [2.5.5] the special case fyi(m) = m? with 0 < ¢ < 1/2
leads to AV™(¢) > 0 in Eq. (SI.85). Therefore, if there were an equilibrium (m}) when fy(m) = m? with
0 < ¢ < 1/2, this would be unstable.

But negative ageing can be shown unstable in general when fy; € #™. Using Eq. and with a
first order Taylor expansion around § = 0, it is possible to get the following dynamical system

mj(t + 1) ~ mj(t) lo Lj . mj(t)fll\/l(mj(t))Z . j=a+l,a+2,... (S|.107)

ma(t+1)  ma(t)  TE)ma(t)fi(m;(t)?* Lo ma(t) fiy(ma(t))?
Using Eq. , we can study the dynamics of the sequence m 41, Mq+2, ... relative to the dynamics
of mg. Imagine an equilibrium (m) exists for the given fyr € .#. Consider the dynamics of the system in
Eq. in the subset of the space that is obtained by setting fecundity at age « equal to its equilibrium
value at all time, so that mq(t) = m}, for all ¢, i.e. no dynamics of m,. Let (my,)q+1 be the subsequence

Mat1, Ma+2, - .. Setting mq(t) = m?, into Eq. (S1.107)) and multiplying through by m},, we obtain

m;(t+1) = m;(t)+6 la mafla(ma)*ly (O fl ()2, G = atlat2, ...
mi i (mg)?T() fyy(m; (1)) la JHIMAT ’ R
=c" (1) )
(S1.108)
which gives the dynamics of (m,)a+1 when my, is held constant at equilibrium value and where ¢, (¢) > 0,
j=a+1,a+2,..., independently of £ and w;, j = a+1,a+2,..., is a positive constant. By Eq. (SI.42),

there exists a function I,,,(2) that is the inverse function of mf’(m)? and both I,,,(z) and mf’(m)? invert
order on (0,00). The quantity in brackets in Eq. (S1.108]) shows that at equilibrium,

m; = In(wj), j=a+la+2,... (S1.109)
Form the sequence (I, (wn))a+1 = Im(Wat1), Im(Wat2), - ... Suppose that (my,)q+1 is not at equilibrium
at ¢. Using Eq. (SI.7)), its distance from the equilibrium is

_on L my(t) — Tn(wy)|
dor1((mn(t))art, In(wn))at1) = 2{:12j]_+‘;%(t)__[m5wj” > 0. (S1.110)

j=at

22
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Figure SI.2: Evolution of fecundity. The evolution of fecundity under the dynamics in Eq. (SI.27) is
explored for two different functions fyr, see Section [2.3) while imposing a maximum age w.
Survival is constant with pp=0.7, p1=0.3, p2=0.4, p3=0.6, p4=0.9, p5=0.6, pe=0.7, p7=0.8
and pg=0.78 with w=9. Initial and final fecundity levels as well as selection gradients are
reported. For visualisation, selection gradients are scaled so that their maximum value coincides
with the maximum fecundity. a Ageing in fecundity evolves. Stability of ageing in fecundity is
shown for a function in .1, which implies an equilibrium life history with ageing in fecundity
(Section . Starting from far away, the life history eventually gets to the equilibrium predicted
by Eq. (SI.47)). The parameter ¢ (additive genetic variance) in Eq. is set equal to 0.1.
Initial fecundities are chosen so that, at demographic stability, the life history generates a
demographically stationary population. Equilibrium values are found via Eq. by imposing
the maximum age w = 9. b Negative ageing in fecundity is an unstable equilibrium. Instability
of negative ageing in fecundity is shown for a function in %™, which implies an equilibrium
life history with negative ageing in fecundity (Section . The initial fecundity schedule is set
at the equilibrium predicted by Eq. . If unperturbed, this equilibrium is maintained. If
perturbed, the life history goes away from it and asymptotically tends to a form of semelparity
(i.e. single reproductive event). The one-time perturbation consists in adding 0.001 and —0.001
to fecundity at odd and even ages, respectively, to equilibrium values and then scaling fecundity
to ensure demographic stationarity. The parameter ¢ (additive genetic variance) in Eq.
is set equal to 0.001. Equilibrium values are found via Eq. by imposing maximum age

w=9.
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Let K C {a+ 1,0+ 2,...} be the index set such that j € K if and only if the term with subscript j in
the series given by do+1((mn(t))a+1, (Im(wn))a+1) is positive. The set K is not empty, as (my,)q+1 is not
at equilibrium at ¢.

If m;(t) > I,(w;) for some j = K, then m;(t) f'(m;(t))? <wj, j=K. By Eq. , this in turn
implies that m;(t + 1) > m;(t) > I, (w;). Hence,

I£m(t) > I (wj), then [m;(t + 1) = Im(wj)| > |m(t) = Im(wj)|, j =K (S.111)

If m;(t) < Ln(w;) for some j = K, then m;(t) f'(m;(t))> > w;, j= K. By Eq. (S1.108), this in turn
implies that m;(t + 1) < m;(t) < I,(w;). Hence,

If m;(t) < Iy (wj), then |m;(t + 1) — In,(w;)| > |m;(t) — I;p(wj)|, j=K (S1.112)
Therefore,
If m;(t) # Im(w;), then |m;(t + 1) — I, (w;)| > |m;(t) — Ln(wj)|, j=K (S1.113)

Moreover, the dynamics in Eq. (51.108) also show that, when K C {a + l,a + 2,...} but K #
{a+1,a+2,...},

If m;(t) = In(wy), then |m;(t + 1) — Iy (wj)| = |m;(t) — I, (w;)| =0, je{fa+l,a+2,...}\ K
(S1.114)
From Eqgs. ((SI.113)-(SI.114]), for any term equal to zero in the series given by do+1((m(t))at1, (I (wn))a+1),
the corresponding term in the series given by do+1((my,(t+1))at1, (Im(wn))a+1) is still equal to zero, while
all positive terms in the series given by do+1((mn(t))a+1, (Im(wn))a+1) are smaller than the corresponding

terms in the series given by do41((mn(t +1))a+1, (Im(wn))a+1). Thus, using Eq. (S1.109),
dat1((mn(t 4+ 1))a+1, (My)at1) > dag1((mn(t))at1, (Mg )at1) > 0, (S1.115)

where (mj)a+1 = M1, M} o, ... The dynamics of (my,(t))at1 always repel equilibrium, because when
(mp)a+1 is at any positive distance from it, this distance will keep increasing with time. Any equilibrium
(m})a+1 and, consequently, any equilibrium (m}) is unstable when fy; € #™. Note that the choice of
keeping my,, fixed at its equilibrium value is arbitrary. We could have chosen any other fecundity to be
kept at equilibrium value and, with the due modifications, the same argument about the repellence of the

equilibrium with negative ageing would hold.

2.6 Numerical solutions

The dynamics of the original system in Eq. were simplified via the introduction of a maximum age
w, i.e. py, = 0. These simplified dynamics were numerically explored to support analytic results (Fig. [SI.2).
Stability of the equilibrium life history with ageing in fecundity predicted from Eg. is supported for
a choice of fy € #1". For a choice of fy € F™, the equilibrium with negative ageing derived from
Eq. is shown unstable. Slightly perturbing this equilibrium, the life history goes away from it.

3 Analysis of survival evolution

The analysis of evolutionary dynamics of fecundity has some analogies with that of fecundity. However, all
arguments are here given in full for ease of reading. As in Section [2] asterisks denote equilibrium quantities.
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3.1 Equilibria in survival evolution

Here some general properties of equilibria in survival evolution are derived. To this aim, let us linearly
approximate the quantity Ag\ in Eq. (S1.33) with the total differential d\. Define Agfp(p;) = 25 f?(g?i)
as the change after selection, but before rescaling, see Eq. (SI.30). With the assumption of demographic

stationarity, A = 1, the discussion in Section [1.4] and using Eq. (SI.25)), one has that

e O\ 5 v S H 2
dA_;é’fp(p Bafe (i) Zafp (1) (Tafp(pi)>—5;<pifé(pi)> , (S1.116)

where the series is assumed to converge because, in virtue of weak selection (0 < § < 1), the quantity
AgA =~ dA is small. Using dA instead of AgA in Eq. (S1.33)), a first-order Taylor expansion around § = 0 in

Eq. (S1.33)) yields
pj(t+1) = p;(t)

H;(t H2(t) .
1+5<p?(t) ) ZQ AT ))2>], i=0,1,..., (S1.117)

Jp(p;(t it

where the general relationship (f~1(2)) = 1/f'(f~1(2)) was used. From Eq. (SI.22)) and (SI.117)), equi-
librium survival, i.e. p;(t 4+ 1) = p;(t) for all j, implies
H? H:
J = k for j,k=0,1,..., (S1.118)
@2 fpw5)? ()2 fp(0))?
where * denotes quantities in equilibrium. For our purposes, it is more convenient to write Eq. (51.118)) as
a pairwise comparison at two successive ages,

JHE JHY
J+1 J
. . = — = 7=0,1,... (S1.119)
pj+1ff>(pj+1) pjff)(pj)
From these equilibrium equations and Eq. (SI.21)), one obtains

Constant survival at pre-reproductive ages is always an equilibrium, while a flat trajectory of survival over
reproductive ages cannot be an equilibrium, as pj+1 pj, J =a—1,a,..., implies a contradiction to

Eq. (STI20b).

3.2 Equilibrium selection gradient on survival

Multiplying Eq. ((S1.119)) by H.,, one obtains
% [rr* [ 1r* [rr* | Ir* "
* H/j+1* H Hj+1 = H H H ) .] = 0717-'~7 (SI]‘21)
pj+1fP(pj+1) P} /o (p}) pij(p]) p]fp(p])
where the inequality arises from Eq. ((SI.21)). More explicitly, we have
H H
J+1 j .
= — ) j=0,...,aa—2, (S1.122a)
Piafe@i)  pifp(p))
H H
g+l g j=a-1aq,... (S1.122b)

pj+1f (pj+1) p;fé(pﬁ’

A look at Eq. (SI.25p) reveals that Egs. ((SI.122)) describes the equilibrium selection gradient on age-specific
survival, which is flat at pre-reproductive ages, while it decreases in magnitude with increasing reproductive
age. This equilibrium result is independent of the choice of fp.
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3.3 Sets of functions for survival evolution

Aside from the restriction of having a positive first derivative, the function fp requires further specification.
Here two sets of such functions are defined. Each set contains functions that will be shown to lead to
qualitatively similar dynamical behaviour. Consider the differential equation

(f'(®) = f'(p) +pf"(p) =0, pe(0,1). (S1.123)

The general solution of this differential equation is f(p) = a1 Inp + ag, where a; and ay are constants. To
ensure that the first derivative on (0,1) is positive, we need a; > 0. The parametrization of the selection

gradient in the classic theory (i.e. fp(p;) = Inp;) [11] is a particular solution to Eq. (SI.123)).
But if fp fulfills Eq. (SI.123)), then pf{(p) takes a constant value for any p € (0,1). Therefore, solutions

of Eq. (SI.123)) lead to a contradiction with the equilibrium in Eq. (SI1.120b) for reproductive ages. This
result naturally leads to consider two disjoint sets of functions to parametrize the selection gradient on

survival. These sets are obtained by looking at the differential inequalities corresponding to the differential

equation in Eq. (51.123)).

3.3.1 Definition of F¥

The first set is

FY = {fp: (pfb(p))’ >0 for p € (0,1)}. (S1.124)
From Eq. (S1.123)), linear or convex (i.e. f{i(p) > 0) functions on (0, 1) with positive first derivative form a
subset of ﬁjﬁ. But also some concave functions belong to ﬂ_{. All power functions a1y? + a2 with a; >
and ¢ > 0 are in ﬁ’fi, although these functions are concave for 0 < ¢ < 1. Examples of other elementary
functions in .#% are exp(p), tan(p), —In(1 — p) and —In(—Inp). The fact that the last two functions are
in ﬁ’f is relevant because when p is age-specific survival, they indicate that survival evolution proceeds by
multiplicative decrements in the age-specific probability of death and in the age-specific average mortality,
respectively [13]. It is plausible that, in some cases, mutations have additive effects on this transformation
of age-specific survival [13, [I5]. By strict monotonicity

if fp € .7, then pff(p) preserves order on (0,1) (S1.125)

and functions pf}(p) are invertible on (0, 1).

3.3.2 Definition of .#?

The second set of functions is

FP = {fp: (pfb(p)) > 0 for p € (0,b) and (pfp(p))’ <0 for p € (b,1)} (S1.126)

for some 0 < b < 1, which then is the only root of f5(p) + pfp(p) on (0,1). Let fp € FP. Then, as
fp(p) > 0, fp must be somewhere concave, i.e. f{(p) < 0 in (b,1). Not all functions that are concave
somewhere on (0,1) are in #2. For example, p? with 0 < ¢ < 1 is concave on (0, 1) yet it belongs to .77
Examples of elementary functions in .Z#% are /y/(1 + p) with b ~ 0.1716, arctan%(p) with b ~ 0.5122
and sin(p) with b ~ 0.8603, where the b values are retrieved via the root finding function optimize in
R (version 3.3.3). The splitting of the (0,1) interval by b is introduced because, near zero, the sign of
fp(p) + pfE(p) is likely determined by the sign of the assumed positive fi,(p) term, as in many relevant
cases pf(p) vanishes as p tends to 0. For analytical simplicity, only the cases in which b is either close to
1 or close to 0 are considered, so that only one of the inequalities in is truly relevant. By strict
monotonicity

if fp € P, then pff(p) preserves order on (0,b) and inverts order on (b, 1) (S1.127)

and functions pf}(p) are invertible in the relevant intervals.
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3.4 Survival at equilibria

Equilibria of the form in Eq. , if any exists for the given fecundities and the chosen fp, obey a
recursion. Note that equilibrium survival must satisfy both the equilibrium equations and Euler-
Lotka equation ((SI.2)) at demographic stationarity.

Let us first focus on the equilibrium equations (S1.119)), which can be expressed as

H*
i fe(v}) = Pifp(P0)y Fj i=12,... (S1.128)
0

An alternative way of expressing the ratio H/H{ using Egs. (SI.2) and ((S1.20) and the assumption of
demographic stationarity (A =1) is

H]

*
*:
HO

00 J
Somi=1-> I'm;, j=1.2,... (S1.129)
=1

i=j+1

where ¥ = p{p}...pf_ ;. Let pj = u where w is in (0,1). Let P(z) be the inverse function of zf/(z). As
equilibrium pre-reproductive survival is constant, I}, = pip}...ph_1 = PoPs---Po = u®. Using the function
P(z), the equilibrium equations in (SI.128)) can be rewritten recursively in terms of u and the constants

mj, which we recall are m; =0 for j =1,2,..., a0 — 1,
«
paw) = P | g fb(0p) | 1= S iwmi | = P (ufp(w) VI = umg)
i=1

a+1
Praa(w) = P { 57 [ 1= S wyms | = P (ufp(w)y/T = uma — upi(mart)  (51130)
i=1

Prura(w) = P (ufp(u) /1= uome — upy(w)mass — up (w)ph (w)masa )

Let U be the set of values of u that satisfy all the equations ([SI1.130)).
Next, let us write the Euler-Lotka equation (SI.2)) at demographic stationarity (A = 1) using equilibrium
survival parametrized by u,

=1

Suppose u* € U solves this equation. Then u* determines an equilibrium, as it solves both the Euler-Lotka
equation and the equilibrium condition Eq. (SI.119).

Three things should be noted about the recursion above. First, U can be empty, e.g. some square root
has no real solution for any u € (0,1). Second, it may be that no u € U is a solution of Eq. (SI.131I).
Therefore, the existence of an equilibrium for the given fecundities and fp is not established. Third, the
recursion is infinite, numerical in essence and it contains a function, P(z), which may not have closed form.
Hence, the recursion is of limited practical use. However, it still has theoretical value, as the next section
shows.

3.4.1 Ageing in survival at equilibrium

Suppose that fp € #¥ and the system in Eq. (SI.117)) has an equilibrium. By Egs. (SI.120]) and (S1.125),

Pjy1 <p;, J=a—1la,..., with fp € ZY. (S1.132)
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Therefore, any equilibrium life history shows ageing in survival.
A necessary condition for the existence of this equilibrium and for guaranteeing that equilibrium survival
does not exceed 1 is that, if the power series

o(u) = iu’ml (S1.133)
i=1

contains (0, 1) in its radius of convergence, then it takes value 1 for some value of u in (0,1). If the
power series o(u) converges on (0, 1), then it is differentiable on (0, 1), as any power series is differentiable
within its radius of convergence. Suppose then that an equilibrium exists: there is some u* € U that solves
Eq. . Since u* equals age-specific survival at some pre-reproductive age, u* € (0,1). As at this
equilibrium there is ageing in survival, the inequality /;(v*) < (u*)?, i = 0,1,..., holds. Let then o, (u)
be the series on the left hand side of Eq. (SI.131)). Term-wise comparison shows that o (u*) > o (u*). As
o'(u) > 0 for u > 0 and o(0) = 0, if the equation o(u) = 1 has a solution for u € (0,1), then this solution
is unique on this interval. Therefore, if o,(u) = 1 has a solution in the interval (0,1), then the unique
root of o(u) = 1 is also in the interval (0,1). By contraposition, if o(u) = 1 has no root in (0,1), then
o(u) =1 also fails to have a root in (0, 1).
A sufficient condition to ensure an equilibrium with ageing in survival is given in Section [3.7]

3.4.2 Negative ageing in survival at equilibrium

Suppose that fp € .#” and the system in Eq. (SI.117)) has an equilibrium. If p; >bforj=a-1aq,...
(where b is as defined in Section [3.3.2)), then, by Egs. (]SI.120|) and QSI.127|), pig >pjforj=a—1la,....
Therefore, an equilibrium life history might show negative ageing in survival. If p; <bfor j=a—-1,a,...,
then pj., <pj for j =a—1,a,... and ageing in survival is again an equilibrium. For analytic simplicity,
the case in which some p7 are greater than b and some other p’ are smaller is not considered.

3.5 Dynamical properties of survival evolution
3.5.1 Coordinate transformation

Some key dynamical properties of survival evolution are better understood with a coordinate transformation.
The original system in Eq. has variables po,p1,..., i.e. a sequence (p,), which must satisfy the
Euler-Lotka equation (SI.2)) at all times ¢t =0, 1,... for A = 1 and the given fecundities. Consider then the
transformed system in the variables

gy =01, (S1.134)
Dj
which form another sequence (z,) = xo, 21, ... that is defined as long as p; > 0 for j = 0,1,.... In this

regard, recall that the positivity of survival is guaranteed by the dynamics in Eq. ((S1.33]) as long as survival
in the system evolution does not exceed 1, as assumed. The transformation in Eq. (S1.134)) is invertible.
Let po = u, where u is an unknown real number in (0,1). Note that

k—1
pr=u][x, k=01,... (S1.135)
i=0
Hence, each single value of w uniquely determines the sequence (py,). From Eq. (SI.1)),

i—2 k

= [[[]zs d=0.1,...

k=01i=0

(S1.136)
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One can use Eq. (SI1.136)) and the given fecundities to write the left hand side of Euler-Lotka equation
(S1.2)) with A = 1 as a function § of u given by a power series,

00 j—2 k
u) = Zuj (H Hmz) m;. (S1.137)

j=1 k=04=0

which, being the left hand side of Euler-Lotka equation, must converge to 1 for some value of w in (0,1).
Suppose B(u) converges to 1 for two distinct values @1 and g of w in (0,1). Then, the interval (a1, G2) is
both within (0, 1) and within the radius of convergence of 3(u). Any power series is differentiable within
the radius of convergence. Since 5'(u) > 0 in (41,72), we have that @y and 4o cannot both be roots of
B(u) = 1. Therefore, there is a unique value @ of u in (0,1) such that 5(u) = 1. Hence, to the sequence
Zg,x1,-... there corresponds corresponds a unique value pg = 4 for the first term of the original sequence
(pn). Via Eq. (SI.135), the whole original sequence (p,,) of survival probabilities is uniquely determined
and, therefore, the transformation is invertible. In the following analysis of the transformed system, the
quantities p;j, j = 0,1,..., should be seen as functions of the sequence (z,), as seen above.

3.5.2 Dynamics of the transformed system

Taking ratios of the equations of the system in Eq. (S1.33)) and with a first order Taylor expansion around
0 = 0, the dynamics of the transformed system are given by equations of the form

()
fp (fP(p]+1( )) +9 Ih( pj+1 ) pg]irll(t)>

I‘j(t + 1) .
(fP (pg (t)) fp(plj a (( )))
~ 1 1 [ pj(t +1(t)  pia()  H;@) (51.138)
Pa(t )? Lpjt1 Pg+1( NE o pi(t) f(p(t))?
= z(t) + 0cE(t) [%—%(t)], j=0,1...
e E(t) = 1, () >0 (S1.139)
! pi(O)pj+1(t) fp(pi+1(2))? '
and
(i1 () fp(pjra(t)) ?
0 = (o) (51:140)

Here, cf(t) always is greater than zero because it is a product of positive quantities. Supposing that
z;(t) >0,7=0,1,..., for all ¢, the system in Eq. can always be made correspond to the original
system in Eq. , as shown in the previous section. Working with Eq. seems complicated
because of the laborious evaluation of pg,pi,..., which are here each a function of the sequence ().
However, the transformed system can still help us to gain theoretical understanding of the original system
as the next sections will show.

3.5.3 Basic properties of the transformed system

Here are some basic properties connecting x; and 1;, j = 0,1,.... From Egs. (51.125)) and ([SI.127)), one
has that

xzj >1 if and only if ; > 1, fre F. or fp e FL and pj,pjr1 <b (Sl.141a)
xzj <1 ifand only if ; <1, fr e Z or fp € L and pj,pj11 <b. (S1.141b)
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From Eq. ((S1.127)), we find

z; >1 ifand only if ¥; <1, fp € Z and pj,pj11 > b (S1.142a)
zj <1 ifand only if v; > 1, fp € ZP and pj,pj11 > b. (S1.142b)
From Egs. and (SI.127)), we obtain
zj =1 if and only if ¢; =1, fr e FL or fp € FL and either pj,pj41 > b or pj,pjs1 <b.
(S1.143)

Further properties connecting x; and 1); are derived by noting that any given positive value of ; corresponds
to the slope of a line through the origin in the p;-p; 11 plane. Let 6; be the angle between the (horizonal)
pj-axis and the line from the origin that goes through the point (p;,pj+1), which lies in a circle of radius
Qj-

Let us then switch to polar coordinates, v;(p;, pj+1) = (05, 05), where o = |/p3 +p7,, and 6; =

arctan (%#) = arctanx;, such that pj;1 = o;sin(f;) and p; = p; cos(6;). Differentiating with respect

to the anglje, one has that
Ovj _ Opjr Oy Opj Oy
80j 89j 8pj+1 803 apj
_p s O
TOpjer 7T Op;

1 P 1 (S1.144)
V % I:f}/)(p]) apj—H( J+1fP( ]-‘rl)) ]+1fP( J+1)apj (ijf:(pj)
1 O(pj+1fp(pjt1)) (3(pjf1'>(pj))>}
= 2/ NSO et Ll At LU N
Vi {f{:(m) Ipjt1 VY Ip;
From Eqs. (SI.124)), (SI.126]) and (SI.144)), one then has that
g? > 0, fp € fﬁ or fp € ZFP with pj,pj+1 <b
aw{ (S1.145)
7]<0, fpegf Withpj,pj+1>b.
d0;
Differentiating 1); with respect to the radius, one gets
0%; _ Opj+1 05 , Op; v
Doj doj Opj+1  Ooj Op;
1 O; 31/};‘)
0j (pjﬂapjﬂ " 8p;
2,/ { pi+1 O(pjt1fp(pj+1)) / 0 1 ] (S1.146)
el ATy R e g o )
Py T Pjt1

2y 1 Opj+ifppit)) 1 3(pjf1'>(pj))]

- \/m [fé(pjﬂ) Ipj+1 fe(pi)  Op;

where we note that the quantity between brackets in Eq. (SI.146)) vanishes for p; 1 = p;, corresponding to
0 =1
0

do; 0;==

4

= 0. (S1.147)

The problem of establishing dynamical properties of the transformed system can now be tackled. To
this aim, the strategy followed here is to partition the system into two subsystems. The first subsystem
is composed of survival at pre-reproductive ages, while the second subsystem is composed of survival at
reproductive ages.
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3.5.4 Stability of survival to pre-reproductive ages

Let us restrict attention to the transformed subsystem xg, x1, ..., £o—2, which is finite dimensional as it only
includes survival at pre-reproductive ages. Define the vector xg = (x¢, z1,...,Za—2). From Egs. (SI.21k),
(S1.138) and ([SI.143]), this subsystem only has one equilibrium

Ty =a] = =Th_g =1, (S1.148)
which is coherent with pj = p] = -+ = po—1 as expected from Eqs. (S1.120) and (SI.134)). Moreover, by
Eq. (S1.143)), we have that

o= = =9y, =1 (S1.149)

The dynamical behaviour induced on this subsystem by the functions found in the two sets defined in Section
is analysed separately for each set. For both cases, we can use Eqgs. ) and ((S1.138)) to define the
map

Si((xn(t)) = xj(t + 1) = 2;(t) + o (1) [1 —;(1)], 7=0,1,...,a 2, (S1.150)

which takes as argument the sequence (z,,) at ¢t and returns the term x;(t + 1) with j =0,1,..., a0 — 2 of
the sequence (z,,) at time ¢ + 1. It is also useful to define

which gives the difference between z;, j = 0,1,...,a — 2, and its equilibrium value, and to let

d(Xo, szJ) =

> (Amz;)? >0, (S1.152)

be the Euclidean distance between x( and its equilibrium value.

Case 1: fp € ZY.

Suppose that, at some time ¢, the subsystem is not at equilibrium Then z;(t) # 1 for some
J=0,..,a—=2 Ifz;(t) =1, then 2;(t + 1) = x;(t) by Eqs ) and (SI.150). If x;(t

then z;(t + 1) < z;(t) by Egs. (SI.141)) and (SI.150). If z;( ) < 1 then zj(t+1) > x;(t ) agaln
by Egs. and . Therefore, the quantity x;, if it is equal to 1, it will remain equal
to 1, while if it is different from 1, it always tends to move towards the value 1, i.e. if it is above
this value it will decrease, while if it is below this value it will increase. As selection is assumed
weak (0 < § < 1), steps towards 1 will always be very small and each z;, j = 0,...,« — 2 should
eventually end up in some relatively small neighbourhood of its equilibrium z¥ =1, j =0, ...,a—2.
To check stability at this equilibrium, we can differentiate the map in Eq. as follows

S, ach oY; , :
=05 +0—(1— =0,1,...,aa—2 =0,1,... SI1.153
axi 5 5J + 58$Z ( 1/’3) 6Cp axz J 07 ) , & ’ ? Oa ) ( )

where 0; ; is Kronecker delta (i.e. §; ; = 1 when i = j and d; ; = 0 when i # j). We note that it
is sufficient that the subsystem xq is at equilibrium that the second term on the right hand side
of Eq. vanishes because of Eq. . Using polar coordinates, we then look at the
derivative in the third term on the right hand side of Eq. ,

O (0;,05)  Op; 005 O Do,

- a9 ) =0,... -2 ,=0,1,... S1.154
ox; 8«% ox; 8@]’ ag;i’ J ’ » & )y ¢ y Ly ( )

Since 0; = arctan z;,
9%; 095 _ 0% i
89]' 8.’BZ 8(93 1 + xZZ

(S1.155)
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The subsystem equilibrium in Eq. (SI.148) implies 05 = --- = 0% _, = 7. By Eq. (51.147), this in
turn implies that

<a%a@j) —0, j=0,...,a=2 i=01,... (S1.156)
aQ]’ a'rl X0=X
Therefore,
87/}]' 5%] 87/}] . .
8331' X0=Xp 1 +( )2 89] X0=X7 , g 0, o 7 ' 07 7 (S ° )
0 0=%9

Suppose there exists a (sufficiently small) Euclidean distance M from the equilibrium x, a vector
with @ — 1 components each equal to 1, see Eq. ((S1.148)), so that the following dynamics

Afaj(t+1) ~ Ataj(t) -2

. j=0,1,...,a—2 (S1.158)

for the quantity in Eq. hold. The equation in linearly approximates the dynamics
of the deviations of the subsystem from its equilibrium so long as x((¢) is within Euclidean distance
M from xj, i.e. so long as

d(xo(t),x5) < M. (S1.159)

Taking absolute values of Eq. (SI.158) and using Egs. (SI1.149)), (SI.153) and (SI.157)),

() oy
1+ (*)2 90,

In this equation, the quantity between parentheses in Eq. (SI.160]) satisfies the inequalities

|A%x;(t + 1) = |A%x;(t)] (1 ——

), j=0,1,...,a0—2,  (51.160)
X0 7XO

) oy,
( 7)? 00,

in virtue of Eq. (SI.145)) and the assumption of sufficiently weak selection (0 < § < 1). In this
quantity, c?(t) is not at equilibrium because, as Eq. (SI.139)) shows, it is a function of the whole
sequence (z;,) and not only of xg.

Hence, Eq. ((S1.160)) shows that

If |A*z;(t)| =0, then |A*z;(t+1)] =0, j=0,1,...,a—2,
If [A*z;(t)| > 0, then |[A%z;(t +1)| < |A%z;(t)], j=0,1,...,aa—2

0<1—b— <1, j=0,1,...,a—2, (S1.161)

X0=— XO

(S1.162)

As a consequence, when xq(t) is within distance M from x{, the components of x((t) that do
not deviate from their equilibrium values remain at equilibrium values in one time step, while
all nonzero deviations shrink in absolute value in one time step. Since |2|> = 22 and squaring
preserves order, we can use Egs. (S1.152)), (SI.159) and (SI.162)) to compare Euclidean distances,
if 0 < d(xo(t),x5) < M, then

a—2 _
d(xo(t+1),xp) = (Arzj(t+1))? < Z Arz;()? = d(xo(t),x3) < M. (S1.163)
=0

)

Il
=)

and if d(xo(t),x5) = 0, then d(xo(t + 1),x5) = 0. Therefore, if xq(¢) is within positive distance
M from x§j, then xo(t + 1) also is within distance M from x§ and the dynamics in Eq. (SI.158))
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Case 2:

apply again. Since d(xg,x() is bounded below by zero and d(x¢(t + 1), x{;) < d(x0(t),x{) when
d(x0(t),x3) < M, by monotone convergence we have

lim d(xo(t),x5) =0, (S1.164)

t—o0

i.e. the distance between x((t) and x{ eventually goes to zero so long as the former is found within
a sufficiently small neighbourhood of the latter that the linearized dynamics in Eq. (S1.158]) hold.

Hence, when fp € Z¥, the equilibrium in Eq. (S1.148) is stable.

For the subcase fp(p) = p? with ¢ > 0, a stronger result about the stability of the subsystem xj is
obtained by using an approach based on Lyapunov method. From Eqgs. (SI.134)) and ([S1.140)), we

can write
;=229 with fp(p) = p? with ¢ > 0, (S1.165)

which shows that 1); only depends on z; and zp;(xj) = 2qx§q_1. Define

a—2 a—2
VE=3"(1-9;)? =Y (1-23%  with fp(p) = p? with ¢ > 0. (S1.166)
j=0 j=0

where, because of Eq. (SI.21c), we have that 1 — m?q corresponds to the bracketed quantity in
Eq. (51.138) for 5 = 0,1,...,a — 2. Clearly, V? is always positive except at the subsystem
equilibrium in Eqgs. (S1.148|) and ([S1.149]), where it vanishes. Therefore, V? is a candidate Lyapunov

function.

Suppose X is not at equilibrium at ¢ so that V?(¢) > 0. Hence, (1 —x?q(t))2 > (0 for at least some
j=0,1...,a—2. Let K C {0,1..., — 2} be the non-empty index set such that j € K if and
only if (1 — x?q(t))Q > 0. Note that if (1 — a:?q’(t))2 = 0 for some j ¢ K, then, by Eq. (SI.150])
zj(t+1) = xz;(t) and a:?q(t—i—l) = x?q(t) and, therefore, (1—2%(t+1))% = 0. Thus, for any term
that is equal to zero in the sum given by V?(t), the corresponding term in the sum given by VP(t+1)
is still equal to zero. Consider then terms in the sum given by VP(¢) with index in K. Neglecting
terms of order 62 and using Eq. to approximate both x?q(t + 1) and x?q(t + 1) with a
first order Taylor expansion around 0 = 0 and to get an expression for Az;(t) := x;(t+ 1) — (1),
j=0,1...,a—2, we have that

(1—22(t+1))2 — (1 - 22(t)? & —dga’® (1) Ay (1) + 4279 (£)ga " () A (1)

J J J
= —4qdck(t)(1 — 279(1)) %23 (t) (S1.167)
<0, jeEK
Therefore,
if VP(t) > 0, then VP(t+1) — VP(t) <0, with fp(p) = p? with ¢ > 0, (S1.168)

and VP is a strict Lyapunov function for the subsystem: flat pre-reproductive survival is a globally
stable equilibrium when fp is a power function.

As only a subsystem of the transformed system is here considered, it is not possible to get back
to the original coordinates. However, it can be concluded that survival at pre-reproductive ages
is globally attracted to the same equilibrium value irrespective of age, but the analysis leaves this
value undetermined.

fp fo.

Here we consider two subcases. First, suppose that b is only slightly smaller than 1 so that pj <b,
j=0,...,a—1, if an equilibrium exists, and p;(t) < b, j =0,...,a —1 for all t. Then, the same
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arguments as before apply and flat age-specific survival at pre-reproductive ages is an attracting,
stable equilibrium.

Second, suppose instead that, if an equilibrium of survival at pre-reproductive ages exists, p;f > b,
j=0,...,aa—1, eg. because 0 < b < 1. Since p;'f >b,j=0,...,a— 1 and weak selection
(0 < 6 < 1) imposes small changes per time step, it is necessary that the dynamics of pre-
reproductive survival p;(t), j =0, ...,a — 1 eventually remain in the interval

to have a chance of getting to equilibrium. We shall then study the dynamics of pre-reproductive
survival assuming that these unfold so that p;(t) € L;, j =0,...,a—1, forall . As a consequence,
pi(t) >0, j=0,...,a—1, for all t. Suppose that, at some time ¢, pre-reproductive survival is not
at equilibrium so that p;(t) # p; for some j =0,...,a — 1. In the transformed subsystem xo(t),
this means that x;(t) # 1 for some j =0,...,a — 2. Let then

a—2

d(xo(t),x5) = | >_(z;(t) = 1)2 >0 (S1.170)

=0

be the Euclidean distance between x((¢) and the equilibrium x{, which is a vector with a — 1

components all equal to 1, see Eq. (SI1.148). If z;(t) =1, then z;(t + 1) = x;(¢) by Egs. (SI.143)
and (SI.150). If z;(t) > 1, then z;(t+1) > z;(t) > 1 by Egs. (S1.142) and (SI.150)). If z;(¢) < 1,

then z;(t + 1) < x;(t) < 1 again by Egs. (SI.142)) and (SI.150). Hence, we obtain the following
relationship about the absolute values of the deviations,

If [A*z;(t)| =0, then |A*z;(t+1)] =0, j=0,1,...,aa—2

SI.171
If [ A%z ()] > 0, then |A%z;(t+ 1) > |A%z;(1)], i—01... -2  OMM

Since |z|? = 22 and squaring preserves order, we can use Egs. (S1.152), (SI.170) and (S1.171)) to
compare Euclidean distances,

a—2 a—2
d(xo(t+1),x5) = | > (Arz(t+1))2 > | > (A%z(t))? = d(x0(t),x5) > 0.  (S1172)
1=0 i=0

Therefore, when x¢(t) is not at equilibrium, the distance from this will increase. The equilibrium
is then unstable.

As instability of the subsystem xg,x1,...,xq4—2 implies instability of the whole system, negative
ageing cannot be a stable equilibrium if p;f >bforj=0,..,a—1.

3.5.5 Set stability of survival at reproductive ages

Let us restrict attention to the subsequence (z,,)a—1 = Ta—1,Za, - - -, Which only includes survival into the
first reproductive age and subsequent survival. The aim here is to characterize regions of the state space
that attract or repel the dynamics of (z,,)q—1. Define the sets

U :={(zn)a—1:2; >0, j=a—-1l,a,...}
AL = {(z)0-1:0<2; <1, =a—1,q,...
; L) ’ ’ g (51.173)
A7 ={(zp)a-1:0<2; <1, j=a-1la,...}
AL = {(zn)a-1: 25 > 1, j=a—-1a,...}

The set U? is the entire state space where the dynamics of (z,,)qa—1 unfold. The possibility that z; = 0 for

somej=a—1,qa,...

is excluded. This is because survival is assumed initially positive and the dynamics in
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Eq. should guarantee its strict positivity throughout. In the transformed system, this should preserve
the positivity of z;, 7 =0,1,....

Any complement of a subset of UP should be meant as a complement relative to UP excluding the 0
boundary. The set A” is the set of all life histories with adult survival that either stays constant or decreases
with age. A’i is the interior of Aﬂ and, by the definitions in Section , it is the set of all life histories
with ageing in survival. A% is the set of all life histories with negative ageing in survival. The dynamical
behaviour induced by the two sets of functions is analysed separately.

Case 1: fp e 7.
As shown in Section at equilibrium, p¥,; < p}, j = a —1,a,.... Therefore, z7 < 1,

j=a—-1a,... and

Th)a—1 € AL C AL. Here three properties of A are shown under the

dynamics in Eq. m assuming suff|C|ent|y weak selection:

(i)

AL is an invariant set: if (2, (t))a—1 € AZ, then (z,,(t+1))a—1 € AL. To show this, observe
that the quantities x; change by very small amounts at each time step because of weak
selection. Hence, the passage from z;(¢t) < 1 to z;(t + 1) > 1 for some j = a — 1, ¢,

can only happen in some small neighbourhood around the boundary between A” and its

complement. In this neighbourhood, z; ~ 1. Therefore, p; ~ p;11 and 0; ~ 7. By (SI.147)),
the derivative 6% tends to vanish in this neighbourhood. Noting, as in Egs. (SI.154))-(S1.157)),

Qj
that 6; = arctan(x;) only is a function of z; we can write the total differential

81/1] 00; 8% . 1 8¢J
oz Ay = 8$] 00; 70, 2% = 1+ a;2 00;

dip; ~ (S1.174)

only in terms of the change in x; and the sensitivity of v; to it, because the x;'s with i # j
have an influence on 9 only via p;. This differential is meant to be valid when z; =~ 1. We

also note that, in this differential, the quantity ?97]7 is positive by Eq. (SI.145)).

Suppose now, towards a contradiction, that (z,,(t))a—1 € AL and (z,(t +1))a—1 ¢ AZ.
Then, by Eq. m zj(t) < 1 for all ] =a-—1,qa,..., while z;(t + 1) > 1 for at least
some j =a—1,a,.... LetKg{a 1,a,...} be the index set such that j € K if and
only of x](t+ 1) > 1. Then, zj(t41) > 1> x;(t) for j € K. This implies, by Eq. (SI.138)),
that Hirilt — () > 0 for j € K and, by Eq. (SI.141), that ¢;(t +1) > 1 for j € K.

Hj (t)
By Eq. (SI1.21d), H;Ij(l()) <1,j=a—1,a,..., independently of . Hence, using the total
differential d;(¢) in Eq. (SI.174) as a substitute for Aq;(t) = ;(t 4 1) — 1;(2),
Hina() Aay(t) 0%
(t+1 (T — (1 K. SI1.175

Subtracting 1;(t) from both sides of this inequality and then dividing by the positive quantity
Bl — () and using Eq. (S1.138),

)y,

P 2w e,

t), jeK. (S1.176)

But this contradicts the assumption of weak selection (i.e. 0 < § < 1). Therefore, it is not
the case that (2,,(t))a—1 € AL and (x,(t 4+ 1))a—1 ¢ AL. Equivalently, if (x,(t))a-1 € AL,
then (2, (t +1))a-1 € AZ.

AL pushes trajectories into its interior: if (x,,(t))a—1 € AL, then (z,(t +1))a—1 € AL. To
show this, suppose (z,,(t))a—1 € AL. If z;j(t) = 1 for some j = o — 1,q,..., then, by
Eq. (S1.143), ¢;(t) = 1. By Eq. (SI.21d), H;f(l()) <1, j=a-1,a,..., independently of
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Hi i (t

t. Hence, Izggt()) — ;(t) < 0 and, by Eq. (SI.138), ;(t + 1) < z;(t) = 1. If z;(t) < 1 for
some j =a—1,q,..., then the supposition that 9;(t + 1) = 1 along with the assumption of
weak selection leads to the same contradiction as in Eq. ((S1.176)) via an argument analogous

to that used to prove invariance of AZ. Thus, if 2;(t) <1, then z;(t +1) < 1.
Therefore, if z;(t) <1, j=a—1,a,..., thenz;(t+1) <1, j=a—1q,....

AL is a stable attracting set. Trajectories from outside of A” end up in it and stay there. To
show this, we combine Egs. ) and (| m ) with the fact that the sequence 1,1, ... is the
boundary of Ap to get the dlstance of the sequence (z;,)q—1 from the set A< as

o~ Oz, —1) |z 1
Py
da—l((xn)a—laAS) - Z 21 1+ |xz _ 1|

i=a—1

(S1.177)

where O is the unit step function, i.e. ©(z) =1 for z > 0 and ©(z) = 0 for z < 0. The unit
step function takes care of the fact that if any term of (x,,)q—1 is smaller than 1, then the
contribution of the corresponding term in the series in Eq. must be zero, because
there is some sequence in AL that has a term that has both the same index and the same
value. Suppose (2,,(t))a—1 ¢ AL so that do—1((zn(t))a-1,AL) > 0. Then, z;(t) > 1 for
some j = a—1,a,... Let K C {a— 1,0,...} be the index set such that j € K if and
only if z;(t) > 1, i.e. K exclusively contains the indexes of the positive terms in the series
given by do—1((zn(t))a—1, AL ), while all other terms are equal to zero. Let us first consider
those terms that are equal to zero in this series. By invariance of AL, if z;(t) < 1forj ¢ K,
then z;(t +1) <1 for j ¢ K. Thus, for any term that is equal to zero in the series given by
do—1((n(t))a—1, AL ), the corresponding term in the series given by do—1((n (t41))a—1, AL)
is still equal to zero. Consider then terms that are greater than zero in the series given by
do1((@n())a—1, AZ). By Eq. (S1.141), ;(t) > 1 for j € K. By Eq. (S1.21), “ <1,
j=a—1,a,..., independently of ¢. By Eq. m zj(t+1) < x;(t) for j € K. Recall
that z;(t) —1>0for j € K. If zj(t +1) —1 <0, then

O(zj(t+1)—1)|z;(t+1) -1

T4zt +1) - 1] =0
x;(t)—1
m (S1.178)
_ O(i(t) = Dlz;(#) — 1 ,
=T irmu-oy o €K

If 2;(t+ 1) —1 > 0, then, using the fact that z/(1 + z) is strictly increasing on (—1/2,00)
and, therefore, preserves order on this interval,
@($j(t+1)—1)|£ﬂj(t+1)—1| o l‘j(t—Fl)—l
1+|1‘j(t+1)—1| 1+l‘j(t+1)—1
:Uj(t) -1
1 + .lej(t) -1
O(z;(t) — Dz;(t) — 1

= , € K.
1+ [2;() — 1] /

(51.179)

Either way, all positive terms in the series given by do—1((2n(t))a—1, A% ) are larger than the
corresponding terms in the series given by do—1((zn(t + 1))a—1, A2). Hence, do—1((xn(t +
1))a-1,A%) < da-1((zn(t))a—1, AL). By monotone convergence, we then have that

Jim do (@n(t)) a1, A) = 0 (51.180)

for any (2,(t))a—1 € UP.
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Case 2:

Hence, when fp € .Z7, the set A” fulfils the properties [16] to be a globally stable attracting set of
the dynamics of (z,)a—1. In virtue of property (ii), all trajectories lead to AL so that the distance
between this set and (x,)n—1 also goes to zero. This distance is also measured via Eq.
because the distance between an open set and a point on its boundary is zero. Eventually, ageing
in survival evolves from any initial life history.

fp S 5‘?.

Two subcases are considered.

First, suppose b is only slightly smaller than 1 and the evolving sequence (p,(t)) is bounded above
by b for all ¢t. In this case, the same arguments apply as for the Case 1 (f € 9_{) and ageing in
survival is expected to evolve.

Second, let 0 < b < 1 and assume that the evolving sequence (p,(t)) is bounded below by b

for all £. As shown in Section , at equilibrium, pj., > pi, j = o —1,a,.... Therefore,
i>1,j=a-1a,... and ( T )a—1 € AL. Here, it is shown that the set A2, which contains

any equilibrium of ( a—1 when fp € ZP, is a repelling set under the dynamlcs in Eq. m
Combining Eqgs. (SI.7)) and (| , the distance between (z,)o—1 and AL

dafl((xn)aflvAz;) = Z 6(_(21 - 1)) 1 f?x_z i’1|

t=a—1

(S1.181)

where the unit step function © takes care of the fact that if any term of (z,,),—1 is greater than 1,
then the contribution of the corresponding term in the series in Eq. must be zero, because
there is some sequence in AL that has a term that has both the same index and the same value.
We also note that if y; = 1 for j = a,a + 1,..., then the distance in Eq. is zero, as it
should be, since the distance between a point on the boundary of an open set and this set is zero.
Suppose (2 (t))a—1 & AZ. Then, by Eq. (S1.173), z;(t) < 1 for some j = a —1,a,..., and

do1((2n(t))a1, AL) > 0. (S1.182)

Let K C {a—1,q,...} bethe index set such that j € K ifand only if z;(t) < 1. By Eqgs. (S1.142)-
S1.143), ¢;(t) > 1 for j € K. By Eq. (S1.21d), ”1 <1, j=a-1,a,..., independently

of t. Thus, JT —1;(t) < 0 and, by Eq. SI.138 , l’](t+ 1) < z;(t) for j € K. Therefore,
zj(t+1) <x;(t) <1forj e K. Using the fact that z/(1 + 2) is strictly increasing on (—1/2,00)
and, therefore, preserves order on this interval,

O(=(zj(t+1) =)zt +1) -1 ot +1) -1
1+‘$j(t+1)—1| 1+|l‘j(t+1)—1|
o l—ai(t+1)
14+ 1-zi(t+1)
1 —x;(t)

1+1—1'j<t)

_ O(=(z;(t) = 1))[x;(t) — 1 ,

- 1+ |z (t) — 1 o JER

(51.183)

\%

Therefore, all positive terms in the series given by do—1((z,(t + 1))a—1, AL) are larger than the
corresponding terms in the series given by do—1((zn(t))a—1,AL). As for the zero terms in the
series given by dg—1((2n(t))a—1, AL), the corresponding terms in the series given by do—1((z,(t+
1))a—1,AL) are either zero or positive. Either way, we have that

da—1((@n(t +1))a-1,A42) > da—1((zn(t))a-1, AZ) > 0. (S1.184)
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Hence, if (z,(t))a—1 ¢ AL, then (z,(t +1))a—1 ¢ AL and the distance between (z,(t))s—1 and
the set AZ, where an equilibrium (if any exists) is found, keeps increasing with time. The set of
life histories with negative ageing in survival AL is repelling. Negative ageing in survival can not
evolve from an initial life history without negative ageing.

3.6 Minimal model

In the previous section, equilibrium states of survival were not characterized in terms of their number and
stability. Here we obtain such a characterization under the simplifying assumption that there are only two
age classes, i.e. that pa(t) = 0 for all ¢, and reproduction starts from the first (v = 1), i.e. my,mg > 0.
This model is inspired by that in [17]. In this case, the Euler-Lotka equation for a demographically
stationary population (A =1) is

pom1 + pop1ma = 1. (S|185)

Since po, p1 < 1, we have that pgmy + popime < my + mo. If my +me < 1, Eq. (51.185)) cannot be
satisfied. Therefore, it is required that m; +mgy > 1. Setting p; equal to py (i.e. neither ageing nor negative

ageing) in Eq. ((S1.185)), the left hand side becomes a second degree polynomial ((po) = pomi + pams in
po- As ('(po) > 0 for pg > 0 and {(0) = 0, the equation {(pg) = 1 has a unique positive root py,

2
4 /mT 4
po= At VMt Ame (S1.186)

2mo

We want to show that this root is in the interval (0,1]. We already established that py is a positive root.
We need only to show py < 1. Suppose, towards a contradiction, that py > 1. If we set the right hand
side of Eq. greater than 1, we obtain m; + mgy < 1. But this contradicts the requirement that
mi + mg > 1. Hence, the root p of {(pg) is in the interval (0, 1] for the initial choice of mj, ma > 0 and
m1 + mg > 1. Within this simplified model, we can assume that ageing is present when py > p1, while
there is negative ageing when py < p1. The just obtained root allows to readily detect ageing or its absence
in this model: there is ageing in survival whenever py < pg < 1, while there is negative ageing in survival
whenever 0 < py < Do.

To understand the dynamics in this model, we let the summation in Eq. only go to 2 instead of
infinity. Then, we take logs of both sides of the resulting equation and a first-order Taylor expansion around
6 = 0 to get two dynamical equations,

1

H;(t) H2(t) ,

Inpij(t+1)~Inp;t)+6| 5ty — - |, j=0,1 (S1.187)
J ” PO Tm; ) 2 20 Fulpi(0)?

Using Eq. (S1.185)), we can write p; = 1%”731’;“. From this and setting @ = 1 while imposing a maximum

age w = 2 in Egs. (S1.4) and (SI.20), we get T'(t) = 2 — po(t)m1, Ho(t) = ﬁ and H;(t) = %.

Using the expressions we just derived, we reduce Eq. (S1.187)) to a single dynamical equation

) . H()  HA)  HA)
polt+1) ~ Inpolt) +6 [pﬁ(t)fé(po(t))Q RIOTATIO)E p?(t)fé(pl(t))Q]
() + 0 | T® 1 _U—m@mf}
7200 B0 R @7 BORWO?  RORmOE]  (s.18)
(5 1-— Po (t)m1 p% (t)m%
=Inpo(t) + ; —
T2(t) _pﬁ(t)fp (po(t))? 1 (1;5&()%1>2

Recall that po fi(po) > 0 and ff(po) > 0 for 0 < py < 1 by assumption. Therefore, Eq. is well
defined provided fﬁ,(%) # 0. Requiring 0 < p; < 1 leads to restrict the feasible values of Inpg to the
interval

X = [~ In(my + ma), min(0, — In my )] (S1.189)
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where the lower bound is obtained by rearranging Eq. (S1.185)) to p1 = (pa1 —myq)/me, setting p; < 1 and,
then, solving for In pg, while the upper bound is similarly obtained by setting p; > 0 and, then, solving for

In pg while keeping in mind that it must also be that py < 1. The dynamics in Eq. (SI.188]) are then only
meaningful under the restriction that Inpg is in D, possibly excluding either end point when Eq. (S1.188))
is undefined at those points for the given fp.

3.6.1 Equilibria and stability in the minimal model

Let -
1 — pomy Pyms
Q(po) = v premcn (S1.190)
p3fp(po)?  fi(F5Ram)2

be a measure for the change in In pg. This function corresponds to the quantity in brackets in the last line
of Eq. . As ¢ and T are always positive, any equilibrium Inpj € X of Eq. is a solution
of the equation Q(pg) = 0. As the quantity Alnpy(t) := Inpo(t + 1) — Inpg(t) is directly proportional to
Q(po(t)) and selection is weak (0 < 6 < 1), equilibria of Eq. and their stability can be visualized
by plotting Q(po) against pg as in Fig. w This shows that some functions fp(p) in Z. have a single
stable equilibrium, e.g. the identity function, exp(p), sin(p) or —In(1 — p). Yet other functions in .#¥ can
lead to bistability of equilibria with ageing in survival, e.g. fp(p) = p%, which reveals that, although all
equilibria imply ageing in survival, some may be unstable. As for functions in .#”, they can imply both an

unstable equilibrium with negative ageing and a stable equilibrium with ageing, e.g. fp(p) is arctan%(p)
or \/p/(1+p).

Some analytic results are here derived assuming that fp is either linear or convex, i.e. fi(p) > 0 for
0 < p < 1 (possibly including either end point when possible), which implies that fp € .Z1. Let T be the

map Y(Inpo(¢)) =Inpo(t+ 1) in Eq . (SI.188). Differentiating this map, one gets

onr _, <3p3m% — 6poma + 4) s <(2p%m% — 6pomy + 4) é’(m))

dlnpy T3 f1(po)? poT fh(po)?
=a =b
_ _ S1.191
2poma [Tf{;’(ilpg’ﬁgl) + 2pom2f1/>(71p:2$1 )] ( )
T (L

=C

Weak selection (i.e. 0 < 6 < 1) guarantees that the derivative in Eq. (SI.191)), where defined, always takes
values around 1. In particular, when a, b and ¢ are nonnegative with at least one being positive, one has

(S1.192)

oY
0lnpg

To identify cases in which this inequality holds, let z := pgmi. The quantity a in Eq. is always
positive, as it is directly proportional to the second degree polynomial 322 — 6z + 4. This polynomial has
positive coefficient of the squared term and discriminant of —12 and, therefore, it is positive for all z and,
consequently, for all Inpg € X. The quantity b in Eq. is always nonnegative, as it is 0 for linear
fp and directly proportional to the second degree polynomial 222 — 6z + 4 for convex fp. This polynomial
has positive coefficient of the squared term and two roots, 1 and 2, which ensure that the polynomial is
nonnegative for 0 < z < 1 and, consequently, for Inpy € X. The quantity ¢ in Eq. (SI.191), if well defined,
is always positive because of assumptions about the first and second derivatives of fp. Therefore, any
equilibrium in the interior of X is linearly stable when fp is either linear or convex. When fp is defined also
in the end points of X and so is the quantity ¢, e.g. when fp is the identity function, exp(p) or tan(p),
then Y is a contraction on X and it admits a unique globally stable equilibrium.
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Figure S1.3: Equilibria and stability in a minimal model of evolution of ageing. Qualitative evolutionary
dynamics are explored in a model with two age classes (w=2) and reproduction starting from
the first (a=1). For different choices of fp in Egs. and ((S1.190), the quantity Q (see
main text), which is proportional to the change in In py over time, is plotted against py. The set
of values of pg so that A=1 and 0<p;<1 is within the gray area. Fecundities are m;=1.3 and
mo=4.2. At the right of the vertical dashed line at pg=py, equilibria show ageing in survival,
while at the left of this line there are equilibria with negative ageing.
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Evolution of survival: numerical solutions. The results of survival evolution after 10° time
steps of the dynamics in Eq. ((S1.33]) imposing a maximum age w are reported for four different
functions fpeﬁ_f, see Section . Functions in this set lead to equilibrium life histories
that show ageing in survival, see Section The parameter § (additive genetic variance) in
Eq. was set equal to 0.001. Initial survival and fecundities were those in Fig. 1 in the
main text. The vertical dashed line indicates the beginning of reproduction. For visualisation,
reported selection gradients are scaled by the maximum value they take. The vertical dashed
line marks the age of first reproduction. To understand how far away the life history is from

a possible equilibrium,

must be zero at equilibrium, see main text and Eq. (51.138)). In these numerical solutions, life
histories eventually approach an equilibrium in which ageing in survival is observed for all four

choices of fp.
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Figure SI.5: Possible global stability of ageing in survival. Equilibrium survival levels are estimated under
the hypothesis of uniqueness for each of the four functions fpeﬂﬁ in Fig. by numerically
iterating for 10° time steps the dynamics in Eq. imposing a maximum age w. a Survival
for eight different life histories encoded in different color shades. All life histories share the same
fecundity as in Fig. 1 of the main text. b These eight life histories are used as initial values of
the evolutionary dynamics in Eq. under four transformations fpe.Z% of survival. These
transformations lead to any equilibrium life history to show ageing in survival, see Section [3.4]
The parameter ¢ (additive genetic variance) in Eq. is set equal to 0.001. Iterations were
stopped after 10° time steps. At this point, all evolutionary trajectories have approached the
same state. ¢ The Euclidean distance of survival from equilibrium, as estimated from numerical
solutions in Fig.[SI.4] is reported as a function of time, vanishes in all cases regardless of initial

conditions suggesting a possible global stability of the estimated equilibria.
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Figure SI.6: From stability to instability. For the function fp(p)=narctan=(p) € #”, the dynamics in

Eq. imposing a maximum age w are numerically iterated either up to 10° time steps or
up to just before survival at some age exceeds unity. Depending on the parameter value n, the
quantity b (see Section takes different values in the interval between 0 and 1. Functions
in Z? lead to different equilibrium life histories, which may show ageing in survival (a stable
equilibrium) or not (an unstable equilibrium), see Section [3.4] Here, the cases n=1,1.5,2, 10
are considered. The parameter § (additive genetic variance) in Eq. is set equal to 0.001.
Initial survival, equal in all four panels, shows a pattern of negative ageing. Fecundities in all
four panels are m1=0, mo=0, m3=0, m4=0, m5=0.8, mg=5, m7=20, mg=50, mg=100,
m10=500. For visualisation, reported selection gradients are scaled by the maximum value they
take. The vertical dashed line marks the age of first reproduction, while the horizontal dotted
line indicates the value of the b parameter for the given transformation of survival fpe.Z?,
see Section. . When survival takes values greater than b, which is more likely as b gets
closer to 0, eventually the dynamics lead survival to values greater than 1.
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Figure SI.7: Instability of negative ageing in survival. A specific function fpc.Z” is chosen so that
the parameter b is much smaller than 1, see Section [3:3] For this choice of fp, the dynamics
in Eq. are numerically iterated imposing a maximum age w up to either closely ap-
proaching an equilibrium or just before survival at some age exceeds unity. The parameter §
(additive genetic variance) in Eq. is set equal to 0.001. Initial survival has a pattern of

negative ageing and survival at all ages is greater in value than b. As the quantity H;'Ifl —1;,
j=0,...,w—2 shows, initial survival is not far from a possible equilibrium. Fecundities Jare the
same as in Fig. For visualisation, reported selection gradients are scaled by the maximum
value they take. The vertical dashed line marks the age of first reproduction, while the horizon-
tal dotted line indicates the value of the b parameter for the given transformation fp€.#? of
survival, see Section [3.3.2] Life history in the population eventually loses the initial pattern of
negative ageing and tends to ageing in survival before reaching a point (t=2797) after which
survival at age 5 exceeds 1. This event shows that for some choice of fp the dynamics of
survival may not be well defined for all times ¢.
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3.7 Boundedness

Here, the problem of dynamics that lead to survival greater than 1 is discussed. Suppose fp € ﬂ_{. Then
p;erl = p;, j=0,..,aa—2, and p;H < p;f, j=a—1,a,.... Setting the constant m,, > 1 suffice to
ensure that, at any such equilibrium, survival is bounded between 0 and 1, as the following consideration
shows. Since equilibrium pre-reproductive survival is constant, let p; =u,j=0,..,a—1, for some positive
unknown u. Then, I} = pipt...p5_; = u®. By Eq. and X\ = 1, at equilibrium one has that

L =u"(ma+pimat1i+ ...+ Dplir1 - Dp_1Mn+...). (S1.193)

=y

If a partial sum of the series 7 is at least 1, then v > 1 and 0 < u < 1 and, consequently, 0 < p; < 1,
j=0,1,.... This condition ensures that if an equilibrium exists, it is bounded so that survival is between 0
and 1 at all ages. The condition is trivially satisfied when m, > 1. Although no formal argument is offered,
it is likely that when equilibrium survival exists and is between 0 and 1 at all ages, so should be transient
survival because equilibria are found inside attracting sets (see Section [3.5.5).

Suppose fp € .Z". Itis unclear whether some simple condition can guarantee that equilibria with negative
ageing are well bounded. Yet instability of pre-reproductive survival for such equilibria and the repelling
nature of their containing set lead to conjecture that survival dynamics may exceed unity for 0 < b < 1. If
b is only slightly smaller than 1, however, the system may find an equilibrium in which there is ageing and
survival is between 0 and 1.

3.8 Numerical solutions

All our results also apply to the dynamics of the finite dimensional system in which we set a maximum age
w instead of working with infinite ages. We explored numerically this simplified system. For fp € %7,
Fig. [SI.4] supports stability of flat pre-reproductive survival and show that the set of life histories with ageing
in survival is attracting. Fig. is suggestive of the existence of a unique, globally stable equilibrium
with ageing in survival for some fp € ﬁ‘“ﬁ in a model with several age classes. Numerical solutions in
Figs. are consistent with survival evolving within the (0,1) interval for all ages. End points of
evolutionary dynamics are explored in Fig.[SI.6] under different partitions of the state space into stable vs.
unstable regions induced by different fp € .Z#” functions so that the b parameter, see Section goes
from being equal to 1 to close to 0. For fp € Z#?, Fig. shows that even starting within the set of life
histories with negative ageing in survival and not far from an equilibrium, this equilibrium is not approached
and dynamics eventually lead survival to exceed 1. We recall that, while numerical iterations are stopped
when survival exceeds 1, no mechanism is included in the model to prevent this from happening.
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