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1 Model, basic notation and definitions

1.1 Demography

Basic demographic quantities that are used throughout are reviewed here. Notation largely follows [1].

1.1.1 Euler-Lotka equation

Let mj and pj be average fecundity and average survival, respectively, at individual age j in the population.
The fraction of newborns surviving at least up to age class j is

lj = p0p1p2...pj−1, j = 0, 1, . . . (SI.1)

with l0 = 1. Reproduction begins at age α, i.e. mj = 0, j = 1, . . . , α− 1, and is uninterrupted throughout,
i.e. mj > 0, j = α, α + 1, . . . . To exclude the impossibility of death, survival is assumed throughout to
be never “perfect” so that pj < 1, j = 0, 1, . . . . Holding reproduction and survival fixed, the population
eventually attains a stable demographic equilibrium where the fraction in each age class is constant [1]. At
this demographic equilibrium, the Euler-Lotka equation

∞∑
j=1

ljmjλ
−j = 1 (SI.2)

determines the constant growth rate of the population, λ per time step . Of our interest are demographically
stable populations that are also demographically stationary, i.e. size stays constant and λ = 1.

1.1.2 Net reproduction rate, generation time and reproductive value

The net reproduction rate

R =
∞∑
j=1

ljmj (SI.3)

gives the expected lifetime offspring production. In a demographically stationary population, one has R = 1
as reproduction is exactly at replacement level. The generation time (i.e. average age of parents) at
demographic stability in the population is [1]

T =
∞∑
j=1

jljmjλ
−j . (SI.4)

The reproductive value vj at age j is

vj =
λj

lj

∞∑
i=j

limiλ
−i, (SI.5)

which gives the residual expected number of offspring to an individual aged j where future offspring are
discounted by population growth [1, 2]. The reproductive value at birth (yet before the individual is censused
for the first time at its first birthday) is

v0 =

∞∑
i=1

limiλ
−i (SI.6)

as defined in [1]. By Eq. (SI.2), in a demographically stable, selectively neutral population v0 = 1.
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1.2 Ageing

Here, the operational definitions of ageing and negative ageing that are adopted in the present work are given.
These definitions are meant to apply to life histories with multiple reproductive events, i.e. iteroparity [3]. A
unique reproductive event followed by death, i.e. semelparity, can be thought of as the most extreme form
of ageing both in fecundity and in survival. Semelparity is not analyzed here. We focus on iteroparity. We
follow the convention of regarding ageing as pertinent to adult life and we adopt the following conventions:

Ageing in fecundity: mj > mj+1, j = α, α+ 1, . . .

Negative ageing in fecundity: mj < mj+1, j = α, α+ 1, . . .

Ageing in survival: pj > pj+1, j = α− 1, α, . . .

Negative ageing in survival: pj < pj+1, j = α− 1, α, . . .

1.3 Metric

As we consider infinite ages, we will mostly deal with the space of sequences (an) = a1, a2, . . . of real
numbers. These sequences will represent fecundity, survival or some transformation thereof at each age.
Sometimes, it will be useful to retrieve the supremum, e.g. sup(an), or the infimum, e.g. inf(an), of such
sequences. The space of sequences can be equipped with a metric d((an), (bn)), which is a function that
measures the distance between any two members (an) and (bn) of this space, to obtain a metric space. For
this purpose, we will use the metric:

di((an), (bn)) =
∞∑
j=i

1

2j
|aj − bj |

1 + |aj − bj |
. (SI.7)

The reason for letting open the choice for the starting index in the series above is that we will generally
need to retrieve the distance between specific tails of sequences, as it will be clear during our exposition.

To show that di is a metric, we note that the series it gives rise to is convergent because the series

∞∑
j=0

1

2j
= 2 (SI.8)

is convergent and is either equal to or larger than di((an), (bn)). Clearly, the series in Eq. (SI.7) only
contains non-negative terms and, therefore, it converges to a non-negative number. It converges to 0 if
and only if ai = bi for all terms in the series. We also have symmetry, i.e. di((an), (bn)) = di((bn), (an)),
because |aj − bj | = |bj − aj |. Finally, di obeys the triangle inequality, i.e. di((an), (bn)) ≤ di((an), (cn)) +
di((cn), (bn)) for any sequence (cn). This can be shown term-wise by noting that the function z/(1 + z)
has first derivative 1/(1 + z)2, which exists and is positive for z > −1/2. Therefore, this function is strictly
increasing on (−1/2,∞) and preserves order on this interval. Using the triangle inequality for absolute
value and order preservation, we have for the j-th term of di that

|aj − bj | ≤ |aj − cj |+ |cj − bj | ⇒
|aj − bj |

1 + |aj − bj |
≤ |aj − cj |+ |cj − bj |

1 + |aj − cj |+ |cj − bj |

⇒ |aj − bj |
1 + |aj − bj |

≤ |aj − cj |
1 + |aj − cj |

+
|cj − bj |

1 + |cj − bj |
.

(SI.9)

As it is customary for metric spaces, the distance d(z,A) between a member z and a non-empty subset
A of the metric space is

d(z,A) = inf
a∈A

d(z, a), (SI.10)

where the infimum is taken over all members a of A.
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1.4 Fitness

Here, the fitness function to be used in the breeder’s equation, Eq. (5) in the main text (Methods Section),
is discussed. Two main approximations have been proposed in the literature:

(i) One is w̄ ≈ lnλ, which leads to
∂w̄

∂z̄j
≈ ∂ lnλ

∂z̄j
, (SI.11)

which holds for age-structured populations assuming frequency and density independent selection and
either permanent demographic equilibrium and multivariate normal joint distribution of traits [4],
or small genetic covariances without the requirement of permanent demographic stability [5]. To
keep the population of constant size (i.e. demographically stationary with λ = 1) while preserving
the approximation in Eq. (SI.11), some form of density dependence is required. To study survival
evolution, we will implement density dependence by scaling all survival probabilities with a constant
factor, as suggested by [6] (more on this in Section 1.6).

(ii) The other approximation is obtained by equating fitness in the breeder’s equation with the net repro-
ductive rate R in Eq. (SI.3) so that we have

∂w̄

∂z̄j
≈ 1

T

∂R

∂z̄j
, (SI.12)

where T is obtained by setting λ = 1 in Eq. (SI.4), see [7]. As R measures population change
per generation and not per time unit [8], an additional scaling by generation time is required. This
approximation will be used to study fecundity evolution. In this case, to implement density dependence
we scale all fecundities by a factor such that R = 1, as suggested by [6] (more on this in Section 1.6).

Next, we show that these two approaches lead to the same more general assumption. As only the first
partial derivatives of fitness matter for present purposes, let ϕ be some parameter on which fecundity and
survival depend. From implicit differentiation of Eq. (SI.2), we obtain

∂ lnλ

∂ϕ
=

1

T

∂

∂ϕ

( ∞∑
i=1

li(ϕ)mi(ϕ)λ−i

)
(SI.13)

and from direct differentiation of Eq. (SI.3) and division by the generation time, we find

1

T

∂R

∂ϕ
=

1

T

∂

∂ϕ

( ∞∑
i=1

li(ϕ)mi(ϕ)

)
. (SI.14)

By differentiating the reproductive value at birth v0 in Eq. (SI.6) in a stationary population with respect
to the same parameter and dividing by the generation time while treating λ as a constant, we obtain

1

T

∂v0
∂ϕ

=
1

T

∂

∂ϕ

( ∞∑
i=1

li(ϕ)mi(ϕ)λ−i

)
. (SI.15)

As only demographically stationary populations are considered, by setting λ = 1 the right hand sides of
Eqs. (SI.13), (SI.14) and (SI.15) are identical. Thus, instead of using two different versions of Eq. (1) in the
main text, a convenient and unified way of expressing the breeder’s equation for demographically-stationary
age-structured populations is

z̄j(t+ 1) = z̄j(t) + gj
1

T (t)

∂v0
∂z̄j

(t)

∣∣∣∣
λ=1

+
∑
i 6=j

gji
1

T (t)

∂v0
∂z̄i

(t)

∣∣∣∣
λ=1

. (SI.16)
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The use of reproductive value at birth as a measure of fitness is not new and is consistent with suggestions in
[2, 4, 9, 1, 10]. This also explains our definition of fitness in Eq. (1) of the main text (Methods Section). In
what follows, the gradient of reproductive value at birth is assumed to be taken in a stationary population.
As stated in the main text, all trade-offs are removed by setting gji = 0 for i 6= j and gj = δ, where
0 < δ � 1 so that the additive genetic variance is set equal for each trait at all time so that all traits are
permanently subject to weak selection at the same intensity and they do not covary. Traits then evolve
according to the breeder’s equation in the form

z̄j(t+ 1) = z̄j(t) + δ
1

T (t)

∂v0
∂z̄j

(t)

∣∣∣∣
λ=1

. (SI.17)

In what follows, the assumption of weak selection is used repeatedly to take linear approximations so that,
in general, equations are valid to the first order in δ. Three things should be noted. First, the mechanisms
of ecologically-induced density dependence discussed above (more on this in Section 1.6) have the effect
of limiting fecundity and survival values. In what follows, the traits under study are fecundity and survival.
As selection for fecundity and survival is always positive and trade-offs are assumed absent, fecundity and
survival (and, therefore, population growth) would increase without bound in the absence of ecological
pressure. Density dependence is then needed and it is assumed in parts of the classic theory as well [11,
p. 36], which is also concerned with unconstrained selection of fecundity and survival. That the density
dependent case is the most relevant and realistic was later recognized by Hamilton [12, p. 89] himself.
Second, by assuming stationary populations, the model sets a condition to the evolution of ageing that
is less favourable than that of an increasing population. One offspring produced later in life is a smaller
contribution to an increasing population than one offspring produced earlier because the former offspring
finds itself in a bigger population. Therefore, the slower the growth, the less this discounts future offspring
value. Third, although the breeder’s equation typically presupposes a finite number of traits, in what follows
we will not generally make such restriction. We will consider age-specific fecundity and survival assuming
potentially infinite ages and use Eq. (SI.17) with index j indicating age and running to infinity. In a few
cases, however, it will be clearly stated that some results and, mainly, numerical simulations are obtained
by placing a maximum age ω beyond which survival is not possible, i.e. pω(t) = 0 for all time points t.

1.5 Selection gradients

Here, expressions for the gradient of v0 on fecundity and survival are given. These expressions are general
enough to accommodate any form of age-specific genetic variation. To facilitate comparison with previous
work, these selection gradients are derived from the gradients found in the classic theory [11].

1.5.1 Selection gradients in the classic theory

Classic theory studies fecundity evolution by considering the slope of lnλ with respect to mj [11]. Here,
however, given the assumption of a stationary population, we look at the (proportionally equivalent) gradient
of the net reproduction rate,

∂R

∂mj
= lj > 0, j = α, α+ 1, . . . (SI.18)

which, by Eq. (SI.1), has the property that

∂R

∂mj+1

/
∂R

∂mj
=
lj+1

lj
= pj < 1, j = α, α+ 1, . . . (SI.19)

i.e. positive selection on fecundity decreases with age. This property also pertains to the original gradient
of the classic theory under the sufficient condition that λ ≥ 1, i.e. the population is not going extinct.
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In the classic life history theory of the evolution of ageing [11], survival evolution is studied by considering
the gradient

Hj :=
∂ lnλ

∂ ln pj
=

1

T

∞∑
i=j+1

limiλ
−i > 0, j = 0, 1, . . . (SI.20)

which is obtained by implicit differentiation of Eq. (SI.2). Convergence of the series in Eq. (SI.20) is implied
by convergence of the Euler-Lotka equation. This gradient has the properties

0 < Hj ≤ 1, j = 0, 1, . . . , α− 1 (SI.21a)

0 < Hj < 1, j = α, α+ 1, . . . (SI.21b)

Hj+1

Hj
= 1, j = 0, 1, . . . , α− 2 (SI.21c)

0 <
Hj+1

Hj
< 1, j = α− 1, α, . . . , (SI.21d)

i.e. constant positive selection at pre-reproductive ages and decreasing selection with reproductive age.
These properties are independent of the actual values of pj and mj and, therefore, of λ. By Eq. SI.21,
the sequence (Hn) = H0, H1, . . . has terms that get progressively smaller for j = α, α + 1, . . . and are
bounded below by 0. Therefore, by monotone convergence, lim(Hn) = 0. Moreover, using Eq. (SI.4), it
can be shown that the series

∑∞
j=0Hj converges,

∞∑
j=0

Hj =
1

T

∞∑
j=0

∞∑
i=j+1

limiλ
−i =

1

T

∞∑
j=1

jljmjλ
−j =

T

T
= 1, (SI.22)

where the double series was reduced to one using

Age 1 Age 2 Age 3 Age 4 . . . Age n . . .

l1m1λ
−1 l2m2λ

−2 l3m3λ
−3 l4m4λ

−4 . . . lnmnλ
−n . . .

l2m2λ
−2 l3m3λ

−3 l4m4λ
−4 . . . lnmnλ

−n . . .

l3m3λ
−3 l4m4λ

−4 . . . lnmnλ
−n . . .

l4m4λ
−4 . . . lnmnλ

−n . . .
. . .

... . . .

lnmnλ
−n . . .

by taking column sums instead of row sums.

1.5.2 Generalized selection gradients

Life history evolution may not only proceed by small additive changes in fecundity mj and small multiplicative
changes in survival pj [13, 14], as assumed in the classic theory [11]. To capture this situation in a general
way, let fM and fP be functions for which both the first derivative and the second derivative exist and are
continuous. Furthermore, it is assumed throughout that

0 < f ′M(m) <∞, m > 0 (SI.23a)

0 < f ′P(p) <∞, p ∈ (0, 1) (SI.23b)

i.e. both fM and fP preserve order and have inverses f−1M and f−1P , respectively, in the relevant intervals.
Suppose genetic variation is additive on fM(mj) for age-specific fecundity and on fP(pj) for age-specific
survival. Using the chain rule, one gets

∂R

∂fM(mj)
=

∂mj

∂fM(mj)

∂R

∂mj
=

lj
f ′M(mj)

> 0, j = α, α+ 1, . . . (SI.24a)

∂ lnλ

∂fP(pj)
=

∂pj
∂fP(pj)

∂ ln pj
∂pj

∂ lnλ

∂ ln pj
=

1

f ′P(pj)

Hj

pj
> 0, j = 0, 1, . . . (SI.24b)
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As stationary populations are considered and Eq. (SI.17) is used, one can write

1

T

∂v0
∂fM(mj)

∣∣∣∣
λ=1

=
1

T

lj
f ′M(mj)

∣∣∣∣
λ=1

, j = α, α+ 1, . . . , (SI.25a)

1

T

∂v0
∂fP(pj)

∣∣∣∣
λ=1

=
1

f ′P(pj)

Hj

pj

∣∣∣∣
λ=1

, j = 0, 1, . . . (SI.25b)

which are generalized selection gradients. These expressions, which are derived from Eqs. (SI.13-SI.15) and
Eq. (SI.24), give the components of the gradient of v0 (divided by the generation time) that appear in
our general form of the breeder’s equation Eq. (SI.17) and are necessary to study fecundity evolution and
survival evolution. To reduce clumsiness, the sign of evaluation at λ = 1 is dropped from now on.

The assumptions in Eq. (SI.23) ensure that selection favours fecundity and survival, because to an
increase in fM(mj) there corresponds an increase in mj and vice versa. The same holds for survival.
Selection gradients point to increased fitness, considering selection against reduced fecundity or mortality
would merely add the complication of a sign change.

1.6 Dynamics

The breeder’s equation in Eq. (SI.17) updates the vector z̄ of mean traits in the population in discrete time
steps. Here this equation is combined with the expressions in Eq. (SI.25) and with some form of density
dependence as anticipated in Section 1.4. The resulting equations describe the evolution of a population of
very large, constant size that is subject to selection acting on age-specific traits. The dynamics of fecundity
evolution and the dynamics of survival evolution are considered separately.

1.6.1 Dynamics of fecundity

Here, the equations governing the evolution of fecundity mj , j = α, α+1, . . . , are given. In Eq. (SI.17), we
set z̄j(t) = fM(mj(t)) with j = α, α+ 1, . . . . Survival values are assumed to form a sequence p0, p1, . . . of
arbitrary, fixed constants each independently chosen from the interval (0, 1). Let mj(0), j = α, α + 1, . . .
be the initial fecundities, which are all positive and such that R(0) = 1. Fecundities at pre-reproductive
ages are set constant at zero throughout, i.e. mj(t) = z̄j(t) = 0, j = 1, . . . , α− 1. Let

m̂j := f−1M

(
fM(mj) + δ

1

T

lj
f ′M(mj)

)
, j = α, α+ 1, . . . , (SI.26)

be fecundity just after one iteration of the breeder’s equation, yet before the next time step. Let ∆sR > 0
be the corresponding increase in the net reproduction rate so that 1 + ∆sR is the net reproduction rate in
a population where fecundity at age j = α, α+ 1, . . . is fixed at m̂j . Dynamics for fecundity evolution are
given by the equations,

mj(t+ 1) =
f−1M

(
f(mj(t)) + δ 1

T (t)
lj

f ′M(mj(t))

)
1 + ∆sR(t)

, j = α, α+ 1, . . . , (SI.27)

where the denominator is

1 + ∆sR(t) =

∞∑
i=1

lim̂i(t), (SI.28)

where, because of weak selection (0 < δ � 1), the quantity ∆sR(t) is assumed small and the series on the
right hand side convergent. The quantity in Eq. (SI.28) imposes ecological equilibrium by scaling fecundity
at all ages by the same factor, see Section 1.4. As a result, R(t) = 1 for all t. Note that the dynamics
in Eq. (SI.27) ensure that fecundity is always positive. Since fM is strictly increasing in its argument and
the selection gradient on fecundity is always positive, the numerator in Eq. (SI.27) at t is always greater
than mj(t). The denominator is always positive. Hence, at each time step, age-specific fecundity is first
increased and, then, scaled by a positive quantity thereby keeping fecundity positive independently of t.
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1.6.2 Dynamics of survival

Here the equations governing the evolution of survival pj , j = 0, 1, . . . , are given. In Eq. (SI.17), we set
z̄j(t) = fP(pj(t)). Fecundities mj are assumed to form a sequence 0, 0, . . . , 0,mα,mα+1, . . . of arbitrary
finite constants independent of t that are zero at pre-reproductive ages and positive at reproductive ages.
Let pj(0), j = 0, 1, . . . be the initial survival values. These are chosen in the (0, 1) interval independently
of one another. The corresponding survivorship, see Eq. (SI.1), is lj(0), j = 0, 1, . . . . Initial survival values
are such that λ = 1 solves the Euler-Lotka equation for the given fecundities so that

∞∑
j=1

lj(0)mj = 1. (SI.29)

Let then

p̂j := f−1P

(
fP(pj) + δ

1

T

∂v0
∂fP(pj)

)
, j = 0, 1 . . . , (SI.30)

be survival just after selection (i.e. one iteration of the breeder’s equation) yet before the next time step.
Define l̂j = p̂0p̂1...p̂j−1, j = 0, 1, . . . with l̂0 = 1. Let ∆sλ(t) > 0 be the increase in growth rate λ with
respect to the stationary regime (λ = 1) that is required so that the Euler-Lotka equation

∞∑
j=1

l̂j(t)mj(1 + ∆sλ(t))−j = 1 (SI.31)

holds, i.e. 1+∆sλ(t) is the asymptotic geometric growth of a population where survival at age j = 0, 1, . . .
is fixed at p̂j(t). To ensure that the population is again stationary at t+ 1, so that

∞∑
j=1

lj(t+ 1)mj = 1, (SI.32)

we have to set pj(t+ 1) = p̂j(t)/(1 + ∆sλ(t)). Survival evolution is then given by the equations

pj(t+ 1) =
f−1P

(
fP(pj(t)) + δ 1

f ′P(pj(t))
Hj(t)
pj(t)

)
1 + ∆sλ(t)

, j = 0, 1, . . . (SI.33)

No mechanism is enforced to ensure that survival cannot exceed 1 during the time evolution of the system.
This is deliberately done with the aim of finding out whether sensible choices of fP naturally respect this
bound. The problem of whether the dynamics in Eq. (SI.33) are bounded is discussed in Sections 3.1 and
3.7. In what follows, it will be assumed that the bound is respected.

In the numerator of Eq. (SI.33), survival evolves according to Eq. (SI.17) by small increments at the level
at which the genetic variance is additive. The denominator imposes ecological equilibrium by scaling survival
at all ages by the same factor, see Section 1.4. Permanent demographic stationarity is then obtained, and
Eq. (SI.17) can be iterated. Providing survival stays bounded, the dynamics in Eq. (SI.33) ensure its
positivity throughout. Since fP is strictly increasing in its argument and the selection gradient on survival
is always positive, the numerator in Eq. (SI.33) at t is always greater than pj(t). The denominator is always
positive. Hence, at each time step, pj is first increased and, then, scaled by a positive quantity thereby
keeping pj positive independently of t.

2 Analysis of fecundity evolution

2.1 Equilibria in fecundity evolution

Here some general properties of equilibria in fecundity evolution are derived. Equilibrium quantities are
denoted with an asterisk. Substituting Eq. (SI.26) into Eq. (SI.28), taking a first order Taylor expansion
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around δ and using the fact that
∑∞

i=1 limi = 1, i.e. the net reproduction rate in the unselected population,
one gets

1 + ∆sR(t) ≈
∞∑
i=α

li

(
mi(t) +

δli
T (t)f ′M(mi(t))2

)
= 1 +

δ

T (t)

∞∑
i=α

l2i
f ′M(mi(t))2

, (SI.34)

where the series is assumed to converge because, by weak selection (0 < δ � 1), the quantity ∆sR(t) is
assumed small. The series starts at α because fecundities at pre-reproductive ages are zero throughout.
Substituting this expression into Eq. (SI.27) and with a first-order Taylor expansion around δ = 0, one gets

mj(t+ 1) ≈ mj(t)

[
1 +

δ

T (t)

(
lj

mj(t)f ′M(mj(t))2
−
∞∑
i=1

l2i
f ′M(mi(t))2

)]
, j = α, α+ 1, . . . (SI.35)

where the general relationship (f−1(z))′ = 1/f ′(f−1(z)) was used. An equilibrium of Eq. (SI.35) implies
that

m∗j+1f
′
M(m∗j+1)

2 = m∗jf
′
M(m∗j )

2pj , j = α, α+ 1, . . . (SI.36)

Note that a flat trajectory of fecundity, i.e. m∗α = m∗α+1 = · · · = m∗n = . . . , cannot be an equilibrium, for
it would imply pj = 1, j = α, α+ 1, . . . , i.e. the impossibility of death at adult ages.

2.2 Equilibrium selection gradient on fecundity

Rearranging Eq. (SI.36) and using pj = lj+1/lj from Eq. (SI.1), one gets

lj+1

f ′M(m∗j+1)
=

lj
f ′M(m∗j )

√
pj
m∗j+1

m∗j
, j = α, α+ 1, . . . (SI.37)

By Eq. (SI.25b), one has that Eq. (SI.37) expresses a relationship about the equilibrium selection gradient
on fecundity at two consecutive ages. The relationship evidences how this gradient has no obvious universal
behaviour. However, when at equilibrium there is ageing in fecundity, m∗j+1 < m∗j , j = α, α + 1, . . . , the
squared root on the right hand side of Eq. (SI.37) is smaller than 1. Consequently, at any equilibrium with
ageing, the selection gradient on fecundity decreases in magnitude with age.

2.3 Sets of functions for fecundity evolution

Aside from the restriction of having a positive first derivative, the function fM requires further specification.
Here, two sets of functions are defined to sort out different assumptions on genetic variance additivity that
will be shown to lead to qualitatively similar dynamical behaviour. Consider the differential equation

(mf ′(m)2)′ = f ′(m)2 + 2mf ′(m)f ′′(m) = 0, 0 < m <∞ (SI.38)

The general solution of this differential equation on (0,∞) is of the form a1
√
m+ a2, where a1 and a2 are

constants. To ensure a positive first derivative of this solution, we require a1 > 0. But any such solution
leads to an unrealistic equilibrium in Eq. (SI.36), as it requires pj = 1, j = α, α + 1, . . . , i.e. impossibility
of death during adult life. This result naturally leads to consider two disjoint sets of functions for the
parametrization of the selection gradient on fecundity. These sets are obtained by looking at the differential
inequalities corresponding to the differential equation (SI.38).

2.3.1 Definition of Fm
+

The first set is
Fm

+ := {fM : (mf ′M(m)2)′ > 0 for 0 < m <∞} (SI.39)
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From Eq. (SI.38), linear and convex (i.e. f ′′M(m) ≥ 0) functions on (0,∞), e.g. mq with q > 1/2 or exp(m),
form a subset of Fm

+ . From the strict monotonicity enclosed in the definition of Fm
+ ,

if fM ∈ Fm
+ , then mf ′M(m)2 preserves order on (0,∞) (SI.40)

and mf ′M(m)2 is an invertible function on (0,∞).

2.3.2 Definition of Fm
−

The second set is
Fm
− := {fM : (mf ′M(m)2)′ < 0 for 0 < m <∞} (SI.41)

From Eqs. (SI.23) and (SI.38), if fM ∈ Fm
− , then fM is concave (i.e. f ′′M(m) < 0). Notably, lnm and mq

with 0 < q < 1/2 are in Fm
− . From the strict monotonicity enclosed in the definition of Fm

− ,

if fM ∈ Fm
− , then mf ′M(m)2 inverts order on (0,∞) (SI.42)

and mf ′M(m)2 is an invertible function on (0,∞).

2.4 Fecundity at equilibrium

Equilibria of the form in Eq. (SI.36), if any exists for the given survival and the chosen fM, can be obtained
via a recursive procedure. Using Eq. (SI.1), the equilibrium equations (SI.36) for fecundity can be expressed
as

m∗jf
′
M(m∗j )

2 = m∗αf
′
M(m∗α)2

lj
lα
, j = α, α+ 1, . . . (SI.43)

Let m∗α be the unknown z. Taking the inverse function of zf ′M(z)2 on both sides of Eq. (SI.43) allows to
express all other equilibrium fecundities solely as functions of z along with survival at some ages. Equilibrium
fecundities must also give a net reproduction rate of 1. Therefore, an equilibrium value of mα is equal to
any positive solution of the equation R(z) = 1. From this solution and using again the inverse of zf ′M(z)2

on Eq. (SI.43), the corresponding equilibrium values of mj , j = α+ 1, α+ 2, . . . , are obtained.

2.4.1 Ageing in fecundity at equilibrium

Let fM ∈ Fm
+ . By Eqs. (SI.36) and (SI.40), m∗j+1 < m∗j , j = α, α + 1, . . . . Therefore, an equilibrium life

history, if it exists, shows ageing in fecundity when age-specific genetic variation is additive at the level of
fM(mj). For some choices of fM, closed forms of the equilibria may be obtained via the strategy explained
above. For example, let fM(m) = mq with q > 1

2 . Then, Eq. (SI.43) becomes

q2(m∗j )
2q−1 = q2(m∗α)2q−1

lj
lα
, j = α, α+ 1, . . . (SI.44)

and taking the inverse function of mf ′M(m)2 = q2m2q−1 on both sides

m∗j = m∗α

(
lj
lα

) 1
2q−1

, j = α, α+ 1, . . . (SI.45)

Substituting this into R∗ = 1 using Eq. (SI.3),

1 =
∞∑
j=α

ljm
∗
j =

∞∑
j=α

ljm
∗
α

(
lj
lα

) 1
2q−1

= m∗α

∞∑
j=α

l
2q

2q−1

j

l
1

2q−1
α

, (SI.46)
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where we start the series at j = α because at pre-reproductive ages mj = 0, j = 1, 2, . . . , α−1. Combining
Eqs. (SI.45) and (SI.46),

m∗j =
l

1
2q−1

j∑∞
i=α l

2q
2q−1

i

, j = α, α+ 1, . . . , fM(m) = mq with q >
1

2
. (SI.47)

A sufficient condition for convergence of the series in the denominator of Eq. (SI.47) is that the survival
values, p0, p1, . . . which are arbitrary, fixed constants each independently chosen from the interval (0, 1)
form a sequence (pn) the least upper bound of which

sup(pn) = p̆, (SI.48)

is such that
p̆

2q
2q−1 := r < 1. (SI.49)

Since 2q/(2q − 1) > 0 for q > 1/2, we have that p̆ < 1 is a sufficient condition for the inequality in
Eq. (SI.49) to hold. In this case, we can use Eq. (SI.1) and bound the series contained in Eq. (SI.47) as
follows

∞∑
i=α

l
2q

2q−1

i ≤
∞∑
i=α

(p̆i)
2q

2q−1 =

∞∑
i=α

ri =
rα

1− r =
p̆

2αq
2q−1

1− p̆
2q

2q−1

. (SI.50)

We stress that Eqs. (SI.48)-(SI.49) do not imply the impossibility of negative ageing in survival, see Sec-
tion 1.2. The sequence of survival may monotonically increase while asymptotically approaching p̆ as its
limit value.

2.4.2 Negative ageing in fecundity at equilibrium

Let fM ∈ Fm
− . By Eqs. (SI.36) and (SI.42), m∗j+1 > m∗j , j = α, α + 1, . . . . Therefore, an equilibrium life

history, if it exists, shows negative ageing for some concave fM. For some choices of fM ∈ Fm
− , closed

forms of the equilibria may be obtained via the strategy explained above. For example, the same expression
as in Eq. (SI.47) is obtained for fM(m) = mq with 0 < q < 1

2 , which is a function in Fm
− . Hence,

m∗j =
l

1
2q−1

j∑∞
i=α l

2q
2q−1

i

, j = α, α+ 1, . . . , fM(m) = mq with 0 < q <
1

2
. (SI.51)

However, we have li = p0p1 . . . pi−1 < 1 for each term in the series in the denominator of Eq. (SI.51).
This is because p0, p1, . . . are arbitrary, fixed constants each independently chosen from the interval (0, 1).
Since 2q/(2q − 1) < 0 for 0 < q < 1/2, each term in the series in the denominator of Eq. (SI.51) exceeds
1. Therefore, the series diverges and an equilibrium fecundity schedule is not found for fM(m) = mq with
0 < q < 1

2 .
The attempt of deriving expressions for equilibria when fM ∈ Fm

− reveals that also in other cases no
equilibrium of the form m∗j+1 > m∗j , j = α, α + 1, . . . is possible. An example is when fM = ln(m).
Suppose, towards a contradiction, that an equilibrium of the form m∗j+1 > m∗j , j = α, α + 1, . . . exists
when fM = ln(m). Then, Eq. (SI.43) becomes

1

m∗j
=

1

m∗α

lj
lα
, j = α, α+ 1, . . . (SI.52)

and taking the inverse function of mf ′M(m)2 = m−1 on both sides

m∗j = m∗α
lα
lj
, j = α, α+ 1, . . . (SI.53)
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Substituting this into R∗ = 1 using Eq. (SI.3),

1 =
∞∑
j=α

ljm
∗
j =

∞∑
j=α

lαm
∗
α = lαm

∗
α

∞∑
j=α

1. (SI.54)

where the last series on the right diverges. Therefore, we have obtained a contradiction and no equilibrium
of the form m∗j+1 > m∗j , j = α, α + 1, . . . exists in our model when fM = ln(m). Equilibria when

fM(m) = mq with 0 < q < 1
2 or fM = ln(m) exist, if a maximum age ω is imposed, i.e. pω = 0.

2.4.3 Uniqueness

Here, it is shown that if the dynamics in Eq. (SI.35) have an equilibrium of the form in Eq. (SI.36), then
this equilibrium is unique. As seen above, an equilibrium point (m∗α,m

∗
j ), j = α, α+ 1, . . . , in the mα-mj

plane satisfies Eq. (SI.43). Therefore, any such point is located on the curve defined by the equation

mjf
′
M(mj)

2

mαf ′M(mα)2
=
lj
lα
, j = α, α+ 1, . . . (SI.55)

in the mα-mj plane. Implicit differentiation on Eq. (SI.55) can be used to find the slope of this curve,

dmj

dmα
= −

[
∂

∂mα

(
mjf

′
M(mj)

2

mαf ′M(mα)2

)][
∂

∂mj

(
mjf

′
M(mj)

2

mαf ′M(mα)2

)]−1
=

mjf
′
M(mj)

2

mαf ′M(mα)2

(
∂(mαf

′
M(mα)2)

∂mα

)(
∂(mjf

′
M(mj)

2)

∂mj

)−1
> 0, j = α, α+ 1, . . .

(SI.56)

The product on the right hand side of the second line of this expression is always positive, because the
first factor is always positive, while the last two factors always have the same sign. In particular, they
are both positive when fM ∈ Fm

+ , while they are both negative when fM ∈ Fm
− . Therefore, Eq. (SI.55)

defines a curve along which mj is strictly increasing in mα. Assume then that an equilibrium of the form in
Eq. (SI.36) exists. For each j = α, α+1, . . . , there is a point (m∗α,m

∗
j ) on the curve defined by Eq. (SI.55).

Recall that, because of the assumption of demographic stationarity, 1 = R∗ =
∑∞

i=α lim
∗
i , where we omit

terms with index smaller than α because fecundity is zero at pre-reproductive ages.
Suppose now, towards a contradiction, that some other equilibrium of the form in Eq. (SI.36) exists.

We indicate this other putative equilibrium with two asterisks. Then, for at least one j, there is a point
(m∗∗α ,m

∗∗
j ) different from (m∗α,m

∗
j ) yet located on the same curve given by Eq. (SI.55). As the two points

are distinct, one can express (m∗∗α ,m
∗∗
j ) = (m∗α + εα,m

∗
j + εj) for εα and εj not both zero. But εα > 0

if and only if εj > 0 and εα < 0 if and only if εj < 0 because of Eq. (SI.56), i.e. while moving along the
curve in Eq. (SI.20), any increase (decrease) in mα corresponds to an increase (decrease) in mj . Therefore,
either m∗∗j < m∗j , j = α, α+ 1, . . . , or m∗∗j > m∗j , j = α, α+ 1, . . . . Either way,

R∗∗ =

∞∑
i=α

lim
∗∗
i 6=

∞∑
i=α

lim
∗
i = R∗ = 1 (SI.57)

But this contradicts the assumption of demographic stationarity. Therefore, if there is an equilibrium of the
form in Eq. (SI.36), then this equilibrium is unique.

2.5 Dynamical properties of fecundity evolution

2.5.1 Coordinate transformation

Some key dynamical properties of fecundity evolution are better understood with a coordinate transforma-
tion. The original system in Eq. (SI.27) is in the variables mα,mα+1, . . . , i.e. a sequence (mn), which
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must be such that R = 1 at all times t = 0, 1, . . . for the chosen survival probabilities. Consider then the
transformed system in the variables

yj :=
mj+1

mj
, j = α, α+ 1, . . . (SI.58)

which form another sequence (yn) = yα, yα+1, . . . that is well defined when mj > 0, j = α, α + 1, . . . .
In this regard, recall that the positivity of fecundity is guaranteed by the dynamics in Eq. (SI.27). The
transformation in Eq. (SI.58) can be shown invertible. Take the sequence (mn), which satisfies R = 1 for
the chosen survival probabilities. Let the term mα of this sequence to be the unknown u > 0. Note that

mk = u
k−1∏
i=α

yi, k = α, α+ 1, . . . (SI.59)

Write then R in Eq. (SI.3) using Eq. (SI.59) and the given survival values,

R(u) =

∞∑
i=α

u

li i−1∏
j=α

yj

 , (SI.60)

where the series converges to 1 for some value of u in (0, 1). Since R′(u) > 0 and R(0) = 0, there is a
unique value û of u in (0, 1) such that R(û) = 1. Hence, to the sequence y0, y1, . . . there corresponds
corresponds a unique value mα = û for the first term of the original sequence (mn). Via Eq. (SI.59),
the whole original sequence (mn) of fecundity is uniquely determined and, therefore, the transformation is
invertible. In the following analysis of the transformed system, the quantities mj , j = 0, 1, . . . , should be
seen as functions of the sequence (yn), as seen above.

2.5.2 Dynamics of the transformed system

Taking ratios of the equations of the system in Eq. (SI.27) and with a first order Taylor expansion around
δ = 0, the dynamics of the transformed system are given by difference equations of the form

∆yj(t) := yj(t+ 1)− yj(t)

=
f−1M

(
fM(mj+1(t)) + δ

lj+1

T (t)f ′M(mj+1(t))

)
f−1M

(
fM(mj(t)) + δ

lj
T (t)f ′M(mj(t))

) − yj(t)

≈ δcmj (t) [pj − ξj(t)] , j = α, α+ 1, . . .

(SI.61)

where

cmj (t) =
lj

T (t)mj(t)f ′M(mj+1(t))2
> 0, (SI.62)

and

ξj(t) =
mj+1(t)f

′
M(mj+1(t))

2

mj(t)f ′M(mj(t))2
. (SI.63)

Here, cmj (t) always is greater than zero because it is a product of positive quantities. Consequently, the
sign of ∆yj(t) only depends on the difference in brackets in Eq. (SI.61). Supposing that yj(t) > 0,
j = α, α+ 1, . . . , for all t, the system can always be made correspond to the original system in Eq. (SI.27),
as shown in the previous section. Working with Eq. (SI.61) seems complicated because of the laborious
evaluation of mα,mα+1, . . . , which are here each a function of the sequence (yn). However, the transformed
system can still help us to gain theoretical understanding of the original system as the next sections will
show.
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Figure SI.1: Age-specific fecundity at two successive ages in polar coordinates

2.5.3 Basic properties of the transformed system

Recalling that mf ′M(m)2 > 0, some basic properties connecting yj and ξj , j = α, α + 1, . . . , are readily
obtained. From Eq. (SI.40),

yj > 1 if and only if ξj > 1, fM ∈ Fm
+ , (SI.64a)

yj < 1 if and only if ξj < 1, fM ∈ Fm
+ . (SI.64b)

From Eq. (SI.42),

yj > 1 if and only if ξj < 1, fM ∈ Fm
− , (SI.65a)

yj < 1 if and only if ξj > 1, fM ∈ Fm
− , (SI.65b)

and from Eqs. (SI.40) and (SI.42),

yj = 1 if and only if ξj = 1, fM ∈ Fm
− or fM ∈ Fm

+ . (SI.66)

Further properties are derived by noting that any given positive value of yj corresponds to the slope of a line
through the origin in the mj-mj+1 plane. This line is the set of all ordered pairs (mj ,mj+1) corresponding
to the same yj value. Using polar coordinates, let θj be the angle between the (horizonal) mj-axis and the
line going through the origin and the point (mj ,mj+1), which lies in a circle of radius %j , see Fig. SI.1.

Let us then switch to polar coordinates, ξj(θj , %j), where %j =
√
m2
j +m2

j+1 and θj = arctan
(
mj+1

mj

)
=

arctan yj , such that mj+1 = %j sin(θj) and mj = %j cos(θj). Differentiating with respect to the angle,

∂ξj
∂θj

=
∂mj+1

∂θj

∂ξj
∂mj+1

+
∂mj

∂θj

∂ξj
∂mj

= mj
∂ξj

∂mj+1
−mj+1

∂ξj
∂mj

=
1

f ′M(mj)2

[
∂(mj+1f

′
M(mj+1)

2)

∂mj+1
+ yjξj

(
∂(mjf

′
M(mj)

2)

∂mj

)]
.

(SI.67)

From Eqs. (SI.39), (SI.41) and (SI.67), one has that

∂ξj
∂θj

> 0, fM ∈ Fm
+ ,

∂ξj
∂θj

< 0, fM ∈ Fm
− .

(SI.68)
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Differentiating then with respect to the radius, we obtain

∂ξj
∂%j

=
∂mj+1

∂%j

∂ξj
∂mj+1

+
∂mj

∂%j

∂ξj
∂mj

=
1

%j

(
mj+1

∂ξj
∂mj+1

+mj
∂ξj
∂mj

)
=

ξj√
m2
j +m2

j+1

[
1

f ′M(mj+1)2
∂(mj+1f

′
M(mj+1)

2)

∂mj+1
− 1

f ′M(mj)2
∂(mjf

′
M(mj)

2)

∂mj

]
.

(SI.69)

The quantity between brackets in (SI.69) vanishes for mj = mj+1 corresponding to θj = π
4 ,

∂ξj
∂%j

∣∣∣∣
θj=

π
4

= 0. (SI.70)

The problem of establishing dynamical properties of the transformed system can now be tackled.

2.5.4 Set stability of fecundity

The aim here is to characterize regions of the state space of the transformed system that attract or repel
the dynamics of the sequence (yn) = yα, yα+1, . . . . Define the sets

Um := {(yn) : 0 < yj , j = α, α+ 1, . . . }
Am≤ := {(yn) : 0 < yj ≤ 1, j = α, α+ 1, . . . }
Am< := {(yn) : 0 < yj < 1, j = α, α+ 1, . . . }
Am> := {(yn) : yj > 1, j = α, α+ 1, . . . }

(SI.71)

so that Um is the entire state space where the dynamics of (yn) unfold. The possibility that yj = 0 for
some j = α, α+ 1, . . . is excluded. This is because fecundity is assumed initially positive and the dynamics
in Eq. (SI.27) should guarantee its strict positivity throughout. In the transformed system, this should
preserve the positivity of yj , j = α, α+ 1, . . . throughout.

Any complement of a subset of Um should be meant as a complement relative to Um excluding the zero
boundary. The set Am≤ is the set of all life histories with fecundity that either stays constant or decreases
with age. By the definitions in Section 1.2, Am< is the set of all life histories with ageing in fecundity, while
Am> is the set of all life histories with negative ageing in fecundity. Note that Am< is the interior of Am≤ . The
dynamical behaviour induced by the two sets of functions defined in Section 2.3 is analysed separately.

Case 1: fM ∈ Fm
+ .

As shown in Section 2.4.1, at equilibrium, m∗j+1 < m∗j , j = α, α + 1, . . . . Therefore, y∗j < 1,
j = α, α + 1, . . . and (y∗n) ∈ Am< ⊂ Am≤ . Here, three properties of Am≤ are shown under the
dynamics in Eq. (SI.61) assuming sufficiently weak selection:

(i) Am≤ is an invariant set: if (yn(t)) ∈ Am≤ , then (yn(t+ 1)) ∈ Am≤ . To show this, observe that
all yj change by very small amounts at each time step because of weak selection. Hence, the
passage from yj(t) ≤ 1 to yj(t+ 1) > 1 for some j = α, α+ 1, . . . will happen in some small
neighbourhood at the boundary between Am≤ and its complement. In this neighbourhood,
yj ≈ 1. Therefore, mj ≈ mj+1 and θj ≈ π

4 in this neighbourhood.

By Eq. (SI.70), the derivative
∂ξj
∂%j

tends to vanish in this neighbourhood. Since θj =

arctan(yj) only is a function of yj we can write the total differential

dξj ≈
∂ξj
∂yj

∆yj =
∂θj
∂yj

∂ξj
∂θj

∆yj =
1

1 + y2j

∂ξj
∂θj

∆yj , (SI.72)
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only in terms of the change in yj and the sensitivity of ξj to it, because the yi with i 6= j
have an influence on ξj only via %j . This differential is meant to be valid when yj ≈ 1. We

also note that, in this differential, the quantity
∂ξj
∂θj

is positive by Eq. (SI.68).

Suppose now, towards a contradiction, that (yn(t)) ∈ Am≤ and (yn(t + 1)) /∈ Am≤ . Then,
by Eq. (SI.71), yj(t) ≤ 1, for all j = α, α + 1, . . . , while yj(t + 1) > 1 for at least some
j = α, α + 1, . . . . Let K ⊆ {α, α + 1, . . . } be the index set such that j ∈ K if and only
if yj(t + 1) > 1. Then, yj(t + 1) > 1 ≥ yj(t) for j ∈ K. This implies, by Eq. (SI.61),
that pj − ξj(t) > 0 for j ∈ K and, by Eq. (SI.64), that ξj(t + 1) > 1 for j ∈ K. But
pj < 1 for all j. Hence, using the total differential dξj(t) in Eq. (SI.72) as a substitute for
∆ξj(t) = ξj(t+ 1)− ξj(t),

pj < ξj(t+ 1) ≈ ξj(t) +
∆yj(t)

1 + y2j (t)

∂ξj
∂θj

(t), j ∈ K. (SI.73)

Subtracting ξj(t) from both sides of this inequality and then dividing by the positive quantity
pj − ξj(t) and using Eq. (SI.61),

1 < δ
cmj (t)

1 + y2j (t)

∂ξj
∂θj

(t), j ∈ K. (SI.74)

But this contradicts the assumption of weak selection (i.e. 0 < δ � 1). Therefore, it is
not possible that (yn(t)) ∈ Am≤ and (yn(t + 1)) /∈ Am≤ . Equivalently, if (yn(t)) ∈ Am≤ , then
(yn(t+ 1)) ∈ Am≤ .

(ii) Am≤ pushes trajectories into its interior: if (yn(t)) ∈ Am≤ , then (yn(t+1)) ∈ Am< . To show this,
suppose (yn(t)) ∈ Am≤ . If yj(t) = 1 for some j = α, α+1, . . . , then, by Eq. (SI.66), ξj(t) = 1.
But pj < 1 for all j. Hence, pj − ξj(t) < 0 and, by Eq. (SI.61), yj(t + 1) < yj(t) = 1. If
yj(t) < 1 for some j = α, α+ 1, . . . , then the supposition that ξj(t+ 1) = 1 along with the
assumption of weak selection leads to the same contradiction as in Eq. (SI.74) via an argument
analogous to that used to prove invariance of Am≤ . Thus, if yj(t) < 1, then yj(t+ 1) < 1.

Therefore, if yj(t) ≤ 1, then yj(t+ 1) < 1 for all j = α, α+ 1, . . . .

(iii) Am≤ is a stable attracting set. Trajectories from outside of Am≤ end up in it and stay there.
To show this, we combine Eqs. (SI.7) and (SI.10) with the fact that the sequence 1, 1, . . . is
the boundary of Am≤ to get the distance of the sequence (yn) from the set Am≤ as

dα((yn), Am≤ ) =
∞∑
i=α

Θ(yi − 1)

2i
|yi − 1|

1 + |yi − 1| (SI.75)

where Θ is the unit step function, i.e. Θ(z) = 1 for z ≥ 0 and Θ(z) = 0 for z < 0.
The unit step function takes care of the fact that if any term of (yn) is smaller than 1,
then the contribution of the corresponding term in the series in Eq. (SI.75) must be zero,
because there is some sequence in Am≤ that has a term that has both the same index and
the same value. Suppose (yn(t)) /∈ Am≤ so that dα((yn(t)), Am≤ ) > 0. Then, yj(t) > 1 for
some j = α, α + 1, . . . . Let K ⊆ {α, α + 1, . . . } be the index set such that j ∈ K if and
only if yj(t) > 1, i.e. K contains the indexes of the positive terms in the series given by
dα((yn(t)), Am≤ ), while all other terms are equal to zero. Let us first consider those terms that
are equal to zero in this series. By invariance of Am≤ , if yj(t) ≤ 1 for j /∈ K, then yj(t+1) ≤ 1
for j /∈ K. Thus, for any term that is equal to zero in the series given by dα((yn(t)), Am≤ ), the
corresponding term in the series given by dα((yn(t+ 1)), Am≤ ) is still equal to zero. Consider
then terms that are greater than zero in the series given by dα((yn(t)), Am≤ ). By Eq. (SI.64),
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ξj(t) > 1 for j ∈ K. But pj < 1, j = 0, 1, . . . . By Eq. (SI.61), yj(t+ 1) < yj(t). Recall that
yj(t)− 1 > 0 for j ∈ K. If yj(t+ 1)− 1 ≤ 0, then

Θ(yj(t+ 1)− 1)|yj(t+ 1)− 1|
1 + |yj(t+ 1)− 1| = 0

<
yj(t)− 1

1 + yj(t)− 1

=
Θ(yj(t)− 1)|yj(t)− 1|

1 + |yj(t)− 1| , j ∈ K.

(SI.76)

If yj(t + 1) − 1 > 0, then, using the fact that z/(1 + z) is strictly increasing on (−1/2,∞)
and, therefore, preserves order on this interval,

Θ(yj(t+ 1)− 1)|yj(t+ 1)− 1|
1 + |yj(t+ 1)− 1| =

yj(t+ 1)− 1

1 + yj(t+ 1)− 1

<
yj(t)− 1

1 + yj(t)− 1

=
Θ(yj(t)− 1)|yj(t)− 1|

1 + |yj(t)− 1| , j ∈ K.

(SI.77)

Either way, all positive terms in the series given by dα((yn(t)), Am≤ ) are larger than the cor-
responding terms in the series given by dα((yn(t + 1)), Am≤ ). Hence, dα((yn(t + 1)), Am≤ ) <
dα((yn(t)), Am≤ ). By monotone convergence, we then have that

lim
t→∞

dα((yn(t)), Am≤ ) = 0 (SI.78)

for any (yn(t)) ∈ Um.

Hence, when fM ∈ Fm
+ , the set Am≤ fulfils the properties [16] to be a globally stable attracting

set of the dynamics of (yn). In virtue of property (ii), all trajectories lead to Am< so that the
distance between this set and (yn) also goes to zero. This distance is also measured via Eq. (SI.75)
because the distance between an open set and a point on its boundary is zero. Eventually, ageing
in fecundity evolves from any initial life history.

Case 2: fM ∈ Fm
− .

As shown in Section 2.4.2, at an equilibrium (y∗n) of the form in Eq. (SI.36) we have y∗j > 1,
j = α, α + 1, . . . so that (y∗n) ∈ Am> . Here it is shown that the set Am> , which contains any
such equilibrium when fM ∈ Fm

− , is a repelling set under the dynamics in Eq. (SI.61). Combining
Eqs. (SI.7) and (SI.10), the distance between (yn) and Am> is

dα((yn), Am> ) =

∞∑
i=α

Θ(−(yi − 1))

2i
|yi − 1|

1 + |yi − 1| , (SI.79)

where the unit step function Θ takes care of the fact that if any term of (yn) is greater than 1,
then the contribution of the corresponding term in the series in Eq. (SI.79) must be zero, because
there is some sequence in Am> that has a term that has both the same index and the same value.
We also note that if yj = 1 for j = α, α + 1, . . . , then the distance in Eq. (SI.79) is zero, as it
should be, since the distance between a point on the boundary of an open set and this set is zero.
Suppose (yn(t)) /∈ Am> . Then, by Eq. (SI.71), yj(t) ≤ 1 for some j = α, α+ 1, . . . , and

dα((yn(t)), Am> ) > 0. (SI.80)
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Let K ⊆ {α, α+1, . . . } be the index set such that j ∈ K if and only if yj(t) ≤ 1. By Eqs. (SI.65)-
(SI.66), ξj(t) ≥ 1 for j ∈ K. But pj < 1, j = α, α + 1, . . . . Thus, pj − ξj(t) < 0 and, by
Eq. (SI.61), yj(t + 1) < yj(t) for j ∈ K. Therefore, yj(t + 1) < yj(t) ≤ 1 for j ∈ K. Using
the fact that z/(1 + z) is strictly increasing on (−1/2,∞) and, therefore, preserves order on this
interval,

Θ(−(yj(t+ 1)− 1))|yj(t+ 1)− 1|
1 + |yj(t+ 1)− 1| =

|yj(t+ 1)− 1|
1 + |yj(t+ 1)− 1|

=
1− yj(t+ 1)

1 + 1− yj(t+ 1)

>
1− yj(t)

1 + 1− yj(t)

=
Θ(−(yj(t)− 1))|yj(t)− 1|

1 + |yj(t)− 1| , j ∈ K.

(SI.81)

Therefore, all positive terms in the series given by dα((yn(t + 1)), Am> ) are larger than the corre-
sponding terms in the series given by dα((yn(t)), Am> ). As for the zero terms in the series given
by dα((yn(t)), Am> ), the corresponding terms in the series given by dα((yn(t+ 1)), Am> ) are either
zero or positive. Either way, we have that

dα((yn(t+ 1)), Am> ) > dα((yn(t)), Am> ) > 0. (SI.82)

Hence, if (yn(t)) /∈ Am> , then (yn(t+ 1)) /∈ Am> and the distance between (yn(t)) and the set Am> ,
where an equilibrium (if any exists) is found, keeps increasing with time. The set of life histories
with negative ageing in fecundity Am> is repelling. Negative ageing in fecundity can not evolve from
an initial life history without negative ageing.

2.5.5 Stability of ageing in fecundity — Power functions

Using the Lyapunov method, the stability at an equilibrium of the transformed system is here explored when
fM(m) = mq with q > 1/2. From Eqs. (SI.58) and (SI.63), we can write

ξj = y2q−1j , with fM(m) = mq (SI.83)

which shows that, in this case, ξj only depends on yj and ξ′j(yj) = (2q − 1)y
2(q−1)
j . Since for q > 1/2, we

have mq ∈ Fm
+ , if there is an equilibrium of the form in Eq. (SI.36), this is in Am< . Define

V m =
∞∑
i=α

1

2i
(pi − y2q−1i )2

1 + (pi − y2q−1i )2
(SI.84)

where (pn) = p0, p1, . . . is the constant sequence of survival and (y2q−1n ) = y2q−1α , y2q−1α+1 . . . is a sequence

that evolves with time. The quantity pj − y2q−1j , j = α, α + 1, . . . , in Eq. (SI.84) corresponds to the
bracketed quantity in Eq. (SI.61) when fM(m) = mq. The series on the left hand side of Eq. (SI.84) is
convergent in virtue of Eq. (SI.8) and is always positive except at equilibrium where it vanishes, as the
dynamics in Eq. (SI.61) show. Therefore, V m is a candidate Lyapunov function.

Suppose (yn(t)) is not at equilibrium at t so that V m(t) > 0. Let K ⊆ {α, α+ 1, . . . } be the index set
such that j ∈ K is and only if (pj − y2q−1j (t))2 > 0. Note that if (pj − y2q−1j (t))2 = 0 for some j /∈ K,

then, by Eq. (SI.61), yj(t+1) = yj(t) and y2q−1j (t+1) = y2q−1j (t) and, therefore, (pi−y2q−1i (t+1))2 = 0.
Thus, for any term that is equal to zero in the series given by V m(t), the corresponding term in the series
given by V m(t+ 1) is still equal to zero. Consider then terms in the series given by V m(t) with index in K.

Neglecting terms of order δ2 and using Eq. (SI.61) to approximate both y2q−1j (t + 1) and y
2(2q−1)
j (t + 1)
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with first-order Taylor expansions around δ = 0 and to get an expression for ∆yj(t) := yj(t + 1) − yj(t),
we have that

(pj − y2q−1j (t+ 1))2 − (pj − y2q−1j (t))2 ≈ − 2pj∆yj(t)(2q − 1)y
2(q−1)
j (t)

+ 2y2q−1j (t)∆yj(t)(2q − 1)y
2(q−1)
j (t)

= − 2(2q − 1)δcmj (t)(pj − y2q−1j (t))2y
2(q−1)
j (t)

< 0, j ∈ K.

(SI.85)

The function z/(1 + z) is strictly increasing on (−1/2,∞) and preserves order on this interval. Therefore,

if V m(t) > 0, then V m(t+ 1)− V m(t) < 0, fM(m) = mq with q > 1/2, (SI.86)

and V m is a strict Lyapunov function: there is some (y∗n) ∈ Am< that is a unique, globally stable equilibrium
of the transformed system when fM(m) = mq with q > 1/2. Transforming back to the original system in
(mn), there is a unique globally stable life history with ageing in fecundity when fM(m) = mq with q > 1/2.

2.5.6 Stability of ageing in fecundity — Exponential functions

Stability at equilibrium for the original (non-transformed) system is here explored for functions fM of the
exponential family. In particular, we focus on solutions of the differential equation

f ′′M(m)

f ′M(m)
= c > 0 (SI.87)

where c is a constant. This differential equation has the solution

fM(m) = a1
exp(cm)

c
+ a2 (SI.88)

where a1 > 1 and a2 are constants. This solution is in Fm
+ , since f ′′M(m) > 0.

Using Eq. (SI.35), define the map

Fj((mn(t))) = mj(t+ 1) = mj(t) +
δ

T (t)

(
lj

f ′M(mj(t))2
−mj(t)

∞∑
i=α

l2i
f ′M(mi(t))2

)
, j = α, α+ 1, . . . ,

(SI.89)
which takes as argument the sequence (mn) of fecundity at t and returns the term mj , j = α, α+ 1, . . . of
the sequence (mn) of fecundity at t + 1. Suppose there exists an equilibrium sequence (m∗n) of fecundity
for fM(m) of the form in Eq. (SI.88). We then differentiate the map in Eq. (SI.89),

∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

=


1 +

δ

T ∗

(
−

2ljf
′′
M(m∗j )

f ′M(m∗j )
3

+
2l2jm

∗
jf
′′
M(m∗j )

f ′M(m∗j )
3
−
∞∑
k=α

l2k
f ′M(m∗k)

2

)
i = j

δ

T ∗
2l2im

∗
jf
′′
M(m∗i )

f ′M(m∗i )
3

i 6= j.

(SI.90)

At any equilibrium of the form in Eq. (SI.36), Eqs. (SI.1) and (SI.36) imply that there is some constant
B∗M > 0 independent of age j such that

lj
m∗jf

′(m∗j )
2

= B∗M, j = α, α+ 1 . . . (SI.91)

Using this and the fact that R∗ =
∑∞

k=α lkm
∗
k = 1, we can rewrite Eq. (SI.90) as

∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

=


1 +

δ

T ∗

(
−

2B∗Mm
∗
jf
′′
M(m∗j )

f ′M(m∗j )
+

2ljB
∗
M(m∗j )

2f ′′M(m∗j )

f ′M(m∗j )
−B∗M

)
i = j

δ

T ∗
2liB

∗
Mm

∗
im
∗
jf
′′
M(m∗i )

f ′M(m∗i )
i 6= j.

(SI.92)
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By weak selection (0 < δ � 1) and the fact that fM(m) solves Eq. (SI.87), this derivative is always positive.
Define

∆∗mj(t) = mj(t)−m∗j , j = α, α+ 1, . . . (SI.93)

which gives the difference at t between mj , j = α, α + 1, . . . and its equilibrium value. Let (∆∗mn(t)) =
∆∗mα(t),∆∗mα+1(t), . . . be the corresponding sequence. Using these quantities and the map in Eq. (SI.89),

m∗j + ∆∗mj(t+ 1) = Fj((m
∗
n) + (∆∗mn(t))), j = α, α+ 1, . . . (SI.94)

Suppose (mn(t)) is not at equilibrium but it is found in a sufficiently small neighbourhood of (m∗n) so that
we can linearly approximate the right hand side of Eq. (SI.94) as follows

Fj((m
∗
n) + (∆∗mn(t))) ≈ Fj((m∗n)) +

∞∑
i=α

∆∗mj(t)
∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

= m∗j +
∞∑
i=α

∆∗mj(t)
∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

, j = α, α+ 1, . . . ,

(SI.95)

Substituting this last line into the right hand side of Eq. (SI.94) and simplifying we get

∆∗mj(t+ 1) ≈
∞∑
i=α

∆∗mj(t)
∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

, j = α, α+ 1, . . . , (SI.96)

which gives, up to a linear approximation, the dynamics of the difference between (mn(t)) and its equilibrium
value around a small neighbourhood of this. Let

0 < ε = sup
n

(|∆∗mn(t)|), (SI.97)

where we have the sequence (|∆∗mn(t)|) = |∆∗mα(t)|, |∆∗mα+1(t)|, . . . . Upon taking absolute values
of both sides of Eq. (SI.96), using Eq. (SI.97), the triangle inequality and recalling that the derivative in
Eq. (SI.92) is always positive, we have

|∆∗mj(t+ 1)| ≤ ε
∞∑
i=α

∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

, j = α, α+ 1, . . . (SI.98)

Look at the series on the right hand side of Eq. (SI.98) and only consider solutions of the differential
equation (SI.87). Using the fact that R∗ = 1, we can see that

∞∑
i=α

∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

= 1 +
δ

T ∗

(
−2cm∗iB

∗
M + 2cm∗iB

∗
M

∞∑
k=α

lkm
∗
k −B∗M

)

= 1− δB∗M
T ∗

.

(SI.99)

Let

0 < r = 1− δB∗M
T ∗

< 1, (SI.100)

where the inequalities derive from the assumption of weak selection (0 < δ � 1). Rewriting Eq. (SI.98),

|∆∗mj(t+ 1)| ≤ εr, j = α, α+ 1, . . . (SI.101)

which implies that
sup
n

(|∆∗mn(t+ 1)|) ≤ εr (SI.102)
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Then, iterating the reasoning above for the next time step

|∆∗mj(t+ 2)| ≈
∣∣∣∣∣
∞∑
i=α

∆∗mj(t+ 1)
∂Fj
∂mi

∣∣∣∣
(mn)=(m∗n)

∣∣∣∣∣ ≤ εr
∞∑
i=α

∣∣∣∣∣ ∂Fj∂mi

∣∣∣∣
(mn)=(m∗n)

∣∣∣∣∣ = εr2, j = α, α+ 1, . . .

(SI.103)
By induction,

sup
n

(|∆∗mn(t+ k)|) ≤ εrk. (SI.104)

Since

lim
k→∞

∞∑
i=α

1

2i
εrk

1 + εrk
= lim

k→∞

21−αεrk

1 + εrk
= 0, (SI.105)

using Eq. (SI.7), we can see from Eqs. (SI.93) and (SI.104) that

lim
t→∞

dα((mn(t)), (m∗n)) = 0. (SI.106)

Therefore, when (mn(t)) is within a sufficiently small neighbourhood of (m∗n), the distance between (mn(t))
and the equilibrium eventually goes to zero under the dynamics in Eq. (SI.89). An equilibrium (m∗n) of the
form in Eq. (SI.36), if it exists for a given solution of Eq. (SI.87), is linearly stable.

2.5.7 Instability of negative ageing in fecundity

Let fM ∈ Fm
− . If an equilibrium (m∗n) of the form in Eq. (SI.36) exists, there is negative ageing in

fecundity. Using the same approach as in Section 2.5.5, the special case fM(m) = mq with 0 < q < 1/2
leads to ∆V m(t) > 0 in Eq. (SI.85). Therefore, if there were an equilibrium (m∗n) when fM(m) = mq with
0 < q < 1/2, this would be unstable.

But negative ageing can be shown unstable in general when fM ∈ Fm
− . Using Eq. (SI.27) and with a

first order Taylor expansion around δ = 0, it is possible to get the following dynamical system

mj(t+ 1)

mα(t+ 1)
≈ mj(t)

mα(t)
+δ

lα
T (t)mα(t)f ′M(mj(t))2

[
lj
lα
− mj(t)f

′
M(mj(t))

2

mα(t)f ′M(mα(t))2

]
, j = α+1, α+2, . . . (SI.107)

Using Eq. (SI.107), we can study the dynamics of the sequence mα+1,mα+2, . . . relative to the dynamics
of mα. Imagine an equilibrium (m∗n) exists for the given fM ∈ Fm

− . Consider the dynamics of the system in
Eq. (SI.107) in the subset of the space that is obtained by setting fecundity at age α equal to its equilibrium
value at all time, so that mα(t) = m∗α for all t, i.e. no dynamics of mα. Let (mn)α+1 be the subsequence
mα+1,mα+2, . . . . Setting mα(t) = m∗α into Eq. (SI.107) and multiplying through by m∗α, we obtain

mj(t+1) = mj(t)+δ
lα

m∗αf
′
M(m∗α)2T (t)f ′M(mj(t))2︸ ︷︷ ︸

:=cmj,α(t)

m∗αf ′M(m∗α)2lj
lα︸ ︷︷ ︸

:=wj

−mj(t)f
′
M(mj(t))

2

 , j = α+1, α+2, . . . ,

(SI.108)
which gives the dynamics of (mn)α+1 when mα is held constant at equilibrium value and where cmj,α(t) > 0,
j = α+1, α+2, . . . , independently of t and wj , j = α+1, α+2, . . . , is a positive constant. By Eq. (SI.42),
there exists a function Im(z) that is the inverse function of mf ′(m)2 and both Im(z) and mf ′(m)2 invert
order on (0,∞). The quantity in brackets in Eq. (SI.108) shows that at equilibrium,

m∗j = Im(wj), j = α+ 1, α+ 2, . . . (SI.109)

Form the sequence (Im(wn))α+1 = Im(wα+1), Im(wα+2), . . . . Suppose that (mn)α+1 is not at equilibrium
at t. Using Eq. (SI.7), its distance from the equilibrium is

dα+1((mn(t))α+1, (Im(wn))α+1) =
∞∑

j=α+1

1

2j
|mj(t)− Im(wj)|

1 + |mj(t)− Im(wj)|
> 0. (SI.110)
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evolution

Figure SI.2: Evolution of fecundity. The evolution of fecundity under the dynamics in Eq. (SI.27) is
explored for two different functions fM, see Section 2.3, while imposing a maximum age ω.
Survival is constant with p0=0.7, p1=0.3, p2=0.4, p3=0.6, p4=0.9, p5=0.6, p6=0.7, p7=0.8
and p8=0.78 with ω=9. Initial and final fecundity levels as well as selection gradients are
reported. For visualisation, selection gradients are scaled so that their maximum value coincides
with the maximum fecundity. a Ageing in fecundity evolves. Stability of ageing in fecundity is
shown for a function in Fm

+ , which implies an equilibrium life history with ageing in fecundity
(Section 2.3). Starting from far away, the life history eventually gets to the equilibrium predicted
by Eq. (SI.47). The parameter δ (additive genetic variance) in Eq. (SI.27) is set equal to 0.1.
Initial fecundities are chosen so that, at demographic stability, the life history generates a
demographically stationary population. Equilibrium values are found via Eq. SI.47 by imposing
the maximum age ω = 9. b Negative ageing in fecundity is an unstable equilibrium. Instability
of negative ageing in fecundity is shown for a function in Fm

− , which implies an equilibrium
life history with negative ageing in fecundity (Section 2.3). The initial fecundity schedule is set
at the equilibrium predicted by Eq. (SI.51). If unperturbed, this equilibrium is maintained. If
perturbed, the life history goes away from it and asymptotically tends to a form of semelparity
(i.e. single reproductive event). The one-time perturbation consists in adding 0.001 and −0.001
to fecundity at odd and even ages, respectively, to equilibrium values and then scaling fecundity
to ensure demographic stationarity. The parameter δ (additive genetic variance) in Eq. (SI.27)
is set equal to 0.001. Equilibrium values are found via Eq. (SI.51) by imposing maximum age
ω=9.

23



Let K ⊂ {α + 1, α + 2, . . . } be the index set such that j ∈ K if and only if the term with subscript j in
the series given by dα+1((mn(t))α+1, (Im(wn))α+1) is positive. The set K is not empty, as (mn)α+1 is not
at equilibrium at t.

If mj(t) > Im(wj) for some j = K, then mj(t)f
′(mj(t))

2 < wj , j = K. By Eq. (SI.108), this in turn
implies that mj(t+ 1) > mj(t) > Im(wj). Hence,

If mj(t) > Im(wj), then |mj(t+ 1)− Im(wj)| > |mj(t)− Im(wj)|, j = K (SI.111)

If mj(t) < Im(wj) for some j = K, then mj(t)f
′(mj(t))

2 > wj , j = K. By Eq. (SI.108), this in turn
implies that mj(t+ 1) < mj(t) < Im(wj). Hence,

If mj(t) < Im(wj), then |mj(t+ 1)− Im(wj)| > |mj(t)− Im(wj)|, j = K (SI.112)

Therefore,

If mj(t) 6= Im(wj), then |mj(t+ 1)− Im(wj)| > |mj(t)− Im(wj)|, j = K (SI.113)

Moreover, the dynamics in Eq. (SI.108) also show that, when K ⊂ {α + 1, α + 2, . . . } but K 6=
{α+ 1, α+ 2, . . . },

If mj(t) = Im(wj), then |mj(t+ 1)− Im(wj)| = |mj(t)− Im(wj)| = 0, j ∈ {α+ 1, α+ 2, . . . } \K
(SI.114)

From Eqs. (SI.113)-(SI.114), for any term equal to zero in the series given by dα+1((mn(t))α+1, (Im(wn))α+1),
the corresponding term in the series given by dα+1((mn(t+1))α+1, (Im(wn))α+1) is still equal to zero, while
all positive terms in the series given by dα+1((mn(t))α+1, (Im(wn))α+1) are smaller than the corresponding
terms in the series given by dα+1((mn(t+ 1))α+1, (Im(wn))α+1). Thus, using Eq. (SI.109),

dα+1((mn(t+ 1))α+1, (m
∗
n)α+1) > dα+1((mn(t))α+1, (m

∗
n)α+1) > 0, (SI.115)

where (m∗n)α+1 = m∗α+1,m
∗
α+2, . . . The dynamics of (mn(t))α+1 always repel equilibrium, because when

(mn)α+1 is at any positive distance from it, this distance will keep increasing with time. Any equilibrium
(m∗n)α+1 and, consequently, any equilibrium (m∗n) is unstable when fM ∈ Fm

− . Note that the choice of
keeping mα fixed at its equilibrium value is arbitrary. We could have chosen any other fecundity to be
kept at equilibrium value and, with the due modifications, the same argument about the repellence of the
equilibrium with negative ageing would hold.

2.6 Numerical solutions

The dynamics of the original system in Eq. (SI.27) were simplified via the introduction of a maximum age
ω, i.e. pω = 0. These simplified dynamics were numerically explored to support analytic results (Fig. SI.2).
Stability of the equilibrium life history with ageing in fecundity predicted from Eq. (SI.47) is supported for
a choice of fM ∈ Fm

+ . For a choice of fM ∈ Fm
− , the equilibrium with negative ageing derived from

Eq. (SI.51) is shown unstable. Slightly perturbing this equilibrium, the life history goes away from it.

3 Analysis of survival evolution

The analysis of evolutionary dynamics of fecundity has some analogies with that of fecundity. However, all
arguments are here given in full for ease of reading. As in Section 2, asterisks denote equilibrium quantities.
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3.1 Equilibria in survival evolution

Here some general properties of equilibria in survival evolution are derived. To this aim, let us linearly
approximate the quantity ∆sλ in Eq. (SI.33) with the total differential dλ. Define ∆sfP(pj) = δ

T
∂v0

∂fP(pi)

as the change after selection, but before rescaling, see Eq. (SI.30). With the assumption of demographic
stationarity, λ = 1, the discussion in Section 1.4 and using Eq. (SI.25), one has that

dλ =

∞∑
i=0

∂λ

∂fP(pi)
∆sfP(pi) =

∞∑
i=0

∂λ

∂fP(pi)

(
δ

T

∂v0
∂fP(pi)

)
= δ

∞∑
i=0

(
Hi

pif ′P(pi)

)2

, (SI.116)

where the series is assumed to converge because, in virtue of weak selection (0 < δ � 1), the quantity
∆sλ ≈ dλ is small. Using dλ instead of ∆sλ in Eq. (SI.33), a first-order Taylor expansion around δ = 0 in
Eq. (SI.33) yields

pj(t+ 1) ≈ pj(t)
[

1 + δ

(
Hj(t)

p2j (t)f
′
P(pj(t))2

−
∞∑
i=0

H2
i (t)

p2i (t)f
′
P(pi(t))2

)]
, j = 0, 1, . . . , (SI.117)

where the general relationship (f−1(z))′ = 1/f ′(f−1(z)) was used. From Eq. (SI.22) and (SI.117), equi-
librium survival, i.e. pj(t+ 1) = pj(t) for all j, implies

H∗j
(p∗j )

2f ′P(p∗j )
2

=
H∗k

(p∗k)
2f ′P(p∗k)

2
for j, k = 0, 1, . . . , (SI.118)

where ∗ denotes quantities in equilibrium. For our purposes, it is more convenient to write Eq. (SI.118) as
a pairwise comparison at two successive ages,√

H∗j+1

p∗j+1f
′
P(p∗j+1)

=

√
H∗j

p∗jf
′
P(p∗j )

, j = 0, 1, . . . (SI.119)

From these equilibrium equations and Eq. (SI.21), one obtains

p∗j+1f
′
P(p∗j+1) = p∗jf

′
P(p∗j ), j = 0, . . . , α− 2 (SI.120a)

p∗j+1f
′
P(p∗j+1) < p∗jf

′
P(p∗j ), j = α− 1, α, . . . (SI.120b)

Constant survival at pre-reproductive ages is always an equilibrium, while a flat trajectory of survival over
reproductive ages cannot be an equilibrium, as p∗j+1 = p∗j , j = α − 1, α, . . . , implies a contradiction to
Eq. (SI.120b).

3.2 Equilibrium selection gradient on survival

Multiplying Eq. (SI.119) by
√
H∗j+1, one obtains

H∗j+1

p∗j+1f
′
P(p∗j+1)

=

√
H∗j

√
H∗j+1

p∗jf
′
P(p∗j )

≤

√
H∗j

√
H∗j

p∗jf
′
P(p∗j )

=
H∗j

p∗jf
′
P(p∗j )

, j = 0, 1, . . . , (SI.121)

where the inequality arises from Eq. (SI.21). More explicitly, we have

H∗j+1

p∗j+1f
′
P(p∗j+1)

=
H∗j

p∗jf
′
P(p∗j )

, j = 0, . . . , α− 2, (SI.122a)

H∗j+1

p∗j+1f
′(p∗j+1)

<
H∗j

p∗jf
′
P(p∗j )

, j = α− 1, α, . . . (SI.122b)

A look at Eq. (SI.25a) reveals that Eqs. (SI.122) describes the equilibrium selection gradient on age-specific
survival, which is flat at pre-reproductive ages, while it decreases in magnitude with increasing reproductive
age. This equilibrium result is independent of the choice of fP.
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3.3 Sets of functions for survival evolution

Aside from the restriction of having a positive first derivative, the function fP requires further specification.
Here two sets of such functions are defined. Each set contains functions that will be shown to lead to
qualitatively similar dynamical behaviour. Consider the differential equation

(pf ′(p))′ = f ′(p) + pf ′′(p) = 0, p ∈ (0, 1). (SI.123)

The general solution of this differential equation is f(p) = a1 ln p+ a2, where a1 and a2 are constants. To
ensure that the first derivative on (0, 1) is positive, we need a1 > 0. The parametrization of the selection
gradient in the classic theory (i.e. fP(pj) = ln pj) [11] is a particular solution to Eq. (SI.123).

But if fP fulfills Eq. (SI.123), then pf ′P(p) takes a constant value for any p ∈ (0, 1). Therefore, solutions
of Eq. (SI.123) lead to a contradiction with the equilibrium in Eq. (SI.120b) for reproductive ages. This
result naturally leads to consider two disjoint sets of functions to parametrize the selection gradient on
survival. These sets are obtained by looking at the differential inequalities corresponding to the differential
equation in Eq. (SI.123).

3.3.1 Definition of F p
+

The first set is
F p

+ := {fP : (pf ′P(p))′ > 0 for p ∈ (0, 1)}. (SI.124)

From Eq. (SI.123), linear or convex (i.e. f ′′P(p) ≥ 0) functions on (0, 1) with positive first derivative form a
subset of F p

+. But also some concave functions belong to F p
+. All power functions a1y

q + a2 with a1 >
and q > 0 are in F p

+, although these functions are concave for 0 < q < 1. Examples of other elementary
functions in F p

+ are exp(p), tan(p), − ln(1− p) and − ln(− ln p). The fact that the last two functions are
in F p

+ is relevant because when p is age-specific survival, they indicate that survival evolution proceeds by
multiplicative decrements in the age-specific probability of death and in the age-specific average mortality,
respectively [13]. It is plausible that, in some cases, mutations have additive effects on this transformation
of age-specific survival [13, 15]. By strict monotonicity

if fP ∈ F p
+, then pf ′P(p) preserves order on (0, 1) (SI.125)

and functions pf ′P(p) are invertible on (0, 1).

3.3.2 Definition of F p
−

The second set of functions is

F p
− := {fP : (pf ′P(p))′ > 0 for p ∈ (0, b) and (pf ′P(p))′ < 0 for p ∈ (b, 1)} (SI.126)

for some 0 < b < 1, which then is the only root of f ′P(p) + pf ′′P(p) on (0, 1). Let fP ∈ F p
−. Then, as

f ′P(p) > 0, fP must be somewhere concave, i.e. f ′′P(p) < 0 in (b, 1). Not all functions that are concave
somewhere on (0, 1) are in F p

−. For example, pq with 0 < q < 1 is concave on (0, 1) yet it belongs to F p
+.

Examples of elementary functions in F p
− are

√
y/(1 + p) with b ≈ 0.1716, arctan

1
π (p) with b ≈ 0.5122

and sin(p) with b ≈ 0.8603, where the b values are retrieved via the root finding function optimize in
R (version 3.3.3). The splitting of the (0, 1) interval by b is introduced because, near zero, the sign of
f ′P(p) + pf ′′P(p) is likely determined by the sign of the assumed positive f ′P(p) term, as in many relevant
cases pf ′′P(p) vanishes as p tends to 0. For analytical simplicity, only the cases in which b is either close to
1 or close to 0 are considered, so that only one of the inequalities in (SI.126) is truly relevant. By strict
monotonicity

if fP ∈ F p
−, then pf ′P(p) preserves order on (0, b) and inverts order on (b, 1) (SI.127)

and functions pf ′P(p) are invertible in the relevant intervals.
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3.4 Survival at equilibria

Equilibria of the form in Eq. (SI.119), if any exists for the given fecundities and the chosen fP, obey a
recursion. Note that equilibrium survival must satisfy both the equilibrium equations (SI.119) and Euler-
Lotka equation (SI.2) at demographic stationarity.

Let us first focus on the equilibrium equations (SI.119), which can be expressed as

p∗jf
′
P(p∗j ) = p∗0f

′
P(p∗0)

√
H∗j
H∗0

, j = 1, 2, . . . (SI.128)

An alternative way of expressing the ratio H∗j /H
∗
0 using Eqs. (SI.2) and (SI.20) and the assumption of

demographic stationarity (λ = 1) is

H∗j
H∗0

=

∞∑
i=j+1

l∗imi = 1−
j∑
i=1

l∗imi, j = 1, 2, . . . (SI.129)

where l∗i = p∗0p
∗
1 . . . p

∗
i−1. Let p∗0 = u where u is in (0, 1). Let P (z) be the inverse function of zf ′P(z). As

equilibrium pre-reproductive survival is constant, l∗α = p∗0p
∗
1...p

∗
α−1 = p∗0p

∗
0...p

∗
0 = uα. Using the function

P (z), the equilibrium equations in (SI.128) can be rewritten recursively in terms of u and the constants
mj , which we recall are mj = 0 for j = 1, 2, . . . , α− 1,

p∗α(u) = P

p∗0f ′P(p∗0)

√√√√1−
α∑
i=1

l∗i (u)mi

 = P
(
uf ′P(u)

√
1− uαmα

)

p∗α+1(u) = P

p∗0f ′P(p∗0)

√√√√1−
α+1∑
i=1

l∗i (u)mi

 = P
(
uf ′P(u)

√
1− uαmα − uαp∗α(u)mα+1

)
p∗α+2(u) = P

(
uf ′P(u)

√
1− uαmα − uαp∗α(u)mα+1 − uαp∗α(u)p∗α+1(u)mα+2

)
...

(SI.130)

Let U be the set of values of u that satisfy all the equations (SI.130).
Next, let us write the Euler-Lotka equation (SI.2) at demographic stationarity (λ = 1) using equilibrium

survival parametrized by u,
∞∑
i=1

li(u)mi = 1. (SI.131)

Suppose u∗ ∈ U solves this equation. Then u∗ determines an equilibrium, as it solves both the Euler-Lotka
equation and the equilibrium condition Eq. (SI.119).

Three things should be noted about the recursion above. First, U can be empty, e.g. some square root
has no real solution for any u ∈ (0, 1). Second, it may be that no u ∈ U is a solution of Eq. (SI.131).
Therefore, the existence of an equilibrium for the given fecundities and fP is not established. Third, the
recursion is infinite, numerical in essence and it contains a function, P (z), which may not have closed form.
Hence, the recursion is of limited practical use. However, it still has theoretical value, as the next section
shows.

3.4.1 Ageing in survival at equilibrium

Suppose that fP ∈ F p
+ and the system in Eq. (SI.117) has an equilibrium. By Eqs. (SI.120) and (SI.125),

p∗j+1 < p∗j , j = α− 1, α, . . . , with fP ∈ F p
+. (SI.132)
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Therefore, any equilibrium life history shows ageing in survival.
A necessary condition for the existence of this equilibrium and for guaranteeing that equilibrium survival

does not exceed 1 is that, if the power series

σ(u) =
∞∑
i=1

uimi. (SI.133)

contains (0, 1) in its radius of convergence, then it takes value 1 for some value of u in (0, 1). If the
power series σ(u) converges on (0, 1), then it is differentiable on (0, 1), as any power series is differentiable
within its radius of convergence. Suppose then that an equilibrium exists: there is some u∗ ∈ U that solves
Eq. (SI.131). Since u∗ equals age-specific survival at some pre-reproductive age, u∗ ∈ (0, 1). As at this
equilibrium there is ageing in survival, the inequality li(u

∗) ≤ (u∗)i, i = 0, 1, . . . , holds. Let then σM(u)
be the series on the left hand side of Eq. (SI.131). Term-wise comparison shows that σ(u∗) ≥ σM(u∗). As
σ′(u) > 0 for u > 0 and σ(0) = 0, if the equation σ(u) = 1 has a solution for u ∈ (0, 1), then this solution
is unique on this interval. Therefore, if σM(u) = 1 has a solution in the interval (0, 1), then the unique
root of σ(u) = 1 is also in the interval (0, 1). By contraposition, if σ(u) = 1 has no root in (0, 1), then
σM(u) = 1 also fails to have a root in (0, 1).

A sufficient condition to ensure an equilibrium with ageing in survival is given in Section 3.7.

3.4.2 Negative ageing in survival at equilibrium

Suppose that fP ∈ F p
− and the system in Eq. (SI.117) has an equilibrium. If p∗j > b for j = α − 1, α, . . .

(where b is as defined in Section 3.3.2), then, by Eqs. (SI.120) and (SI.127), p∗j+1 > p∗j for j = α−1, α, . . . .
Therefore, an equilibrium life history might show negative ageing in survival. If p∗j < b for j = α−1, α, . . . ,
then p∗j+1 < p∗j for j = α− 1, α, . . . and ageing in survival is again an equilibrium. For analytic simplicity,
the case in which some p∗j are greater than b and some other p∗j are smaller is not considered.

3.5 Dynamical properties of survival evolution

3.5.1 Coordinate transformation

Some key dynamical properties of survival evolution are better understood with a coordinate transformation.
The original system in Eq. (SI.33) has variables p0, p1, . . . , i.e. a sequence (pn), which must satisfy the
Euler-Lotka equation (SI.2) at all times t = 0, 1, . . . for λ = 1 and the given fecundities. Consider then the
transformed system in the variables

xj :=
pj+1

pj
, j = 0, 1, . . . (SI.134)

which form another sequence (xn) = x0, x1, . . . that is defined as long as pj > 0 for j = 0, 1, . . . . In this
regard, recall that the positivity of survival is guaranteed by the dynamics in Eq. (SI.33) as long as survival
in the system evolution does not exceed 1, as assumed. The transformation in Eq. (SI.134) is invertible.
Let p0 = u, where u is an unknown real number in (0, 1). Note that

pk = u
k−1∏
i=0

xi, k = 0, 1, . . . (SI.135)

Hence, each single value of u uniquely determines the sequence (pn). From Eq. (SI.1),

lj =

j−1∏
k=0

pk = u

(
u

0∏
i=0

xi

)(
u

1∏
i=0

xi

)
. . .

(
u

j−2∏
i=0

xi

)

= uj
j−2∏
k=0

k∏
i=0

xi, j = 0, 1, . . .

(SI.136)
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One can use Eq. (SI.136) and the given fecundities to write the left hand side of Euler-Lotka equation
(SI.2) with λ = 1 as a function β of u given by a power series,

β(u) =

∞∑
j=1

uj

(
j−2∏
k=0

k∏
i=0

xi

)
mj . (SI.137)

which, being the left hand side of Euler-Lotka equation, must converge to 1 for some value of u in (0, 1).
Suppose β(u) converges to 1 for two distinct values û1 and û2 of u in (0, 1). Then, the interval (û1, û2) is
both within (0, 1) and within the radius of convergence of β(u). Any power series is differentiable within
the radius of convergence. Since β′(u) > 0 in (û1, û2), we have that û1 and û2 cannot both be roots of
β(u) = 1. Therefore, there is a unique value û of u in (0, 1) such that β(û) = 1. Hence, to the sequence
x0, x1, . . . there corresponds corresponds a unique value p0 = û for the first term of the original sequence
(pn). Via Eq. (SI.135), the whole original sequence (pn) of survival probabilities is uniquely determined
and, therefore, the transformation is invertible. In the following analysis of the transformed system, the
quantities pj , j = 0, 1, . . . , should be seen as functions of the sequence (xn), as seen above.

3.5.2 Dynamics of the transformed system

Taking ratios of the equations of the system in Eq. (SI.33) and with a first order Taylor expansion around
δ = 0, the dynamics of the transformed system are given by equations of the form

xj(t+ 1) =
f−1P

(
fP(pj+1(t)) + δ 1

f ′P(pj+1(t))
Hj+1(t)
pj+1(t)

)
f−1P

(
fP(pj(t)) + δ 1

f ′P(pj(t))
Hj(t)
pj(t)

)
≈ xj(t) + δ

1

pj(t)2

[
pj(t)

pj+1(t)

Hj+1(t)

f ′(pj+1(t))2
− pj+1(t)

pj(t)

Hj(t)

f ′(pj(t))2

]
= xj(t) + δcpj (t)

[
Hj+1(t)

Hj(t)
− ψj(t)

]
, j = 0, 1 . . .

(SI.138)

where

cpj (t) =
Hj(t)

pj(t)pj+1(t)f ′P(pj+1(t))2
> 0 (SI.139)

and

ψj(t) =

(
pj+1(t)f

′
P(pj+1(t))

pj(t)f ′P(pj(t))

)2

. (SI.140)

Here, cpj (t) always is greater than zero because it is a product of positive quantities. Supposing that
xj(t) > 0, j = 0, 1, . . . , for all t, the system in Eq. (SI.138) can always be made correspond to the original
system in Eq. (SI.33), as shown in the previous section. Working with Eq. (SI.138) seems complicated
because of the laborious evaluation of p0, p1, . . . , which are here each a function of the sequence (xn).
However, the transformed system can still help us to gain theoretical understanding of the original system
as the next sections will show.

3.5.3 Basic properties of the transformed system

Here are some basic properties connecting xj and ψj , j = 0, 1, . . . . From Eqs. (SI.125) and (SI.127), one
has that

xj > 1 if and only if ψj > 1, fP ∈ F p
+ or fP ∈ F p

− and pj , pj+1 < b (SI.141a)

xj < 1 if and only if ψj < 1, fP ∈ F p
+ or fP ∈ F p

− and pj , pj+1 < b. (SI.141b)
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From Eq. (SI.127), we find

xj > 1 if and only if ψj < 1, fP ∈ F p
− and pj , pj+1 > b (SI.142a)

xj < 1 if and only if ψj > 1, fP ∈ F p
− and pj , pj+1 > b. (SI.142b)

From Eqs. (SI.125) and (SI.127), we obtain

xj = 1 if and only if ψj = 1, fP ∈ F p
+ or fP ∈ F p

− and either pj , pj+1 > b or pj , pj+1 < b.
(SI.143)

Further properties connecting xj and ψj are derived by noting that any given positive value of xj corresponds
to the slope of a line through the origin in the pj-pj+1 plane. Let θj be the angle between the (horizonal)
pj-axis and the line from the origin that goes through the point (pj , pj+1), which lies in a circle of radius
%j .

Let us then switch to polar coordinates, ψj(pj , pj+1) = ψj(θj , %j), where %j =
√
p2j + p2j+1 and θj =

arctan
(
pj+1

pj

)
= arctanxj , such that pj+1 = %j sin(θj) and pj = %j cos(θj). Differentiating with respect

to the angle, one has that

∂ψj
∂θj

=
∂pj+1

∂θj

∂ψj
∂pj+1

+
∂pj
∂θj

∂ψj
∂pj

= pj
∂ψj
∂pj+1

− pj+1
∂ψj
∂pj

= 2
√
ψj

[
1

f ′P(pj)

∂

∂pj+1
(pj+1f

′
P(pj+1))− p2j+1f

′
P(pj+1)

∂

∂pj

1

(pjf ′P(pj)

]
= 2
√
ψj

[
1

f ′P(pj)

∂(pj+1f
′
P(pj+1))

∂pj+1
+ xj

√
ψj

(
∂(pjf

′
P(pj))

∂pj

)]
.

(SI.144)

From Eqs. (SI.124), (SI.126) and (SI.144), one then has that

∂ψj
∂θj

> 0, fP ∈ F p
+ or fP ∈ F p

− with pj , pj+1 < b

∂ψj
∂θj

< 0, fP ∈ F p
− with pj , pj+1 > b.

(SI.145)

Differentiating ψj with respect to the radius, one gets

∂ψj
∂%j

=
∂pj+1

∂%j

∂ψj
∂pj+1

+
∂pj
∂%j

∂ψj
∂pj

=
1

%j

(
pj+1

∂ψj
∂pj+1

+ pj
∂ψj
∂pj

)
=

2
√
ψj√

p2j + p2j+1

[
pj+1

pjf ′P(pj)

∂(pj+1f
′
P(pj+1))

∂pj+1
+ pjpj+1f

′
P(pj+1)

∂

∂pj

1

(pjf ′P(pj))

]

=
2ψj√

p2j + p2j+1

[
1

f ′P(pj+1)

∂(pj+1f
′
P(pj+1))

∂pj+1
− 1

f ′P(pj)

∂(pjf
′
P(pj))

∂pj

]
(SI.146)

where we note that the quantity between brackets in Eq. (SI.146) vanishes for pj+1 = pj , corresponding to
θj = π

4 ,
∂ψj
∂%j

∣∣∣∣
θj=

π
4

= 0. (SI.147)

The problem of establishing dynamical properties of the transformed system can now be tackled. To
this aim, the strategy followed here is to partition the system into two subsystems. The first subsystem
is composed of survival at pre-reproductive ages, while the second subsystem is composed of survival at
reproductive ages.
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3.5.4 Stability of survival to pre-reproductive ages

Let us restrict attention to the transformed subsystem x0, x1, . . . , xα−2, which is finite dimensional as it only
includes survival at pre-reproductive ages. Define the vector x0 = (x0, x1, . . . , xα−2). From Eqs. (SI.21c),
(SI.138) and (SI.143), this subsystem only has one equilibrium

x∗0 = x∗1 = · · · = x∗α−2 = 1, (SI.148)

which is coherent with p∗0 = p∗1 = · · · = pα−1 as expected from Eqs. (SI.120) and (SI.134). Moreover, by
Eq. (SI.143), we have that

ψ∗0 = ψ∗1 = · · · = ψ∗α−2 = 1. (SI.149)

The dynamical behaviour induced on this subsystem by the functions found in the two sets defined in Section
3.3 is analysed separately for each set. For both cases, we can use Eqs. (SI.21) and (SI.138) to define the
map

Sj((xn(t))) = xj(t+ 1) = xj(t) + δcpj (t) [1− ψj(t)] , j = 0, 1, . . . , α− 2, (SI.150)

which takes as argument the sequence (xn) at t and returns the term xj(t+ 1) with j = 0, 1, . . . , α− 2 of
the sequence (xn) at time t+ 1. It is also useful to define

∆∗xj = xj − x∗j = xj − 1, j = 0, 1, . . . , α− 2. (SI.151)

which gives the difference between xj , j = 0, 1, . . . , α− 2, and its equilibrium value, and to let

d(x0,x
∗
0) =

√√√√α−2∑
i=0

(∆∗xj)2 ≥ 0, (SI.152)

be the Euclidean distance between x0 and its equilibrium value.

Case 1: fP ∈ F p
+.

Suppose that, at some time t, the subsystem is not at equilibrium. Then xj(t) 6= 1 for some
j = 0, ..., α− 2. If xj(t) = 1, then xj(t+ 1) = xj(t) by Eqs. (SI.143) and (SI.150). If xj(t) > 1,
then xj(t + 1) < xj(t) by Eqs. (SI.141) and (SI.150). If xj(t) < 1, then xj(t + 1) > xj(t) again
by Eqs. (SI.141) and (SI.150). Therefore, the quantity xj , if it is equal to 1, it will remain equal
to 1, while if it is different from 1, it always tends to move towards the value 1, i.e. if it is above
this value it will decrease, while if it is below this value it will increase. As selection is assumed
weak (0 < δ � 1), steps towards 1 will always be very small and each xj , j = 0, ..., α − 2 should
eventually end up in some relatively small neighbourhood of its equilibrium x∗j = 1, j = 0, ..., α−2.
To check stability at this equilibrium, we can differentiate the map in Eq. (SI.150) as follows

∂Sj
∂xi

= δi,j + δ
∂cpj
∂xi

(1− ψj)− δcpj
∂ψj
∂xi

, j = 0, 1, . . . , α− 2, i = 0, 1, . . . (SI.153)

where δi,j is Kronecker delta (i.e. δi,j = 1 when i = j and δi,j = 0 when i 6= j). We note that it
is sufficient that the subsystem x0 is at equilibrium that the second term on the right hand side
of Eq. (SI.153) vanishes because of Eq. (SI.149). Using polar coordinates, we then look at the
derivative in the third term on the right hand side of Eq. (SI.153),

∂ψj(θj , %j)

∂xi
=
∂ψj
∂θj

∂θj
∂xi

+
∂ψj
∂%j

∂%j
∂xi

, j = 0, . . . , α− 2, i = 0, 1, . . . (SI.154)

Since θj = arctanxj ,
∂ψj
∂θj

∂θj
∂xi

=
∂ψj
∂θj

δi,j
1 + x2i

(SI.155)
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The subsystem equilibrium in Eq. (SI.148) implies θ∗0 = · · · = θ∗α−2 = π
4 . By Eq. (SI.147), this in

turn implies that (
∂ψj
∂%j

∂%j
∂xi

)∣∣∣∣
x0=x∗0

= 0, j = 0, . . . , α− 2, i = 0, 1, . . . (SI.156)

Therefore,

∂ψj
∂xi

∣∣∣∣
x0=x∗0

=
δi,j

1 + (x∗i )
2

∂ψj
∂θj

∣∣∣∣
x0=x∗0

, j = 0, . . . , α− 2, i = 0, 1, . . . (SI.157)

Suppose there exists a (sufficiently small) Euclidean distance M from the equilibrium x∗0, a vector
with α− 1 components each equal to 1, see Eq. (SI.148), so that the following dynamics

∆∗xj(t+ 1) ≈ ∆∗xj(t)
∂Sj
∂xj

∣∣∣∣
x0=x∗0

, j = 0, 1, . . . , α− 2 (SI.158)

for the quantity in Eq. (SI.151) hold. The equation in (SI.158) linearly approximates the dynamics
of the deviations of the subsystem from its equilibrium so long as x0(t) is within Euclidean distance
M from x∗0, i.e. so long as

d(x0(t),x
∗
0) ≤M. (SI.159)

Taking absolute values of Eq. (SI.158) and using Eqs. (SI.149), (SI.153) and (SI.157),

|∆∗xj(t+ 1)| ≈ |∆∗xj(t)|
(

1− δ
cpj (t)

1 + (x∗j )
2

∂ψj
∂θj

∣∣∣∣
x0=x∗0

)
, j = 0, 1, . . . , α− 2, (SI.160)

In this equation, the quantity between parentheses in Eq. (SI.160) satisfies the inequalities

0 < 1− δ
cpj (t)

1 + (x∗j )
2

∂ψj
∂θj

∣∣∣∣
x0=x∗0

< 1, j = 0, 1, . . . , α− 2, (SI.161)

in virtue of Eq. (SI.145) and the assumption of sufficiently weak selection (0 < δ � 1). In this
quantity, cpj (t) is not at equilibrium because, as Eq. (SI.139) shows, it is a function of the whole
sequence (xn) and not only of x0.

Hence, Eq. (SI.160) shows that

If |∆∗xj(t)| = 0, then |∆∗xj(t+ 1)| = 0, j = 0, 1, . . . , α− 2,

If |∆∗xj(t)| > 0, then |∆∗xj(t+ 1)| < |∆∗xj(t)|, j = 0, 1, . . . , α− 2.
(SI.162)

As a consequence, when x0(t) is within distance M from x∗0, the components of x0(t) that do
not deviate from their equilibrium values remain at equilibrium values in one time step, while
all nonzero deviations shrink in absolute value in one time step. Since |z|2 = z2 and squaring
preserves order, we can use Eqs. (SI.152), (SI.159) and (SI.162) to compare Euclidean distances,
if 0 < d(x0(t),x

∗
0) ≤M , then

d(x0(t+ 1),x∗0) =

√√√√α−2∑
i=0

(∆∗xj(t+ 1))2 <

√√√√α−2∑
i=0

(∆∗xj(t))2 = d(x0(t),x
∗
0) ≤M. (SI.163)

and if d(x0(t),x
∗
0) = 0, then d(x0(t + 1),x∗0) = 0. Therefore, if x0(t) is within positive distance

M from x∗0, then x0(t + 1) also is within distance M from x∗0 and the dynamics in Eq. (SI.158)
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apply again. Since d(x0,x
∗
0) is bounded below by zero and d(x0(t + 1),x∗0) < d(x0(t),x

∗
0) when

d(x0(t),x
∗
0) ≤M , by monotone convergence we have

lim
t→∞

d(x0(t),x
∗
0) = 0, (SI.164)

i.e. the distance between x0(t) and x∗0 eventually goes to zero so long as the former is found within
a sufficiently small neighbourhood of the latter that the linearized dynamics in Eq. (SI.158) hold.
Hence, when fP ∈ F p

+, the equilibrium in Eq. (SI.148) is stable.

For the subcase fP(p) = pq with q > 0, a stronger result about the stability of the subsystem x0 is
obtained by using an approach based on Lyapunov method. From Eqs. (SI.134) and (SI.140), we
can write

ψj = x2qj , with fP(p) = pq with q > 0, (SI.165)

which shows that ψj only depends on xj and ψ′j(xj) = 2qx2q−1j . Define

V p =

α−2∑
j=0

(1− ψj)2 =

α−2∑
j=0

(1− x2qj )2, with fP(p) = pq with q > 0. (SI.166)

where, because of Eq. (SI.21c), we have that 1 − x2qj corresponds to the bracketed quantity in
Eq. (SI.138) for j = 0, 1, . . . , α − 2. Clearly, V p is always positive except at the subsystem
equilibrium in Eqs. (SI.148) and (SI.149), where it vanishes. Therefore, V p is a candidate Lyapunov
function.

Suppose x0 is not at equilibrium at t so that V p(t) > 0. Hence, (1−x2qj (t))2 > 0 for at least some
j = 0, 1 . . . , α− 2. Let K ⊂ {0, 1 . . . , α− 2} be the non-empty index set such that j ∈ K if and
only if (1 − x2qj (t))2 > 0. Note that if (1 − x2qj (t))2 = 0 for some j /∈ K, then, by Eq. (SI.150)

xj(t+1) = xj(t) and x2qj (t+1) = x2qj (t) and, therefore, (1−x2qi (t+1))2 = 0. Thus, for any term
that is equal to zero in the sum given by V p(t), the corresponding term in the sum given by V p(t+1)
is still equal to zero. Consider then terms in the sum given by V p(t) with index in K. Neglecting
terms of order δ2 and using Eq. (SI.150) to approximate both x2qj (t + 1) and x4qj (t + 1) with a
first order Taylor expansion around δ = 0 and to get an expression for ∆xj(t) := xj(t+ 1)−xj(t),
j = 0, 1 . . . , α− 2, we have that

(1− x2qj (t+ 1))2 − (1− x2qj (t))2 ≈ −4qx2q−1j (t)∆xj(t) + 4x2qj (t)qx2q−1j (t)∆xj(t)

= −4qδcpj (t)(1− x
2q
j (t))2x2q−1j (t)

< 0, j ∈ K
(SI.167)

Therefore,

if V p(t) > 0, then V p(t+ 1)− V p(t) < 0, with fP(p) = pq with q > 0, (SI.168)

and V p is a strict Lyapunov function for the subsystem: flat pre-reproductive survival is a globally
stable equilibrium when fP is a power function.

As only a subsystem of the transformed system is here considered, it is not possible to get back
to the original coordinates. However, it can be concluded that survival at pre-reproductive ages
is globally attracted to the same equilibrium value irrespective of age, but the analysis leaves this
value undetermined.

Case 2: fP ∈ F p
−.

Here we consider two subcases. First, suppose that b is only slightly smaller than 1 so that p∗j < b,
j = 0, . . . , α− 1, if an equilibrium exists, and pj(t) < b, j = 0, . . . , α− 1 for all t. Then, the same
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arguments as before apply and flat age-specific survival at pre-reproductive ages is an attracting,
stable equilibrium.

Second, suppose instead that, if an equilibrium of survival at pre-reproductive ages exists, p∗j > b,
j = 0, . . . , α − 1, e.g. because 0 < b � 1. Since p∗j > b, j = 0, . . . , α − 1 and weak selection
(0 < δ � 1) imposes small changes per time step, it is necessary that the dynamics of pre-
reproductive survival pj(t), j = 0, ..., α− 1 eventually remain in the interval

Lj = (p∗j −min{1− p∗j , p∗j − b}, p∗j + min{1− p∗j , p∗j − b}), j = 0, . . . , α− 1, (SI.169)

to have a chance of getting to equilibrium. We shall then study the dynamics of pre-reproductive
survival assuming that these unfold so that pj(t) ∈ Lj , j = 0, . . . , α−1, for all t. As a consequence,
pj(t) > b, j = 0, . . . , α−1, for all t. Suppose that, at some time t, pre-reproductive survival is not
at equilibrium so that pj(t) 6= p∗j for some j = 0, . . . , α − 1. In the transformed subsystem x0(t),
this means that xj(t) 6= 1 for some j = 0, . . . , α− 2. Let then

d(x0(t),x
∗
0) =

√√√√α−2∑
i=0

(xj(t)− 1)2 > 0 (SI.170)

be the Euclidean distance between x0(t) and the equilibrium x∗0, which is a vector with α − 1
components all equal to 1, see Eq. (SI.148). If xj(t) = 1, then xj(t+ 1) = xj(t) by Eqs. (SI.143)
and (SI.150). If xj(t) > 1, then xj(t+ 1) > xj(t) > 1 by Eqs. (SI.142) and (SI.150). If xj(t) < 1,
then xj(t + 1) < xj(t) < 1 again by Eqs. (SI.142) and (SI.150). Hence, we obtain the following
relationship about the absolute values of the deviations,

If |∆∗xj(t)| = 0, then |∆∗xj(t+ 1)| = 0, j = 0, 1, . . . , α− 2

If |∆∗xj(t)| > 0, then |∆∗xj(t+ 1)| > |∆∗xj(t)|, j = 0, 1, . . . , α− 2.
(SI.171)

Since |z|2 = z2 and squaring preserves order, we can use Eqs. (SI.152), (SI.170) and (SI.171) to
compare Euclidean distances,

d(x0(t+ 1),x∗0) =

√√√√α−2∑
i=0

(∆∗xj(t+ 1))2 >

√√√√α−2∑
i=0

(∆∗xj(t))2 = d(x0(t),x
∗
0) > 0. (SI.172)

Therefore, when x0(t) is not at equilibrium, the distance from this will increase. The equilibrium
is then unstable.

As instability of the subsystem x0, x1, . . . , xα−2 implies instability of the whole system, negative
ageing cannot be a stable equilibrium if p∗j > b for j = 0, ..., α− 1.

3.5.5 Set stability of survival at reproductive ages

Let us restrict attention to the subsequence (xn)α−1 = xα−1, xα, . . . , which only includes survival into the
first reproductive age and subsequent survival. The aim here is to characterize regions of the state space
that attract or repel the dynamics of (xn)α−1. Define the sets

Up := {(xn)α−1 : xj > 0, j = α− 1, α, . . . }
Ap≤ := {(xn)α−1 : 0 < xj ≤ 1, j = α− 1, α, . . . }
Ap< := {(xn)α−1 : 0 < xj < 1, j = α− 1, α, . . . }
Ap> := {(xn)α−1 : xj > 1, j = α− 1, α, . . . }

. (SI.173)

The set Up is the entire state space where the dynamics of (xn)α−1 unfold. The possibility that xj = 0 for
some j = α−1, α, . . . is excluded. This is because survival is assumed initially positive and the dynamics in
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Eq. (SI.33) should guarantee its strict positivity throughout. In the transformed system, this should preserve
the positivity of xj , j = 0, 1, . . . .

Any complement of a subset of Up should be meant as a complement relative to Up excluding the 0
boundary. The set Ap≤ is the set of all life histories with adult survival that either stays constant or decreases
with age. Ap< is the interior of Ap≤ and, by the definitions in Section 1.2, it is the set of all life histories
with ageing in survival. Ap> is the set of all life histories with negative ageing in survival. The dynamical
behaviour induced by the two sets of functions is analysed separately.

Case 1: fP ∈ F p
+.

As shown in Section 3.4.1, at equilibrium, p∗j+1 < p∗j , j = α − 1, α, . . . . Therefore, x∗j < 1,
j = α − 1, α, . . . and (x∗n)α−1 ∈ Ap< ⊂ Ap≤. Here three properties of Ap≤ are shown under the
dynamics in Eq. (SI.138) assuming sufficiently weak selection:

(i) Ap≤ is an invariant set: if (xn(t))α−1 ∈ Ap≤, then (xn(t+1))α−1 ∈ Ap≤. To show this, observe
that the quantities xj change by very small amounts at each time step because of weak
selection. Hence, the passage from xj(t) ≤ 1 to xj(t + 1) > 1 for some j = α − 1, α, . . .
can only happen in some small neighbourhood around the boundary between Ap≤ and its
complement. In this neighbourhood, xj ≈ 1. Therefore, pj ≈ pj+1 and θj ≈ π

4 . By (SI.147),

the derivative
∂ψj
∂%j

tends to vanish in this neighbourhood. Noting, as in Eqs. (SI.154)-(SI.157),

that θj = arctan(xj) only is a function of xj we can write the total differential

dψj ≈
∂ψj
∂xj

∆xj =
∂θj
∂xj

∂ψj
∂θj

∆xj =
1

1 + x2j

∂ψj
∂θj

∆xj (SI.174)

only in terms of the change in xj and the sensitivity of ψj to it, because the xi’s with i 6= j
have an influence on ψj only via %j . This differential is meant to be valid when xj ≈ 1. We

also note that, in this differential, the quantity
∂ψj
∂θj

is positive by Eq. (SI.145).

Suppose now, towards a contradiction, that (xn(t))α−1 ∈ Ap≤ and (xn(t + 1))α−1 /∈ Ap≤.
Then, by Eq. (SI.173), xj(t) ≤ 1 for all j = α − 1, α, . . . , while xj(t + 1) > 1 for at least
some j = α − 1, α, . . . . Let K ⊆ {α − 1, α, . . . } be the index set such that j ∈ K if and
only of xj(t+ 1) > 1. Then, xj(t+ 1) > 1 ≥ xj(t) for j ∈ K. This implies, by Eq. (SI.138),

that
Hj+1(t)
Hj(t)

− ψj(t) > 0 for j ∈ K and, by Eq. (SI.141), that ψj(t + 1) > 1 for j ∈ K.

By Eq. (SI.21d),
Hj+1(t)
Hj(t)

< 1, j = α − 1, α, . . . , independently of t. Hence, using the total

differential dψj(t) in Eq. (SI.174) as a substitute for ∆ψj(t) = ψj(t+ 1)− ψj(t),

Hj+1(t)

Hj(t)
< ψj(t+ 1) ≈ ψj(t) +

∆xj(t)

1 + x2j (t)

∂ψj
∂θj

(t), j ∈ K. (SI.175)

Subtracting ψj(t) from both sides of this inequality and then dividing by the positive quantity
Hj+1(t)
Hj(t)

− ψj(t) and using Eq. (SI.138),

1 < δ
cpj (t)

1 + x2j (t)

∂ψj
∂θj

(t), j ∈ K. (SI.176)

But this contradicts the assumption of weak selection (i.e. 0 < δ � 1). Therefore, it is not
the case that (xn(t))α−1 ∈ Ap≤ and (xn(t+ 1))α−1 /∈ Ap≤. Equivalently, if (xn(t))α−1 ∈ Ap≤,
then (xn(t+ 1))α−1 ∈ Ap≤.

(ii) Ap≤ pushes trajectories into its interior: if (xn(t))α−1 ∈ Ap≤, then (xn(t + 1))α−1 ∈ Ap<. To
show this, suppose (xn(t))α−1 ∈ Ap≤. If xj(t) = 1 for some j = α − 1, α, . . . , then, by

Eq. (SI.143), ψj(t) = 1. By Eq. (SI.21d),
Hj+1(t)
Hj(t)

< 1, j = α − 1, α, . . . , independently of
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t. Hence,
Hj+1(t)
Hj(t)

− ψj(t) < 0 and, by Eq. (SI.138), xj(t + 1) < xj(t) = 1. If xj(t) < 1 for

some j = α− 1, α, . . . , then the supposition that ψj(t+ 1) = 1 along with the assumption of
weak selection leads to the same contradiction as in Eq. (SI.176) via an argument analogous
to that used to prove invariance of Ap≤. Thus, if xj(t) < 1, then xj(t+ 1) < 1.

Therefore, if xj(t) ≤ 1, j = α− 1, α, . . . , then xj(t+ 1) < 1, j = α− 1, α, . . . .

(iii) Ap≤ is a stable attracting set. Trajectories from outside of Ap≤ end up in it and stay there. To
show this, we combine Eqs. (SI.7) and (SI.10) with the fact that the sequence 1, 1, . . . is the
boundary of Ap≤ to get the distance of the sequence (xn)α−1 from the set Ap≤ as

dα−1((xn)α−1, A
p
≤) =

∞∑
i=α−1

Θ(xi − 1)

2i
|xi − 1|

1 + |xi − 1| (SI.177)

where Θ is the unit step function, i.e. Θ(z) = 1 for z ≥ 0 and Θ(z) = 0 for z < 0. The unit
step function takes care of the fact that if any term of (xn)α−1 is smaller than 1, then the
contribution of the corresponding term in the series in Eq. (SI.177) must be zero, because
there is some sequence in Ap≤ that has a term that has both the same index and the same
value. Suppose (xn(t))α−1 /∈ Ap≤ so that dα−1((xn(t))α−1, A

p
≤) > 0. Then, xj(t) > 1 for

some j = α − 1, α, . . . Let K ⊆ {α − 1, α, . . . } be the index set such that j ∈ K if and
only if xj(t) > 1, i.e. K exclusively contains the indexes of the positive terms in the series
given by dα−1((xn(t))α−1, A

p
≤), while all other terms are equal to zero. Let us first consider

those terms that are equal to zero in this series. By invariance of Ap≤, if xj(t) ≤ 1 for j /∈ K,
then xj(t+ 1) ≤ 1 for j /∈ K. Thus, for any term that is equal to zero in the series given by
dα−1((xn(t))α−1, A

p
≤), the corresponding term in the series given by dα−1((xn(t+1))α−1, A

p
≤)

is still equal to zero. Consider then terms that are greater than zero in the series given by

dα−1((xn(t))α−1, A
p
≤). By Eq. (SI.141), ψj(t) > 1 for j ∈ K. By Eq. (SI.21d),

Hj+1(t)
Hj(t)

< 1,

j = α − 1, α, . . . , independently of t. By Eq. (SI.138), xj(t + 1) < xj(t) for j ∈ K. Recall
that xj(t)− 1 > 0 for j ∈ K. If xj(t+ 1)− 1 ≤ 0, then

Θ(xj(t+ 1)− 1)|xj(t+ 1)− 1|
1 + |xj(t+ 1)− 1| = 0

<
xj(t)− 1

1 + xj(t)− 1

=
Θ(xj(t)− 1)|xj(t)− 1|

1 + |xj(t)− 1| , j ∈ K.

(SI.178)

If xj(t + 1) − 1 > 0, then, using the fact that z/(1 + z) is strictly increasing on (−1/2,∞)
and, therefore, preserves order on this interval,

Θ(xj(t+ 1)− 1)|xj(t+ 1)− 1|
1 + |xj(t+ 1)− 1| =

xj(t+ 1)− 1

1 + xj(t+ 1)− 1

<
xj(t)− 1

1 + xj(t)− 1

=
Θ(xj(t)− 1)|xj(t)− 1|

1 + |xj(t)− 1| , j ∈ K.

(SI.179)

Either way, all positive terms in the series given by dα−1((xn(t))α−1, A
p
≤) are larger than the

corresponding terms in the series given by dα−1((xn(t + 1))α−1, A
p
≤). Hence, dα−1((xn(t +

1))α−1, A
p
≤) < dα−1((xn(t))α−1, A

p
≤). By monotone convergence, we then have that

lim
t→∞

dα−1((xn(t))α−1, A
p
≤) = 0 (SI.180)

for any (xn(t))α−1 ∈ Up.
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Hence, when fP ∈ F p
+, the set Ap≤ fulfils the properties [16] to be a globally stable attracting set of

the dynamics of (xn)α−1. In virtue of property (ii), all trajectories lead to Ap< so that the distance
between this set and (xn)α−1 also goes to zero. This distance is also measured via Eq. (SI.177)
because the distance between an open set and a point on its boundary is zero. Eventually, ageing
in survival evolves from any initial life history.

Case 2: fP ∈ F p
−.

Two subcases are considered.

First, suppose b is only slightly smaller than 1 and the evolving sequence (pn(t)) is bounded above
by b for all t. In this case, the same arguments apply as for the Case 1 (f ∈ F p

+) and ageing in
survival is expected to evolve.

Second, let 0 < b � 1 and assume that the evolving sequence (pn(t)) is bounded below by b
for all t. As shown in Section 3.4.2, at equilibrium, p∗j+1 > p∗j , j = α − 1, α, . . . . Therefore,
x∗j > 1, j = α − 1, α, . . . and (x∗n)α−1 ∈ Ap>. Here, it is shown that the set Ap>, which contains
any equilibrium of (x∗n)α−1 when fP ∈ F p

−, is a repelling set under the dynamics in Eq. (SI.138).
Combining Eqs. (SI.7) and (SI.10), the distance between (xn)α−1 and Ap> is

dα−1((xn)α−1, A
p
>) =

∞∑
i=α−1

Θ(−(xi − 1))

2i
|xi − 1|

1 + |xi − 1| (SI.181)

where the unit step function Θ takes care of the fact that if any term of (xn)α−1 is greater than 1,
then the contribution of the corresponding term in the series in Eq. (SI.181) must be zero, because
there is some sequence in Ap> that has a term that has both the same index and the same value.
We also note that if yj = 1 for j = α, α + 1, . . . , then the distance in Eq. (SI.181) is zero, as it
should be, since the distance between a point on the boundary of an open set and this set is zero.
Suppose (xn(t))α−1 /∈ Ap>. Then, by Eq. (SI.173), xj(t) ≤ 1 for some j = α− 1, α, . . . , and

dα−1((xn(t))α−1, A
p
>) > 0. (SI.182)

Let K ⊆ {α−1, α, . . . } be the index set such that j ∈ K if and only if xj(t) ≤ 1. By Eqs. (SI.142)-

(SI.143), ψj(t) ≥ 1 for j ∈ K. By Eq. (SI.21d),
Hj+1(t)
Hj(t)

< 1, j = α − 1, α, . . . , independently

of t. Thus,
Hj+1(t)
Hj(t)

− ψj(t) < 0 and, by Eq. (SI.138), xj(t + 1) < xj(t) for j ∈ K. Therefore,

xj(t+ 1) < xj(t) ≤ 1 for j ∈ K. Using the fact that z/(1 + z) is strictly increasing on (−1/2,∞)
and, therefore, preserves order on this interval,

Θ(−(xj(t+ 1)− 1))|xj(t+ 1)− 1|
1 + |xj(t+ 1)− 1| =

|xj(t+ 1)− 1|
1 + |xj(t+ 1)− 1|

=
1− xj(t+ 1)

1 + 1− xj(t+ 1)

>
1− xj(t)

1 + 1− xj(t)

=
Θ(−(xj(t)− 1))|xj(t)− 1|

1 + |xj(t)− 1| , j ∈ K.

(SI.183)

Therefore, all positive terms in the series given by dα−1((xn(t + 1))α−1, A
p
>) are larger than the

corresponding terms in the series given by dα−1((xn(t))α−1, A
p
>). As for the zero terms in the

series given by dα−1((xn(t))α−1, A
p
>), the corresponding terms in the series given by dα−1((xn(t+

1))α−1, A
p
>) are either zero or positive. Either way, we have that

dα−1((xn(t+ 1))α−1, A
p
>) > dα−1((xn(t))α−1, A

p
>) > 0. (SI.184)
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Hence, if (xn(t))α−1 /∈ Ap>, then (xn(t + 1))α−1 /∈ Ap> and the distance between (xn(t))α−1 and
the set Ap>, where an equilibrium (if any exists) is found, keeps increasing with time. The set of
life histories with negative ageing in survival Ap> is repelling. Negative ageing in survival can not
evolve from an initial life history without negative ageing.

3.6 Minimal model

In the previous section, equilibrium states of survival were not characterized in terms of their number and
stability. Here we obtain such a characterization under the simplifying assumption that there are only two
age classes, i.e. that p2(t) = 0 for all t, and reproduction starts from the first (α = 1), i.e. m1,m2 > 0.
This model is inspired by that in [17]. In this case, the Euler-Lotka equation (SI.2) for a demographically
stationary population (λ = 1) is

p0m1 + p0p1m2 = 1. (SI.185)

Since p0, p1 ≤ 1, we have that p0m1 + p0p1m2 ≤ m1 + m2. If m1 + m2 < 1, Eq. (SI.185) cannot be
satisfied. Therefore, it is required that m1+m2 ≥ 1. Setting p1 equal to p0 (i.e. neither ageing nor negative
ageing) in Eq. (SI.185), the left hand side becomes a second degree polynomial ζ(p0) = p0m1 + p20m2 in
p0. As ζ ′(p0) > 0 for p0 > 0 and ζ(0) = 0, the equation ζ(p0) = 1 has a unique positive root p̂0,

p̂0 =
−m1 +

√
m2

1 + 4m2

2m2
. (SI.186)

We want to show that this root is in the interval (0, 1]. We already established that p̂0 is a positive root.
We need only to show p̂0 ≤ 1. Suppose, towards a contradiction, that p̂0 > 1. If we set the right hand
side of Eq. (SI.186) greater than 1, we obtain m1 + m2 < 1. But this contradicts the requirement that
m1 + m2 ≥ 1. Hence, the root p̂ of ζ(p0) is in the interval (0, 1] for the initial choice of m1,m2 > 0 and
m1 + m2 ≥ 1. Within this simplified model, we can assume that ageing is present when p0 > p1, while
there is negative ageing when p0 < p1. The just obtained root allows to readily detect ageing or its absence
in this model: there is ageing in survival whenever p̂0 < p0 ≤ 1, while there is negative ageing in survival
whenever 0 < p0 < p̂0.

To understand the dynamics in this model, we let the summation in Eq. (SI.117) only go to 2 instead of
infinity. Then, we take logs of both sides of the resulting equation and a first-order Taylor expansion around
δ = 0 to get two dynamical equations,

ln pj(t+ 1) ≈ ln pj(t) + δ

(
Hj(t)

p2j (t)f
′
P(pj(t))2

−
1∑
i=0

H2
i (t)

p2i (t)f
′
P(pi(t))2

)
, j = 0, 1. (SI.187)

Using Eq. (SI.185), we can write p1 = 1−p0m1

p0m2
. From this and setting α = 1 while imposing a maximum

age ω = 2 in Eqs. (SI.4) and (SI.20), we get T (t) = 2 − p0(t)m1, H0(t) = 1
T (t) and H1(t) = 1−p0(t)m1

T (t) .

Using the expressions we just derived, we reduce Eq. (SI.187) to a single dynamical equation

ln p0(t+ 1) ≈ ln p0(t) + δ

[
H0(t)

p20(t)f
′
P(p0(t))2

− H2
0 (t)

p20(t)f
′
P(p0(t))2

− H2
1 (t)

p21(t)f
′
P(p1(t))2

]
= ln p0(t) +

δ

T 2(t)

[
T (t)

p20(t)f
′
P(p0(t))2

− 1

p20(t)f
′
P(p0(t))2

− (1− p0(t)m1)
2

p21(t)f
′
P(p1(t))2

]

= ln p0(t) +
δ

T 2(t)

 1− p0(t)m1

p20(t)f
′
P(p0(t))2

− p20(t)m
2
2

f ′P

(
1−p0(t)m1

p0(t)m2

)2
 .

(SI.188)

Recall that p0f
′
P(p0) > 0 and f ′P(p0) > 0 for 0 < p0 < 1 by assumption. Therefore, Eq. (SI.188) is well

defined provided f ′P(1−p0m1

p0m2
) 6= 0. Requiring 0 ≤ p1 ≤ 1 leads to restrict the feasible values of ln p0 to the

interval
X := [− ln(m1 +m2),min(0,− lnm1)] (SI.189)
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where the lower bound is obtained by rearranging Eq. (SI.185) to p1 = (p−10 −m1)/m2, setting p1 ≤ 1 and,
then, solving for ln p0, while the upper bound is similarly obtained by setting p1 ≥ 0 and, then, solving for
ln p0 while keeping in mind that it must also be that p0 ≤ 1. The dynamics in Eq. (SI.188) are then only
meaningful under the restriction that ln p0 is in D, possibly excluding either end point when Eq. (SI.188)
is undefined at those points for the given fP.

3.6.1 Equilibria and stability in the minimal model

Let

Q(p0) :=
1− p0m1

p20f
′
P(p0)2

− p20m
2
2

f ′P(1−p0m1

p0m2
)2

(SI.190)

be a measure for the change in ln p0. This function corresponds to the quantity in brackets in the last line
of Eq. (SI.188). As δ and T are always positive, any equilibrium ln p∗0 ∈ X of Eq. (SI.188) is a solution
of the equation Q(p0) = 0. As the quantity ∆ ln p0(t) := ln p0(t+ 1)− ln p0(t) is directly proportional to
Q(p0(t)) and selection is weak (0 < δ � 1), equilibria of Eq. (SI.188) and their stability can be visualized
by plotting Q(p0) against p0 as in Fig. SI.3. This shows that some functions fP(p) in F p

+ have a single
stable equilibrium, e.g. the identity function, exp(p), sin(p) or − ln(1− p). Yet other functions in F p

+ can

lead to bistability of equilibria with ageing in survival, e.g. fP(p) = p
2
5 , which reveals that, although all

equilibria imply ageing in survival, some may be unstable. As for functions in F p
−, they can imply both an

unstable equilibrium with negative ageing and a stable equilibrium with ageing, e.g. fP(p) is arctan
1
10 (p)

or
√
p/(1 + p).

Some analytic results are here derived assuming that fP is either linear or convex, i.e. f ′′P(p) ≥ 0 for
0 < p < 1 (possibly including either end point when possible), which implies that fP ∈ F p

+. Let Υ be the
map Υ(ln p0(t)) = ln p0(t+ 1) in Eq . (SI.188). Differentiating this map, one gets

∂Υ

∂ ln p0
= 1− δ

(
3p20m

2
1 − 6p0m1 + 4

p20T
3f ′P(p0)2

)
︸ ︷︷ ︸

:=a

−δ
(

(2p20m
2
1 − 6p0m1 + 4)f ′′P(p0)

p0T 3f ′P(p0)3

)
︸ ︷︷ ︸

:=b

− δ

2p0m2

[
Tf ′′P(1−p0m1

p0m2
) + 2p0m2f

′
P(1−p0m1

p0m2
)
]

T 3f ′P(1−p0m1

p0m2
)3


︸ ︷︷ ︸

:=c

.

(SI.191)

Weak selection (i.e. 0 < δ � 1) guarantees that the derivative in Eq. (SI.191), where defined, always takes
values around 1. In particular, when a, b and c are nonnegative with at least one being positive, one has∣∣∣∣ ∂Υ

∂ ln p0

∣∣∣∣ < 1. (SI.192)

To identify cases in which this inequality holds, let z := p0m1. The quantity a in Eq. (SI.191) is always
positive, as it is directly proportional to the second degree polynomial 3z2 − 6z + 4. This polynomial has
positive coefficient of the squared term and discriminant of −12 and, therefore, it is positive for all z and,
consequently, for all ln p0 ∈ X. The quantity b in Eq. (SI.191) is always nonnegative, as it is 0 for linear
fP and directly proportional to the second degree polynomial 2z2 − 6z + 4 for convex fP. This polynomial
has positive coefficient of the squared term and two roots, 1 and 2, which ensure that the polynomial is
nonnegative for 0 < z ≤ 1 and, consequently, for ln p0 ∈ X. The quantity c in Eq. (SI.191), if well defined,
is always positive because of assumptions about the first and second derivatives of fP. Therefore, any
equilibrium in the interior of X is linearly stable when fP is either linear or convex. When fP is defined also
in the end points of X and so is the quantity c, e.g. when fP is the identity function, exp(p) or tan(p),
then Υ is a contraction on X and it admits a unique globally stable equilibrium.
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<latexit sha1_base64="rgWH3jCZQRXxQb1Sf+SE8aiyQF0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMePGYgHlAsoTZySQZMju7zvQKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjf3209cGxGpB5zG3A/pSImhYBSt1GmU437qzi77xZJbcRcg68TLSAky1PvFr94gYknIFTJJjel6box+SjUKJvms0EsMjymb0BHvWqpoyI2fLu6dkQurDMgw0rYUkoX6eyKloTHTMLCdIcWxWfXm4n9eN8HhrZ8KFSfIFVsuGiaSYETmz5OB0JyhnFpCmRb2VsLGVFOGNqKCDcFbfXmdtK4qXrVSbVRLtessjjycwTmUwYMbqME91KEJDCQ8wyu8OY/Oi/PufCxbc042cwp/4Hz+ACq5j14=</latexit>

p0
<latexit sha1_base64="O6ZT6/IzW6r/U2jJEEZQRlVUxdE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWn46yN3ZoFpz6+5CZB28AmpQqDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z6KiMTdBvlh2Ri6sMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboNcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nwqNgRv9eR1aF/VPcsP17Vmo4ijDGdwDpfgwQ004R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+CPn8we+546X</latexit><latexit sha1_base64="O6ZT6/IzW6r/U2jJEEZQRlVUxdE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWn46yN3ZoFpz6+5CZB28AmpQqDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z6KiMTdBvlh2Ri6sMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboNcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nwqNgRv9eR1aF/VPcsP17Vmo4ijDGdwDpfgwQ004R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+CPn8we+546X</latexit><latexit sha1_base64="O6ZT6/IzW6r/U2jJEEZQRlVUxdE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWn46yN3ZoFpz6+5CZB28AmpQqDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z6KiMTdBvlh2Ri6sMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboNcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nwqNgRv9eR1aF/VPcsP17Vmo4ijDGdwDpfgwQ004R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+CPn8we+546X</latexit><latexit sha1_base64="O6ZT6/IzW6r/U2jJEEZQRlVUxdE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWn46yN3ZoFpz6+5CZB28AmpQqDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z6KiMTdBvlh2Ri6sMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboNcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nwqNgRv9eR1aF/VPcsP17Vmo4ijDGdwDpfgwQ004R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+CPn8we+546X</latexit>

p̂0
<latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit><latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit><latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit><latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit>

Unstable equilibrium

Stable equilibrium

Feasible survival values

p̂0
<latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit><latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit><latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit><latexit sha1_base64="JHLe8rFYEjgdFjwOOLbMpsF0gKc=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANJTNdtMu3WzC7kQoIT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53KxubW9k51t7a3f3B4VD8+6Zok04x3WCIT3Q+p4VIo3kGBkvdTzWkcSt4Lp3fzeu+JayMS9YizlAcxHSsRCUbRWv5gQjFPi2HuFsN6w226C5F18EpoQKn2sP41GCUsi7lCJqkxvuemGORUo2CSF7VBZnhK2ZSOuW9R0ZibIF+sXJAL64xIlGj7FJKF+3sip7Exszi0nTHFiVmtzc3/an6G0W2QC5VmyBVbfhRlkmBC5veTkdCcoZxZoEwLuythE6opQ5tSzYbgrZ68Dt2rpmf54brRcss4qnAG53AJHtxAC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/kfP4AkYiRXg==</latexit>

fP(p0) = p0

<latexit sha1_base64="hr83Gp3FbmPPGNVk721wZn632QU=">AAACBHicbVDLSsNAFJ34rPUVddlNsAh1UxIpqAuh4MZlBfuANoTJdNIOnUnCzI1YQhZu/BU3LhRx60e482+cpllo64HLPZxzLzP3+DFnCmz721hZXVvf2Cxtlbd3dvf2zYPDjooSSWibRDySPR8ryllI28CA014sKRY+p11/cj3zu/dUKhaFdzCNqSvwKGQBIxi05JmVwEsHQB9AirSVZbXYS+3s9Cpvnlm163YOa5k4BamiAi3P/BoMI5IIGgLhWKm+Y8fgplgCI5xm5UGiaIzJBI9oX9MQC6rcND8is060MrSCSOoKwcrV3xspFkpNha8nBYaxWvRm4n9eP4Hgwk1ZGCdAQzJ/KEi4BZE1S8QaMkkJ8KkmmEim/2qRMZaYgM6trENwFk9eJp2zutOoX942qk27iKOEKugY1ZCDzlET3aAWaiOCHtEzekVvxpPxYrwbH/PRFaPYOUJ/YHz+AOSkmDQ=</latexit>

fP(p0) = sin(p0)

<latexit sha1_base64="Dt4L+7UO7FKRjvLQp2uVVFKOyDA=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahbkoiBXUhFNy4rGAv0IQwmU7aoZNJmDkRS8jaja/ixoUibn0Cd76N0zYLbf1h4OM/53Dm/EHCmQLb/jaWlldW19ZLG+XNre2dXXNvv63iVBLaIjGPZTfAinImaAsYcNpNJMVRwGknGF1P6p17KhWLxR2ME+pFeCBYyAgGbfnmUehnLtAHkFHWzPNq4md2fnrlKiYK9s2KXbOnshbBKaCCCjV988vtxySNqADCsVI9x07Ay7AERjjNy26qaILJCA9oT6PAEVVeNj0lt06007fCWOonwJq6vycyHCk1jgLdGWEYqvnaxPyv1kshvPAyJpIUqCCzRWHKLYitSS5Wn0lKgI81YCKZ/qtFhlhiAjq9sg7BmT95EdpnNadeu7ytVxp2EUcJHaJjVEUOOkcNdIOaqIUIekTP6BW9GU/Gi/FufMxal4xi5gD9kfH5AwLDmmc=</latexit>

fP(p0) = exp(p0)

<latexit sha1_base64="cCCtNBFkSE3Eeqiy6jUvdg0+/5E=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjUIsQm7ElALIWBjGcFcIAnL7ORsMmT2wsxZSVi2tvFVbCwUsfUJ7HwbJ8kWmvjDwMd/zuHM+d1IcIWW9W3kVlbX1jfym4Wt7Z3dveL+QVOFsWTQYKEIZdulCgQPoIEcBbQjCdR3BbTc0c203noAqXgY3OMkgp5PBwH3OKOoLad47DlJF2GM0k/qaVqOnMRKz667MI4ydoolq2LNZC6DnUGJZKo7xa9uP2SxDwEyQZXq2FaEvYRK5ExAWujGCiLKRnQAHY0B9UH1ktkpqXmqnb7phVK/AM2Z+3siob5SE9/VnT7FoVqsTc3/ap0YvctewoMoRgjYfJEXCxNDc5qL2ecSGIqJBsok13812ZBKylCnV9Ah2IsnL0PzvGJXK1d31VLNyuLIkyNyQsrEJhekRm5JnTQII4/kmbySN+PJeDHejY95a87IZg7JHxmfPwdXmmo=</latexit>

fP(p0) = arctan
1
10 (p0)

<latexit sha1_base64="QntXpIpD2IlSdFaFwsDHAFzGV3w=">AAACHHicbVDLSsNAFJ34rPVVdekmWIS6KYkW1IVQcOOygn1AU8NkOmmHTiZh5kYsQz7Ejb/ixoUiblwI/o3TB6KtBy4czrmXe+8JEs4UOM6XtbC4tLyymlvLr29sbm0XdnYbKk4loXUS81i2AqwoZ4LWgQGnrURSHAWcNoPB5chv3lGpWCxuYJjQToR7goWMYDCSXzgJfe0BvQcZ6VqWlRJfO9nRhYclASxutRdKTLSbadf5cf1C0Sk7Y9jzxJ2SIpqi5hc+vG5M0ogKIBwr1XadBDoaS2CE0yzvpYommAxwj7YNFTiiqqPHz2X2oVG6dhhLUwLssfp7QuNIqWEUmM4IQ1/NeiPxP6+dQnjW0UwkKVBBJovClNsQ26Ok7C6TlAAfGoKJZOZWm/SxiQNMnnkTgjv78jxpHJfdSvn8ulKsOtM4cmgfHaASctEpqqIrVEN1RNADekIv6NV6tJ6tN+t90rpgTWf20B9Yn99iX6Ia</latexit>

fP(p0) = � ln(1 � p0)

<latexit sha1_base64="q8EBUubLNSFZZV6eVu6C8iqPooc=">AAACDHicbVDLSsNAFJ3UV62vqks3wSLURUsiBXUhFNy4rGAf0IQwmU7aoZNJmLkRS8gHuPFX3LhQxK0f4M6/cdpmoa0HBs6ccy4z9/gxZwos69sorKyurW8UN0tb2zu7e+X9g46KEklom0Q8kj0fK8qZoG1gwGkvlhSHPqddf3w99bv3VCoWiTuYxNQN8VCwgBEMWvLKlcBLHaAPIMO0lWXV2Eut7PSq5nBRtWvzm05ZdWsGc5nYOamgHC2v/OUMIpKEVADhWKm+bcXgplgCI5xmJSdRNMZkjIe0r6nAIVVuOlsmM0+0MjCDSOojwJypvydSHCo1CX2dDDGM1KI3Ff/z+gkEF27KRJwAFWT+UJBwEyJz2ow5YJIS4BNNMJFM/9UkIywxAd1fSZdgL668TDpndbtRv7xtVJpWXkcRHaFjVEU2OkdNdINaqI0IekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AIo5mpY=</latexit>

fP(p0) = p
2
5
0

<latexit sha1_base64="RiAoIJVxaZjyRnMxEC+zAvesFc8=">AAACEnicbVC7SgNBFJ2NrxhfUUubxSAkTdgNEbUQAjaWEcwDknWZncwmQ2YfzNwVw7DfYOOv2FgoYmtl5984SbbQxAOXezjnXmbu8WLOJFjWt5FbWV1b38hvFra2d3b3ivsHbRklgtAWiXgkuh6WlLOQtoABp91YUBx4nHa88dXU79xTIVkU3sIkpk6AhyHzGcGgJbdY8V3VB/oAIlDNNC3HrrLSyuWs3am+LzBRtVSdpqlbLFlVawZzmdgZKaEMTbf41R9EJAloCIRjKXu2FYOjsABGOE0L/UTSGJMxHtKepiEOqHTU7KTUPNHKwPQjoSsEc6b+3lA4kHISeHoywDCSi95U/M/rJeCfO4qFcQI0JPOH/ISbEJnTfMwBE5QAn2iCiWD6ryYZYR0D6BQLOgR78eRl0q5V7Xr14qZealhZHHl0hI5RGdnoDDXQNWqiFiLoET2jV/RmPBkvxrvxMR/NGdnOIfoD4/MHNJOeZQ==</latexit>

fP(p0) =
p

p0/(1 + p0)

<latexit sha1_base64="JXYVjV/5ngWeJEkbqX2UsfBsUMw=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSJUlJpIQV0IBTcuK9gHNCVMppN26OThzI1YQn7Cjb/ixoUibgV3/o3TNAttPXDhzDn3MvceN+JMgml+a4WFxaXlleJqaW19Y3NL395pyTAWhDZJyEPRcbGknAW0CQw47USCYt/ltO2OriZ++54KycLgFsYR7fl4EDCPEQxKcvRjz0lsoA8g/KSRppXIScz08NKWdwKS7JGeVKyjqezoZbNqZjDmiZWTMsrRcPQvux+S2KcBEI6l7FpmBL0EC2CE07Rkx5JGmIzwgHYVDbBPZS/JrkqNA6X0DS8UqgIwMvX3RIJ9Kce+qzp9DEM5603E/7xuDN55L2FBFAMNyPQjL+YGhMYkIqPPBCXAx4pgIpja1SBDLDABFWRJhWDNnjxPWqdVq1a9uKmV62YeRxHtoX1UQRY6Q3V0jRqoiQh6RM/oFb1pT9qL9q59TFsLWj6zi/5A+/wBR5iezw==</latexit>

Figure SI.3: Equilibria and stability in a minimal model of evolution of ageing. Qualitative evolutionary
dynamics are explored in a model with two age classes (ω=2) and reproduction starting from
the first (α=1). For different choices of fP in Eqs. (SI.188) and (SI.190), the quantity Q (see
main text), which is proportional to the change in ln p0 over time, is plotted against p0. The set
of values of p0 so that λ=1 and 0≤p1≤1 is within the gray area. Fecundities are m1=1.3 and
m2=4.2. At the right of the vertical dashed line at p0=p̂0, equilibria show ageing in survival,
while at the left of this line there are equilibria with negative ageing.
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Figure SI.4: Evolution of survival: numerical solutions. The results of survival evolution after 105 time
steps of the dynamics in Eq. (SI.33) imposing a maximum age ω are reported for four different
functions fP∈F p

+, see Section 3.3. Functions in this set lead to equilibrium life histories
that show ageing in survival, see Section 3.4. The parameter δ (additive genetic variance) in
Eq. (SI.33) was set equal to 0.001. Initial survival and fecundities were those in Fig. 1 in the
main text. The vertical dashed line indicates the beginning of reproduction. For visualisation,
reported selection gradients are scaled by the maximum value they take. The vertical dashed
line marks the age of first reproduction. To understand how far away the life history is from
a possible equilibrium, the value of

Hj+1

Hj
−ψj , j=0, ..., ω−2, was computed. This quantity

must be zero at equilibrium, see main text and Eq. (SI.138). In these numerical solutions, life
histories eventually approach an equilibrium in which ageing in survival is observed for all four
choices of fP.
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evolution

Figure SI.5: Possible global stability of ageing in survival. Equilibrium survival levels are estimated under
the hypothesis of uniqueness for each of the four functions fP∈F p

+ in Fig. SI.4 by numerically
iterating for 105 time steps the dynamics in Eq. (SI.33) imposing a maximum age ω. a Survival
for eight different life histories encoded in different color shades. All life histories share the same
fecundity as in Fig. 1 of the main text. b These eight life histories are used as initial values of
the evolutionary dynamics in Eq. (SI.33) under four transformations fP∈F p

+ of survival. These
transformations lead to any equilibrium life history to show ageing in survival, see Section 3.4.
The parameter δ (additive genetic variance) in Eq. (SI.33) is set equal to 0.001. Iterations were
stopped after 105 time steps. At this point, all evolutionary trajectories have approached the
same state. c The Euclidean distance of survival from equilibrium, as estimated from numerical
solutions in Fig. SI.4, is reported as a function of time, vanishes in all cases regardless of initial
conditions suggesting a possible global stability of the estimated equilibria.
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fP(pj) =
3

2
arctan

2
3 (pj)
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Figure SI.6: From stability to instability. For the function fP(p)=n arctan
1
n (p) ∈ F p

−, the dynamics in
Eq. (SI.33) imposing a maximum age ω are numerically iterated either up to 105 time steps or
up to just before survival at some age exceeds unity. Depending on the parameter value n, the
quantity b (see Section 3.3) takes different values in the interval between 0 and 1. Functions
in F p

− lead to different equilibrium life histories, which may show ageing in survival (a stable
equilibrium) or not (an unstable equilibrium), see Section 3.4. Here, the cases n=1, 1.5, 2, 10
are considered. The parameter δ (additive genetic variance) in Eq. (SI.33) is set equal to 0.001.
Initial survival, equal in all four panels, shows a pattern of negative ageing. Fecundities in all
four panels are m1=0, m2=0, m3=0, m4=0, m5=0.8, m6=5, m7=20, m8=50, m9=100,
m10=500. For visualisation, reported selection gradients are scaled by the maximum value they
take. The vertical dashed line marks the age of first reproduction, while the horizontal dotted
line indicates the value of the b parameter for the given transformation of survival fP∈F p

−,
see Section. (3.3.2). When survival takes values greater than b, which is more likely as b gets
closer to 0, eventually the dynamics lead survival to values greater than 1.

.
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Age j

evolution

evolution

t = 0 t = 2797

b parameter b parameter

Figure SI.7: Instability of negative ageing in survival. A specific function fP∈F p
− is chosen so that

the parameter b is much smaller than 1, see Section 3.3. For this choice of fP, the dynamics
in Eq. (SI.33) are numerically iterated imposing a maximum age ω up to either closely ap-
proaching an equilibrium or just before survival at some age exceeds unity. The parameter δ
(additive genetic variance) in Eq. (SI.33) is set equal to 0.001. Initial survival has a pattern of

negative ageing and survival at all ages is greater in value than b. As the quantity
Hj+1

Hj
−ψj ,

j=0, . . . , ω−2 shows, initial survival is not far from a possible equilibrium. Fecundities are the
same as in Fig. SI.6. For visualisation, reported selection gradients are scaled by the maximum
value they take. The vertical dashed line marks the age of first reproduction, while the horizon-
tal dotted line indicates the value of the b parameter for the given transformation fP∈F p

− of
survival, see Section 3.3.2. Life history in the population eventually loses the initial pattern of
negative ageing and tends to ageing in survival before reaching a point (t=2797) after which
survival at age 5 exceeds 1. This event shows that for some choice of fP the dynamics of
survival may not be well defined for all times t.
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3.7 Boundedness

Here, the problem of dynamics that lead to survival greater than 1 is discussed. Suppose fP ∈ F p
+. Then

p∗j+1 = p∗j , j = 0, ..., α − 2, and p∗j+1 < p∗j , j = α − 1, α, . . . . Setting the constant mα ≥ 1 suffice to
ensure that, at any such equilibrium, survival is bounded between 0 and 1, as the following consideration
shows. Since equilibrium pre-reproductive survival is constant, let p∗j = u , j = 0, ..., α−1, for some positive
unknown u. Then, l∗α = p∗0p

∗
1 . . . p

∗
α−1 = uα. By Eq. (SI.2) and λ = 1, at equilibrium one has that

1 = uα (mα + p∗αmα+1 + . . .+ p∗αp
∗
α+1 . . . p

∗
n−1mn + . . . )︸ ︷︷ ︸

:=γ

. (SI.193)

If a partial sum of the series γ is at least 1, then γ > 1 and 0 < u < 1 and, consequently, 0 < p∗j < 1,
j = 0, 1, . . . . This condition ensures that if an equilibrium exists, it is bounded so that survival is between 0
and 1 at all ages. The condition is trivially satisfied when mα ≥ 1. Although no formal argument is offered,
it is likely that when equilibrium survival exists and is between 0 and 1 at all ages, so should be transient
survival because equilibria are found inside attracting sets (see Section 3.5.5).

Suppose fP ∈ F p
−. It is unclear whether some simple condition can guarantee that equilibria with negative

ageing are well bounded. Yet instability of pre-reproductive survival for such equilibria and the repelling
nature of their containing set lead to conjecture that survival dynamics may exceed unity for 0 < b� 1. If
b is only slightly smaller than 1, however, the system may find an equilibrium in which there is ageing and
survival is between 0 and 1.

3.8 Numerical solutions

All our results also apply to the dynamics of the finite dimensional system in which we set a maximum age
ω instead of working with infinite ages. We explored numerically this simplified system. For fP ∈ F p

+,
Fig. SI.4 supports stability of flat pre-reproductive survival and show that the set of life histories with ageing
in survival is attracting. Fig. SI.5 is suggestive of the existence of a unique, globally stable equilibrium
with ageing in survival for some fP ∈ F p

+ in a model with several age classes. Numerical solutions in
Figs. SI.4-SI.5 are consistent with survival evolving within the (0, 1) interval for all ages. End points of
evolutionary dynamics are explored in Fig. SI.6. under different partitions of the state space into stable vs.
unstable regions induced by different fP ∈ F p

− functions so that the b parameter, see Section 3.3, goes
from being equal to 1 to close to 0. For fP ∈ F p

−, Fig. SI.7 shows that even starting within the set of life
histories with negative ageing in survival and not far from an equilibrium, this equilibrium is not approached
and dynamics eventually lead survival to exceed 1. We recall that, while numerical iterations are stopped
when survival exceeds 1, no mechanism is included in the model to prevent this from happening.
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