Supporting Information List:

Supporting Information S1:

PSF of FSE

Supporting Information S2:

ruCNR Optimization of FSE

Supporting Information S3:

MTF of FLASH

Supporting Information S4:

PSF of FLASH

Supporting Information S5:

ruCNR Optimization of FLASH

Supporting Information S6:

Sacrificed ruCNR of FLASH

Supporting Information S7:

PSF of bSSFP

Supporting Information S8:

ruCNR Optimization of bSSFP

Supporting Information S9:

Sacrificed ruCNR of bSSFP

VI

VIl

XV

XVI

XVIII

XXIV



Supporting Information S1: PSF of FSE

The PSF of the FSE with a linear (LN) profile order is derived from Eq. (4) and (11):
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The PSF of the FSE with a low-high (LH) profile order is derived from Eq. (4) and (12):
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Supporting Information S2: ruCNR Optimization of FSE

To simplify Eq. (17), letr = —NInE, = N - TE /T,. We have:
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The derivative of ruCNRggg W.r.t. r is:
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ruCNRggp has an optimal solution when the numerator of the derivative is 0:
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Here, W_, (x) is the negative branch of the Lambert W function. The properties of W_, (x)

includes:
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W_ (x)e"-1® = . (S2.4)

W_,(xe*) = x. (S2.5)
W (x) < -1 (S2.6)
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Supporting Information S3: MTF of FLASH

The solution of M,(n) can be derived from Eq. (20):

M,(n+1) =M,(n)e + M°(1 — E;)

1-E,

M,(n + 1) = M,(n)e + M°(1 — &) 1__ -

1 1-E
M,(n+1) — M° - L- (Mz(n)—MO 1)5

- 1—¢
1-E, 1—E;\
M (n) — M° 1—¢ =<Mprep_M0 1—s>gn '
—E; _ 1-E;
M) = (Myrey = MO T—0) et MO
1-FE
:Mprep'gn_l-l'MOTgl'(l—Sn_l).

We can derive an effective decay time (T.*) from Eq: (24):
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From Eg. (S3.3) the effective decay time is:
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1 Incosa (S3.4)
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When Enrst angle is used, we have cos @ = e~TR/T1_ In this situration, the effective decay time is:
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Supporting Information S4: PSF of FLASH

The PSF of the FLASH with a linear (LN) profile order is derived from Eq. (4) and (25):
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The PSF of the FLASH with a low-high (LH) profile order is derived from Eq. (4) and (26):
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Supporting Information S5: ruCNR Optimization of FLASH

The derivative of ruCNRg; 455 W.T.t. the factor N according to Eq. (31):
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According to Eqg. (S5.1), an optimal factor (N*) maximizes ruCNRp; 45y When the numerator of

the derivative is 0, therefore, the part
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Again, W_, (x) is the negative branch of the Lambert W function. The properties were described

in Eq. (S2.4 - S2.7).

Correspondingly the maximized ruCNR; 45y I1S:
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Therefore, the flip angle that maximize ruCNR satisfies:
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Due to the property of the negative branch of Lambert W function (Eq. (S2.6-S2.7)), i.e.,
W_,(—E%/e) < —1, we have —(1 + W_l(—Ef/e)) > 0, and hence, the denominator is positive.

Now we are going to prove that the numerator is also positive. According to Eq. (S2.4):
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As a result, the optimal ruCNRy 455 1S monotonically increasing with TR.
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Supporting Information S6: Sacrificed ruCNR of FLASH

We assume the The sacrificed ruCNR

is n times the optimal ruCNR.

TUCNRppasy(N*) =11 - TuCNRpp 451 (TR)

By using Eq. S5.3 and Eg. S5.7 we have:
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We are now able to derive the optimal flip angle with Eqg. S6.3 using the property of the Lambert

function Eq. (S2.4):

£ = \/exElz—W_l(xexE%) _ \/efoe_W—l(xQXE%) _ exE12 W_l(—xefo) 3 W_l(xexElz)
xe,xEl2 X

e (W (xefo)

i
cosa = =
FLASH El XE12

W_l(xe"Ef)

(ln = arccos (864)
FLASH xE12

The optimal N can is calculated from Eq. 5.2 and Eq. S6.3:
. -1.26 2.51

N = (S6.5)

FLASH = = 2
Ine  W_,(xe*Er) — xE?

XVI



Supporting Information S7: PSF of bSSFP

The PSF of the bSSFP with a linear (LN) profile order is derived from Eq. (4) and (39).
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The PSF of the bSSFP with a low-high profile order is derived from Eq. (4) and (40):
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Supporting Information S8: ruCNR Optimization of bSSFP

The derivative of ruCNR,ssrp W.I.t. the factor N according to Eq. (45):
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Correspondingly the maximized ruCNRysspp IS:
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_ V-W_1(-0.5e7%%) — 0.5 VTR

—W_1(-0.5e7%%)  y—=Tn2 sin(e/2)
VTR
~ i S8.3
0.64msm(cx/2) ( )

The derivative of ruCNRsspp (N*) w.r.t. flip angle « is:

TUCNRsspp(N™) — 064 sin(a/2)
da da V=In2
c’) sm(a/z)
= 0.64VT
@ v—Inl

—OEA:\/A_<2cos(a/2)\/—ln —sm(a/Z)a—av lnl)
-1/2

_ 0.64TR (1 9
- 2V—InAoa

—InA

_ 0.64VTR
T 2InAv—Ina

_ 0.64VTR
" 2InAv—InA

_ 0.64VTR
~ 2InAv—InA

(2 cos(a/2)V—InA — sin(a/2) [E, sin?(a/2) + E; cosz(a/Z)])

1—cosa 1+ cosa
(A InAcos(a/2) — sm(a/Z)— [Ez +E; > D

(/1 InAcos(a/2) — %sin(a/Z) [E, sina — E; sin a])

E; —E; | :
</1 InAcos(a/2) — sin(a/2) (2 sin(a/2) cos(a/Z))>

XX



_ 0.64VTR
"~ 2InAv—InA

_ 0.64VTR
~ 2InAv—InA

_ 0.64VTR
" 2InAv—InA

cos(a/2) (AInA — (E, — E;) sin?(a/2))

cos(a/2) (AIn A — (E, sin?(a/2) + E; cos?(a/2)) + E;)

cos(a/2)(AlnA—A+E;) (S8.4)

0.64vVTR

It is obvious that YNy

cos(a/2) < 0 when a < 180°, so we need to consider AlnA — A +

E; only. When Ty, T,, and TR are fixed, the parameters E; and E, are also fixed. In this case,
according to Eq. (38), 4 is an affine combination of E; and E,, for sin?(a/2) + cos?(a/2) = 1.

Therefore,

A = E,sin?(a/2) + E; cos?(a/2) € [Ey E1] < 1 (S8.5)

Now we prove that AIn A — A + E; is monotonically decreasing with 4, i.e., its derivative is

negative:

d(AlnA—2A+E,)
o1

1
=ln/'l+/'lz—1=ln/'l<0 (S8.6)

Therefore it reaches minimum and maximum value when A is E;, and E,, respectively:
Alnl_A+E1E[EllnEl,EzlnEz_E2+E1] (887)

Because E; InE; <0, if E;InE, — E, + E; <0, nCNR,s5rp(N™) is monotonically increasing
with a (the derivative of ruCNRgsrp(N*) W.r.t. a is positive and decreases to 0 at « = 180°).

In this case the optimal ruCNR,ssrp is achieved when A = E, and:
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a*(TR) = 180°

N Ry 126126 o T
bSSEP " InA  InE, TR (S8.8)
VvTR VvTR
nCNR;, (TR) = 0.64 sin(a*/2) = 0.64 ——sin(a*/2) = 0.64,/T.
bSSFP m ( / ) \/TEZ ( / ) \/_2

If E,InE, — E, + E; > 0, there is an optimal flip angle a* < 180° when the derivative of
TUCNRygspp(N*) W.rt. @ is 0, i.e., AlnA — A + E; = 0. To simplify the calculation, we define

x =InA:

e*x—e*+E; =0

(x —1)e* = —E;

(x —1e* 1t =—E /e
x—1=W_(-E;/e)
x=W_i(—E;/e) +1

—E; /e _ —E;
W_,(=E; /)¢~ W_,(=E,/e)

/'{ = ex = eW—l(_El/e)‘I'l = eW—l(_El/e)e =

E, sin? e + E, cos? & b

sSin® — CoOS" " ——m=—7—7—"T"""7""T

z 2 1 2 W_,(=E;/e)
1—cosa* 1+a" —E;

+E =
22 ) W_1(—E;/e)

—2E,

E,—E *+Ei+Ey =
(Ey 2) cosa 1 2 W_ (—E,/e)

2E; + (Ey + E;,)W_1(—E;/e)
(E; — ED)W_1(=E,/e)

*

cosa =

2E; + (E; + EZ)W—1(—E1/€'))

a;, (TR) = arccos<
bSSFP (E, — E)W_,(—E /e)

(S8.9)
-126 —126 -1.26

InA x  W_,(—E;/e)+1

Npsspp(TR) =

XXII



According to Eqg. (S8.7), the condition to accept Eq. (S8.9) rather than (S8.8) is:

EZIHEZ—E2+E1>0

TR
(—E> e TRITz — TRz 4 ¢ T1 >0
Ty
TR TR

e Tt >(TR/T,+1)e T2

S IR
2

1 1
(TR + Tz)e(T_i_T_z)TR <T,

1 1

(i — i) (TR + Tz)e(T_l_T_z

TR |
) >—
]1 ]2

T

1 1 L Vgpary T,—T; 2Zh
(T_l - T_2> (TR + Tz)e(Tl TZ) 2> T—le T

1 1 T, — T, -T1
(T———>(TR+T2)<W_1<2 LeT )
1

e 1
TZ 1
TlTZ TZ - Tl %
TR > —" W_, e )" T, (S8.10)

Here we use a property that W_, (+) is monotonically decreasing. We define the threshold value:

jp—p— T1T2 TZ - T1 %
R = T —T W_1 T e 1 - Tz. (8811)
2 1 1

Note that the derivation in Eq. (S8.10) is reversible, i.e., the two inequalities E, In E, — E, +
E; > 0 and TR > TR are equivalent. Therefore, E, InE, — E, + E; < 0 is also equivalent to
TR < TR. We can combine the two conditions with a max function where the left (right) side is

larger if TR < TR (TR > TR):

XX



TZ _1
N, TR) = 1.26 {—, },
pssep(TR) max TR'1+ W_,(—E,/e)

(S8.12)
2E;, + (B, + E))W_,(—E
apssep(TR) = arccos <max {—1, 1(:5_2(—1ET)VI§31 (_1;1 /e3/e)}>
The corresponding maximum ruCNRssgp 1S:
NCNR}gsrp(TR) = 0.64 \Z%sin (%)
( )
= 0.64 min i\/T—2 \/ﬁE f ! _\/C;w
o2
= Emin \/'IT VIR 1 —max<{—1 2B + (B + B W (_ %)
V2 B E, L& - WL (D)
o5 (-
E
0.64 VTR 2B, + (By + E))W_y (- —1)l
_ﬁmm{\/T_z, L }max!ﬁ,\/l— o (_&)e
[avecy e W e
= %mln \/T_Z \/ﬁ max !\/E _2E1W_1 (_ %) _ 2Ell
: , I
V2 Jwa(C8)-1) | G (-2
E
—Ww_.(—-=1)-1
= 0.64 min<{ /T, mE lmax{l,\/E b;lE 1( eE? }
e N
0.64,/T, if TR <TR
" )o.64 VIR By if TR >TR (58.13)
\/(Ez — E)W_1(=E;/e)
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Supporting Information S9: Sacrificed ruCNR of bSSFP

According to Eq. (49) the sacrificed ruCNR is n times the optimal ruCNR. There are multiple

pairs of N and a solutions for each 7.
TUCNRysspp(N*) =1 - TuCNRp55rp (TR)

When TR < TR, the left side of the max and min opterators in Nyssrp, @ ssrp, aNd TUCNR} gspp

are used. The one that has the minimum « satisfies Eq. (S8.2) and (S8.3):

VTR
0.64 sin(a/2) = 0.64n,/T.
VvIR |
msm((x/Z) =1n./T,
TR
—msinz(a/Z) =T,
R si 2(a/2) =1Ink
- sin“(a/2) =In
n*T,
InE,
oz sin“(a/2) =1nAl

1’1‘7'252 sinZ(a/2)

= 1 = E;sin?(a/2) + E; cos?(a/2) = (B, — E;) sin?(a/2) + E; (59.9)
To simplify the calculation, let x = sin?(a/2), we can rewrite Eq. (59.1) and solve for x:

InE,

€”2x=(E2—E1)X+E1

_lnsz
[(E, —E)x+E]e m =1

(+ E, )-h:’#x_ 1
TE-E/)° T E, - E
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InE, E; n 1252’5 In £,
g
T] El - E2 n (El - EZ)
InE E E;InE
_ In E, (x _ E; )e_ nzz(x_El—lEz) — Lem
772 E, —E, 772(E1 - Ez)
El lnEZ
- E,—E, n*(E; — E3)
2 E;InE
n In Ez 2172 E1
_ o, (B Eem 59.2
X lnEZ 1<T]2(E1—E2)e 1 2>+E1_E2 ( )

The optimal a (aZSSFP) and optimal NgSSFP can then be solved. Here we use Eq. (S9.2) for the

optimal N:
2n? InE, _EiInEp 2E,
=1-2sin?(@/2)=1+—W_,; | =————en*E1-E) | —

cosa sin“(a/2) g, V-1 <TIZ(E1 ~E) en*(E1—E; E—F,
_ 2 InE, einf(lf;f—%z) _E+E

InE, - n*(Ey — E3) E, —E;

2n? InE _EinF, \ E 4+ E
a)orp(TR) = arccos <ln , w_, (772(51 —2E2) e (E1—Ep) | — ﬁ (S9.3)
a a 1—cosa 1+ cosa

— N et 2(2) =

A = E;sin (2)+E1cos (2)—E2 > +E; >

1 1
=§(E1 —Ez)cosa+E(E1 +E,)

L -5y 2w Bttty ) - L 4B+ L (g + By
= — —_ 1— Ly —_— —
2V T R M\ g — By © 2 V1T ) T T B
2 — E,InE,
_2n°(Ey — B5) 3 InE, 77 (Er=E3)
In E, n%(E, — E3)
InE E1InE
InE, SR E;InE InE 2
(E1—E3) 1 2 2__on?(E1-E3)
2n*(E; — E3) 2E - 2E-E) U\ 2 E-
= =e
InE,

ln EZ 211 =
exp |W_, | 5p—2—=~ en?(E1—E2)
[ ! <772(El —E3) s
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E;InE, ( InE, EyInF, )
Inli=———=2_—W_, | ———=—en?E1-E2)
n?(E, — E3) ! n%(E, — E3)
1.26 1.26
Nl (TR) = — =
bSSFP InA InE, enZE(lElln_EEZ) __E/InE, (59.4)
“\n?(E; - E7) n?(Ey — E3)

When TR > TR, the right side of the max and min opterators in N;ssrp, @ sspp, aNd TUCNR} ssrp
are used. In this case, a;sspp < 180°. A sacrificed ruCNR is also applicable to reduce the flip
angles. Similarly, we use Eq. (S8.2) and (S8.3) to focus on the optimal solution that has minimal

a.

CNRpsspp(N*) = nCNR}55rp(TR)

0.64 |—2_ sin(a/2) = n0.64 R Ey
. sSin(a = .
—InA 7 (E; — E))W_1(=E;/e)

TR (@/2) = TR-E;
—ln/lSln * - (E; — E)W_,(—Ey/e)

TR-E;
(E; — E))W_1(—E,/e)

R sin?(a/2) = n?
—InA

(E; — E;) sin®(a/2) W_1(—E;/e) = —n*E; In A
(E, sin?(a/2) + E; cos®(a/2) — E))W_1(—E;/e) = —n?E; In A

(A—E)W_,(—E;/e) = —n?E;InA (59.5)
To simplify the calculation, let x = In A, we can rewrite Eq. (S9.5) and solve for x:

(e* —E)W_y(—E;1/e) = —anlx
77251x —E\W_1(—E1/e) = —e*W_,(—Ey/e)
[n2Eyx — E\W_y(—E; /e)]e™ = —W_,(—E, /e)

[-n2Eyx + EsW_1(—E;/e)]le™ = W_,(—E;/e)
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x4 1( E1/e) W_,(—E;/e)
g n2E;

—x + W—l(_El/e) e—x+%fl/e) _ W—l(_El/e) eW—l(;fl/e)
? n*Ey

WoaCE/e) L (WoalZEi/e) | Woalo £1/¢)
-,72 - -1 anl

— 1(=E1/e)
x = Inl = W_1(=E /e) _ W_1< _1(=E;/e) u) (S9.6)

n? n2E,

The optimal @ (a; ¢p) and optimal N, can then be solved. Here we use Eq. (S8.2) for the

optimal N:
N 126 1.26
bSSFP — -
—In4 _W_1(—E1/e)+W W_,(— E1/e) M
n? -t n%E;
_ 1.26
w W_,(=E,/e) w _W—1(—E1/e)
-1 77ZE1 nz

R W_,(- E1/e)
W_{(~E -W. —1( Ey/e) W_l( El/) W_4(—E )W—l 1(2—E1/6) n*
—1(=E1/e) -1 n2E; —1(=E1/e n“E;
e =e

A=c¢e n? n?
W—1(—E1/€) W—1(7;ZE1/9)
n2E;
E. /e W_1(-E1/e)
TIZE:LW_l < 1(2E 1/ ) 7’2
_ 1
W_1(—E1/e)
1=E ‘2a+E 2a_E1—cosoz_|_E1+cosoz_ E, —E; +E1+E2
= E, sin > 1 COS > =k > 1 > = 5 cosa >
W_i(= E1/€)
— — 212 M n?
E, +E, 2 ] (Ey + Ex)W_y(—E1/e) — 21 E1W—1< n2E,
cosa = — =
E,—E, E,—E; (E; — E))W_1(—E/e)
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_ W_1(=Ei/e)
(Ey + EDW_1(~E, ) — 22Ew._, | W TE /) 7
772E1

n
a = arccos
bSSFP (E, —E;)W_1(—E;/e) (S9.7)
(Ey — E))W_y(—E /e) n?E; By =B,

The a can be reduced when both TR < TR and TR > TR. Now we define a parameter:

n?(E; — E;)

W_,(—E;/e _
WaEi/e) if TR > TR
772E1

InE, ) —
————— ifTR<TR
X = (S9.8)

With this parameter, Eq. (S8.3) and (S8.6) can be combined for TR < TR and TR > TR:

[ 1.26
bSSFP W (xe*Ex) — xE,

n ZW_l(XEXEl)/X - El - EZ
dpgspp = aArccos E1 — E2 .

(S9.9)
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