O~NOOOTRRWN -

10
11
12

13

14
15
16

17

18

19

20

21
22

Simple Isotopomer Network to Illustrate Collocation

To illustrate how a collocation method may be used to approximate the solution to a system of ordinary
differential equations (ODESs), we consider a simple example possessing an analytical (exact) solution
(Fig S2.1). This example was chosen because it represents a very simple isotope labeling experiment,
where the governing isotopomer balancing equations [1,2] constitute a linear ODE system that may be
solved analytically to give an exact solution in terms of eigenvalues and eigenvectors. The collocation
method developed here may be extended to any arbitrary unsteady state isotopomer network, where an
analytical solution is not easily accessible.

Pa Ps Pc

Vo ‘0 Vq B Vs V3

Fluxes Pool Sizes
vp=1 pa=1

v, =1 pg=1
v,=1 pc=0.5
vy=1

Fig S2.1. In this simple example network consisting of three 1-carbon compounds, A is 100% *3C labeled.
Compounds B and C are initially 100% 2C but over time, they will become *3C-enriched. The goal is to
calculate the *3C labeling profile over time for metabolites B and C.

Exact Solution

In the network shown in Fig S2.1, the flux values and pool sizes are given. Therefore, the solution may be
obtained by solving the isotopically nonstationary isotopomer balances with these parameter values. The
isotopomer balances for this system are shown in (S2.1).

db
12—, b (t=0)=1

By ha=0)=0

dt v (52.1)
05%% _y (t=0)=1 |
) = C C = e

dt 0 0’

d
0.5%:131—01, ¢(t=0)=0

Withx" =5 b ¢

0 1 0

¢, , this system of equations can be written in matrix notation (S2.2).

-1 0 0 O 0 1

dx -1 0 1 0
E:f(x):Mx—&—b: 5 0 9 Ox—i—o, X0 =|q (S2.2)

0 2 0 -2 0 0

With the substitutionx” =y" + 0 1 0 1,(S2.2)is converted into a homogenous linear system whose

exact solution can be written using the matrix eigenvalues and eigenvectors (S2.3). The solution is plotted
in Fig S2.2 on the time interval [0,2].
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1 0
x(t) = e ! e+ ! (82.3)
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Fig S2.2. The exact solution to (S2.2) is plotted on the time interval [0,2]. Clearly, the *C enrichment of
compounds B and C is initially zero but increases with time. At infinite time, B and C become fully
enriched.

Collocation Solution

Here, we will solve (S2.2) using the 5"-order Radau IIA orthogonal collocation method [3,4], then
compare the resulting approximation to the exact solution. In this method, the time domain is first divided
into several contiguous intervals, after which the solution is approximated within each time interval. For
this illustrative example, the time domain is divided into two contiguous intervals [0, 1] and [1, 2]. For a
given time interval, the equations to be solved are those for the corresponding fully-implicit Runge-Kutta
method.

K, =x, +h(a k, +a,k, +a.k,)

1171 12772 13773

x, + h(a,k, +a,k, +a,k,)

K2 2171 22772 2373
KS X + h(CLSlkl + a32k2 + a’JJk’})
k, f(K,tOJrh)—M K, +b
k, = f(K,,t, +h)=M-K, +b

k, = f(K.t, +h)=M K, +b

(S2.4)

In (S2.4), x, is the value of x at the initial point, ¢ , in that time interval. The step size, h, is the width of the
time mterval being considered. The values of a, are determined from row 7 and column ;5 of A, the Runge-
Kutta matrix for the corresponding Runge-Kutta Method (S2.5). For an explanation of how these a, are
derived, see Huynh [4].

o |3 s | 2 6

45 360 | 225 1800 225 75

37 160V6 | 11 76 2 6
A=|20 Ly WNO 2 NO (S2.5)

225 1800 45 ' 360 25 75

4 6| 4,6 1

9 36 9 36 9
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The set of equations (S2.4) are a fully implicit, exactly determined algebraic system with unknown vectors
K K, K, and k ,k k. This can be solved using a root-finding algorithm such as Newton’s Method. The

vectors K, K, K, are the values of x at each of the three collocation points in the time interval. For the 5th-

order Radau IlA method, these collocation points are ¢ = %— ﬁ, 2 + 1£§, 1] on the interval [0,1].

10 5

Note that for Radau IIA methods, the interval endpoint is also a collocation point. The vectorsk, ...k,

contain the basis coefficients for representing the solution in that time interval as a linear combination of
the basis functions B,(t), B,(t), B,(t), defined in (S2.6) on the interval [0,1]. In (S2.6), ¢ () are the
Lagrange polynomials defined using the collocation points. These basis functions are listed explicitly in

(S2.7) and plotted in Fig S2.3.

B(t) = ]Ez.(t') dt' = f[ IT° _C’]dt’ (S2.6)
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Fig S2.3. The basis functions used for generating a continuous approximation to the ODE solution in a
given time interval. These basis functions were obtained by integrating the three Lagrange polynomials
generated using the collocation points, which are the zeros of the corresponding Radau polynomial.

The following solution is obtained by solving (S2.4) on the time interval [0,1]:

0.8569 0.5242 0.3679
0.1431 0.4758 0.6321

1= loorss| KT |o777e| s T|0.5005 (52.8)
0.0245 0.2224 0.4005
-0.8569 -0.5242 -0.3679
0.8569 0.5242 0.3679

ki =1.02372] % ~|os060 % ~|.0.4631 (S2.9)
0.2372 0.5069 0.4631




60  The continuous approximation to the ODE solution is plotted in Fig S2.4 for time intervals [0,1] and [1,2].
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63 Fig S2.4. 5™-order Radau lIA collocation solution to the example ODE system. The continuous solution in
64 | each time interval is approximated by a linear combination of a set of basis polynomials. (Top) The
65 | collocation solution for compound B on the time interval [0,2]. (Bottom) The collocation solution for
66 | compound C on the time interval [0,2].

67 A comparison between the collocation approximation and the exact solution to the ODE system is shown
68 in Fig S2.5. Clearly, the 5™-order Radau IIA collocation method accurately approximates the labeling
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dynamics. If a more accurate solution is desired, a higher order collocation method (i.e. 9"-order Radau
[IA) may be used, or the time domain could be further divided, and the solution approximated on shorter

time intervals.
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Fig S2.5. The collocation approximation is overlain on the exact solution to compare the accuracy of the
method. Clearly, the 5"-order Radau IIA method provides an accurate approximation to the labeling

dynamics.

In this example, we demonstrated how a collocation method may be used to approximate the solution to a
system of ODEs. We demonstrated that the 5™-order Radau IIA orthogonal collocation method generated
an accurate, continuous approximation to the labeling dynamics of a simple system in terms of a set of
basis polynomials. When applied to the NLP formulation of the inverse problem of predicting the fluxes
and pool sizes from a set of measurements, collocation methods provide a way to systematically
discretize the ODE system on the entire time domain and approximate the solution at the measured time
points. However, in this case the solution in each time interval is no longer solved sequentially. The entire

system is solved simultaneously during the convex optimization algorithm.
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