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Appendix A. Derivation of EFF(AT) for K = 2 diseases. As noted in Section 3.1 in the
manuscript,

EFF(AT) =
1

n2

{
2n+ n2pr(T

(AT)
ij1 + T

(AT)
ij2 ≥ 1)

}
,

where pr(T
(AT)
ij1 + T

(AT)
ij2 ≥ 1) = pr(T

(AT)
ij1 = 1) + pr(T

(AT)
ij2 = 1) − pr(T

(AT)
ij1 = 1, T

(AT)
ij2 = 1).

Calculating the marginal probabilities pr(T
(AT)
ij1 = 1) and pr(T

(AT)
ij2 = 1) follows from Kim et

al. (2007) as described in Section 3.1. The hard part is calculating the joint probability

pr(T
(AT)
ij1 = 1, T

(AT)
ij2 = 1) = pr(R′i = (1, 1),C′j = (1, 1))

+2
2∑

k=1

pr

(
R′i = (1, 1), Cjk = 1,

n∑
j′=1

Cj′k′ = 0

)

+2pr

(
R′i = (1, 1),

n∑
j′=1

Cj′1 = 0,
n∑

j′=1

Cj′2 = 0

)

+2pr

(
Ri1 = 1,

n∑
j′=1

Cj′1 = 0, Cj2 = 1,
n∑

i′=1

Ri′2 = 0

)
. (A.1)

We derive closed-form expressions for each probability on the RHS of Equation (A.1). Recall

Assumption 3 in the manuscript which defines S
(n)
e:k and S

(n)
p:k as the multiplex assay sensitivity

and specificity for testing row and column master pools of size n, respectively, for the kth
disease (k = 1, 2). The following five definitions are needed.

Definition 1: Let fk(s) denote the probability a pool of size s ≤ n is diagnosed positively
for the kth disease, k = 1, 2. Then

fk(s) = S
(n)
e:k + πs

k(1− S(n)
e:k − S

(n)
p:k ),

where πk = 1 − πk and πk is the marginal probability of the kth disease; i.e., π1 = p10 + p11
and π2 = p01 + p11.
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Definition 2: Let f b(s) denote the probability a pool of size s ≤ n is diagnosed positively
for both diseases. Then

f b(s) = η
(s)
0 S

(n)

p:1S
(n)

p:2 + η
(s)
1 S

(n)
e:1 S

(n)

p:2 + η
(s)
2 S

(n)

p:1S
(n)
e:2 + η

(s)
3 S

(n)
e:1 S

(n)
e:2 ,

where S
(n)

e:k = 1− S(n)
e:k and S

(n)

p:k = 1− S(n)
p:k (k = 1, 2), and η

(s)
0 = ps00, η

(s)
1 = (p00 + p10)

s − ps00,
and η

(s)
2 = (p00 + p01)

s− ps00. The latter three quantities are the true pool status probabilities

corresponding to “00,” “10,” and “01,” respectively. The quantity η
(s)
3 = 1− η(s)0 − η

(s)
1 − η

(s)
2

is the probability a pool of size s is “11;” i.e., truly positive for both diseases.

Note: The expressions for η
(·)
0 , η

(·)
1 , η

(·)
2 , and η

(·)
3 in Definition 2 are used in subsequent

definitions and calculations.

Definition 3: For an array with s1 ≤ n columns and s2 ≤ n rows, let gk(c; s1, s2) denote the
probability that c columns (c = 0, 1, ..., s1) are truly positive for kth disease, k = 1, 2. Then

g1(c; s1, s2) =

(
s1
c

)
(η

(s2)
2 + η

(s2)
3 )c(1− η(s2)2 − η(s2)3 )s1−c

g2(c; s1, s2) =

(
s1
c

)
(η

(s2)
1 + η

(s2)
3 )c(1− η(s2)1 − η(s2)3 )s1−c.

Definition 4: For an array with s ≤ n columns and n rows, the probability c1 columns are
truly positive for the first disease and c2 columns are truly positive for the second disease is

gc1,c2(s;η) =

min(c1,c2)∑
w=0

(
s

w

)(
s− w
c1 − w

)(
s− c1
c2 − w

)
(η

(n)
0 )s−c1−c2+w(η

(n)
1 )c1−w(η

(n)
2 )c2−w(η

(n)
3 )w,

where η = (η
(n)
0 , η

(n)
1 , η

(n)
2 , η

(n)
3 )′, for c1, c2 = 0, 1, ..., s.

Definition 5: For an array with s1 ≤ n columns and s2 ≤ n rows, the probability c1 columns
are truly positive for the first disease and r2 rows are truly positive for the second disease is

B(s1, c1; s2, r2) =

(
s1
c1

)(
s2
r2

)
π
(s2−r2)c1
2 π

(s1−c1)r2
1 {1−B1(s1, c1; s2, r2)−B2(s1, c1; s2, r2)

+B3(s1, c1; s2, r2)} p(s1−c1)(s2−r2)00 ,

where

B1(s1, c1; s2, r2) = 1− {1− πr2
1 (p00/π2)

s2−r2}c1

B2(s1, c1; s2, r2) = 1− {1− πc2
2 (p00/π1)

s1−c1}r2

and

B3(s1, c1; s2, r2) =

c1∑
l=1

r2∑
m=1

(−1)m+l

(
c1
l

)(
r2
m

)
plm00 π

(r2−m)l
1 π

(c1−l)m
2

(
p00
π2

)l(s2−r2)(p00
π1

)m(s1−c1)

.
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With these 5 definitions, we now provide closed-form expressions for each probability on the
RHS of Equation (A.1).

The first probability pr(R′i = (1, 1),C′j = (1, 1)) equals

1∑
ỹ1=0

1∑
ỹ2=0

pr(R′i = (1, 1),C′j = (1, 1)|Ỹ′ij = (ỹ1, ỹ2))pr(Ỹ′ij = (ỹ1, ỹ2))

= p00{f b(n− 1)}2 + p10(S
(n)
e:1 )2{f2(n− 1)}2 + p01(S

(n)
e:2 )2{f1(n− 1)}2 + p11(S

(n)
e:1 )2(S

(n)
e:2 )2,

where f1(·) and f2(·) are given in Definition 1 and f b(·) is given in Definition 2.

The second probability pr(R′i = (1, 1), Cjk = 1,
∑n

j′=1Cj′k′ = 0) can be written as

1∑
rk=0

1∑
ck=0

1∑
rk′=0

n∑
ck′=rk′

pr

(
R̃ik = rk, C̃jk = ck, R̃ik′ = r′k,

n∑
j′=1

C̃j′k′ = ck′

)

× pr

(
R′i = (1, 1), Cjk = 1,

n∑
j′=1

Cj′k′ = 0

∣∣∣∣∣R̃ik = rk, C̃jk = ck, R̃ik′ = r′k,
n∑

j′=1

C̃j′k′ = ck′

)
which equals

1∑
rk=0

1∑
ck=0

1∑
rk′=0

n∑
ck′=rk′

pr

(
R̃ik = rk, C̃jk = ck, R̃ik′ = r′k,

n∑
j′=1

C̃j′k′ = ck′

)
× (S

(n)
e:k )rk+ck(S

(n)

p:k)2−rk−ck(S
(n)
e:k′)

rk′ (S
(n)

p:k′)
1−rk′ (S

(n)

e:k′)
ck′ (S

(n)
p:k′)

n−ck′ .

Define

h(1)rkckrk′
(n; k, ck′) = pr

(
R̃ik = rk, C̃jk = ck, R̃ik′ = rk′ ,

n∑
j′=1

C̃j′k′ = ck′

)
,

for rk, ck, rk′ ∈ {0, 1}, ck′ ∈ {rk′ , rk′ + 1, . . . n}, and k = 1, 2. By the Law of Total Probability,
it follows that, for example,

h
(1)
000(n; k, ck′) =

1∑
c=0

pr

(
R̃ik = 0, C̃jk = 0, R̃ik′ = 0, C̃jk′ = c,

∑
j′ 6=j

C̃j′k′ = ck′ − c

)

= η
(n)
0

1∑
c=0

η
(n−1)
ck′ gk′(ck′ − c;n− 1, n− 1),

where the gk′(·) functions are given in Definition 3. The other 7 values of h
(1)
rkckrk′ (n; k, ck′),

derived similarly, are presented below. The first two are

h
(1)
001(n; k, ck′) =

1∑
c=0

η
(n)
ck′

ck′−c∑
w=0

(
n− 1

w

)
(η

(1)
k′ )

wpn−w−100 gk′(ck′ − w − c;n− 1, n− w − 1)− h(1)000(n; k, ck′)

h
(1)
010(n; k, ck′) = η

(n)
0

1∑
c=0

η
(n−1)
(c−1)k′+3gk′(ck′ − c;n− 1, n− 1).
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The last five are

h
(1)
100(n; k, ck′) = η

(n−1)
k

1∑
c=0

pc00η
(n−c)
ck′ gk′(ck′ − c;n− 1, n− 1)

h
(1)
011(n; k, ck′) =

ck′∑
w=0

(
n

w

)
(η

(1)
k′ )

wpn−w00 gk′(ck′ − w;n− 1, n− w)− h(1)000(n; k, ck′)− h
(1)
001(n; k, ck′)

−h(1)010(n; k, ck′)

h
(1)
101(n; k, ck′) =

1∑
c=0

η
(n)
ck′ gk′(ck′ − c;n, n− 1)− h(1)000(n; k, ck′)− h

(1)
001(n; k, ck′)− h

(1)
100(n; k, ck′)

h
(1)
110(n; k, ck′) = (η

(n)
0 + η

(n)
k )gk′(ck′ ;n− 1, n)− h(1)000(n; k, ck′)− h

(1)
010(n; k, ck′)− h

(1)
100(n; k, ck′)

h
(1)
111(n; k, ck′) = gk′(ck′ ;n, n)−

1∑
rk=0

1∑
ck=0

1∑
rk′=0

rk+ck+rk′<3

h(1)rkckrk′
(n; k, ck′).

The third probability pr(R′i = (1, 1),
∑n

j′=1Cj′1 = 0,
∑n

j′=1Cj′2 = 0) can be written as

1∑
r1=0

1∑
r2=0

n∑
c1=r1

n∑
c2=r2

pr

(
R̃′i = (r1, r2),

n∑
j′=1

C̃j′1 = c1,
n∑

j′=1

C̃j′2 = c2

)
× (S

(n)
e:1 )r1(S

(n)

p:1 )1−r1(S
(n)
e:2 )r2(S

(n)

p:2 )1−r2(S
(n)

e:1 )c1(S
(n)
p:1 )n−c1(S

(n)

e:2 )c2(S
(n)
p:2 )n−c2 .

Define

h(2)r1r2
(n; c1, c2) = pr

(
R̃′i = (r1, r2),

n∑
j′=1

C̃j′1 = c1,
n∑

j′=1

C̃j′2 = c2

)
,

for r1, r2 ∈ {0, 1}, c1 ∈ {r1, r1 + 1, ..., n}, and c2 ∈ {r2, r2 + 1, . . . , n}. Using the function in
Definition 4, we have

h
(2)
00 (n; c1, c2) = gc1,c2(n; η

(n)
0 , p00η

(n−1)
1 , p00η

(n−1)
2 , p00η

(n−1)
3 )

h
(2)
01 (n; c1, c2) = gc1,c2(n; η

(n)
0 , p00η

(n−1)
1 , η

(n)
2 , p00η

(n−1)
3 + p01(η

(n−1)
1 + η

(n−1)
3 ))− h(2)00 (n; c1, c2)

h
(2)
10 (n; c1, c2) = gc1,c2(n; η

(n)
0 , η

(n)
1 , p00η

(n−1)
2 , p00η

(n−1)
3 + p10(η

(n−1)
2 + η

(n−1)
3 ))− h(2)00 (n; c1, c2)

h
(2)
11 (n; c1, c2) = gc1,c2(n; η

(n)
0 , η

(n)
1 , η

(n)
2 , η

(n)
3 )−

1∑
r1=0

1∑
r2=0

r1+r2<2

h(2)r1r2
(n; c1, c2).

The fourth probability pr(Ri1 = 1,
∑n

j′=1Cj′1 = 0, Cj2 = 1,
∑n

i′=1Ri′2 = 0) can be written as

1∑
r1=0

n∑
c1=r1

1∑
c2=0

n∑
r2=c2

pr

(
R̃i1 = r1,

n∑
j′=1

C̃j′1 = c1, C̃j2 = c2,

n∑
i′=1

R̃i′2 = r2

)
× (S

(n)
e:1 )r1(S

(n)

p:1 )1−r1(S
(n)

e:1 )c1(S
(n)
p:1 )n−c1(S

(n)
e:2 )c2(S

(n)

p:2 )1−c2(S
(n)

e:2 )r2(S
(n)
p:2 )n−r2 .

Define

h(3)r1c2
(n; c1, r2) = pr

(
R̃i1 = r1,

n∑
j′=1

C̃j′1 = c1, C̃j2 = c2,
n∑

i′=1

R̃i′2 = r2

)
,
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for r1, c2 ∈ {0, 1}, c1 ∈ {r1, r1 + 1, ..., n}, and r2 ∈ {r2, r2 + 1, . . . , n}. Using the function in
Definition 5, we have

h
(3)
00 (n; c1, r2) = η

(2n−1)
0 B(n− 1, c1;n− 1, r2) + η

(n)
0 η

(n−1)
1 B(n− 1, c1 − 1;n− 1, r2)

+η
(n)
0 η

(n−1)
2 B(n− 1, c1;n− 1, r2 − 1)

+p00η
(n−1)
1 η

(n−1)
2 B(n− 1, c1 − 1;n− 1, r2 − 1)

h
(3)
01 (n; c1, r2) = η

(n)
0 B(n, c1;n− 1, r2) + η

(n)
2 B(n, c1;n− 1, r2 − 1)− h(3)00 (n; c1, r2)

h
(3)
10 (n; c1, r2) = η

(n)
0 B(n− 1, c1;n, r2) + η

(n)
1 B(n− 1, c1 − 1;n, r2)− h(3)00 (n; c1, r2)

h
(3)
11 (n; c1, r2) = B(n, c1;n, r2)− h(3)00 (n; c1, r2)− h(3)10 (n; c1, r2)− h(3)01 (n; c1, r2).

Each probability on the RHS of Equation (A.1) has been derived in closed form, thereby
completing the derivation of EFF(AT) for K = 2 diseases.

Remark: Deriving EFF(AT) in closed form for K > 2 diseases would follow the same argu-
ments as those presented herein for the K = 2 case; however, they would be far more tedious
in the presence of potential testing error.

Appendix B. Pooling sensitivity/specificity derivations for AT and K = 2 diseases. We now
derive closed-form expressions for PSe:k and PSp:k as defined in Section 3.2 in the manuscript.

Recall Assumption 3 in the manuscript which defines S
(n)
e:k and S

(n)
p:k as the multiplex assay

sensitivity and specificity for testing row and column master pools of size n, respectively, for
the kth disease (k = 1, 2). Also in the manuscript, we let S

(1)
e:k and S

(1)
p:k denote the same

multiplex assay accuracy probabilities for individual testing.

Recall that PSe:k is the probability an individual is classified as positive for the kth infection
(k = 1, 2) given that the individual is truly positive for the kth infection; i.e.,

PSe:k = pr(Yijk = 1, T
(AT)
ij1 + T

(AT)
ij2 ≥ 1|Ỹijk = 1).

Using inclusion-exclusion for conditional probabilities, we can write PSe:k as

pr(Yijk = 1, T
(AT)
ijk = 1|Ỹijk = 1) + pr(Yijk = 1, T

(AT)
ijk′ = 1|Ỹijk = 1)

− pr(Yijk = 1, T
(AT)
ijk = 1, T

(AT)
ijk′ = 1|Ỹijk = 1). (B.1)

We now derive expressions for each probability on the RHS of Equation (B.1). The first
probability

pr(Yijk = 1, T
(AT)
ijk = 1|Ỹijk = 1) = pr(Yijk = 1, Rik = 1, Cjk = 1|Ỹijk = 1)

+2pr

(
Yijk = 1, Rik = 1,

n∑
j′=1

Cj′k = 0

∣∣∣∣Ỹijk = 1

)
= S

(1)
e:k(S

(n)
e:k )2 + 2S

(1)
e:kS

(n)
e:k S

(n)

e:k [1− fk(n)]n−1 ,

where the fk(·) function is given in Definition 1 (see Appendix A).
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The second probability pr(Yijk = 1, T
(AT)
ijk′ = 1|Ỹijk = 1) equals

S
(1)
e:k

πk

{
pr(Rik′ = 1, Cjk′ = 1, Ỹijk = 1) + 2pr

(
Rik′ = 1,

n∑
j′=1

Cj′k′ = 0, Ỹijk = 1

)}

=
S
(1)
e:k

πk

{
η
(1)
k {fk′(n− 1)}2 + p11(S

(n)
e:k′)

2 + 2p11S
(n)
e:k′S

(n)

e:k′{1− fk′(n)}n−1

+ pr

(
Rik′ = 1,

n∑
j′=1

Cj′k′ = 0, Ỹijk = 1, Ỹijk′ = 0

)
︸ ︷︷ ︸

(∗)

}
,

where (∗) can be written as

1∑
rk′=0

n∑
ck′=rk′

pr

(
R̃ik′ = rk′ ,

n∑
j′=1

C̃j′k′ = ck′ , Ỹijk = 1, Ỹijk′ = 0

)
× (S

(n)
e:2 )rk′ (S

(n)

p:2 )1−rk′ (S
(n)

e:2 )ck′ (S
(n)
p:2 )n−ck′ .

Define

h(4)rk′
(n; k, ck′) = pr

(
R̃ik′ = rk′ ,

n∑
j′=1

C̃j′k′ = ck′ , Ỹijk = 1, Ỹijk′ = 0

)
,

for rk′ ∈ {0, 1}, ck′ ∈ {rk′ , rk′ + 1, ..., n}, and k = 1, 2. Using the functions given in Definition
3 (see Appendix A), we have

h
(4)
0 (n; k, ck′) = η

(1)
k {η

(n−1)
0 + η

(n−1)
k }gk′(ck′ ;n− 1, n)

h
(4)
1 (n; k, ck′) = η

(1)
k {η

(n−1)
0 + η

(n−1)
k }gk′(ck′ ;n, n− 1)

+η
(1)
k {η

(n−1)
3 + η

(n−1)
k′ }gk′(ck′ − 1;n, n− 1)− h(4)0 (n; k, ck′).

The third probability on the RHS of Equation (B.1) is the most difficult to derive. We write

pr(Yijk = 1, T
(AT)
ijk = 1, T

(AT)
ijk′ = 1|Ỹijk = 1) as

pr(Yijk = 1, Rik = 1, Cjk = 1, T
(AT)
ijk′ = 1|Ỹijk = 1)

+ 2pr

(
Yijk = 1,Ri = (1, 1)′, Cjk′ = 1,

n∑
j′=1

Cj′k = 0

∣∣∣∣Ỹijk = 1

)

+ 2pr

(
Yijk = 1,Ri = (1, 1)′,

n∑
j′=1

Cj′1 = 0,
n∑

j′=1

Cj′2 = 0

∣∣∣∣Ỹijk = 1

)

+ 2pr

(
Yijk = 1, Ri1 = 1,

n∑
j′=1

Cj′1 = 0,
n∑

i′=1

Ri′2 = 0, Cj2 = 1

∣∣∣∣Ỹijk = 1

)
. (B.2)

The first probability in (B.2) equals (S
(n)
e:k )2pr(Yijk = 1, T

(AT)
ijk′ = 1|Ỹijk = 1), and pr(Yijk =

1, T
(AT)
ijk′ = 1|Ỹijk = 1) was derived above; i.e., the second probability in Equation (B.1).
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The second probability in (B.2) equals

S
(1)
e:kS

(n)
e:k S

(n)

e:k

πk

[
p11(S

(n)
e:k′)

2{1− fk(n)}n−1

+fk′(n− 1)pr

(
Rik′ = 1,

∑
j′ 6=j

Cj′k = 0, Ỹijk = 1, Ỹijk′ = 0

)]
,

where the fk(·) function is given in Definition 1 (see Appendix A). We can write the probability

pr(Rik′ = 1,
∑

j′ 6=j Cj′k = 0, Ỹijk = 1, Ỹijk′ = 0) above as

1∑
rk′=0

n−1∑
ck=0

pr

(
R̃ik′ = rk′ ,

∑
j′ 6=j

C̃j′k = ck, Ỹijk = 1, Ỹijk′ = 0

)
(S

(n)
e:k′)

rk′ (S
(n)

p:k′)
1−rk′ (S

(n)
p:k )n−ck−1(S

(n)

e:k )ck .

Define

h
(5)

r′k
(n; k, ck) = pr

(
R̃ik′ = rk′ ,

∑
j′ 6=j

C̃j′k = ck, Ỹijk = 1, Ỹijk′ = 0

)
,

for rk′ ∈ {0, 1}, ck ∈ {0, 1, ..., n − 1}, and k = 1, 2. Using the functions given in Definition 3
(see Appendix A), we have

h
(5)
0 (n; k, ck) = η

(1)
k

ck∑
w=0

(
n− 1

w

)
(η

(1)
k )wpn−1−w00 gk(ck − w;n− 1, n− w − 1)

h
(5)
1 (n; k, ck) = η

(1)
k gk(ck;n, n− 1)− h(5)0 (n; k, ck).

The third probability in (B.2) equals

S
(1)
e:kS

(n)
e:k S

(n)

e:k

πk

n−1∑
ck=0

1∑
rk′=0

n∑
ck′=rk′

pr

(∑
j′ 6=j

C̃j′k = ck, R̃ik′ = rk′ ,
n∑

j′=1

C̃j′k′ = ck′ , Ỹijk = 1

)
× (S

(n)

e:k )ck(S
(n)
p:k )n−ck−1(S

(n)
e:k′)

rk′ (S
(n)

p:k′)
1−rk′ (S

(n)

e:k′)
ck′ (S

(n)
p:k′)

n−ck′ .

Define

h(6)rk′
(n; k, ck, ck′) = pr

(∑
j′ 6=j

C̃j′k = ck, R̃ik′ = rk′ ,

n∑
j′=1

C̃j′k′ = ck′ , Ỹijk = 1

)
,

for rk′ ∈ {0, 1}, ck ∈ {0, 1, ..., n− 1}, and ck′ ∈ {rk′ , rk′ + 1, ..., n}.

• When k = 1, we have

h
(6)
0 (n; 1, c1, c2) = η

(1)
1 {πn−1

2 gc1,c2(n− 1; η
(n)
0 , η

(n)
1 , p00η

(n−1)
2 , π2η

(n−1)
3 + η

(1)
1 η

(n−1)
2 )

+(1− πn−1
2 )gc1,c2−1(n− 1; η

(n)
0 , η

(n)
1 , p00η

(n−1)
2 , π2η

(n−1)
3 + η

(1)
1 η

(n−1)
2 )}

h
(6)
1 (n; 1, c1, c2) = {p11 + p10(1− πn−1

2 )}gc1,c2−1(n− 1; η
(n)
0 , η

(n)
1 , η

(n)
2 , η

(n)
3 )

+p10π
n−1
2 gc1,c2(n− 1; η

(n)
0 , η

(n)
1 , η

(n)
2 , η

(n)
3 )− h(6)0 (n; 1, c1, c2),

where the g·,·(·; ·) function is given in Definition 4 (see Appendix A).
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• When k = 2, we have

h
(6)
0 (n; 2, c2, c1) = η

(1)
2 {πn−1

1 gc1,c2(n− 1; η
(n)
0 , p00η

(n−1)
1 , η

(n)
2 , π1η

(n−1)
3 + η

(1)
2 η

(n−1)
1 )

+(1− πn−1
1 )gc1−1,c2(n− 1; η

(n)
0 , p00η

(n−1)
1 , η

(n)
2 , π1η

(n−1)
3 + η

(1)
2 η

(n−1)
1 )}

h
(6)
1 (n; 2, c2, c1) = {p11 + p01(1− πn−1

1 )}gc1−1,c2(n− 1; η
(n)
0 , η

(n)
1 , η

(n)
2 , η

(n)
3 )

+p01π
n−1
1 gc1,c2(n− 1; η

(n)
0 , η

(n)
1 , η

(n)
2 , η

(n)
3 )− h(6)0 (n; 2, c2, c1).

The fourth probability in (B.2) equals

S
(1)
e:kS

(n)
e:k S

(n)

e:k

πk

{
pr

(∑
j′ 6=j

Cj′k = 0,
n∑

i′=1

Ri′k′ = 0, Cjk′ = 1, Ỹijk = 1, Ỹijk′ = 1

)

+pr

(∑
j′ 6=j

Cj′k = 0,
n∑

i′=1

Ri′k′ = 0, Cjk′ = 1, Ỹijk = 1, Ỹijk′ = 0

)}
. (B.3)

We calculate each probability in (B.3) separately using the B(·, ·; ·, ·) function in Definition 5
(see Appendix A). The first probability in (B.3) is

S
(n)
e:k′S

(n)

e:k′p11

n−1∑
c1=0

n−1∑
r2=0

pr

(∑
j′ 6=j

C̃j′1 = c1,
∑
i′ 6=i

R̃i′2 = r2

)
︸ ︷︷ ︸

(∗∗)

(S
(n)

e:1 )c1(S
(n)
p:1 )n−c1−1(S

(n)

e:2 )r2(S
(n)
p:2 )n−r2−1,

where (∗∗) equals

c1∑
w1=0

r2∑
w2=0

(
n− 1− w1

c1 − w1

)(
n− 1− w2

r2 − w2

)
πc1−w1
1 πn−c1−1

1 πr2−w2
2 πn−r2−1

2 B(n− 1, w1;n− 1, w2),

for c1, r2 ∈ {0, 1, ..., n− 1}. The second probability in (B.3) can be written as

n−1∑
ck=0

1∑
ck′=0

n∑
rk′=ck′

pr

(∑
j′ 6=j

C̃j′k = ck,
n∑

i′=1

R̃i′k′ = rk′ , C̃jk′ = ck′ , Ỹijk = 1, Ỹijk′ = 0

)
× (S

(n)

e:k )c1k(S
(n)
p:k )n−ck−1(S

(n)

e:k′)
rk′ (S

(n)
p:k′)

n−rk′ (S
(n)
e:k′)

ck′ (S
(n)

p:k′)
1−ck′ .

Define

h(7)ck′
(n; k, ck, rk′) = pr

(∑
j′ 6=j

C̃j′k = ck,

n∑
i′=1

R̃i′k′ = rk′ , C̃jk′ = ck′ , Ỹijk = 1, Ỹijk′ = 0

)
,

for ck′ ∈ {0, 1}, ck ∈ {0, 1, ..., n− 1}, and rk′ ∈ {ck′ , ck′ + 1, ..., n}.

• When k = 1, we have

h
(7)
0 (n; 1, c1, r2) = p10π

n−1
2 B(n− 1, c1;n, r2)

h
(7)
1 (n; 1, c1, r2) = p10

c1∑
w1=0

min{n−1,r2}∑
w2=1

(
n− 1

w2

)(
n− w1 − 1

c1 − w1

)
πw2
2 πn−w2−1

2

×(1− πw2
1 )c1−w1(πw2

1 )n−1−c1B(n− 1, w1;n− w2, r2 − w2).
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• When k = 2, we have

h
(7)
0 (n; 2, c2, r1) = p01π

n−1
1 B(n, r1;n− 1, c2)

h
(7)
1 (n; 2, c2, r1) = p01

c2∑
w1=0

min{n−1,r1}∑
w2=1

(
n− 1

w1

)(
n− w2 − 1

c2 − w2

)
πw1
1 πn−w1−1

1

× (1− πw1
1 )c2−w2 (πw1

2 )n−c2−1B(n− w1, r1 − w1;n− 1, w2).

This completes the derivation of PSe:k for K = 2 diseases.

Deriving PSp:k for K = 2 diseases is easier because PSp:k can be written as a function of
EFF(AT) and PSe:k. Recall that PSp:k is the probability an individual is classified as negative
for the kth infection (k = 1, 2) given that the individual is truly negative for the kth infection.
Therefore,

1− PSp:k = pr(Yijk = 1, T
(AT)
ij1 + T

(AT)
ij2 ≥ 1|Ỹijk = 0) =

S
(1)

p:k

πk

{
EFF(AT)− πkPSe:k

S
(1)
e:k

− 2

n

}
.

Appendix C. Operating characteristics of ATM for K = 2 diseases. We derive closed-form
expressions for EFF(ATM) and accuracy probabilities PSe:k and PSp:k when ATM is used for
K = 2 diseases. The ATM algorithm was described in Section 3.3 in the manuscript. Let

S
(n2)
e:k and S

(n2)
p:k denote the multiplex assay accuracy probabilities for testing the master array.

The efficiency of ATM is

EFF(ATM) =
1

n2

{
1 + 2npr(M1 +M2 ≥ 1) + n2pr(T

(ATM)
ij1 + T

(ATM)
ij2 ≥ 1)

}
. (C.1)

We derive closed-form expressions for each probability on the RHS of Equation (C.1). The
following three definitions are needed.

Definition 6: Let f o(s) denote the probability a pool with size s ≤ n2 is diagnosed positively
for at least one disease. Then

f o(s) = 1− η(s)0 S
(n2)
p:1 S

(n2)
p:2 − η

(s)
1 S

(n2)

e:1 S
(n2)
p:2 − η

(s)
2 S

(n2)
p:1 S

(n2)

e:2 − η
(s)
3 S

(n2)

e:1 S
(n2)

e:2 .

Definition 7: Let M̃k = 1 if the master array is truly positive for the kth disease; M̃k = 0
otherwise. For k = 1, 2, let

βk(n) = pr(Rik′ = 1, Cjk′ = 1, M̃k = 0)

= ηk′S
(1)
e:k′S

(n)
e:k′π

n2−1
k + p00π

n2−2n+1
k (η

(n−1)
0 S

(n)

p:k′ + η
(n−1)
k′ S

(n)
e:k′)

2.

Definition 8: For k = 1, 2, let

γk(n) = pr

(
Rik′ = 1,

n∑
j=1

Cjk′ = 0, M̃k = 0

)

=
1∑

rk′=0

n∑
c′k=rk′

pr

(
R̃ik′ = rk′ ,

n∑
j=1

C̃jk′ = ck′ , M̃k = 0

)
(S

(n)
e:k′)

rk′ (S
(n)

p:k′)
1−rk′ (S

(n)

e:k′)
ck′ (S

(n)
p:k′)

n−ck′ ,

9



for r′k ∈ {0, 1}. Furthermore, for ck′ = {rk′ , rk′ + 1, ..., n}, define

γ0k(n; ck′) ≡ pr

(
R̃ik′ = 0,

n∑
j=1

C̃jk′ = ck′ , M̃k = 0

)
= η

(n)
0

(
n

ck′

)
(η

(n−1)
k′ )ck′ (η

(n−1)
0 )n−ck′

γ1k(n; ck′) ≡ pr

(
R̃ik′ = 1,

n∑
j=1

C̃jk′ = ck′ , M̃k = 0

)
=

(
n

ck′

)
(η

(n)
k′ )ck′ (η

(n)
0 )n−ck′ − γ0k(n; ck′).

With these additional definitions, we now provide closed-form expressions for each probability
on the RHS of Equation (C.1). The first probability pr(M1 + M2 ≥ 1) = f o(n2), where f o(·)
is given in Definition 6. The second probability

pr(T
(ATM)
ij1 + T

(ATM)
ij2 ≥ 1) =

1∑
m1=0

1∑
m2=0

pr(M1 +M2 ≥ 1|M̃1 = m1, M̃2 = m2)

× pr(T
(AT)
ij1 + T

(AT)
ij2 ≥ 1, M̃1 = m1, M̃2 = m2),

for m1,m2 ∈ {0, 1}. It is easy to show pr(M1 + M2 ≥ 1|M̃1 = m1, M̃2 = m2) = 1 −
(S

(n2)

e:1 )m1(S
(n2)
p:1 )1−m1(S

(n2)

e:2 )m2(S
(n2)
p:2 )1−m2 . Define

h(8)m1m2
(n) = pr(T

(AT)
ij1 + T

(AT)
ij2 ≥ 1, M̃1 = m1, M̃2 = m2),

for m1,m2 ∈ {0, 1}. Using the same conditioning arguments as in Appendix A, we have

h
(8)
00 (n) = η

(n2)
0 {(S(n)

p:1 )2 + 2S
(n)

p:1 (S
(n)
p:1 )n + (S

(n)

p:2 )2 + 2S
(n)

p:2 (S
(n)
p:2 )n − (S

(n)

p:1 )2(S
(n)

p:2 )2

− 2(S
(n)

p:1 )2S
(n)

p:2 (S
(n)
p:2 )n − 2(S

(n)

p:2 )2S
(n)

p:1 (S
(n)
p:1 )n − 4S

(n)

p:1 (S
(n)
p:1 )nS

(n)

p:2 (S
(n)
p:2 )n}

h
(8)
10 (n) = β2(n) + 2γ2(n) + πn2

2 {(S
(n)

p:2 )2 + 2S
(n)

p:2 (S
(n)
p:2 )n} − (S

(n)

p:2 )2β2(n)− 2S
(n)

p:2 (S
(n)
p:2 )nβ2(n)

− 2(S
(n)

p:2 )2γ2(n)− 4S
(n)

p:2 (S
(n)
p:2 )nγ2(n)

h
(8)
01 (n) = β1(n) + 2γ1(n) + πn2

1 {(S
(n)

p:1 )2 + 2S
(n)

p:1 (S
(n)
p:1 )n} − (S

(n)

p:1 )2β1(n)− 2S
(n)

p:1 (S
(n)
p:1 )nβ1(n)

− 2(S
(n)

p:1 )2γ1(n)− 4S
(n)

p:1 (S
(n)
p:1 )nγ1(n)

and h
(8)
11 (n) = pr(T

(AT)
ij1 + T

(AT)
ij2 ≥ 1) − h(8)00 (n) − h(8)10 (n) − h(8)01 (n), where the functions βk(·)

and γk(·) are given in Definitions 7 and 8, respectively. The probability pr(T
(AT)
ij1 +T

(AT)
ij2 ≥ 1)

was derived in Appendix A. This completes the derivation of EFF(ATM).

The pooling sensitivity for ATM is

PSe:k = pr(Yijk = 1, T
(ATM)
ij1 + T

(ATM)
ij2 ≥ 1|Ỹijk = 1)

=
1∑

mk′=0

pr(M1 +M2 ≥ 1|M̃k′ = mk′ , Ỹijk = 1)

×pr(Yijk = 1, T
(AT)
ij1 + T

(AT)
ij2 ≥ 1, M̃k′ = mk′ |Ỹijk = 1). (C.2)
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The first probability on the RHS of Equation (C.3), pr(M1 + M2 ≥ 1|M̃k′ = mk′ , Ỹijk = 1) =

1− S(n2)

e:k (S
(n2)

e:k′ )mk′ (S
(n2)
p:k′ )1−mk′ . Define

h(9)mk′
(n; k) = pr(Yijk = 1, T

(AT)
ij1 + T

(AT)
ij2 ≥ 1, M̃k′ = mk′ |Ỹijk = 1),

for mk′ ∈ {0, 1}. When mk′ = 0,

h
(9)
0 (n; k) = pr(Yijk = 1, T

(AT)
ijk = 1, M̃k′ = 0|Ỹijk = 1)

+ pr(Yijk = 1, T
(AT)
ijk′ = 1, M̃k′ = 0|Ỹijk = 1)

− pr(Yijk = 1, T
(AT)
ij1 = 1, T

(AT)
ij2 = 1, M̃k′ = 0|Ỹijk = 1). (C.3)

The first probability on the RHS of Equation (C.3) is

π−1k {η
(1)
k πn2−1

k′ S
(1)
e:k(S

(n)
e:k )2 + 2η

(1)
k πn−1

k′ (η
(n)
k S

(n)

e:k + η
(n)
0 S

(n)
p:k )n−1S

(1)
e:kS

(n)
e:k S

(n)

e:k}.

The second probability on the RHS of Equation (C.3) is

π−1k η
(1)
k πn2−1

k′ {S(1)
e:k(S

(n)

p:k′)
2 + 2S

(1)
e:kS

(n)

p:k′(S
(n)
p:k′)

n}.

The third probability on the RHS of Equation (C.3) is

π−1k [η
(1)
k πn2−1

k′ S
(1)
e:k(S

(n)
e:k )2S

(n)

p:k′{S
(n)

p:k′ + 2(S
(n)
p:k′)

n}

+ 2η
(1)
k πn−1

k′ (η
(n)
k S

(n)

e:k + η
(n)
0 S

(n)
p:k )n−1S

(1)
e:kS

(n)
e:k S

(n)

e:kS
(n)

p:k′{S
(n)

p:k′ + 2(S
(n)
p:k′)

n}].

When mk′ = 1, h
(9)
1 (n; k) = PS

(AT)
e:k − h

(9)
0 (n; k), where PS

(AT)
e:k was derived in Appendix B and

h
(9)
0 (n; k) is given above. This completes the derivation of PSe:k for ATM.

The pooling specificity PSp:k for ATM is given by

PSp:k = 1−
S
(1)

p:k

πk

{
EFF(ATM)− πkPSe:k

S
(1)
e:k

− 2

n
f o(n2)− 1

n2

}
,

where f o(·) is given in Definition 6 and EFF(ATM) and PSe:k are the efficiency and pooling
sensitivity derived in this web appendix.

Appendix D. Additional results from Section 4. Here is an outline of the material in this
web appendix:

Page 12: Figure D.1. Simulation study for Cases 5-8 in Table 1. This figure complements
Figure 2 in the manuscript (and is constructed in the same way as described in Section 4).

Page 13: Table D.1. Classification accuracy probabilities for Cases 1-4 in Table 1 (equal
marginal disease probabilities). These are exact calculations using the derivations in Appen-
dices B and C.

Page 14: Table D.2. Classification accuracy probabilities for Cases 5-8 in Table 1 (unequal
marginal disease probabilities). These are exact calculations using the derivations in Appen-
dices B and C.

11



0.
54

0.
56

0.
58

0.
60

Algorithm

N
um

be
r 

of
 te

st
s 

pe
r 

in
di

vi
du

al
Case 5

H2 AT H3 ATM

0.
34

0.
36

0.
38

0.
40

0.
42

0.
44

Algorithm

N
um

be
r 

of
 te

st
s 

pe
r 

in
di

vi
du

al

Case 6

H2 AT H3 ATM

0.
26

0.
28

0.
30

0.
32

0.
34

Algorithm

N
um

be
r 

of
 te

st
s 

pe
r 

in
di

vi
du

al

Case 7

H2 AT H3 ATM

0.
12

0.
14

0.
16

0.
18

0.
20

0.
22

Algorithm

N
um

be
r 

of
 te

st
s 

pe
r 

in
di

vi
du

al

Case 8

H2 AT H3 ATM

Figure D.1: Simulation study for Cases 5-8 in Table 1 in the manuscript. Boxplots of the
number of tests per individual using B = 1000 Monte Carlo data sets. Array and hierarchical
group sizes are the same as those in Table 1 in the manuscript.
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Appendix E. Additional results from Section 5. Here is an outline of the material in this
web appendix:

Page 16: Figure E.1. Boxplots of the number of tests expended for four sex/specimen type
stratum. These were constructed from the feasibility study described in Section 5 in the
manuscript.

Page 17: Table E.1. Classification accuracy probabilities for H2, AT, and H3. These are
exact calculations of PSe:k, PSp:k, PPVk, and NPVk using the information provided in Table
2 in the manuscript. Calculations for AT use the derivations in Appendix B. Calculations for
H2 and H3 use the derivations in Tebbs et al. (2013) and Hou et al. (2017).
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Figure E.1: Iowa SHL CT/NG feasibility study. Boxplots of the number of tests constructed
from B = 5000 data sets as described in Section 5. The number of individuals in each
sex/specimen type stratum are provided in Table 3 in the manuscript. Array and hierarchical
group sizes are also provided in this table.
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