Appendix for “Bayesian logistic regression for online recalibration
and revision of clinical prediction models with guarantees”

Notation ‘ Description

General terms

T Time horizon

d Number of variables

(e, 1) Observed variables and outcome at time ¢

ft X — R Underlying prediction model at time ¢

AR x X [0,1] Model revision deployed at time ¢: A function that
maps the score from an underlying prediction model
at time t and patient variables to a probability. In the
special case of model recalibration, A, is a function of
only the score.

ét Parameters for logistic model revision at time ¢

7= (11,72, " ,Ts) Update times for a given sequence of model revisions

Regret

(% Zthl [ — logp (yt,flt( ft(xt),xt)) + | Type I Regret: The average increase in the negative
log likelihood when using the online reviser instead of

logp (yt, fll(fl(xt), xt)) }) locking the original model
+

(} Z; { — logp (yt,flt(ft(xt),xt)) + | Type IT 7-Regret: The average increase in the nega-
tive log likelihood when using the online reviser ver-

log p (yt, Aj,t(ft(xt), xt)) }) sus the oracle model reviser {A}, : ¢ =1,...,T} with
+ update times 7
BLR and MarBLR parameters
N (Oinit, Zinit) Gaussian prior in BLR and MarBLR for the logistic
revision parameter at time ¢t =1
«a Prior probability in MarBLR that the model revision
shifts at time ¢
52 Factor controlling the variance of the MarBLR prior

over shifts in the model revision parameters

Table 1: Terminology and notation

A Practical Implementation of BLR and MarBLR

In this manuscript, we implement MarBLR using a Laplace approximation of the logistic posterior and
perform Kalman filtering with collapsing [Gordon and Smith, 1990, West and Harrison, 1997]. Because
BLR corresponds to MarBLR with o = 0 and 62 = 0, we use this same procedure to perform approximate
Bayesian inference. The Kalman filtering approach is simple and computationally efficient; We describe the
steps below. We note that for the special case of BLR, one can also perform posterior inference by sampling
Polya-Gamma latent variables [Polson et al., 2013]. This would allow one to perform full Bayesian inference
but is significantly more costly in terms of computation time.



We make predictions and update the posterior using the following recursive procedure. The process is
initialized with the Gaussian prior for #; with mean 6y,;; and posterior covariance Lini. Let D®) denote the
observations up to and including time t.

Prediction step. At time ¢, let the approxnnatlon for 0;_1|Wi—1 = we_ 1,D( 1 be the Gaussian
distribution with mean 9,5 1,w,_, and covariance Et Law,_,- We also assume Pr(W;,_; = w,_ 1|D(t 1)) is
known. We generate predictions at time ¢ using the posterior distribution 6;|D*~1, which is a mixture of
the distributions

0:Wy = wy, Wy = wy_1, DD ~ N (ét—l,wt,la (1+ 62wt)2t—1,wt,1) (1)

for w;, wi—; € {0,1} with weights by Pr(W; = wy|W;_1 = w;_1) Pr(Wy_1 = w;_1|D"Y). Recall that
Pr(W; = 1|W;_1 = w—1) = « in the MarBLR prior. We predict that Y = 1 for a subject x using the
posterior mean of Pr(Y = 1| X = x).

Update step. Next, we observe a new batch of labeled observations and update the posterior. That
is, we must perform inference for 9t|D(t), which is a mixture of the distributions 6;|W; = wt,Wt 1=
w;_1, DM with probability weights Pr(W; = wy, Wy_1 = wy_1|D®) for wy, w;_; € {0,1}. Let Et(ﬁ w) =
Sor  logp (yeilzei, 0) +1ogp(0 | w, D=1)). We approximate the distribution 8;|W; = wy, W;_1 = w;y_1, D®
using a Gaussian distribution with its mean computed using a Newton update

-1
R R os (A SN
9t,wt,wt,1 = Ht—l,wt,l - [Voét (9t—1,wt,1awt—1)} Voly (Qt—l,wt,lawt—l) (2)
and its covariance as .
A 2~ ~ -
Et»wtywt—l = [vegt(ot—l,wt_lawt—l)] .

The probability Pr(W; = w;, Wy_1 = w,_1 | D®), which is proportional to
[/ P (s, | 2t,,0t) p <9t | wtth—l,D(t71)> dat] Pr(W;|Wy—1) Pr(W,—1|D"~V), (3)
0¢

is approximated using a Laplace approximation for the integral in (3), i.e.

1/2

271_03/2 p (yt,' | 2t ét,wtywt—l) p (ét7wt,wt—1 | D(t_l)) : (4)

(V36 )}

Let Gu, w, , denote the estimated probability. Finally, we approximate the posterior distribution 6;|W; =
wy, D using a single Gaussian distribution by moment-matching [West and Harrison, 1997, Orguner and
Demurekler, 2007] with mean and covariance

« 1 . N N A

Ot w, = m (th,Oet,wt,O + th,let,wt,l) (5)
N 1 . N A &
Zt,wt = m (th,OEt,wt,O + th,lzt,wt,l) . (6)

B Online model revision for batched data

In certain settings, it is more convenient and practical for the data stream to be observed in batches of size
n > 1. Here we discuss the necessary modifications to our framework for analyzing the performance on an
online model reviser for batched data. We denote a batch of observations as {(x¢,4¢:) 14 = 1,....,n} and
use the notation a; . to denote the sequence (a¢1, ..., @¢n)-

We extend the online model reviser to output a probability distribution over all possible outcomes for
a batch of observations, i.e. A; : R” x X™ — Agn where Agn is the probability simplex over all possible
outcomes (Y1, ..., Yi,n). The loss of the online model reviser over the entire time period is then defined as
the average negative log likelihood

_gilogp(yt’_,fit (ft(xt,.),xt,.)). (7)

t=1



This theoretical framework allows predictions from the online model reviser to depend on all unlabeled
observations {z;; : i = 1,...,n}. By defining regret with respect to (7), we are able to derive Type I and II
regret bounds for the batched setting. This is necessary for analyzing BLR and MarBLR because outcomes
are not independent given the observations up to time ¢ in the Bayesian framework. In particular, the
outcomes are correlated because of the shared (latent) revision parameter 6,.

Table 2: Descriptive statistics of variables included in the COPD risk prediction model. Continuous variables
are summarized by Mean (SD). Binary/ordinal variables are summarized by number of nonzero entries (%).

Variable

Diagnosed with COPD 2756 (2.55)
Age at encounter 60.31 (18.60)

Medical history
Asthma 741 (0.69)
Bronchitis 5855 (5.42)
COPD 14950 (13.84)
Smoking 42651 (39.49)
Pulmonary Function Test 2844 (2.63)
Intubation 2420 (2.24)
Spirometry 1091 (1.01)
Bilevel positive airway pressure 710 (0.66)
Acute coronary syndrome 11008 (10.19)
Pneumonia 15386 (14.25)
Steroids 23249 (21.53)
Antihypertensives 7740 (7.17)
Short-acting bronchodilator 13088 (12.12)
Antihistiminic 17768 (16.45)
Respiratory Clearance 2791 (2.58)
Upper Respiratory Infection 1242 (1.15)
Antiarrythmic order 7650 (7.08)
Inhaled bronchodilators 122 (0.11)
Inhaled corticosteroid 78 (0.07)
Long-acting bronchodilator 91 (0.08)
Combination of inhaled bronchodilators 8 (0.001)
History of current emergency department visit

Pneumonia 3503 (3.24)
Short-acting bronchodilator 5982 (5.54)
Steroids 4518 (4.18)
Antihypertensives 694 (0.64)
Acute coronary syndrome 2386 (2.21)
Antiarrthymic 1665 (1.54)
Antihistaminic 2624 (2.43)
Inhaled corticosteroid 146 (0.14)
Inhaled bronchodilators 304 (0.28)
Long-acting bronchodilator 420 (0.39)
Asthma 142 (0.13)
Upper Respiratory Infection 238 (0.22)
Respiratory Clearance 131 (0.12)
Combination of inhaled bronchodilators 3 (0.003)




C Type I and II Regret bounds

C.1 Notation and assumptions

We suppose there are n observations at time points ¢ = 1,...,T for some T > 2. Consider any sequence
of revision parameters @ = {01,0s,...,07}, where §; € R for all t = 1,2,...,T, with unique values at
times 7 = {7y, 72, ..., s}, where ;1 =1 < 15 < ... < 75 <T. In other words, {0;,,0,,...,0;,} denotes the
sequence of values that the sequence 0 shifted over. Henceforth, we use || (rather than s) to indicate the
number of times in 7. For ease of notation, we use the convention 7., := T + 1. Note that the variable
T|r|+1 is not part of the sequence T and is used purely to simplify the notation. We use Tiocked := {71} = {1}
to denote the shift times in the edge case of “locked” sequences @ that do not shift over time. Let D)
denote all the data observed up to time t.
The cumulative negative log-likelihood when using Bayesian inference at each time point is

T
Lge ==Y logp (ur, | ., DY),

t=1

where p (yt’. | zt,.,D(t_l)) is the posterior distribution at time t. The cumulative negative log-likelihoods
for MarBLR and BLR are denoted by Lyasrr and Lprr, respectively, and are special cases of Lgg for
their specific choice of priors. The MarBLR, prior py over 8 is defined using a Gaussian random walk with
a homogeneous transition matrix as follows. Given i € RY, Sinie € R?*?, and some shift probability
a €10,1], let
01 ~ N(Oiit, Zinit), W1 =1, (8)
and for t = 2,3,...,T let
0y = 0;_1 + B W,
W; ~ Bernoulli(«) (9)
B ~ N(0,6%Zinie).

Note that 7 = {7'17 Toy ... ,’7’|.,-‘} can be regarded as the indices at which the sequence {Wy, Ws, ..., Wr} is
1-valued. In particular, having T = T\ockeq implies that W7 =1 and Wy = 0 for all ¢ > 1. The BLR prior is
a special case where 62 = a = 0.

Type I regret compares BLR and MarBLR to locking the original revision parameters at its initial value
Oinit, i.e. O = Oinyg for all t € {1,2,...,T}. The cumulative negative log-likelihood of the locked initial model

is given by
T

Liocked = — Zlogp(yt, | 2¢,.; Oinit) -

t=1
Type II T-regret compares BLR and MarBLR to the best sequence of parameters in retrospect for update
times 7, denoted 6., for j = 1,...,|7|. Its cumulative negative log-likelihood is defined as

T
Lpyn,+ = — Zlogp (Z/t,‘ \ Zt,~;9t)
t=1
where 9~Tj for j =1,...,|7| satisfy

v Z logp (ye,. | 2,3 0) =0, Vj=1,...,|]7| (10)

In addition, we introduce the notion of a distribution over the sequences 8. For such a distribution @,
its expected negative log-likelihood is given by

T
Lg=Eq | logp(ye. | 2.;0:)
t=1



Given mean and variance parameters g = (u¢)ier and X = (34)ier, we define Q@+ > to be the distribution
over @ with shift times 7 where 0, for j = 1,...,|7| are jointly independent and normally distributed per

Oz, ~ N (pir;, %) - (11)
Some results in the following sections rely on the assumption that there exists a constant ¢ > 0 such that

82
Y02 logp (y|z"0 =w)| <ec, (12)

for all y and w. This always holds for logistic regression with ¢ < 1.

C.2 TUseful Results

Consider the prior distribution pg(@) over sequences 8. Let po(7) be its marginal distribution over shift
times 7 and pg (0 | T) be the conditional distribution over sequences 6 with shift times 7.

Lemma 1 (Variational bound). Consider any prior distribution py over sequences 6. Given any T and any
distribution Q, it holds that

Lpp — Lq < Ervq [KL(Q(O]7) || po (6 | 7))] + KL (Q(7) || po (7)) -

Proof. First, we can reexpress the cumulative negative log-likelihood of the Bayesian dynamical model by
chaining the conditional probabilities as follows:

T
Lpr = — Zlogp (yt,‘ \ zt,‘,D(tfl))
t=1

= _Ing((yt,-)t:I,.“,T | (Zt,‘)tzl,...,T)-

Similarly, the cumulative negative log-likelihood of any sequence of calibration parameters can be written as

T
—Zlogp(yt,. | 2¢,:0:) = —logp ((yt, )e=1,...7 | (2, )1=1,..,7:0).
t=1

Thus, the difference in the cumulative negative log-likelihood between the Bayesian dynamical model and
any sequence of parameters is given by

P (e, )e=1,.. 7 | (2¢,)¢=1,...,7; 6)
Lpr —Lg=E |:10g > o . tRALL]
@ @ (e, )e=1,...7 | (2,)e=1,....7)
By Bayes’ Rule, the posterior distribution py over 8 with respect to the Bayesian dynamical model satisfies

_ p (e )e=1,...1 | (2t,)e=1,...,7:0) po (0)
pr(6) = :
(e, )i=1,...7 | (2, )i=1,...7)
Thus, we have that

(7]
LBF —LQ = EQ |:10ng( ):|

(7]
e 017 () "
pr T pr(7T
—Ero |Eomorir log]]+ET~ [log }
Q["Q”{ po (0] 7) L% po(r)
Moreover, because the KL divergence is always positive, it holds that
pr (0| 7')}
Eowo(.tr |log 2T — KL (Q(- 0 KL (Q(- 0
onatin 08 2G| < KLQUT) 130 (68| 7) = KL(QUI) |1 6] 7) »
< KL(Q(|7) [ po (6] 7))
Likewise,
pr(T
Ernc [log 20| < KL(Q() ] m(r), (15)
po(T)
Finally, by combining equations (13) and (14) we arrive at the conclusion of this theorem. O



C.3 Type I regret results for MarBLR

Let the distribution py be the MarBLR prior as defined per (8) and (9). For a given 7, let QS_VI;)U be a

Gaussian random walk with expected shifts 5; at known shift times 7; for j =1, ..., |7|. That is,
Or, — Or,_, ~ N (B, " Sinit) - (16)
and
Or, ~ N (111, €] Sinit) - (17)

We begin with simplifying the KL divergence term in Lemma 1.
Lemma 2. For any T, consider the Gaussian random walk QT B We have that

dir|

KL (QV5, 1190 (8 1 7)) =5+ 3 (11— i) S (1 — i) — 20

5
d(|7] — 1) log o dlog ey (18)

il

dv?(|7] - T
+ T 252 Zﬁ 1n1t 5

Proof. For ease of notation, let © ; be the space over sequences (61, ...,0;). Given the known times 7, there
is a one-to-one mapping from sequences in ©|,| to sequences in O with unique values at times 7. Let Qb

be the probability distribution over O, as defined by QS,’ . Likewise, let p§"" be the PDF over O, as
defined by the conditional prior distribution pg (- | 7).
We have that

KL Q5 11 po <e|f>)

[ [amo Q::;(g)) i

7|1

:aub sub
_ sub Q § sub Q (9 j+1 | 0 )
_/Q ( )log sub d91 + //Q ]+1 10g md0j+ldaj (19)

The first term in (19) is the KL divergence of two multivariate Normal distributions, N(u1,€33in) and
N (Oinit, Zinit ), and can be shown to be equal to

1 1 _ d
i+ 5 (= Oinit) " Sinte (1 — Oinit) — dloger — o (20)
Also, for j =1,...,|7| — 1, we have that each summand in the second term in (19) is equal to
sub 9
/ / @(0;.0,20)10g L L L ao,an,
Do ( Jj+1 | 0; )
_ d
_dlog + 552 //QSUb 0j41) (0j1 — 0;) " Sk, (0551 — 0,) d0;41d0; — 5 (21)

By the definition of Q we have that A,; 1, =0 -0, ~N (6j+1, Z/QEinit). Thus,

Ti+1

Tﬁu’
[ @05, (6101 = 0)7 Sk (6501~ 63) 034000 =% + 5T, Bk By,

Plugging in the above result into (21), we have that

(g og Co0s110,) 4 a0, =dlog dv? 5 @
Q05 011)log g GEE L 00,10y =dlog 4 5 (0 + BBk fr) ~ 5o (22)
Combining the results (19), (20) and (22), we attain the desired conclusion. O



To bound the Type I regret for MarBLR, we compare the regret via the intermediary ) with marginal
distribution over T the same as pg and the conditional distribution given 7 to be QS_%)’V with 8; = 0 for all
j=2,...,|7|. That is, the regret is decomposed into

(Ler — L) + (Lg — Liocked)- (23)
We bound Lpr — Lg by marginalizing Lemma 2 over T as follows.

Lemma 3. Let the distribution pg be defined as above. Let distribution @Q over @ have the same distribution
over T as po, with 01 distributed N (Oinit, €3 Sinit), and Q(-|T) be a zero-centered Gaussian random walk B;=0
forallj=2,....|7|. Let £ = E,, |T|. We have that

1, d¢ ) dv?(€—1)
Lpr — Lg gield—?—l—d(f—l)log;—dlogel—i—T. (24)
Proof. Taking the expectation of (18) from Lemma 2 with respect to 7 under the additional assumptions of
this Lemma, and plugging the result into Lemma 1 yields the desired conclusion. O

Next we bound Lg — Ligcked-

Lemma 4. Assume that there is a ¢ > 0 that bounds the second derivative as in (12). Assume that there is an
R such that m SIS izl < R2I forallj € {1,2,...,|7|}. Let QW) be the zero-centered

t=T; = T,B8,v
Gaussian random walk with py = Oy Then it holds that

7|
enR?

LQ(TW;s) — Liocked < Tr(Sinit) | Te; + 02 Y (T4 = 75)(F — 1)
i) sV ]=2
Proof. We use a Taylor expansion. For j =1, ...,|7|, there is some 6,,;4 such that
Ti+1—1 n Ti+1—1 n Ti+1—1 n T
= > Y togp (vl 2is0) == D> Y logp (yei | 243 0mie) — Vo > logp (v | 26650 (0, — Oinit)
t=71; i=1 t=71; i=1 t=71; i=1 0=010i0
1 - Ti+1—1 n
9 (e‘fj - Hinit) Vg Z ZIOgP(yt,i | Zt,i;e) (97,- - einit) .
t=1; =1 0—6.
—Umid
(25)
Note that
T —2 . 82 T 2
(eTj - einit) ve logp(y | 2 0) (07']' - oinit) = W 10gp(y|w) (Z (97j - einit)) )
where w = 2" is the predicted logit. Using equation (12) it follows that
1 - Ti+1—1 n
) (em - einit) \%; Z Zlng(yt,i 21,4, 0) (Gq - 9init) (26)

t=1; i=1
g 0=0mid

(=17 (0, — Ouair))” (27)

Ti+1—1 n

=§ (65, — einit)—r Z ZZHZ; (07, — Ohnit) - (28)

t=7'j i=1

Because the expected value of  with respect to @ is 6i;t, we have the following after taking the expectation
of equation (25) combined with equation (26):



T n

Lo =Eq =Y > logp(yei| 2. 6:)

t=1 i=1
il ¢ - Ti+1—1 n
< Llocked + Z 5 EQ (HTJ' - einit) Z Z Zt,izt—l:i (HTj - 0111it>
j=1 t=1; i=1

Assuming there exists some R? that satisfies the lemma assumptions, the following holds after taking the
expectation with respect to Q:

Ti+1=1 n

Eq | (0, — 9init)T Z Zztzzt—rz (07, — Oimit) | < (141 — 75)nR*Eq |07, — Oinic ||

t=7; i=1
= (1j31 — 7)nR? (6] + (j — Vv?) Tr(Sinie)-

After summing over j = 1, ..., |7|, we reach our desired result. O
We combine the two prior lemmas to obtain the following bound on the Type I error for MarBLR.

Theorem 5 (Type I regret for MarBLR). Let { = E,, || denote the expected number of shift times be
denoted. The Type I regret for MarBLR is bounded as follows:

d enR2T Tr(Zin
LyarBLr — Liocked < 5 log (1 + d(t)>
r—1 2enR2T Tr (S
+Cm(2)log(1+5cnR 2dr( t))

Proof. First, note that under the MarBLR prior py over shift times 7 as defined previously, we have that

Il

Epo | Y (71— 75) (G —1)| =By,

Jj=2

T
ST WT+1 - t)] = %T(T —1),
t=2
and { =Ep, || =a(T - 1)+ 1.

Thus, summing the upper bounds from Lemmas 3 and 4 and taking expectations with respect to 7 ~ py,
we have that

1 do(T —1) d ] do(T — 1)
Lgr — L < g —— - T —1)log — — dl — 2
BF — Liocked < 261d 5 5 + do ) log ” dloger + 557V (29)
enR?T «
7 Tr(Zinit) (ef + (- 1)1/2) . (30)

We minimize the upper bound by selecting

62 = d
V7 d 4 enR2T Tr(Sinit)
and J
1/2 =

L4 CnRT Te(Sinie)
to obtain the upper bound

2 . _ 2 2 ..
d log (1 N cnRR Tgr(Emlt)> n doz(T2 1) log (1 n 0%cnR I;CiTr(Elnlt)> .




C.4 Type Il T-regret results for BLR

Let 6., .., be the minimizer of the cumulative log-likelihood of the locked model, i.e., 0

T n
VZZlogp(yt,i | 2¢,i:0)

t=1 i=1

satisfies that

Tlocked

|
e

0=0710crea

Let Q denote the distribution Q ; (defined according to section C.1 and equation (11) with

Tlockeds0r)o cieoq €2 Sinit
the parameters specified here). That is, we have that

Q) =Q 5 (6,) =N (97—locked;€22init) )

Tlocked 797'locked ,€2Xinit

and 0, =6, for all t € {2,3,...,T}.
We bound the difference in the cumulative negative log-likelihood, Lgi,r — Lpyn,~, by breaking it into
two summands

LpLr — Loyn,r = (LBLR - L@) + (LQ - LDyn,‘r) . (31)

We have already bounded the first summand by Lemmas 1 and 2. We just need to bound the second
summand.

Lemma 6. Assume that the second derivative is bounded by a constant ¢ as shown in equation (12), and
that there are Ry, R.,,. .., R"\r\ such that

Tj+1—1 n

1 T 2
_ 232 = R51.
n(7j41 — 75) t; ; b !
It holds that
Il p2 Il
eny iy By (T4 — 7)) cn ~ ~ )2
LQ — Lpynr < j=1 J2 J J €2 TI'(Einit) + o ZRJQ (Tj+1 — Tj) Orsored — OTJ.

j=1

Proof. Because éTj is the minimizer of Vg ZtTQTlJ_l Yo logp (i | 21,43 0), per Taylor’s expansion there is
some 6,;q such that

Ti+1—1 n Ti+1—1 n B
= D Y logp (i | 2ai0) == Y Y logp (yt,i'zt,i;ev'j)
t:Tj i=1 t:'rj i=1

Ti+1—1 n

30-0)7 9 Y Ym0 (0-0),

t=7'j i=1 9—0
=Ymid

Following the same arguments as in the proof of Lemma 4, we have that

Ti+1—1 n Ti+1—1 n ~
Eg |— D> D logp(yei|zii0)| <— > > logp (yt,i \ Zt,i;97j>
t=1; =1 t=1; i=1
c ~ T Ti+1—1 n ~
+5B [(00-0) | X Yamasl ] (6-0n)

t=1; =1



Taking expectation with respect to Q7 we note that

Tj+1—

b | (0 0) (S0 Soal ) (00

t=7'j =1

Ti+1—1 n Tit1—1 n

=Eg (91 - 9~ﬁocked)T SN aazl (91 - érlocked) + (énocked - éTj)T D> mazl (émcked -

t=r; =1 t=mj =1
2.2 2|5 i |17
< (T2 = 75) nRGe” Tr (Sinie) + (741 — 75) nRj ’ Oriocrea = Or;
We arrive at our results after summing over all j = 1,....|7]. O

Theorem 7 (Type Il regret for BLR). Assume that there is an R such that m ZZ’:TTI Py Zmzt—l:i =
R%I for all j € {1,2,...,|7|}. It holds that

1. T d d+ enTR? Tr(Siy;
Lyrr — LDyn,‘r < by (aTlocked - 01nit> Z]inilt (9"'10cked B oinit> + 9 log < d ( t))

cnR? 7] 2
5 (Tjr1 —75) ‘

j=1

0

Tlocked  ’Tj

Proof. To bound the first summand of decomposition (31), we use Lemmas 1 and 2 and the fact that
Po(Tlocked) = 1 under BLR. We use Lemma 6 to bound the second summand of decomposition (31). Thus,
we obtain

1 1/~ T s d enTR?
Lerr — Liocked < 562(1 + 3 (enockcd - ginit) DI (97'Lackcd - einit) + 5~ dlog(e) + 5 € Tr(Sinit)
|7
cnR ~ ~ 2
+ 7 Z (Tj+1 - Tj) ’ eTlock:ed - QTJ ‘
j=1
Choosing €2 = W’I‘F(Zmn) will minimize this expression, which yields the desired conclusion. O

C.5 Type II T-regret results for MarBLR

As before, we bound the difference in the cumulative negative log-likelihood, Lpr — Lpyn -, by breaking it
into two summands

Lgr — Lpyn,r = (LBF — Lo 4 o _t> + (LQT,)é,,EQZ_ LT LDyn,r> . (32)

Thus the proof proceeds by comparing against an intermediary distribution Q_ defined per (11),

1,0 €2 Sinit
where 7' be any subsequence of T with 7{ =1, 0 = (ét)te.,./, and €2 = (e%, €, ..., e|2_,_,| . This intermediary
distribution is centered around a dynamic oracle that may evolve slower than than the specified update times
7. The final Type II regret bound will depend on 7/. Optimizing our choice of 7/ can lead to tighter Type
Ti regret bounds, particularly when « in the MarBLR prior is small and |7] is large.

We use the following lemma to bound the first summand of (32).

Lemma 8. Consider the distribution Qr , e25,,.,
(8) and (9). For any T, p and €2, we have that

as defined above, and the MarBLR prior pg as defined per
KL (QT)/-")€2Einit ‘ Po (0 l T))
d o

1 . d
= 561+ 5 (1 = Onit) ' Sigiy (01 = Oinie) — dloger — S |7| + (7] = D)dlog 6

[l

1 —
+ Zz [252 (d (-1 +€2) + (e — pe—1) " Sindy (11t — Mt_l)) — dlog et] ,
t=

10



Proof. We define ©; and pj®® as in Lemma 2. We define Q*"" as the distribution over ©; as defined by
Qr p,e25,,- We have that

KL (Qr(u)e, |l Do (0] 7)) = KL(Q™™ || pi™)

[l

/ /me )Y log ?SUb (6:) df\7| - - - dby, (33)
— Ty (0 | 0i-1)

because 6, in Q*"P are jointly independent and 6, in p§"® only depend on 6;_;. As such,

sub
I (qub || pgub) _ /qub( )log (Qsm)((gl))del (34)

[l

+Z / / Q™ (0r—1,0,) 1 Mdetdet_l. (35)
o (0 | 0e-1)

The first term (34) is the KL divergence of two multivariate Normal distributions, N(u1,€3%m;t) and
N (Oinit, Zinit ), and can be shown to be equal to

' sub 0 1 . d
/ Q™ (01) log fbub ((9 1)) do, = e?d t 5 (11 = Oinie) " B (1 = Gha) — dloger — . (36)

Next each term in the summation of (35) is equal to

subg)
sub(g, _1.6,)1 Q@ (0 U 46,do,_
//Q t—1,0¢) log —————— bub(9t|9t ) tdUt—1

d
_dlog + 557 / / Q™ (0y1,0,) (0 — 0, 1) Sk (0, — 0,_1) 6,6, — 3 (37)
We note that under QS“b it holds that
(0 — 01—1) ~ N (e — pre—1, (€71 + €7) Simit ) -
Therefore, (37) simplifies to
sub
sub Q (et)
01—1,0:)log ————>—d6,d6;_
//Q ( t—15 t) ng%ub(ﬁt ‘ 0, 1) tdbt—1
0 1 2 2 Ty—1 d
=dlog o T 552 (d (-1 + &) + (e — pi—1) " S (e — pe—1)) — 3 (38)
Plugging (36) and (38) into (34) and (35) gives us the desired result. O

Next we need to bound the second summand of (32).

Lemma 9. Suppose there is a constant ¢ that bounds the second derivative as in (12). Assume that there is

an R such that m Pt S iz S BRI for all j € {1,2,...,|7|}. Then it holds that
L e
LQ"'/‘éI‘EQZinit - LDy117-,- < icnRZ Z(Tj+1 — Tj) (6%0) Tr(zinit) Th(H) - 97']' >
j=1

where k(j) := max{k : 7/, < 7,}.

Proof. For the ease of notation denote Q= Q. S It holds that

LQ - LDyn,‘r
|| Ti+1—1 n ~

= Z Es Z Z —logp (yt,i | zt,:;0¢) +1ogp (yt,i | 2,4 97j>
j=1 t=7; =1

11



Recall that for any sequence @ drawn from Q, for any j = 1,.. ., ||, the parameters 6; are constant over

t= T], ceey T]f 41 — L. Taking a Taylor expansion, there exists some 0,,;4 such that
Ti+1—1 n Ti+1—1 n ~
Z Zlogp(yt,i\zt,i;e) =- Z Zlogp (yt,i Zt,i;97j>
t=1; =1 t=r; =1
Tji+1—1 n T _
Vo Y Y logp (yrilzi;0) (9 — 97]-) (39)
t=7; i=1 -
T ? 9:977-
1 ~ T Ti+1—1 n ~
—5(0-05) VB > D 1ogp(yealznii0) (0-4,).
t=7; i=1 0=, .
Since 7/ is a subsequence of T, for 8 ~ Q we have that 6; = 97,;(_) for all t = 74,....,7j41 — 1, where
J

k(j) == max{k : 7y, < 7;}. Thus, we can use the above decomposition to evaluate (39) with ; = 6, in place
J
of 6. B
By the definition of ., the gradient in the expression above is zero, so the second term is equal to zero.

Because we assumed the second derivative was bounded by ¢ as in (12), the expression simplifies to the
bound

Ti+1—1 n Ti+1—1 n
Z Zlogp ytz ‘ Zt, uet Z Zlogp (ytz | Zt i) TJ)
t=71; i=1 t=71; i=1

c T [Ti+17l n
- T -
+ 2 (QT;M B 0”) Z Zzt”zt’i (aﬂlcu) B GT") ’
t=1; i=1

Assuming there exists some R? that satisfies the lemma assumptions, it follows that

Tj+1—

T
- . _
EQ (9 I/c( ho HTJ') Z Z R ( k(].) - 07']-)
t=7; i=1
5 2
< (1j4+1 — 7;)nR*E 1~ O
2

= (Tj“rl - Tj)nR2 (62(']) ’I‘I‘(Einit) Th(i) 97—]. > .

We finish the proof by summing over j. 0

We combine the results to get the following bound.

Theorem 10 (Type Il regret for MarBLR). Suppose there is a constant ¢ that bounds the second derivative as
in (12). Assume that there is an R such that m Syt Yoy ziz; 2 R forallj € {1,2,...,|7]}.

t=T1;
Let ' be any subsequence of the sequence of shift times 7. Then it holds that

LyarBLR — Lpyn,+

Ls 1 (G d 1 enR?Tr(Sing) (15 — 1)
< — — 0. . — 0. . —
=9 (91 emlt) X (0 emlt) + ) log <1 + +

init 52 d

\ /\ 2 / /
1 Z ~ ~ 2 enRETr(Sing) (76 — 7
+ 5 P l (97—’; ‘rt 1) init (97' 97}’_1) + leg (52 + ; ( J+l ]) >1

7|

—logpo (') + (7| = 1)dlog é + fcnR Z i1 — 1) ||0

2

Thy T
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Proof. By combining Lemmas 1, 8 and 9 we obtain the following upper bound

d 1/~ T d
LBF - LDyn,‘r S 56% + 5 (91 - einit) init (91 elnit) - leg €1 — §‘Tl| + (|T/| - 1)d10g§
I’

+ Z [252 ( & 1 t+6)+ (éﬁ - 97{71) init (97{ - 97£1)> - dloget} (40)

7]

-2
—log po(T fcnR Z Tj+1 — T (%(;) Tr(Zinit) + e~ O ) .
We minimize the upper bound with respect to (ej)j:1 SR
For j =1, €; only contributes to the above bound through the terms
1 dJriJrcnRzTr( V(15— 7)) €& —dloge (41)
52 1n1t 2 1 1 g€1.
For j =2,...,|7'| — 1, €; only contributes to the bound through the terms
2d 9
5 + enR? Tr(Sinie) (7711 — 75) e —dloge;. (42)
For j = |7’|, €, only contributes to the bound through the terms
1d+ R? Tr(Sinie) (7] -1 2, —dl (43)
52 cn I'( Zinit Tl"'lH’l T‘T" 6‘7./‘ og 6|.,./|.
It follows that the upper bound is minimized for
d
6% = d a 5 T E ; e (44)
+ 55 + cnR2 Tr(Einit) (15 — 77)
d
2 . /
€= , Vjie{2,3,...,|7| -1}, (45)
J §—gl + enR? Tr(Zinit) (Tj’.Jr1 — TJ/)
d
E‘Tll = (46)

5% + enR2 Tr(Zinit) (7'|/T/\+1 o T\/T/|>

Note that the upper bound (40) is a sum of the terms (41), (42) repeated once for each j € {2,3,...,|7/| — 1},
(43), and the following remaining terms

1/~ d
f(al—emit) Sinke (01 = Oinie) = 5171+ (1] = 1)dlog & — log po()

I7’| [l

_ _ 1 ) ~ 2
+ Z 952 (6-,—; - T, 1) init (9 97—{_1) + §CHR Z(Tj+1 - Tj) 97—]/6(]» — Ur;
j=1
Plugging in (44), (45) and (46), we get the desired bound. O
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Figure A.1: Evolution of the estimated intercepts and coefficients by BLR and MarBLR when combining the
original model with an evolving prediction model (Scenario 3). Data is simulated to be stationary over time
after an initial shift (Initial Shift) and nonstationary such that the original model decays in performance

over time (Decay). Underlying prediction model is updated by continually refitting on all previous data
(A11-Refit) or refit on the most recent subset of data (Subset-Refit).
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Figure A.2: Evolution of the estimated intercepts and coefficients for online recalibration and revision of a
fixed COPD risk prediction model (a and b, respectively) and online reweighting for fixed and continually-
refitted (evolving) COPD risk prediction models using BLR and MarBLR.
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