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1 Introduction and notes

This document provides mathematical details on the derivation of the system of equa-
tions from the paper ’Model misspecification in stepped wedge trials: Random effects
for time or treatment’. To improve readability of long equations, some simplifications
have been made to notation presented in the paper. For example, subscripts indicating
sequence-specific values are mostly suppressed. To smooth ’translation’ between nota-
tions, we will re-present the models and cases of interest. Throughout, diag(a,...,b)
represents a diagonal matrix with a, ..., b on the diagonal and zeros elsewhere. 1, and 0,
represent matrices with a rows and one column, filled with ones and zeros, respectively.
1, represents an identity matrix of dimension a.

2 The General Model

We are considering a stepped wedge trial that has a total of J time periods and K
individual observations per cluster per time period (cross-sectional design). We assume
that every cluster is observed at each time period, and that once a cluster crosses over to
treatment it remains on treatment for the duration of the trial. We also assume there are
an equal number of clusters in each sequence. These assumptions allow for a wide variety
of classical and non-classical designs, as long as each sequence consists of some number of
time points on control followed by some number of time points on treatment; one notable
design element which breaks this assumption is transition periods, where outcomes are
not observed for one or more time points after crossover. See supplemental R code for
more examples of acceptable non-classical designs. The results in this document (i.e.
the system of equations and its roots) are valid for any reasonable set of fixed effects,
including different methods of modeling time (e.g. linear categorical, splines).

For a specific sequence, T' (suppressing index) is the total number of time periods
on treatment. For example, if a sequence crossed over after the second time point in a
study with five time points, T" = 3 since it spent the first two periods on control and the
last three periods on treatment.

Generally, we will be considering a mixed model of the following form, where out-
comes for cluster ¢ are represented by:

}/i = Xlg'i‘ Z,-ai +6i

where X;0 represents the fixed effects, Z;a; represents the random effects, and e¢;
represents the residual error. The vector of coefficients for the fixed effects 6 should
include at least an intercept, treatment effect, and some way to model time. For example,
[, B,0]" was used in the main paper (note that @ represented the treatment effect in the
main paper, but now we are using it to represent the whole vector of fixed effects). The
corresponding design matrix X; has JK rows and an appropriate number of columns.
Additionally,



ifi = [}/2117}/2127 cee )E]K]T7 dZm(JK7 1)
€ = €11, -+, EuK]T, dim(JK,1)

3  Time-fitted random treatment case

In this case, we are fitting a model with random time and intercept effects, but in truth
the data comes from a model with random treatment and intercept effects.

3.1 Misspecified model

The misspecified model with random time effects is presented below. The fixed effects
remain correctly specified (see Section 2).

Y = Xi0 + Zia; + €

1 05k
Zi=[lyk, X T dim(UK, T+ 1)
Osk-K 1x

a; = [ui,wﬂ, e w,'J]T ~ MVN(O, G),dzm(J + 1, 1)
G = diag(t%,7%,...,7?),dim(J +1,J + 1)
¢ ~ MVN(0,0%Ix), dim(JK,1)

3.2 True model

The correctly specified model with random treatment effects is presented below. Note
the ’t’ subscript, indicating that the matrix or parameter comes from the true model.

Yi = Xi0 + Zirair + €

0 7
Zi = 1k, Ii(;TTZ)],dim(JK, 2)

At = [uit, 'I}it]T ~ MVN(O, Gt), dim(2, 1)
Gy = diag(t2,m?), dim(2,2)

€it ~ MVN(0,02155), dim(JK, 1)



3.3 Marginal misspecified likelihood

Recall that the equation we are trying to find roots for (Equation 3 in the main paper) is
a sum over sequences, since the marginal likelihood is the same for every cluster within a
sequence. For the next several sections, we’ll be doing computations for a single sequence
- that is, a single cluster within a sequence. To improve readability, the ¢ subscripts in
the notation presented above will be repressed.

Since Yl|a,X,Z ~ MV N (X6 + Za,o?I) under the mis-specified model, the condi-
tional mis-specified likelihood is:

Pr(Y|a, X, Z) = (27r)*”</2|021r1/2exp{—%(y — (X0 + Za))T(2T) (Y — (X0 + Za))}

- (2m2)—°”</2exp{—$<y ~ (X0 + Za) (Y — (X0 + Za))}

Next, we integrate over the random effects to get the marginal mis-specified likeli-
hood.

PrY|X,Z) = /Pr(Y\a,X, Z)f(a|X, Z)da (1)
- /(2%02)_‘]K/2exp{—2i2((§/ — X0) — Za)' (Y — X0) — Za)}

(27r)7(‘]+1)/2]G|71/2e$p{—%aTG71a}da
- _ _ 1
= (2m0®) "2 (2m) "D (22 ) T Reap{— (Y = XO)T(Y - X0)}

2

/e:cp{—;(;(—aTZT(Y —X0)— (Y — X0)TZa) + aT(ZTZé + G Ya)lda

We wish to solve the integral by completing the square and obtaining a MVN(% (Z7z 0—12—1—
G H L (zZTy - ZTXH),(ZTZ% + G~ Y1) pdf for a. Below are some useful facts about
this covariance matrix.

1 1 [JK K17 4 of
T, 1 -1_ 1 J 72 J
2z 5+ GE = {Klj KIJ“L{OJ L1,
Bt K47
— | o T o
51 (G

Since the determinant of the inverse is the inverse of the determinant, we can skip
inverting for now (note that this matrix is invertible and symmetric). Since the matrix
has a 2x2 block structure, we can find the determinant in the following way:



1 K 1 K K 1 K
’ZTZ +G- 1|—\(; T)IJ\(?‘*‘ﬁ—ﬁl?((; =) 1021J)
K 1.,JK 1 Ko, K 1,
(7+¥) (?+72)—J(§) (;‘F?)

So, multiplying and dividing Equation 1 by the term below

1 N -1 1 1 N 1 _
‘(ZTZ?—FG l) l‘ 1/26.%]7{7(?(2712;4—(; l) l(ZTY—ZTXg))T<ZTZ?+G 1)

1
2

(O'

we get:

(ZTZ% + e H 2Ty — ZzTX0))}

_ 1
Pr(Y|X,Z) = (2mo?) T K/2(12427)= 1/2exp{—ﬁ(Y —X0)T(Y — X0)}

K 1.,JK 1 KoK 1.1 1
02+?) (a + )= J(5) (5 ﬁ) )Y

e:czﬂ{%(%)z((ZTZi2 +a Y N ZTy - Z"xoNT(Z7Y — ZTX0))

K 1.,;JK 1 K, K 1
NN—JK/2( 2. 2]\—1/2 2 J—1y—1/2
= (@no?) PP (G + ) O+ 5) - (R (e + )Y
1
efcp{—ﬁ(Y—X@T( X0)
L1 T T T, L ~I\—1/,Ty _ T
+3 (M"Y - 2"X0) (2 ZJ2+G )y NZTY - ZTX0)}
So the log marginal likelihood is:
log(Pr(Y|X, 2)) =~ log(270) — Llog(r**) )
K 1 ,JK 1 K.,
- #W((ﬁ*‘@)(ﬁ*‘ﬁ) J(Uz) )
J—1 K 1 1
— — + — Y - X Y - X
5100(5 + 73) = 53 (Y = X0)(r — X0)
o o

3.4 Score equations

Fixed effects



Note that we are still keeping all the fixed effects in the vector 8, so this score equation

is a vector also.

1 1 1
0 log(Pr(Y|X,2)) = —— (-X"Y + X"X0) — (5)*X"2(Z" 2= + G (Z"Y - Z" X0)
g o g

00

Residual variance

ilog(P7‘(Y|X,Z)):—gi 1 5 % & %)_J(K)Q)*l( K )(i_,_i)

0c? 2 o2 2V 02 o2 T o2 (02)27 2 72
J-1,K 1 _, K 1 .
(Gt ) g e (V- X0 (Y - X6
+ 2 (02 + 72) (02)2 + 2(0.2)2( ) ( )
1 1
I VAP O VAV AT R Ca R VAN VAP )
g (o
11 v orepr 9,10, 1 —I\-11( 7Ty, _ T
+ 5 (ALY = 21X [ 5(27 25 + G TN(ZTY - 27X0)
Note that %M(;c)—l = *M(x)_l[%M(x)]M(x)_land C%(ZTZ%JFC;A) _ ZTZ(;;)Q’
SO
0 JK 1 1, K 1 JK 1 K K J 1
L 1oad(PrYIX.Z)) = — 2 = S Syl Ly gyt J 1
Ho2 09( ’l"( | ) )) 2 2 2((0_2‘}'72)( o2 +7_2) (0_2)) ((0_2)2)(72 +T2)

+ %é + 712>_1(0[2()2 + 2(012)2(Y - X0)'(Y - X9)

1 Lo ST T T i —1\—1T
+2(g2) ZTy - Z2Tx0)T(z 202+G )y 1zTz
1 1
7Tz — W=y zTy — 72T x¢0
(02)? 02+G ) )

Random effect variances
Similarly, because T%(ZTZ%—I—G*) = diag{ﬁ, 0,...,0} and ,%(ZTZﬁjLG_l) =

diag{0, ﬁ, ey ﬁ},



Grlon PrYIX. 2)) = =55 + 555+ )5+ 72) — T () o3 + 75)
+ %(%)%ZTY — 7zt xe)T
[(ZTZi2 + G_l)_ldzag{(T%Q, 0,... ,0}(ZTZ% + G H Y2y - ZzTXx0)
S loalPrYIX, 2)) = =5 2+ 505 + 25 (g + 73) = T3 gy o+ )
J—1 K 1 1 1.1

7 @)

1
[(ZTZﬁ + G~ H " diag{o,

)+ 552y = 2T x0)"

1 1
()2 (%)

3.5 Expectations

Next, we take expectations of the score equations, with respect to the true distribution of
Y (that is, the correctly specified model). In this case (Normal outcomes, identity link),
we know that 6 is unbiased, so E(Y|X,Z;) = E(E(Y|X, Z,a)) = E(X0 + Ziay) = X6.
We will also make frequent use of the rule E(x? Az) = tr(Acov(z)) + E(x)T AE(x).

Because it occurs so frequently, we will use & = (£ + %)(%{ +5) = J(£)? as
shorthand.

Many of these expectations involve finding the trace of products of matrices. All
the matrices involved have a convenient block structure, either 2-by-2 blocks or 3-by-3
blocks. Most of the matrix multiplication work is straightforward but lengthy, so is not
described explicitly. However, to aid understanding some useful facts which are used
many times in the calculations are presented below.

-1

(ZTzi_i_Gfl)—l — {77[2(—’_7—712 aflg]‘?;
o? K1, &+ ,712)1J
= (% ;712)% K 1\-1 _K%r%( 1 1 T
—zely (5 +52) L+ (52)7 (5 +52)6) 141
1 &+ L)t K17
ZTZ7+G71 712TZ: o ¥2 /€ B o€ _
G2+ SEA (B )T (B + 2o T | (K1
11 11 T
= ?215JK K 1y-1 v £KK11J K 1 -1 T
2Kl (5 +52) K- K52 ((5F +52)8) 1s1;

JK K17

Ky

T 1 —1\—1 T T
SHZTZ—5+ G (2T - 27 X0)

|
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JK  TK1 5 JK TK
7T 72,GZF 7 = |K1; 7 Oy 7 [Ot 2] Kl 7 Oj_p
L K]_T K]_T Mt K]-T K]-T
[ JPK2r2 + T2 K?np? JK2rAT . (JK?r 4+ TK*p?)1k
= JK?r?1; 1 K*m21, 717, K221, 1%

|(JK?*m2 + TK?n})1r  K277171% K72 +n})1r1k

Fixed effects

B[ 1og(Pr(v|X, 7)) = —%(—XTE[Y] + XTX0) — (%)2XTZ(ZTZ% + G Y (ZTElY] - 27 X0)

00

1 1 1
= (- XTX0+ XTX0) — ()X 2272 + ¢ (2T X0 - 27 X0)

o2
=0

Residual variance

£ L tog(Pr(y (X, 2)) = -2 L
1, K 1 JK 1 Koo, K J
3G+ o+ ) = I () G+ )

+ Q(E + i)*li 4+ —
2 o2 72 (0.2)2 2(02)

SE[(Y = X0)' (Y — X0)]

—(5)2E|(ZTY - ZTXQ)T(ZTZ% + 6 Y zy - ZzTXx0))

VE[(ZTY — zTxe)T

To solve the first expectation in Equation 3, note that

E[(Y — X0)T(Y — X0)] = tr{cov(Y)} = tr{ Z:G: ZF + 021k}
=(J-T)K7? + TK(7? +n}) + JKo?
= JK72 + TKn? + JKo?

To solve the second expectation in Equation 3, note that

— + G—l)—lzTZ(ZTZi2 +G Y 2Ty - Z7X06)]
o



E[(ZTY — ZTXQ)T(ZTZi2 N VA A C) = tr{(ZTZi2 + G Y eov(Z2TY)}
(o g
= tr{(ZTZ% + G Y1 2T 2,G ZL + ol ik) Z)
1
=tr{(Z2"Z— + G ") 2" 2,G, Z] 7}
g

1
+oitr{(Z"Z— +G ' 2"z}
g

11 1
- - J2K2 2 T2K2 2 J—T K2 2 -
,ygé-( Ti + ;) + ( VK 7 T2¢
K1, K 1. K 1
T 3Gz + )8 (TR + TR )+ T( 5 + 5) 7 K2+ )

+ oy [TK o™ (7€ - g)(é(VQK o))y ﬁg]

To solve the third expectation in Equation 3, note that
1 1
E((Z"Y - Z"X0)" (2" Z2— + G ) ' 2T 2(ZT Z2— + G N ZTY — ZTX0)]
o o

1 e 1 i
= tr{(ZTZﬁ + G 1ZTZ(ZTZ§ +a Y1zt z,.G. 2T 7}

1 1
‘oitr{(Z"Z—+G Y ' 222" 2 + G 2" 7}
g g
K 1

= [J7 +TU§][K3(; + ﬁ)d]
PR+ TR K () s+ 23) 7 — g Gy + ) (K
" (;i)zﬂ( + fﬁﬁiz] " af[(;é)ww " if;’; P+ 712)—21(2
Sak () — 3o+ 70 K IR (g + e
KNS + 3307~ Koy + 25 + 556 7))

Random effect variances
We begin with the score equation for the random intercept effect.



Bl glog(Pr(Y|X, 2))) = —3 & + 2 (s 712)({;( ;)_J(g)z)l((ép)(ng;)
+5(a (G Y - 27 x0)"

1 1
[(ZTZE + G H 7 diag{1,0,... ,0}(ZTZ§ + G H N zTy - 2T X))

Note that the one expectation in this equation is:

1 1
E[(ZTY — ZTXH)T[(ZTZ; + G Y diag{1,0,..., 0}(ZTZ§ + G H™ N ZTY - 27 X0)]
1 1
= tr{[(ZTZﬁ + G Y diag{1,0,... ,0}(ZTZ§ +e Y Yzt z,6. 2t 73
1 1
- otztr{[(ZTZp + G Y diag{1,0,... ,0}(ZTZ§ +G6 H "z zy
1,1 1

1
¥> 52(J2K27t2 +T?K*n7) +U§JK7($)2

=( ¢

The score equation for the random time effect has a similar form.

BlgstoalPr(¥ X, 2] = =55 + (5 + 350+ ) e () + 7
+ %(% + 712)‘1((72)2> + %%)2 (vi)zE[(ZTY - Z'X0)"

1 1
[(ZTZ; + G H Y diag{0,1,. . ., 1}(ZTZ§ +Ga H N ZzTy -z Xx0))

Note that the one expectation in this equation is:

10



1 1 1 1
E[(ZTY — ZTXG)T[(ZTZE + G YH diag{o0,1,. . ., 1}(ZTZ? + G H 2Ty - 27 X0))

1 1

= tr{[(272 5 + G diag{0,1,....1}(2"Z 5 + G2 2,6 2] )

1 1
+oitr{[(Z7Z— + G diag{0,1,.. ., 1}(Z"Z— + G127 Z}
g g

R T T e R O (C
T + PO IR + TP )
+(f2+71) K2(J1 +Tnf)
+ 07— [2;2 —JK + JK(K ;)—2 K£12(JK+:2)JK
2K (P (g + 23707 + PR (G + %))

3.6 Final system

Recall that the equation we are trying to solve is E,, [Z%zl % 10g Pa (Y| Xm)| ] =0,
a*

and we have just found Eat% log po, (Y| Xrm) for a general cluster from sequence m
(using notation from the main paper). Using the notation from the derivation above,

the system is:

0
E[@log(Pr(Y,ﬂXm, Zm))] =0

M=

3
1§

0

M=

3
Il

0
E[Wlog(Pr(Ym|Xm, Zm))] =0

NE

3
Il

The only piece of these equations that depends on the sequence is T; from here on,
we’ll stop suppressing the index and call it T;,,. Note that each of these equations can be
written as a linear combination of T}, and/or T. So if we sum each equation over the
sequences and divide by the number of sequences (M), we just need to replace T}, with
i ZM T, and T2, with - ZM T2 . In other words, the full system of equations is:

m=1"m *

11



B
El-Llog(Pr(Y|X.Z =
[802 og(PrY|X, 2)) T=37 Yot T T2= 57 i1 T2, ’
o
El-Zlog(Pr(Y|X.Z =0
R R e
o
El-Zlog(Pr(Y|X. Z =0
[872 og(Pr(Y|X, 2))] T=LyM_ 7 r2o 1M 72

In this case, roots for this equation can be found directly using Mathematica; see
supplemental Mathematica file for demonstration.

4  Treatment-fitted random time case

In this case, we are fitting a model with random treatment and intercept effects, but in
truth the data comes from a model with random time and intercept effects.
4.1 Misspecified model

The misspecified model with random treatment effects is presented below. The fixed
effects remain correctly specified (see Section 2).

Yi=Xi0+ Zia; + ¢

0 T
Zi =1k, I;(; TZ)],dim(JK, 2)

T;

a; = [ui,v;]T ~ MVN(0,G), dim(2,1)
G = diag(72, 172), dim(2,2)
¢ ~ MVN(0,0%1 k), dim(JK, 1)

4.2  True model

The correctly specified model with random time effects is presented below. Note the 't’
subscript, indicating that the matrix or parameter comes from the true model.

Yi = Xi0 + Zirair + €

12



1k Orrk-K
Zit = 1K, e ]
O/k-K 1k

ayy = [wir, Wie, . .., wigt)" ~ MVN(0, Gy), dim(J +1,1)
Gy = diag(t?,~72, ..., v2), dim(J +1,J +1)
€it ~ MV N(0,0%155), dim(JK, 1)

L dim(JK,J +1)

4.3 Marginal misspecified likelihood

Recall that the equation we are trying to find roots for (Equation 3 in the main paper) is
a sum over sequences, since the marginal likelihood is the same for every cluster within a
sequence. For the next several sections, we’ll be doing computations for a single sequence
- that is, a single cluster within a sequence. To improve readability, the ¢ subscripts in
the notation presented above will be repressed.

Since Yl|a, X,Z ~ MV N(X0 + Za,o?I) under the mis-specified model, the condi-
tional mis-specified likelihood is:

Pr(Y|a,X,Z) = (277)_JK/2|J2I]_1/Qeajp{—%(Y — (X0 + Za))T(o21)"H(Y — (X0 + Za))}

- (27TU2)_‘]K/261:p{—$(Y _ (X0 + Za))'(Y — (X0 + Za))}

Next, we integrate over the random effects to get the marginal mis-specified likeli-
hood.

PrY|X,Z) = /PT'(Y|CL,X, Z)f(a|X, Z)da (4)
= /(2%02)‘]1{/26%]){—2;2((3/ - X0) - Za)T (Y — X0) — Za)}
(27r)_1|G\_1/26xp{—%aTG_la}da
= (2m0) TP 2m) (2P M eap 5 o (Y — X6)T (¥ — X0))

/exp{—;(;(—aTZT(Y ~X0) — (Y — X0)7 Za) + aT(ZTZ% + G V)a)}da

We wish to solve the integral by completing the square and obtaining a MVN(U—I2 (Zz'z %—i—
G H Y (zTy - ZTXQ),(ZTZ% +G~H71) pdf for a. Below are some useful facts about

this covariance matrix.

13



o2 |[TK TK 7
JK | 1 TK
2 2 2
=|7rx" K% 1
0.2 0.2 ,'72

Since the determinant of the inverse is the inverse of the determinant, we can skip
inverting for now (note that this matrix is invertible and symmetric). The determinant
is:

o2 120 n o

So, multiplying and dividing Equation 4 by the term below

\(ZTZé + G_l)_1|_1/2exp{_71($(ZTZ$ LY 2Ty — ZTXG))T(ZTZ% G
(%(ZTZ$ +GYNZTY — Z27X0))

we get:

Pr(Y|X,Z) = (2m2)—JK/2(727,2)—1/26@{*2%2(Y - X0)T(Y — X60)}

JK 1 TK 1 TK 5. 1
((?‘i‘ﬁ)(?‘*‘ﬁ) - (?) )~V
11 1
emp{ﬁ(—z)Q((ZTZﬁ + ¢ Y)Y N 2Ty - 2T x0) T (ZTy — 2T X0)}
g g
JK 1 TK 1 TK
_ 2\—JK/2(_2 _2y—1/2 L Ly 2y—1/2
(2mo”) (")~ (g + 3) g 772) (—2)7)
1 T
1,1 1 i
- 5(9)2(ZTY — ZTXH)T(ZTzﬁ + e H Y2ty — zTX0)}

So the log marginal likelihood is:

14



log(Pr(Y|X, 2)) = ~ "2 10g(2n0?) ~ Llog(r*n?) (5)
- loa( S + )z + ) — (o)
1
— 5V - X0)T(y — X0)

+3CHETY — 2TXO) (2722 + G (2TY - 27X0)
g g

4.4 Score equations

Fixed effects

Note that we are still keeping all the fixed effects in the vector 6, so this score equation
is a vector also.

1
0 10g(Pr(Y|X, 2)) = — L (XTY + XTX0) — (2 2XT2(2T 7% + ¢=1y"1(2Ty — 27 Xx0)
00 o2 o2 o2

Residual variance

JK1 1 JK

tog(Pr(Y|X,2)) = =5 = 5 (g + 3)Cop+ 75) — (o))

(—QJTKQ_ JK KT +2K2T2)
(02)3 (02)22  (02)272 (02)3

(012)2 Y - x0)T (v — X0)

Oc?

_|_
[N}

1 1
— (52" 2" X0 (2" Z2— + G N (Z2TY - 27 X0)
g g
11 ) 1
+ 5(P)Q(ZTY — ZTXH)T[E

Note that %M(;c)—l = *M(x)_l[%M(x)]M(x)_l and C%(ZTZ%JFGq) _ ZTZ(;;)Q’
SO

15



JK 1 1, JK 1 TK 1 TK

aizlog(Pr(Y\X, 7)) = — 53— 5((? ﬁ)(? ﬁ) _ (?)2)71
—2JTK? JK KT 2K2T?
( (c2)3 - (02)212 o (02)272 (c2)3 )
+ 2(012)2 Y — X0)"(Y — X0)
— (Ui) (ZTY ZTXQ) (ZTZ$ + G—l)—l(ZTY _ ZTXQ)
1,1
+5(5)%(2'Y - 21 x0)"
[(ZTZé +G™ CiL (ZTZ% + 6 H 2Ty - zTX6)

Random effect variances
Similarly, because T%(ZTZ% + G = dwg{ 2,O} and a 2 (27725 + GTY) =

diag{0, 2},

11 1, JK 1 TK 1. TK, , 1,KT 1
5zt 3((or + ) g + )~ G ) gt )
1,1 1

+ 5(9)2(2)2(27’1/ -7t x0)"

0
ﬁlog(Pr(Y]X, 7)) =

1
[(ZTZ + G Y M diag{1,04(2" 2= + G (ZTY — ZT X0)
(o

0 UL VR L TR 1 TR, 1 IR L
Gralos( PrYIX.Z)) = 5o b S((g + )0y +09) = (o)) (g + )
L1 1o v  rynT
Qmwmyzm

[(ZTzﬁ + G~ H Y diag{o, 1}(ZTZ% + 6 H 2Ty - zTX6)

4.5 Expectations

Next, we take expectations of the score equations, with respect to the true distribution of
Y (that is, the correctly specified model). In this case (Normal outcomes, identity link),
we know that 0 is unbiased, so E(Y'|X,Z;) = E(E(Y|X, Z,a¢)) = E(X0 + Zyay) = X0.
We will also make frequent use of the rule E(x? Az) = tr(Acov(z)) + E(x)T AE(x).

Because it occurs so frequently, we will use £ = (% + 712)(%( + ?12) - (%)2 as
shorthand; note that this is not the same definition of £ used in the derivation of the
time-fitted random treatment case.

Many of these expectations involve finding the trace of products of matrices. All

the matrices involved have a convenient block structure, either 2-by-2 blocks or 3-by-3
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blocks. Most of the matrix multiplication work is straightforward but lengthy, so is not
described explicitly. However, to aid understanding some useful facts which are used
many times in the calculations are presented below.

1 -
(2725 +G N =Tk ™ e, 1
o 2 o2 2
i [Eay
B R S ST
0.2 0.2 7-2
R I et A I
o2 ¢ LK LKy LI |\TK TK
1 |(J-DELF + K, TKI?%
3 TK% (J-T)KL} + TK %
JK  TK1" o T JK TK
7' 72,6 zr 7 = |K1;_p 07 [ot 2; } Kl; 7 Oy 1
Klp Klp TN K1, Kl

_ J2K2Tt2 + JK2'yt2 JTK27t2 + TKnyt2
T |JTK?m2 + TK?*y? T?K?1? + TK?v}

Fixed effects

d 1 1 1
E[%log(Pr(Y\X, Z)] = —;(—XTE[Y] +xTXx0) - (§)2XTZ(ZTZ§ + G H Y ZTElY]) - 2T X0)
1 1 1 1o
= —;(—XTXG +X7X0) - (g)QXTZ(ZTZ? +G 2T X0 - ZTX0)

Residual variance
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0 JK 1 1 JK 1
E[@ZOQ(PT(YPQZ))] :—7§—5((?+§)( o2 ?)—( 02
(—ZJTK—2 _ JK _ KT + 2K2T2)

(02) @222 (02272 T (a2)

L SE(Y — X0)(Y — X0)]

)T ©

_l’_

2(02)
1 1 N
~ (SPE(ZTY - 2"X0) (272 + 67N ZTY - 27 X0)
%(%)‘T[(ZTY - zTxe)T

[(ZTZ% + G_l)_lZTZ(ZTZ% + G H™ N zTY - 2T X0)]

To solve the first expectation in Equation 6, note that

E[(Y — X0)T(Y — X0)] = tr{cov(Y)} = tr{ Z:G: Z} + 021K}
= JK(f + ) + JKo}
= JK (7} +7{ + 0})

To solve the second expectation in Equation 6, note that

E[(ZTY — ZTX@)T(ZTZi2 + e H Y 2Ty - 72T X)) = tr{(ZTZi2 + G H eov(ZTY)}
(o g
1
= tr{(ZTZﬁ + G Y 12T 2,Gi 2] + otk 2
= tr{(ZTZé +a Y 12T z,.6zE 7}

+ Uftr{(ZTZé +G 1277}
+ ({TI; + %)(TQK%E + TK?4?))
+ U?E(Q(J - T)KTJ—I; - JKnl2 + TK%)

To solve the third expectation in Equation 6, note that

Y(JTK?*2 + TK??)
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1 e 1 _1y—
E[(ZTY — ZTXQ)T[(ZTZE +Gh 1ZTZ(ZTZ§ +Ga H 2Ty - zT Xx0))

1 i 1
= tr{(ZTZﬁ +G1 1ZTZ(ZTZ§

N A AN VA
+ a?tr{(ZTZi + G—l)—lzTZ(ZTZi + e H 1z 7z}
1 T2K TK 1 1
==((J-T +2(J -T)K— = +
W=D g 20 = D + IR Gy

e T)?ng)(JTKQ +TE22)

JTK3 TK 1 1
20 =T
o T T T

;( (J — T)ﬂ(jl)( +2(J — T)JKQEijLJQ

11
+ 2T2K2ﬁ? +2(J -TK

SV (T K?7 + JK?7)
+2(TK

-1 =7

)(T2K2 —|—TK2 2))

1

o CIE

T2K? 1 1
—— =+ T?K?
02 ( )2

)

Random effect variances
We begin with the score equation for the random intercept effect.

Bl glog(Pr(Y|X, 2))) = —1 & + (L5 + ) (o 7;2)_(1;()2)1(712)2(1;1“+7712)
b5 g (g PBIZTY — 27 X0)"

1 1
[(ZTZQ + G Y diag{1, 0}(ZTZ§ + 6 H 2Ty - 2T X0))

Note that the one expectation in this equation is:
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1 1
E[(Z"Y - Z"X0)T(Z"Z— + G N diag{1,0}(Z2T 2= + G™")"(ZTY - 2T X0)]
g g
1 1
= tr{[(ZTZ— + G_l)_ldiag{l, 0}(ZTZ§ + e h W2t z,62] 7y

o tr{[(ZTZ + G Y diag{l, 0}(ZTZ$ LG Y277y

1, TK 1
- 52(( o2 +777) (J2K2Tt2+JK27t2)
TK 1. TK TK
_2(?+n) (JTK?*r? + TK?y 2)+((I YAT?K*? + TK?4}))
TK N 2 )T2K2)
5 0.2 772 J2

The score equation for the random treatment effect has a similar form.

Tk | 1
(JK( ?)2—(

0 11 1 JK 1 TK 1 TK ., 1 JK 1
log(Pr(Y|X, Z))] = o2 + 5(( )( - =) + =
1.1

[8 2 o2 ? o n o2 T2
1

IV EEVTARY Tv T v\ T

-1-2(02) (772) E[(Z'Y — Z" X0)

o2 72
[(ZTZé + G H N diag{o, 1}(ZTZ$ + e H 2Ty - zTX0))

Note that the one expectation in this equation is:

E[(ZTY — ZTXe)T[(ZTZi2 + G H " diag{o, 1}(ZTZi2 + e H™(ZzTY - 27 X))
g g
= tr{[(ZTZi + G*l)*ldiag{o, 1}(ZTZ% + e Y Yzt z.6izr 73

1
+ o7 tr{[(ZTZ + G H Y diag{o, 1}(ZTZ§ +Ga H 1zt zy
TK TK JK 1

— 52(( = V(JPK2 + JK?2) — 2?(? + ﬁ)(JTK2 + TK?42)
JK 1
+(5 + T—)Q(TZKQTE + TK?4?2)

~-T?°K? JK 2 JK 1
F O (S + )+ TRy + —5))

4.6 Final system

Recall that the equation we are trying to solve is E,, [Z%zl % 10g pa (Y| Xm)| ] =0,
a*

and we have just found E,, 2 55 10g P (Y| Xim) for a general cluster from sequence m
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(using notation from the main paper). Using the notation from the derivation above,

the system is:

0
E[@log(Pr(Ym\Xm, Zm))] =0

E

3
I

0
E[wlog(Pr(YMXm, Zm))] =0

WE

3
I

0
E[Wlog(Pr(Ym|Xm, Zm))] =0

NE

3
I

The only piece of these equations that depends on the sequence is T; from here on,
we’ll stop suppressing the index and call it 7},. Unfortunately, it is not straightforward
to write this system as a simple function of T;,’s as we did in the time-fitted random
treatment case. But since T, is the only term that varies between sequences, the full

system of equations can be written as:

Moo
> Bl —5log(Pr(Y|X, Z)) g =0
m]\;l ;
> Elo5log(Pr(Y|X, 2)) S
m]\;1 ;
> E[Wlog(Pr(Y|X, )] S

1

3
[

Two roots exist which are not functions of 7T;,, but cause each sequence-specific piece
to be zero. Any other roots can be found numerically. See supplemental Mathematica
file for closed-form roots and supplemental R file for numerical solutions.
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