
Appendix A Derivation of the model solution

This is a first order linear ordinary differential equation in p(t) and m(t) that can be expressed in
matrix form as (

ṗ
ṁ

)
=

(
−β 0
β −γ

)(
p
m

)
+

(
α
0

)
(A.18)

The solution to this equation is given by(
p
m

)
= k1v exp(λ1t) + k2w exp(λ2t) +

( α
β
α
γ

)
, (A.19)

where k1 and k2 are scalar constants determined by the boundary conditions, λ1, λ2 are eigenvalues
of the matrix in (A.18) and v, w are the corresponding eigenvectors.
The eigenvalues are given by λ1 = −β and λ2 = −γ. The first eigenvector v is obtained by solving{

−βv1 = −βv1

βv1 − γv2 = −βv2
⇒ v1 =

γ − β
β

v2 ⇒ v ∝
(
γ − β
β

)
(A.20)

Similarly the second eigenvector is obtained by solving{
−βw1 = −γw1

βw1 − γw2 = −γw2
⇒ w1 = 0⇒ w ∝

(
0
1

)
.

The solution to (A.18) is thus given by(
p
m

)
= k1

(
γ − β
β

)
exp(−βt) + k2

(
0
1

)
exp(−γt) +

( α
β
α
γ

)
.

Expressed by its component this is equivalent to

p(t) = k1(γ − β) exp(−βt) +
α

β
(A.21)

m(t) = k1β exp(−βt) + k2 exp(−γt) +
α

γ
(A.22)

We now turn to the boundary conditions to determine k1 and k2. The boundary conditions are
different for the unlabeled and the labeled RNA.

Unlabeled RNA

Like in [19], we assume the system to be in steady-state prior to labeling. The steady-state is given
by solving (A.18) with ṗ = ṁ = 0.{

0 = −βp+ α
0 = βp− γm ⇒

{
p = α

β

0 = β αβ − γm
⇒

{
p = α

β

m = α
γ

(A.23)

During labeling time, we assume that no unlabeled RNA is synthesized such that α = 0.
Assuming that we start labeling at time t = 0, we thus have

pu(0) =
α

β
⇒ k1(γ − β) =

α

β
⇒ k1 =

α

β(γ − β)
(A.24)
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Moreover we have

mu(0) =
α

γ
⇒ α

γ − β
+ k2 =

α

γ
⇒ k2 =

α

γ
− α

γ − β
=

−βα
γ(γ − β)

This leads us to the solution for the unlabeled RNA

pu(t) =
α

β
exp(−βt) (A.25)

mu(t) =
α

γ − β
exp(−βt)− βα

γ(γ − β)
exp(−γt) , (A.26)

where the u label indicates that this corresponds to the unlabeled RNA pool.

Labeled RNA

The solution for the labeled RNA could be obtained the same way as for the unlabeled RNA, but
setting α 6= 0 and pl(0) = ml(0) = 0. However, it is simpler to notice that the total RNA (labeled
and non-labeled) stay at steady-state during the labeling such that we have the following solution
for labeled RNA.

pl(t) =
α

β
− pu(t) =

α

β

(
1− exp(−βt)

)
ml(t) =

α

γ
−mu(t) =

α

γ

(
1 +

β

(γ − β)
exp(−γt)

)
− α

γ − β
exp(−βt)

where the l label indicates that this corresponds to the labeled RNA pool.
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