
Appendix B Equation simplification

In this appendix we show how the the system given by equations (10, 11) can be simplified to Eq.
(13) to infer the ratio k between the processing and degradation rate. Starting from

a =
(1− k)Ekγ
Ekγ − k2Eγ

(B.27)

b =
(1− k)

(
1− Ekγ

)(
1− Ekγ

)
− k2

(
1− Eγ

) , (B.28)

we have

a
(
Ekγ − k2Eγ

)
= (1− k)Ekγ (B.29)

b
((

1− Ekγ
)
− k2(1− Eγ

))
= (1− k)

(
1− Ekγ

)
. (B.30)

Summing (B.29) and (B.30) yields

Ekγ(a− b) + k2Eγ(b− a) + b(1− k2) = 1− k (B.31)

⇔ Ekγ − k2Eγ =
(1− k)− b(1− k2)

a− b

=
(1− k)

(
1− b(1 + k)

)
a− b

. (B.32)

Dividing (B.29) by (B.30) and inserting (B.32) results in

Ekγ
1− Ekγ

=
a

b

Ekγ − k2Eγ(
1− Ekγ

)
− k2(1− Eγ)

=
a

b

Ekγ − k2Eγ
(1− k2)−

(
Ekγ − k2Eγ

)
=
a

b

(1− k)(1− b(1 + k)

(1− k2)(a− b)− (1− k)
(
1− b(1 + k)

)
=
a

b

1− b(1 + k)

(1 + k)(a− b)− 1 + b(1 + k)

=
a

b

1− b(1 + k)

(1 + k)a− 1
= −a− ab(1 + k)

b− ab(1 + k)
(B.33)

It follows that

Ekγ
(
b− ab(1 + k)

)
=

(
Ekγ − 1

)(
a− ab(1 + k)

)
(B.34)

⇔ (b− a)Ekγ = ab(1 + k)− a , (B.35)

an thus

exp(−kγT ) = Ekγ =
kab+ ab− a

b− a
=
a(bk + b− 1)

b− a
(B.36)

⇔ kγT = log
( b− a
a(bk + b− 1)

)
(B.37)
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Moreover, from (10), we have that

a =
1− k

1− k2 exp
(
(k − 1)γT

) ⇔ exp
(
(k − 1)γT

)
=

(1− 1−k
a )

k2

⇔ (k − 1)γT = log
(k + a− 1

k2a

)
(B.38)

Multiplying (B.37) by k−1
k and subtracting (B.38) results in

0 =
k

k − 1
log

(k + a− 1

k2a

)
− log

( (b− a)

a(bk + b− 1)

)
. (B.39)

This equation also provides upper and lower bounds for k as both k+a−1
a and bk + b − 1 must

be strictly positive for their logarithm to be defined and

0 < exp(−βT ) = Ekγ =
kab+ ab− a

b− a
< 1 ∀βT > 0 (B.40)

for (B.36) to hold. Developing these three conditions results in the following domain of definition
D for k:

max(
1

b
− 1, 1− a) < k <

1

a
− 1 , (B.41)

where 0 < a < b < 1.
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