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Web Appendix A

LEMMA 1: Eigenvalues for R,

As shown in Web Appendix A of Li et al. (2018b): Theorem 8.3.4 and 8.4.4 (Graybill, 1983) states that any u X u

exchangeable matrix A = zI,, + yJ,, is invertible if and only if x # 0 and = + uy # 0. The inverse is,

- 1 Y
At - Y 1
T x(m+uy)Ju’ (1)

and the determinant is,

det(A) = 2 (z + uy). (2)

A Corollary is that A has two eigenvalues, x with multiplicity « — 1 and x + uy with multiplicity 1, provided uy # O.

Under a closed-cohort design at both the subcluster and subject levels (design variant A), we let B = I ® {(1 —
ag—MNIn+ (ag—po)In}t+ I ® pody and C = I @ {(ag — ) Iy + (a1 — p1)JIn} + T ® p1Jn. The eigenvalues

of R, are given by the roots of the characteristic equation,

0= det(RZ- - )\ITKN)
= det(IT ® (B - C) +Jr® C)

)"

=det(B—C)" 'det(B + (T - 1)C)

where the last quantity is given by Theorem 8.9.1 (Graybill, 1983). Since B —C and B+ (T —1)C are exchangeable

we can apply equation (2) to get the following six eigenvalues,

AM=1l—qyg—ay+a;
Ap=1l-ag—as+ay+N(ag—ay—py+p1)
Az3=1-ag—ay+a;+N{ag—ar+ (K —1)(po — p1)}
M=1—-apg+(T-1)(as —ay)

As=1-ag+ (T =1)(ag — 1) + N{ag = po + (T = 1)(e1 = p1)}

Ao =1—ag+ (T -1)(az—ar) + N[ag+ (T = 1)ay + (K = 1){py + (T = 1)p1 }], (3)

with algebraic multiplicities (T—1)K(N-1), (T-1)(K-1),T—1, K(N—1), K—1, and 1 respectively. Eigenvalue
expressions and their respective multiplicities under each design variant (A, B, and C) can be found in Web Table

1.



LEMMA 2: Derivation of R; '

By section 2.1 of Leiva (2007) we know that given a block exchangeable matrix of the form,
A=I,®(B-C)+J,9C,
if B—C and B + (u— 1)C are non-singular matrices, then
Al'=1,9(B-C)"'+J,® %[{B +(u-1)Cy ' = (B- C)_l}. (4)

Closed-cohort design at both the subcluster and subject levels (design A)
Recall that we have the following correlation matrix, R; = I ® (B—C)+ Jp ® C with B = (1 — ag)Igny + (a9 —
po) Ik ® Iy + poJiny and C = (ag — a1)I gy + (a1 — p1)Ig ® Iy + p1Jkn. By equation (4) we know that,

R'=I;0(B-C) " +Jre[(B+(T-1)C)" —(B-0)"]

if B— C and B + (u— 1)C are non-singular matrices. Looking at each required term, B — C and B + (T — 1)C,

in terms of the eigenvalues we have:

A2 =M
N

As = A
KN

B—C=IK®(A1IN+ JN)+JK® Jn

A = As
KN

Jx.

A5 — A
B+(T—1)C=IK®()\4IN+ 5N 4JN)+JK®

Both terms are non-singular matrices and exchangeable. Therefore, each term can be inverted using equations (4)

and (1) giving us a closed-form expression of R; '

-1 _ 1 )\2—)\1 )\2_>\3
(B-0C) _IK®()\11N N)\l)\QJN)JrJK@KN)\Q)\BJN
-1 _ 1 /\5—/\4 5_>\6
{B+(T l)C} —IK®(/\4IN N)\4)\5JN +JK®KN)\5>\6JN
-1 _ 1 )\2_)\1 >\2_>‘3
Ri _IT®{IK®(A1-IN_ N)\l)\gJN)—i_JK@KN)\Q)\gJN

| 11 A=A As =Ny 1l hs=Xs  Ap=2s
+JT®T[IK®{<A4 A1)1N+(N)\1)\2 N)\4)\5>JN}+JK®K(NA5)\6 N)\g)\g)JN}'



Note that this expression for R; ! is the same across all design variants using the eigenvalues shown in Web Table

1.

THEOREM 1: Derivation of var(J) & relationship with ICCs

THEOREM 1: Assuming known variance components, the closed-form variance of the intervention effect estimator

based on a linear mixed model with a Gaussian outcome is

0'2 T)\G)\S
IKNtT‘(Q) T)\G_{1+(T_1)TX}()\6_)\3)7

var(d) = (5)

where = ™" Zle X, X, (1! Zle X)) Zle X,") is the covariance matrix of the intervention vector under
a specific design and 7y = {(T = 1)tr(2)} {1701 — tr(Q)} € [—1,1] is the generalized ICC of the intervention,
which is the ratio of average covariance over the average variance and measures the similarity between the inter-
vention status for each cluster in different periods (Kistner and Muller, 2004). With all other design parameters
fixed, larger values of the within-period ICCs, {ayg, po}, are always associated with larger required sample size,
whereas larger values of the between-period ICCs, {aq, p1,as}, are associated with smaller required sample size

when 7y < (A = A3) /{2 + (T = 1)A3}.

Proof: Let 1, be a u X 1 vector of ones. We define X; as the treatment randomization schedule for cluster ¢
and Z; = (Iy, X;) ® 1;¢ ® 1. We know that var(3) is the lower-right corner element of 02(2521 ZZ-TRi_lZi)_l. In

addition,

Iy Qi1 Qo

I I
;ZIR;le;

B, @1 ®1y R{1[< Iy Xi)®1K®1N}:
Xi Q2l Q22

where €247 is of dimension T'X T, 15 = 9 is of dimension T X 1, and §294 is a scalar. Block matrix inversion gives

us var(8) = (Qgy — Q91971 212) ", Recall we have the following inverse correlation matrix,

-1 _ 1 )\2 )\1 )\2—)\3
R, _IT®{IK®()\1[N 8 )\QJN)+JK®KN>\2>\3JN

1 1 1 A= A1 A5 =y As =g A — A3
+Jr® |:IK®{()\4 )\_1)IN+(N)\1)\2 - Nouhs JIN +JK®— Noahg - Noghs JIn |

Which is of the form,

R'=0I;, @I @In+0I; @Ik @ Iy +elp @ T @ In +dJr @ I ® Iy + 6Jr @ Ic ® Iy + FJr ® Jie ® Iy

ig—_)‘Q_)‘l ~_ MmN d= 1 - )\2_)\1_)\5—)\4 =~ As5— X _ Az — As
30T T N T BN T T T €T TN, TNA ! T TR Ny TENAGN




First, let’s generate 41,

Ji
Q= Z {(IT ® 1k ® 1N)R; (Ir ® 15 ® lN)}
i1

N{(@+ Nb+ KN&)Iy + (d+ N+ KNf)Jr}

M-
=

. 1 ds— g
= IKN(/\_gIT + mJT)

We need the inverse of ;; for our block matrix inversion formula. Using equation (1) we know that,

_ 1 A — A
Qlllzm()‘SIT+ 6T 3QIT).

Similarly, we can generate {215 = Q;—l,

I
Qo= {(IT ®1x ®1y)R; (X, @1k ® lN)}

=1

I T
= KN{(& + Nb+ KNO)X; + (d+ Ne+ KNJ) ) Xij1T}

i=1 j=1

Finally, we can generate ()55,

I
Qpy= ) {(XJ ® 1y ® 10)R; (X; ® 1k ® m}

i=[1 . . ,
- ZKN{(&+NE+KNE) Y Xi+(d+ N5+KNJ?)( ZXU-) }
i=1 . i=1

j=1 Jj=

~

Let U=y, Y Xij=Yia Y, X, Vo= Y (Y X)) and W = Y (Yi_, X;;)°. This gives us the

following €2s for our block inversion formula,

1 1 - A
5l = gy Yk + 27
T

T 1 Ag — A3 )
0, =00 =KN[—Y X, - U1
12 21 ()\322 T)\ﬁ)\?, T

1 Ae — A3
QQQ—KN()\_?)U_ Thehs )



Carrying out the block matrix inversion gives us,

(6® | KN)ITA\s

§) = .
var) = T T~ Tw = IV — (U2 — IV)hs

Given that 1'Q1 = I2(IV = U?) and tr(2) = I (IU — W), the variance can be rewritten as,

0'2 T)\G)\g

var(9) = TENt Q) Tag — {1+ (T = D7x 10 = Ag)’

Using the eigenvalue expressions under each design variant shown in Web Table 1, this expression for var(g ) can be
used across all design variants. Further, this variance expression can be used for longitudinal parallel or any type

of crossover design through the specification of ¢r(2) and 7x.

Relationship with ICCs

The partial derivative of var(8) with respect to ICC, 6, is

d B d
o s o2T )\3%/\6+)\6%/\3 AsA3 {T%)\G—{l‘F(T—l)TX}(%)\G—%A3>} .
55" (0) = TENtr(Q) | Thg — {1+ (T = Drx N6 = X3) {The — {1+ (T = D7y} g — A3)}2 - (D

In order for R; to be positive definite we have the constraint, min(A;, Ao, A3, Ay, A5, Ag) > 0. We also assume
that all ICCs are positive (as expected in SW-CRTs). The following exploration assumes a closed-cohort design

at both the subcluster and subject levels (design variant A), but conclusions remain the same across design variants.

Relationship with within-period, within-subcluster, «

The partial derivative of A3 and A\g with respect to «aq are,

0
37&0)\3 =N-1
0
87“0)\6 =N-1.
Looking at equation (7) we see that
0 0
)\387.[0)\6 + )\687“0)\3 = (N - 1)()\3 + >‘6)
7] 0 0
TaT.éOAe, — {1 + (T - 1)Tx}(87.[0>\6 - 87.&0)\3) = T(N - 1)



After some algebra this gives us,

*T(T = 1)(N - 1) e+ A2 — (A2 = A7y

0 ~
TQOV&I‘((S) =
Therefore, holding all other ICCs constant, an increase in aq leads to an increase in var(g ).

Relationship with within-period, between-subcluster, p,

The partial derivative of A3 and A\g with respect to p, are,

0

S—A3=N(K-1
apo 3 ( )
iA =N(K-1)
dpo 0 '
Looking at equation (7) we see that
A i)\ + A i)\ = N(K - 1)(A3 + Xg)
38006 T A6 Fp 70 3+ As
0 0 0
Ta—po)\ﬁ - {1 + (T - UTX}((‘?_pO)\ﬁ - 8_p0)\3) = TN(K - ].)
After some algebra this gives us,
0 w(5) o’ T(T - 1)(K - 1) Ao+ A5 — (A = A3)7x
=—var(d) =
dpo IKtr(Q) [TA6 = {1+ (T = 1)7x}(X6 = X3)]°

Therefore, holding all other ICCs constant, an increase in p, leads to an increase in V&I(S ).

Relationship with between-period, within-subcluster, o,

The partial derivative of A3 and A\g with respect to «; are,

s,
TMA‘Q’:_(N_I)
i)\ =(T-1)(N-1)
60&1 6~ '
Looking at equation (7) we see that
N g + Agma s = (N = D{(T = s = A}
390,76 T 650, = 3= Ag
79 A= {1+ (T=1) }(iA —iA)—T(N—1)[(T—1)—{1+(T—1) H
ﬁﬁ“(‘*‘ TX 9oy " Bay 3] T TX 7

IKNtr(€) X [Th¢ — {1+ (T = 1)7x (X6 — A3)]? >0

>0



After some algebra this gives us,

0 @y = LT =DV =1) - —[A6 = X5 = (A6 + (T = DAi}re]
5o = TTIRNG () e~ {1+ (T - DO - 2)P

which is negative only under certain constraints (discussed below).

Relationship with between-period, between-subcluster, p;

The partial derivative of A3 and A\g with respect to p; are,

3
2 Ny =-N(K -1
apl 3 ( )
3
— XN =N(K-1)(T-1).
5ok = NUK = (T = 1)
Looking at equation (7) we see that
M=l dg + A2 Ag = N(K = D{(T = 1)As = Ag}
Sapl 6 Gapl 3 = 3 6
g )\6—{1+(T—1)TX}(—8 Ao — Xs) = TN(K = DI(T = 1) = {1+ (T = Dy}
dp1 Ipy p1

After some algebra this gives us,

OCT(T-1)(K -1)  —[X\s = A5 = {\d + (T = 1)A3}rx]

i r(g) _
vane, = TKtr() [Ths — {1+ (T = 1)7x (g = As) 2

op1

which is negative only under certain constraints (discussed below).

Relationship with within-subject auto-correlation, oy

The partial derivative of A3 and A\g with respect to ay are,

0

%Ag =-1
0

Jagte=T-1

Looking at equation (7) we see that
0 0
AS@TQQ)\G + /\687042>\3 = (T - 1)/\3 - X6
0 0 0
Tt = (14 (T = Drx}(go-de = go-da) = TUT = 1) = {1+ (T = D7}



After some algebra this gives us,

0 T D8 =N - (8t (T - DAy ]
oy T TRNG(Q) " [Thg — {1+ (T = Drx e — Aa) 2

which is negative only under certain constraints.

Constraint in which the partial derivatives for «;, p;, and ay are negative

The partial derivatives for aq, p1, and ay are negative if

i+ (T = DA3h7x < Ag — A3
. Ao — A2
N+ (T -1)A2

= Tx

where 0 < (As — A3)/{A\e + (T = 1)A\3} < 1. Therefore, the partial derivatives for ay, p;, and ay are negative for all

Tx < 0. For 7x > 0, the condition above must be verified.

Web Appendix B

Optimal cluster allocation for SW-CRTs with subclusters

The optimal treatment allocation minimizes the variance (5) through maximization of the denominator. In the
absence of any subclusters, Lawrie et al. (2015) and Li et al. (2018a) proved that the most efficient SW-CRT
allocated more clusters to the intervention during the second and last period, based on a simple exchangeable
and block exchangeable correlation model. Specifically, Theorem 1 of Li et al. (2018a) focused on maximizing the
denominator of the variance expression defined as, Q(m) = {(IU =W )y+(U> =1V )¢}/ I?, where v = 1+ (N —1)ag +
(T-1)(N-1)a; +(T-1)as and £ = (N—1)a;q +asy with o defined as the within-period within-cluster ICC; a; defined
as the between-period within-cluster ICC; and a defined as the within-subject auto-correlation (i.e. a closed-cohort
SW-CRT in the absence of subclusters). U, V, and W are the same design constants described previously, but
have been re-parameterized in terms of the proportion of clusters receiving the intervention at a specific period j,
m = (m,...,mp_1) with m; = 0 and Z;‘ZQ 7; = 1 by definition, such that, U = IZ;;I g, V = IZ;‘-F:_ll j27rj, and
W =1 Z;‘i—ll (Zi}l 7rs)2. Li et al. (2018b) derived the eigenvalues for this block exchangeable correlation matrix
and found that the variance expression only depends on two eigenvalues, A3 = 1 + (N — 1)(ag — a1) — a5 and
M=1+(N=-1Dag+ (T =-1)(N-1)a; + (T — 1)ay. Right away we can see that v = A4 and rewriting the Q
function in terms of the eigenvalues gives us, Q(w) = {(U* + ITU = TW — IV)Ay — (U* = IV)A3}/I°. If we rewrite



our variance expression (5) in the following form,

(6® | KN)ITA\s
(U2 +ITU = TW — IV )X — (U2 = IV)A;’

var(3) =

where U = Zle Z]-T=1 X, V= Zz‘l=1(ZjT=1 Xij)2, and W = Z]'T=1(Zf=1 Xij)Q, our @ function (using the same re-
parameterized functions for U, V, and W) is Q(m) = {(U* + ITU =TW — IV )Xs— (U*> = IV )A3}/I* and only differs
from the @ function above through the eigenvalue expressions. Therefore, by a similar argument to Theorem 1 of Li
et al. (2018a) we can show that the same conclusion holds in the presence of subclusters with the proposed extended
block exchangeable correlation model. Specifically, among all possible randomization schemes that allocates ;I
clusters during the jth period, the optimal allocation ratio that leads to the smallest var(g) is given by

3+ (T=3)) e — A3
T2 =T 2Thg 9T TTh

Vj=3,..T-1 (8)

In other words, the allocation ratio in each period in the most efficient SW-CRT with subclusters depends on the
five ICCs only through the two eigenvalues of the extended block exchangeable correlation matrix as well as the

total number of periods.

Web Appendix C

~

Approximation of V; and V, under a GLMM framework
Using individual-level outcomes

Recall our generalized linear mixed model (GLMM) is the following,

-1 -1
Pkt =9 (Mijr) =g (B + 00Xy + by + i + 555 + i + Yirt),

where g is a link function, 8; represents the categorical secular trend, X;; is the intervention status for cluster ¢ at pe-
riod j, & is the intervention effect on the link function scale, b; ~ N(0, o7 ) is the random cluster effect, ¢;z ~ N(0, o2)
is the random subcluster effect, s;; ~ N(0, a?) is the random cluster-by-period interaction, m;;;, ~ N(0,0‘i) is the
random subcluster-by-period interaction, and ~;z; ~ N(O,ai) is the random subject-level effect. We define the
conditional variance of the outcome as ¢C(j1;jx;), where ¢ is a common dispersion. Without loss of generality, we

assume ¢ = 1 but the following procedure applies to arbitrary ¢ > 0.

We can re-write our GLMM using matrix notation. Let Y;; = (Yj11,-.- 7Y;-jKN)T, wij = (pijan,--- ,uinN)T,

T . . T T
Nij = (77ij11a~-~777inN) y Lij = (ej7Xij)®1KN (ej is the jth row of I'), 8 = (B1,..., Br,d) y Cij = (Cit,-- - Cix)

10



mi; = (Tij1, -, ﬂin)T, and v;; = (V115 - - - ,'yiKN)T. Using these vectors and matrices our GLMM becomes,
-1 -1
;=g (Mij) =9 (Z;;0 +1gnb; + (Ig ® 1y)c; + 1gns;j + (I @ 1) + ;).

Next, we linearize the GLMM using a first-order Taylor expansion about the estimated fixed- and random-effects

(Breslow and Clayton, 1993; Amatya and Bhaumik, 2018) such that,

Yy =fij + Ay Zi;(0 - 0) + Ayl (b — b;) + Ay (Ix ® 1y)(cij — &i5)

+ Zz’leN(sij —55) + Zij(IK ® 1y)(mi; — i) + Zij(%j — i) + €ij (9)

where A;; = diag(Ajj11,- -5 Dijrn) = {89_1(nij)/5'niTj}_1 is a diagonal matrix of derivatives, €;; = (€11, .-, einN)T
and var(€;;x) = ((pijr). Therefore, if we define the vector of pseudo-outcomes as Yi; = Z,_Jl (Y;; — i) +1;; and re-

arrange the terms in (9), we obtain an approximate linear mixed model with Yzj =1+ e;-kj, with a modified random

residual error e:‘j = Z;]l €;;. Define the collection of all pseudo-outcomes in cluster 7 as Y, = (YJT, ey Yi*TT)T7 the

covariance expression for the pseudo-observations, V;, is comprised of two parts, within-period and between-period,

and has a block exchangeable matrix structure such that
V,=I:@(B-C)+Jr®C,

where B = Var(Yi’;) and C = cov(Y;

s YJ;) for j # j'. We can easily generate these covariance expressions to get

B = var(Y}}) = Ay C(pij) A5 + (03 + 02) Ty + (00 + 07) (I ® Jy) + 05 (I @ Iy)

C = cov(Y;;,Y;;) = o din + eIk ® Iy) + 03 (Ix ® Iy).
Combining these expressions gives us

‘/7;=IT®(B—C)+JT®C
~ B{A C(u) AT Y + 02 (Ir @ Tien) + 02(Ip ® Ig ® Jy) + oy drin + 02(Jp ® Ig ® Jy) + Ui(JT ® Ixy)

= (B, ® Ixyn) +02(Ip ® Jin) + 02(Ip ® Iy ® Jy) + 0y Jrxcn + 02(Jr ® Iic ® Jy) + Ui(JT ® Ixy) (10)

with A; = GBszlAij where “®” is a block diagonal operator with nonzero matrices along the diagonal and zero

values elsewhere, and the expectation is taken over the distribution of all the random effects. We simplify this

notation by defining E; = diag [E{Az'_llllc(ﬂinl)Aﬁln 7--~7E{A;T111C(HiT11)A;%11 ]

For example, if we have a binary outcome and our link function is the canonical logit, then g_1 is the inverse logit

11



and A is the derivative of the inverse logit which gives us

eXp(m‘jkz)
1+ exp(n;jk1)
-1 -1 2
AL _ 99" (mijw) | AL+ exp(mim)}
ikl =V =
M exp(7ijii)
exp(nijkl)
{1+ exp(nim)}?

-1
g (m'jkl) =

Clpigne) = mijrr(1 = prijrg) =

Let ((p;) be a TKN X TKN diagonal matrix with elements exp(n;;x)/{1 + exp(mjkl)}2 and A;' be a TKN X

TKN diagonal matrix with elements {1 + exp(nijkl)}Q/exp(mjkl), then A;'C(p;) is Irgy. This means that,

A 1( (i) A; = AL ' Looking at the diagonal elements of A; ! further we can rewrite them as

-1
Ak =2+ exp(=1jr) + exp(ijn)-

Next, we take the expectation of Ai_jlkl with respect to the random effects to get

E(A7 ) = B{2 + exp(—nijre) + exp(nijrr)}

=2+exp {0.5 (af Y 0,27)} {exp(=p; = 0X;;) +exp(B; + 0X;;)}

=2+ 2exp {0.5 (O’? + 03 + a? + U?T + J?/)}COSh(Bj + Xl-jé),

where cosh(t) = (¢’ + e")/2 is the hyperbolic cosine function. Note that the expectation only depends on i and j.

Therefore, we can express the unique values in matrix form as

E;, =21 +2exp {0.5 (o’? + af + oi + 072, + ai)}diag{cosh(ﬂl + X;160),...,cosh (Br + X;70)}.

Using equation (10) we now have the following variance expression

V;, = [2IT + 2exp {0.5 (ag + 0—3 + 0? + U,QT + 03)} diag {cosh (8; + X;16),...,cosh (B + X;76)} } ® Iy
+ 0 (Ip ® Jien) + 02(Ip ® Ix ® Jy) + oy gy + 0(Jp ® I ® Jy) + Uz(JT ® Ixy), (11)
which depends on the conditional mean of the outcomes through the secular trend and intervention status, thus

V; will be cluster-specific. The variance of our treatment effect, Var(g), is the lower-right corner element of
_ -1
¢ (Zilzl z'v, 1Z¢) which is equal to

i=1 =1 =1

var(8) = ¢{ iHZV[lHi - ( i HZV[l)F( i FTw‘lF)_IFT( i Vi_lHi)}_l, (12)

12



where H; = X, ® 1y and F = It ® 1 and requires an algorithm to compute due to V; being cluster-specific.

Using cluster-period means

One limitation of our variance expression (10) is that the dimension of our covariance matrix, V;, increases with
increasing number of subclusters per cluster (K) and participants per subcluster (N) which in turn increases the
computational burden. To reduce the computational burden we could use a cluster-period means approach. This
approach reduces our covariance matrix from a T'K N XT K N matrix to a T'xXT matrix. Using a cluster-period means
-1

approach the variance of our treatment effect, var(g), is the lower-right corner element of ¢ (Zi[:l Z;,;V}_lzgi)

with Z,; = (I, X;) which is equal to

i=1 =1

I I I -1, I -1
var(3) = ¢{ > X VX - ( ZX?WI)( > Vi‘l) (Z V[lxi)} , (13)
i=1
where V; is the covariance matrix for 7? = (?:1, .. ,YiT)T.

First, we focus on deriving ‘7; This matrix is made up of within-period and between-period components. The

within-period can be expressed as

K N
— 1
B = Var(Yij) = V&I‘(ﬁ Z ZY;;M)
k=11=1
VaT(Y;kl) +(N - 1)COV(Yi;k’la i;kl') + N(K - 1)COV(E;1€17Y;M)
KN

2 2 2
Ei+0, o +0

. 2 2

= T4 T 4oy 4o

KN K

The between-period can be expressed as

—r o I o 1 &S .
C = cov(Y;,Yj) = cov KN Z ZYijkb KN Z ZYij’kl
k=11=1 k=11=1

COV(Yi;kla Yi;'kl) + (N - 1)COV(Yi;klv }/;;'k;l') + N(K - 1)C0V(Yz;kl» Yi;'k'l)
KN

Putting both of these components together we can generate our final covariance matrix for ?: ,

=
I

(B-C)Iy+CJy

E,; 0’2 2 2 02 02
7 ™ c 2
N+(_+US)1T+(UI7+_+_N)’T' (14)

QR

For example, if our outcome is binary with the canonical logit link then E; is the same as previously derived giving

13



us
V= (KN)_1 [2IT + 2exp {0.5 (af + ag + of + 072, + 03)} diag{cosh (8; + X;10),...,cosh (Br + XZ-T(Y)}]

o I o DN g (15
+K+a T+ab+K+KN (15)

LEMMA 3: Equivalence of Var(g ) approaches

LEMMA 3: The variance of the intervention effect estimator in the generalized linear mixed model is equivalently

written as
~ I _ I I -1 -1
var(3) = {ZX?WI& (Y X 1)(2‘4 ) (Z lx)} |
i=1 i=1 i=1 i=1
where V, = (KN)'E; + (K '02 + 02)Ir + {0} + K" (KN)_lai}JT is the T X T matrix characterizing

the covariance of the cluster-period means of the pseudo-outcomes ?T = (KN) "Iy ® 1jcx)Y;*, and E; =

diag [E{Ai_1111<(ﬂi111 )AL} - B{A 1 C (i) Adra }]

Proof: To prove Lemma 3 holds we need to show that the variance expression under individual-level outcomes is

equivalent to the variance expression under a cluster-period means approach, that is that

=
AR
=
S~——
[ —)
A

var(9) = {iHZV[lHi - (iHTvl)F( iFTVz F) FT(i

i=1 =1

[ gn )

<.

We claim that the expressions for Var(g ) are equivalent if for each cluster 7,
(KN)?*F'V,'F=(F'V,F)"". (16)

First, note that the covariance of Y;* can be written in the form V; = (Qi1 — Qi2) ® In + Q0 ® Jn with Q;1 — Qo =
(E; + J,QYJT) ® Ik and Qo; = (O’,QrIT + O’?JT) ® Iy + (agIT + JgJT) ® Jx. Therefore, the inverse can be obtained

using formula (4) giving us

=(Qi - Qi) @Iy + [{Qn +(N-1)Qi2} " = (Qi - QiQ)_1:| ® Jn.

14



Looking at each sub-inverse we have
Qi — Qi)™ = (B + UiJT)_l ® Ik
= .142_1 ® IK
- -1
{Qu+ (N -1)Qu} " =[{Ei + NozIp + (05 + No)Jr} @ I + N(o3 Iy + 0y Jr) @ |

We can easily rewrite Q;1 + (N — 1)Q;o in the form of (W;; — Wjy) ® Iy + Wi, ® Jr with Wy — W,
E, + N0'72‘.IT + (03Y + NO'S)JT and Wiy = N(ogIT + UEJT), therefore, to generate the inverse we can apply formula

(4) again to get
{Qi + (N =1)Qi2) " = (Wi — W) @ I + %[ (Wi + (K - )Wy} ' = (W, — VVz'z)_l} ® Jk
=B[1®IK+%(C{1—B;1)®JK.
Putting these components together gives us
Vi=Al'eIioIy+ N '(B'-AYeIreJy+(KN)Y(C;'-B ") ® Jx ® Jx.
Now that we have an expression for the inverse we can calculate the following directly,
F'V,'F = KN{E; + (Nos + KNo2)Ir + (o} + No + KNa,f)JT}_1 .
Comparing this result to the following,

(FTV;F)" = (KN) " {B: + (No? + KNo>)Ir + (o> + No? + KNop)Jr}

we see that equation (16) holds. By definition, V, = (KN)_ZFTV}F, therefore, by equation (16) we know that

~

V,;_l = FTVi_lF. We can further show that

H/V,'H, = KNX, {E; + (No? + KNo2)Ir + (o} + Noi + KNUE)JT}_1 X,

= Xz'—rvi_lXi
and
H!V,'F = KNX] {E; + (No + KNo)Ir + (o) + No: + KNUE)JT}_1

15



=1 =1 =1 =1
I _ I _ I N1, 1 -1

={ XIWXZ—(ZX?WI)(ZWI) (Zvi‘lxz-)
=1 =1 =1 =1

Web Appendix D

Count and gamma outcomes under a GLMM framework
Count outcome with canonical log link

Under a count outcome with canonical log link, we have ((uijri) = tijr = exp(niji) and Ai_jlkl = exp(=niju)-
Therefore, A;jlklg“(uijkl)Ai_jlkl = Ai_jlkl = exp(—n;jr). Taking the expectation with respect to the random effects

and using the property of the Gaussian moment generating function allows us to obtain

o 40?4074 o2 4 o2
E{exp(=niju)} = exp 5 exp (= = X;50) .
Therefore,
05+J?+0§+U,2,+0,2Y .
E; =exp 5 diag{exp(—3; — Xi10), ..., exp(=fr — X;7d)}.

Gamma outcome with canonical inverse link

Under a gamma distribution with canonical inverse link function, we have (k1) = /J?jkl =1/ nfjkl and Ai_jlkl =

—n?jkl. Therefore, Azjllch(uijkl)A;jlkl = —Ai_jlkl = 771‘23‘1@1- Taking the expectation with respect to the random effects
we have
2 2 2 2 2 2 2
E(T]zjkl) = (ﬁ] + XU(S) ‘o, +o.+tos +o,+ O'Fy.
Therefore,

Ei = (O'g + O'? + O'i + 0-721' + O'?{)IT + dlag{(ﬁl + Xi16)2, ey (/BT + X7,T6)2}
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Web Appendix E

Gaussian outcomes

Under a Gaussian outcome with unequal cluster sizes our induced correlation matrix given by

R, =(1-ag—ay+ay)Irgn + (ag—po—cq +p1)Irg ® Iy + (po— p1)Ir ® Jgn

+ (g =) ® Iy + (a1 = p1)JJr ® Ix ® Iy + p1Jri N,

becomes

R, =(1-apg—ay+ay)Irg,n, + (ag—po—oq +p1)Ipg, ® In, + (po — p1)Ir ® Jk, N,

+ (ag —ay)Jr ® Ig,n, + (1 — p1)Jdr ® I, ® Iy, + prdri, N,

which is a TK;N; x TK;N; matrix. Thus, 02(2521 ZiTR,;_lzi)_l must be derived numerically due to R; being

cluster-specific, a process simplified by using a cluster-period means approach.

Under a cluster-period means approach our correlation matrix is

i, = 1—ay+ (N, —1)(ag = ay) + N;(K; = 1)(po - Pl)I Lt (N; = 1ay + N;(K; - 1)PlJ

K;N; r K;N; N

which is a 7' X T exchangeable matrix with diagonal elements {1 + (N; — 1)ag + N;(K; — 1)po}/(K;N;) and off-
diagonal elements {as + (N; — 1)y + N;(K; — 1)p1 }/(K;N;). Re-writing R; in terms of the eigenvalues (Web Table
1) and using equation (1) we have

_ KiNi(Xei — Asi)
TAsiAi

JTv (17)

where )\31' =1 — g — Qg + (03] +Ni{0é0 — Q7 + (Kz - 1)(p0 _Pl)} and AGi =1- (&) + (T— 1)(0&2 - O[l) + Nl{Olo + (T—
Day + (K; = 1)(po + (T = 1)p1)} under design variant A. Therefore, var(8) will still depend on the ICCs through
the same two eigenvalues of the extended block exchangeable correlation matrix as seen in Web Appendix A. The

variance of the intervention effect estimate under a cluster-period means approach is the (T + 1,7 + 1)th element

of
-1 -1

I -1 I
—_ Ir | __ Qi1 Qo
(ZZQTinZm) -1y R (x| - ,
=1 i=1 Xz Q21 QQQ
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where Zy; = (I, X;), Q1 is of dimension T X T, Q5 = Q;—l is of dimension 7' X 1, and )9, is a scalar. For a given

cluster 7 we have

-1
Qlu = Ri

KN (s — Asi)
T T ol

J=1

2
KiN; & o KiN;(Asi — A\3;) [
oz = Asi Z X T Az N6 ;Xﬁj

Equivalence of var(g) approaches under equal cluster sizes
We already know according to Lemma 3 that the individual-level outcomes approach is equivalent to the cluster-
period means approach under equal cluster sizes. Therefore, we should be able to derive the same variance expression

(6) from Web Appendix A using cluster-period means.

If we have equal cluster sizes, K; = K and N; = N, then we would have

{KN KN\ — >\3)JT}.

I
Q11 = ZQni =1 )\3 Iy - T/\3/\6

=1

We can apply equation (1) to get the inverse

Q7 = (IKN)™! (A3IT 42 ; A3 JT) .

We would also have

I I
- Y - KNZ KN — A\3)

U

A3 TA3Xg v

I
KN KN\ — A
922229221': - (o 2)

=1

18



- _ -1
Using block matrix inversion we can generate var(d) = (Qgg - 9219111 ng) which gives us

(62 | KN)IT A5
(U2 +ITU = TW = IV)Ag — (U2 = IV)A;’

var(8) =

which is the same variance expression (6) derived in Web Appendix A using individual-level outcomes. Therefore,
the cluster-period means approach is equivalent to using individual-level outcomes when cluster sizes are equal as
expected. Since Rz is cluster-specific when cluster sizes are unequal we cannot derive a closed-form expression. In

this case, the proof for Lemma 3A below is sufficient.

Non-Gaussian outcomes
Under non-Gaussian outcomes we already utilize numerical methods using cluster-period means which can be easily
modified to accommodate cluster-specific sizes. The covariance of the cluster-period means of the pseudo-outcomes

becomes

V, = (K;N;) 'E; + (K; ‘o2 + 02)Ip + {0y + K; ‘o2 + (K;N;) o>}, (18)

with the same FE; and variance components as defined in Web Appendix C. Under the individual-level outcomes

approach with unequal cluster sizes V; becomes
2 2 2 2 2
Vi,=(E; ®Ix,n,)+0;(Ir ® Ji,n,) + 0 (Ir ® I, ® In,) + 0y Jri,n, + 0. (Jr ® I, ® Jy,) + 0 (Jr ® Ik N, ),

which is a TK;N; X TK;N; matrix. These variance expressions will be used in Lemma 3A below.

LEMMA 3A: Equivalence of VaI‘(S) approaches under unequal cluster sizes

LEMMA 3A: The variance of the intervention effect estimator in the generalized linear mixed model under unequal

cluster sizes is equivalently written as

S (5]

i=1

I I
@) = | Y X7 (Y X7
i=1

i=1

where V; = (K;N;)'E; + (K;'02 + 02)Ip + {0} + K; '0> + (KiNi)_lai}JT is the T' X T" matrix character-
izing the covariance of the cluster-period means of the pseudo-outcomes ?j = (K;N;)) '(Ir ® 1;,]\,1_)1/;*, and

E; = diag [E{Ai_fnC(Miln)Aﬁln a-~-aE{Ai_TluC(MiTu)Ai_Tln}]-

Proof: To prove Lemma 3A holds we need to show that the variance expression under individual-level outcomes is
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equivalent to the variance expression under a cluster-period means approach, that is that,

{i <z><z><z>}

where H; = X; ® 1g,n, and F; = Iy ® 1, n,. We claim that the expressions for Var(g) are equivalent if for each

cluster 1,

(K;N;))°F V,'F, = (F, V;F,)™". (19)

First, note that the covariance of Y;" can be written in the form V; = (Q;; — Qs2) ® Iy, + Q2 ® Jy, with
Qi1—Qin=(E; + U?,JT) ® Ik, and Qy; = (U,erT + agJT) ® Ig, + (O'EIT + UEJT) ® Jk,. Therefore, the inverse can

be obtained using formula (4) giving us

= (Qiu-Qn) e Iy, + — [{Qn +(N; = 1)Qi2} " = (Qi1 - QiQ)_l] ® Jy,-

Looking at each sub-inverse we have

-1 2 -1
(Qin —Qi2) = (E; +0 Jr) ® Ik,
= Al_l ® IK7
-1 2 2 2 2 2 -1
Qi+ (N; = 1)Qi2} ~ =[{E; + NjorIp + (0, + N;yo.)Jr} ® Ic, + N;(oIp + oy, J7) ® Jk, ]
We can easily rewrite Q;; + (N; — 1)Q;2 in the form of (W;; — W;) ® Ig, + Wip ® Jg. with Wy — W, =
E; + NiafrIT + (05 + Niag)JT and W, = Ni(aiIT + U?JT), therefore, to generate the inverse we can apply formula

(4) again to get

{Qia + (N; - 1)Qi2}_1 = (W - z2)_ ® Ig, + |:{Wzl + (K; - 1)W12}_1 - (W - 1'2)_1} ® Jg,

_ 1 - -
:Bil®IKi +F(Ci1 _Bi1)®JKi-
K3
Putting these components together gives us

Vil=A7'eIx @Iy +N; (B - A7 )@ Ig, ® Jy + (K;N;) " (C;' =B ') ® Jg, ® Jy..
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Now that we have an expression for the inverse we can calculate the following directly,
F'V'F, = K;N{E; + (N;o> + K;N;02) Iy + (0> + Nio. + K;N;op)Jr} .
Comparing this result to the following,
(FViF) ™" = (KiN;)) {B; + (N;oy + KiN;o2)Ir + (0 + Nio? + K;N;oy)Jr}

we see that equation (19) holds. By definition, V, = (K,;Ni)_2FZ—TViF,;, therefore, by equation (19) we know that

‘7}_1 = Fl-TVi_lFi. We can further show that

H; V, 'H; = K,N; X, {E; + (N;ou + K;N;o2)I1 + (0> + Nio: + K;N;op)Jr} ' X,
= Xi—rvi_lxi
and

T

H, V, 'F, = K;N, X {E; + (Nio2 + K;N;o2)Ir + (0° + Nyor + K;N;op)Jr}

=X, V.

Therefore, we have shown that,

var(3) = { iHiTV[lHi - ( iHJVZ—‘l)Fi(

ljl TS-1y iz]l TS-1 Ii=~—1 A i=1_1
=X VIX () XV YV (Y VX
=1 =1 =1 =1

Additional details regarding the procedure for deriving var(d) under unequal cluster

sizes
We provide the specific steps used in deriving var(g) under unequal cluster sizes.

1. Specify inputs: Specify the number of clusters (I), number of periods (T'), average number of subclusters per

cluster (K), average number of subjects per subcluster (IV), coefficient of variation for the number of subclus-

ters (CV) and number of subjects (CVy), ICCs (ag,o1,a0,p0,01) Or equivalently the variance parameters

(02, 03, oi, 072” 03), effect size on the link function scale (), and period effects on the link function scale (5;).
2. Simulate cluster sizes: For each cluster ¢ € {1,..., I}, simulate the number of subclusters (K;) and subjects

per subcluster (IV;) such that the average number of subclusters per cluster is K and average number of
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subjects per subcluster is N. In particular, we can assume K; ~ fx(K;; K,CVg) and N; ~ fx(N;; N,CVy),
where f(e;a,b) represents a valid density or mass function with mean a and coefficient of variation b. Any
distribution could be designated for fx and fn. For example, we could assume K; ~ Gamma(shape =
CV#, rate = RilCV}Z) and N; ~ Gamma(shape = CVy/, rate = N{LCVJ_VZ) with K; and N; rounded to the
nearest integers in each draw. Each simulation replicate, O = {(K;, N;),7 = 1,...,I}, represents a specific
design with unequal cluster sizes. Repeat this step R (i.e. R = 1000) times and record each replicate using

0" forr € {1,...,R}.

3. Generate Uar(g |(9(T)) for each replicate o). Using a cluster-period means approach (Lemma 3A) we generate
var(8 |(’)(T)) for each replicate O, Under a Gaussian outcome, we generate R, (17) and use this with
02(2121 Z;;R;lzgi)_l and Z,; = (Iy, X;) to generate var(glo(r)) which is the (T + 1,T + 1)th element.

T

Under a non-Gaussian outcome, we generate V; (18) and use (b(Zle Z3: V. ' Zo)) ! with Zo; = (Ip, X;) to

generate var(5|0(r)) which is the (T + 1,T + 1)th element.
4. Generate var(3): Calculate var(3) by taking the average over all v:aur(g|(9(r))7 var(8) ~ R™" Zle Var(SIO(T)).

Var(g) can then be used with the power formula to aid in sample size calculations of SW-CRTs with subclusters

and unequal cluster sizes.

Web Appendix F

Derivation of variance components using ICCs under each design variant

Investigators generally have a better idea of what ICCs to expect in a trial rather than individual variance compo-

nents. Here, we derive the variance components given the ICCs under each design variant.

Closed-cohort on subcluster and individual levels (design A)

Under this design we have the following ICCs,

2 2 2 2
o, +o. +o, +o,

Qo =
05+J%+0§+03+03+02
2 2
oy + 0y
Po =
05+Jg+0§+03{+03+02
2 2
oy + 0,
) =
a§+02+a§+03{+03+a€2
2
9%
P1 =
oy +02+ 02+ 02+ 02+ 02
2 2 2
op +to. to,
Qg =

0’2+0’2+0’§+0’72r+0'2{+0€2
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2, 2, 2, 2, 2 2, 2, 2, 2, 2, 2 . 2.
Note that ag + ay — oy = (0, + 0. + 05 + 05 +0)/(0, + 0. + 05 + 0, + 05, +0.). Assuming o, is known, we can

. 2 2, 2, 2 2
solve for the total variance of the random effects, x = o}, + 0, + 05 + 0 + 0,

+ T
Qo T 0y =01 = — 5
:c+c752
2
0.6

=T = .
l—ay—as+a;

. 2
We can use this to solve for o,

2 2
Now we can solve for o, and o,

2
g 2
(1-0[0—0[24'0[1) P19 +O'S
l—ay—ay+a;
Po =
7?
2
2 a.(po = p1)
=>Us_ )
1—040—0424'041
2
P10c 2
l-—ag—as+a +0
( 0 2 1) 1_a0_a2+a1 c
ap =
7?
2
2 _ o (a1 = p1)
=0, = .
1-0[0—0[24'0[1
2 2
Now we can generate o, and o7,
2 2 2
P10e o.(ay = p1) ac(po = p1) 2
(1—a0—a2+a1) + + '|'O'7.r
l—ao—a2+a1 1—010—0424'0[1 l—OéO—OQ‘FOél
Qo = 0_2
€
2
2 o (ag—a;—py+p1)
I e ——s
0~ G2 T Qg
pro: o2(ar = p1)
1 1~ P1 2
(1—040—0124'&1) < + € +07
1—a0—a2+a1 1_040_OZQ+041
Qg = p)
UE
2
2 _ 0'6(0[2_041)
=0, = .
v 1—a0—a2+a1
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Closed-cohort on subcluster level and cross-sectional at individual level (design B)

If we change the individual level from closed-cohort to cross-sectional (cg = @) then we would have the following,
2

2 _ P10¢

;=

1_OZO

2
2 _ a.(po = p1)

1—0&0
2
ol = o (o = p1)
¢ ].—Oéo
o2 = 062(010—041—%)0"'/)1)
m 1—0(0 ’

Cross-sectional on subcluster and individual levels (design C)

If in addition we allow the subcluster level to be cross-sectional (g = ary = p;) then we would have the following,

2
02 _ P10
b ].—Olo
2
02 _ a:(po = p1)
S 1—0[0

2
2 _ oc (a0 = po)
1-0&0 ’

Web Appendix G

Design Effect
Derivation of design effect

An investigator could use the variance expression (5) combined with the power formula to determine the required
sample size for a longitudinal CRT with subclusters. Alternatively, one could focus on the design effect of a
longitudinal CRT with subclusters compared to an individually randomized trial to ease sample size calculations.
The sample mean difference has a variance of 40° /(IKN), therefore, the variance ratio (design effect) under a

longitudinal CRT with subclusters to individual randomization is

L TAAs
4tr(Q)  Thg— {1+ (T —D71x}(Ag — A3)

~ I’TAe)s

T AU+ ITU =TW — IV)Ag — 4(U% = IV)A;

design effect =
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This expression can be generalized to longitudinal parallel or any type of crossover design and we provide the
stepped wedge design as an example. Similar to Woertman et al. (2013) and Li et al. (2018b), we assume an equal
number of clusters cross over to intervention at each step (m, = m) and an equal number of measurements are taken
after each step (¢, = ¢) for each step s =1, ..., 5. We will then have I = Sm clusters, T' = b + Sc periods (where b

1

1 1 1
is the number of measures taken at baseline), and constants U = ES(S + 1)me, W = (353 + 552 + 65)77120, and

1 1 1
V= (353 + 552 + 65 )mc2. Therefore, the design effect under a SW-CRT with subclusters design to individual

randomization is

(21)

on effect =
design effect 2c(S —1/8) | (Sc/2)A; + (b+ Sc/2)Xg

3 { (b + Sc)As)hg }
Our design effect generalizes to the design effect derived in Li et al. (2018b), Woertman et al. (2013) based on
the Hussey and Hughes (2007) model, and Hooper et al. (2016). To determine the total number of participants
required under a SW-CRT with subclusters, an investigator could first generate the required sample size under
individual randomization, multiply by the design effect (21), and then round up to the nearest integer or multiple
of the number of clusters (I) for a balanced design. Given the total number of participants, the number of clusters
(I), subclusters per cluster (K), and participants per subcluster (V) can be determined. Finally, investigators can

explore the effect of each ICC on the multilevel SW-CRT design effect across design variants (A,B,C) using our
RShiny app (Davis-Plourde, 2021).

Application to Lumbar Imaging with Reporting of Epidemiology (LIRE) trial

In our LIRE application we used the variance expression (5) coupled with the power formula to generate the required
sample size per subcluster (N). Here, we use the design effect to calculate the total required number of subjects
and clusters (I). The LIRE trial is a closed-cohort design on the subcluster level but cross-sectional design at the
subject level (design B) SW-CRT containing I = 100 practices consisting of a total of 1700 primary care providers
(PCPs) over T = 6 periods. Each practice is a cluster and each PCP represents a subcluster. While the number
of PCPs per practice varied, we assume K = 17 PCPs per practice for illustration. The primary outcome was log-
transformed spine-related relative value units (RVUs), a continuous composite measure of back pain. Assuming the
median and total variance of RVU is approximately 3.56 and 2.5, respectively (Jarvik et al., 2020); a 5% reduction
due to treatment corresponds to a standardized effect size of around -0.1. Based on preliminary data, an overall
ICC was estimated to be 0.013 with a 95% confidence interval of (0.00, 0.046). We therefore assume the within-
period within-PCP ICC to be the upper bound of the preliminary estimates, cg = 0.046, and a slightly smaller
within-period between-PCP ICC of pg = 0.04. Assuming a CAC of 0.5 further gives us a; = 0.023 and p; = 0.02.
We calculate the required number of subjects and clusters to achieve at least 80% power for a two-sided 5% test.
Under individual randomization and assuming 98 degrees of freedom, a total of 9,860 participants are required to

achieve 87.5% power. Assuming 77 participants are to be recruited at each of the 17 PCPs per practice gives us a
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design effect of 13.3, meaning 130,789 participants are required and 100 practices are needed.

Web Appendix H

LIRE trial: sample size determination under alternative cluster level designs
Closed-cohort design at both the subcluster and subject levels (design A)

In this example we treat the LIRE trial as a closed-cohort design on both the subcluster level and the subject level
(design A). The study planned to randomize I = 100 practices consisting of a total of 1700 primary care providers
(PCPs) over T = 6 periods; each practice is a cluster and each PCP represents a subcluster. While the number of
PCPs per practice varied, we assume K = 17 PCPs per practice for illustration. The primary outcome was log-
transformed spine-related relative value units (RVUs), a continuous composite measure of back pain. Assuming the
median and total variance of RVU is approximately 3.56 and 2.5, respectively (Jarvik et al., 2020); a 5% reduction
in median due to treatment corresponds to a standardized effect size of around -0.1. Based on preliminary data,
an overall ICC was estimated to be 0.013 with a 95% confidence interval of (0.00, 0.046). We therefore assume
the within-period within-PCP ICC to be the upper bound of the preliminary estimates, ag = 0.046, and a slightly
smaller within-period between-PCP ICC of py = 0.04. Assuming a CAC of 0.5 further gives us a; = 0.023 and
p1 = 0.02. We also set ap = 0.1, and calculate the required number of subjects per PCP (N) to achieve at least
80% power for a two-sided 5% test. Based on the power formula and our closed-form variance expression (5),
we found having N = 72 participants per PCP produced 87.5% power. To assess the sensitivity of our power
calculation to ICC specifications, we looked at power trends for varying «g € (0,0.1) with various ratios of pg/ayq
across varying levels of CAC (0.2, 0.5, 0.8) and ay, = (0.1,0.5). In concordance with our findings in Theorem 1,
we found that higher values of within-period ICCs (ag and pg) and lower values of between-period ICCs (ay, p1,
and «y) correspond to more conservative power predictions (Web Figure 3), thus we are confident that our ICC

specifications have likely produced a conservative power estimate.

Cross-sectional design at both the subcluster and subject levels (design C)

In this example we treat the LIRE trial as a cross-sectional design on both the subcluster level and the subject level
(design C). The study planned to randomize I = 100 practices consisting of a total of 1700 primary care providers
(PCPs) over T' = 6 periods; each practice is a cluster and each PCP represents a subcluster. While the number
of PCPs per practice varied, we assume K = 17 PCPs per practice for illustration. The primary outcome was
log-transformed spine-related relative value units (RVUs), a continuous composite measure of back pain. Assuming
the median and total variance of RVU is approximately 3.56 and 2.5, respectively (Jarvik et al., 2020); a 5%
reduction due to treatment corresponds to a standardized effect size of around -0.1. Based on preliminary data,

an overall ICC was estimated to be 0.013 with a 95% confidence interval of (0.00, 0.046). We therefore assume
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the within-period within-PCP ICC to be the upper bound of the preliminary estimates, cg = 0.046, and a slightly
smaller within-period between-PCP ICC of pg = 0.04. Assuming a CAC of 0.5 further gives us p; = 0.02. We
calculate the required number of subjects per PCP (N) to achieve at least 80% power for a two-sided 5% test.
Based on the power formula and our closed-form variance expression (5), we found having N = 99 participants per
PCP produced 87.5% power. To assess the sensitivity of our power calculation to ICC specifications, we looked at
power trends for varying g € (0,0.1) with various ratios of pg/aq across varying levels of CAC (0.2, 0.5, 0.8). In
concordance with our findings in Theorem 1, we found that higher values of within-period ICCs (aq and pg) and
lower values of between-period ICCs (p;) correspond to more conservative power predictions (Web Figure 4), thus

we are confident that our ICC specifications have likely produced a conservative power estimate.

Web Appendix I

LIRE trial: sample size determination adjusting for between-cluster size imbalances

In this example we consider a closed-cohort design at the subcluster level and cross-sectional design at the subject
level (design B). The LIRE trial planned to randomize I = 100 practices consisting of a total of 1700 primary
care providers (PCPs) over T' = 6 periods; each practice is a cluster and each PCP represents a subcluster. The
primary outcome was log-transformed spine-related relative value units (RVUs), a continuous composite measure
of back pain. Assuming the median and total variance of RVU is approximately 3.56 and 2.5, respectively (Jarvik
et al., 2020); a 5% reduction in median due to treatment corresponds to a standardized effect size of around -
0.1. Based on preliminary data, an overall ICC was estimated to be 0.013 with a 95% confidence interval of (0.00,
0.046). We therefore assume the within-period within-PCP ICC to be the upper bound of the preliminary estimates,
ag = 0.046, and a slightly smaller within-period between-PCP ICC of py = 0.04. Assuming a CAC of 0.5 further
gives us aq = 0.023 and p; = 0.02. To estimate the CVs, we first need to estimate the average number of PCPs and
subjects per PCP over time within each practice, then we calculate the variance of the averages denoted by 0‘35. K
and O‘ZS. ~, and finally we generate our CV estimates using CVg = 0.6 i/ Kand CVy = 0.4 n / N (assuming cluster
sizes follow a gamma distribution as outlined in Web Appendix E). Overall, the number of PCPs per practice varied
from 2 to 106 with a specific breakdown of the number of PCPs per practice provided in stratified ranges in Table
2 of Jarvik et al. (2015). Using the provided Table, we assume the midpoint of each given range is the average
number of PCPs per cluster which gives us K = 18 and CV g = 1.0. Unfortunately, a breakdown of the number of
subjects per PCP was not provided. Therefore, we used the subject totals by site (Jarvik et al., 2020) with Table
2 (Jarvik et al., 2015) to estimate N = 126 and CVy = 1.1. We calculate the required number of practices (I)
to achieve at least 80% power for a two-sided 5% test. Based on the power formula and our variance algorithm

for unequal cluster sizes, we found having I = 110 practices produced 87.0% power. To assess the sensitivity of

our predicted power to CV specification, we looked at power trends for varying CVg € {0.8,0.9,1.0,1.1,1.2} and
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CVy € {0.9,1.0,1.1,1.2,1.3}. The results of our sensitivity analysis are shown in Web Table 11, we found that
the predicted power varied between 83.1% and 89.1% which is still within our goal of at least 80% power. Further,
there appears to be a monotone relationship between power and CVs. Specifically, an increase in CV (either CV

or CVy) is associated with a decrease in power.

Web Appendix J

EPT study: sample size determination under alternative cluster level designs
Closed-cohort design at both the subcluster and subject levels (design A)

In this example we treat the Washington State EPT study as a closed-cohort design on both the subcluster level
and the subject level (design A). The study included I = 24 local health jurisdictions (LHJ) that were randomly
assigned to intervention at one of four steps (T = 5). Each LHJ includes clinics that provide subject-level outcomes
over time. A total of 219 clinics participated in chlamydia testing, but to be conservative we assume the number
of clinics per LHJ is K = 5. In the design of this study, investigators aimed to detect a prevalence ratio of 0.7 and
assumed a baseline prevalence of 0.05. Because the outcome is rare, we assume the effect size expressed as an odds
ratio can be approximated by the prevalence ratio, and obtain the required number of participants per clinic (N)
to achieve at least 80% power for a two-sided 5% test. Without distinguishing between clusters and subclusters, Li
et al. (2021) estimated the within-period ICC to be 0.007 and the between-period ICC to be 0.004 based on marginal
models. We consider these values to be the within-period between-clinic and between-period within-clinic ICCs such
that pg = 0.007 and «; = 0.004, and set the remaining ICCs to be ay = 0.008 and p; = 0.0035 (corresponding to
a CAC of 0.5). We also set oy = 0.2 and assume a slightly decreasing time effect as in our simulations, and find
based on the power formula and variance expressions that including N = 66 participants per clinic gives us 89.5%
power. As a sensitivity analysis, we considered a larger decreasing period effect such that 3; —3,,1 = 1X (O.B)j ! for
j = 1, which increased N = 218 to attain 89.5% power. On the other hand, using a smaller decreasing period effect,
B — Bj+1 = 0.01 X (0.5)j_1 for j = 1, reduced our required number of participants per clinic to N = 59 to achieve
89.6% power. Similarly, we assessed the sensitivity of our power calculation to ICC specifications by examining the
power trends for varying aq € (0,0.05) with various ratios of py/aqg across varying levels of CAC (0.2, 0.5, 0.8),
as (0.1, 0.5), and time trends (8; — f,41 = {0.01,0.1,1} x (0.5)j_1 for j = 1), however, the highest time trend is
omitted since it produced contour plots that were less than 70% power regardless of «y, ratio of py/agy, CAC, and
ay (Web Figure 5). We found that higher values of within-period ICCs (ag and pg), lower values of between-period
ICCs (a1, p1), and higher values of within-subject auto-correlation («g) correspond to more conservative power

predictions, thus we are confident that our ICC specifications have likely produced a conservative power estimate.
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Cross-sectional design at both the subcluster and subject levels (design C)

In this example we treat the Washington State EPT study as a cross-sectional design on both the subcluster level
and the subject level (design C). The study included I = 24 local health jurisdictions (LHJ) that were randomly
assigned to intervention at one of four steps (T = 5). Each LHJ includes clinics that provide subject-level outcomes
over time. A total of 219 clinics participated in chlamydia testing, but to be conservative we assume the number
of clinics per LHJ is K = 5. In the design of this study, investigators aimed to detect a prevalence ratio of 0.7
and assumed a baseline prevalence of 0.05. Because the outcome is rare, we assume the effect size expressed as
an odds ratio can be approximated by the prevalence ratio, and obtain the required number of participants per
clinic (N) to achieve at least 80% power for a two-sided 5% test. Without distinguishing between clusters and
subclusters, Li et al. (2021) estimated the within-period ICC to be 0.007 based on marginal models. We consider
this value to be the within-period between-clinic ICC such that py = 0.007 and set the remaining ICCs to be
ag = 0.008 and p; = 0.0035 (corresponding to a CAC of 0.5). We assume a slightly decreasing time effect as in
our simulations, and find based on the power formula and variance expressions that including N = 42 participants
per clinic gives us 89.5% power. As a sensitivity analysis, we considered a larger decreasing period effect such that
Bj = Bjs1 = 1X (0.5)]4_1 for j = 1, which increased N = 139 to attain 89.5% power. On the other hand, using a
smaller decreasing period effect, 8; — 841 = 0.01 X (O.5)j ! for j = 1, reduced our required number of participants
per clinic to N = 37 to achieve 89.3% power. Similarly, we assessed the sensitivity of our power calculation to
ICC specifications by examining the power trends for varying o € (0,0.05) with various ratios of py/ag across
varying levels of CAC (0.2, 0.5, 0.8) and time trends (8; — ;41 = {0.01,0.1,1} X (0.5 for j = 1) (Web Figure
6). We found that higher values of within-period ICCs (aq and pg) and lower values of between-period ICCs (p;)
correspond to more conservative power predictions, thus we are confident that our ICC specifications have likely

produced a conservative power estimate.

Web Appendix K

EPT study: sample size determination adjusting for between-cluster size imbalances

In this example we consider a closed-cohort design at the subcluster level and cross-sectional design at the subject
level (design B). The Washington State EPT study included I = 24 local health jurisdictions (LHJ) that were
randomly assigned to intervention at one of four steps (7" = 5). Each LHJ includes clinics that provide subject-level
outcomes over time. A total of 219 clinics participated in chlamydia testing. The average number of clinics per
LHJ is K = 4 and the average number of subjects per clinic is N = 79. To estimate the CVs, we first compute
the average number of clinics and subjects per clinic over time within each LHJ, then we calculate the variance
of the averages denoted by J?s, x and afs. ~, and finally we generate our CV estimates using CVg = 0. /K and

CVy =0 /N (assuming cluster sizes follow a gamma distribution as outlined in Web Appendix E). Using this
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methodology we estimate CV = 0.69 and CV = 0.79. In the design of this study, investigators aimed to detect
a prevalence ratio of 0.7 and assumed a baseline prevalence of 0.05. Because the outcome is rare, we assume the
effect size expressed as an odds ratio can be approximated by the prevalence ratio, and obtain the required number
of LHJs (I) to achieve at least 80% power for a two-sided 5% test. Without distinguishing between clusters and
subclusters, Li et al. (2021) estimated the within-period ICC to be 0.007 and the between-period ICC to be 0.004
based on marginal models. We consider these values to be the within-period between-clinic and between-period
within-clinic ICCs such that py = 0.007 and a; = 0.004, and set the remaining ICCs to be o = 0.008 and p; = 0.0035
(corresponding to a CAC of 0.5). We also assume a slightly decreasing time effect as in our simulations. Using the
variance algorithm for unequal cluster sizes and power formula we found that including I = 20 clusters gives us
88.5% power. To assess the sensitivity of our predicted power to CV specification, we looked at power trends for
varying CVg € {0.5,0.6,0.7,0.8,0.9} and CVy € {0.6,0.7,0.8,0.9,1.0}. The results of our sensitivity analysis are
shown in Web Table 12, we found that the predicted power varied between 83.3% and 91.1% which is still within
our goal of at least 80% power. Further, there appears to be a non-monotone relationship between the CVs and
power. In some cases higher CVs are associated with higher power and in some cases higher CVs are associated
with lower power. Understanding the complex relationship between the CVs and power is beyond the scope of this

study and we leave this open for future exploration.

Web Appendix L

We extend the methodology used in Li et al. (2018b) for Gaussian and non-Gaussian outcomes under a GEE
framework in SW-CRTs without subclusters. Let Y;;;; be the outcome of interest for individual [ = 1,..., Ny
nested in subcluster k = 1,..., K;; nested in cluster 7 = 1,...,I during period j = 1,...,T. For simplicity, we

assume N;;;, = N and K;; = K for all 4, j, and k. The mean model is given by

[ijkl = g_l(ﬁijkz) = 9_1(/83' +0X;5), (22)
where g is a link function, 8; represents the categorical secular trend, X;; is the intervention status for cluster i
at period j (equal to 1 if exposed under intervention and 0 otherwise), and § is the intervention effect of interest
on the link function scale. We define the variance of the outcome as ¢(( ﬁijkl), where ¢ is a common dispersion
and ((fi;j,1) is the variance function. For example, the variance function of a binary outcome is parameterized
as C(fijrr) = Pijri(1 = [ijr). Without loss of generality, we assume ¢ = 1 but the following procedure applies

1/2

%

to arbitrary ¢ > 0. We define the covariance matrix under the GEE framework as M; = A RZ-A; 2 where
A; is a TKN x TKN diagonal matrix with elements ((f;;4;) and R; is the TKN X TKN extended block ex-
changeable correlation matrix as shown under Gaussian outcomes. Using the model-based variance matrix, V&I‘(S )

is the lower-right corner element of ¢ (Zle D;l—MZ-_lDl-)_1 where D, = 89_1(?71-)/80-'— with 7; = {111, - s TiTK N }-
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For example, if we have a binary outcome and our link function is the canonical logit, then A; is a diagonal matrix
with elements exp(7;;5) /{1 + exp(ﬁijk.l)}2 and D; = A;Z; where Z; = (I, X;) ® 1y and X is the randomization

schedule for cluster i. The model-based variance of our treatment effect, var(d), is then the lower-right corner

element of

1/2

where W; = A;""R; 1A; 12 Shich is equivalent to

1

I I -1 I -
var(d) = ¢ ZH;V[QHi—<ZHiTV[/i>F(ZFTWiF) F' (ZWH) ,
i=1 i=1

i=1 i=1

where H; = X; ® 1xn and F = I ® 1,5 and requires an algorithm to compute due to W; being cluster-specific.

Using cluster-period means
We can simplify our GEE approach and decrease computation time by using cluster-period means (Tian et al.,
2021). Under this approach, the model-based variance of our treatment effect, vam(g)7 is the lower-right corner

ag‘l(?;i)/aeT with ZZ = {Ew . ,;iT} and M, is the covariance

T —_1— \—1 —
element of gb(zilzl D:M[lDi) where D,

~1/255 ~1/2

matrix for Y; = (Y;1,... ,?iT)T. Here, JF\Zz A;""R;A;"" where Zi is a T'x T diagonal matrix with elements

C(f13511)/(KN) and R, is a T x T working correlation matrix for the cluster-period means given by

i, = 1—042+(N—1)(040—041)+N(K—1)(PO—P1)IT+042+(N—1)041+N(K—1),01J

KN KN T

which is an exchangeable matrix with diagonal elements {1 + (N — 1)ag + N(K — 1)pg}/(KN) and off-diagonal
elements {as + (N — 1)ag + N(K — 1)p1}/(KN). Re-writing R; in terms of the eigenvalues (Web Table 1) and
using equation (1) we have

71 _ KN

KN(X = As)
i Ag

T3¢

Iy Jr.

Therefore, VaI‘(S ) will depend on the ICCs through two eigenvalues of the extended block exchangeable correlation

matrix; the same two eigenvalues found under Gaussian outcomes.
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For example, if we have a binary outcome and our link function is the canonical logit, then Z,- is a diagonal matrix

with elements exp(ﬁ,»jn)/[KN{1+exp(ﬁij11)}2] and D; = A; Zy; with Zo; = (I, X;). The model-based variance of
- — -1 —  ~1/2=_1~

our treatment effect, var(4), is then the lower-right corner element of ¢ (Zle ZzTiWiZQZ-) with W, = A;/2Ri 1A;/2

which is equal to

=

i=1 i=1 =1

N

@) <oy xwx - (3 xw) ) (S|
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Web Appendix M: Web Figures
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Figure 1: Contour plots illustrating the relationship between intracluster correlation coefficients (ICCs) and Var(S )
for binary outcomes with canonical logit link. ICCs include: within-period within-subcluster «q; between-period
within-subcluster «;; within-period between-subcluster pg; between-period between-subcluster p;; and within-
subject auto-correlation as. Various aq specifications are shown on the y-axis and various p, specifications are
shown on the x-axis as a ratio of ay. Between-period specifications are denoted by the cluster auto-correlation
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Figure 2: Contour plots illustrating the relationship between intracluster correlation coefficients (ICCs) and power
in our application study of the Washington State Expedited Partner Therapy trial. ICCs include: within-period
within-subcluster «g; between-period within-subcluster a;; within-period between-subcluster py; and between-
period between-subcluster p;. Various g specifications are shown on the y-axis and various pq specifications are
shown on the x-axis as a ratio of . Between-period specifications are denoted by the cluster auto-correlation
coefficient (CAC). Time effects {-0.01,-0.1,~1} correspond to 8; — ;41 = {0.01,0.1,1} x (057" for j = 1.
Darker colors correspond to higher values of power.

34



(A) CAC=0.2anda,=0.1 (B) CAC=0.2anda,=0.5

0.100 4 0.100 4

Power
(0.10,0.70]
(0.70,0.75]
(0.75,0.80]
(0.80,0.85]
(0.85,0.90]
(0.90,0.92]

|
Bl 0920.94
|

(0.94,0.96]

0.075 1 0.075 4

o

S 0.050 S

S 0.050

0.025 A 0.025 A

0.000 4 (0.96,0.98]
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 (0.98,1.00)
Po/ o Po/ Ao

0.000

(C) CAC=0.5anda,=0.1 (D) CAC=0.5anda,=0.5

0.100 4 0.100 1

Power

(0.10,0.70]
(0.70,0.75]
(0.75,0.80]
(0.80,0.85]
(0.85,0.90]
(0.90,0.92]
(0.92,0.94]
(0.94,0.96]
(0.96,0.98]
(0.98,1.00)

0.075 1 0.075 4

o

S 0.050 S

S 0.050

0.025 A 0.025 A

0.000 0.000

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Po/ o Po/ Ao

(E) CAC=0.8anda,=0.1 (F) CAC=0.8anda,=0.5

0.100 4 0.100 1

Power

(0.10,0.70]
(0.70,0.75]
(0.75,0.80]
(0.80,0.85]
(0.85,0.90]
(0.90,0.92]
(0.92,0.94]
(0.94,0.96]
(0.96,0.98]
(0.98,1.00)

0.075 1 0.075 4

o

S 0.050 S

S 0.050

0.025 A 0.025 A

0.000 0.000
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Po/ o Po/ Ao

Figure 3: Contour plots illustrating the relationship between intracluster correlation coefficients (ICCs) and power in
our application study of the Lumbar Imaging with Reporting of Epidemiology trial assuming a closed-cohort design
at the subcluster and subject levels. ICCs include: within-period within-subcluster aq; between-period within-
subcluster a;; within-period between-subcluster pg; between-period between-subcluster p;; and within-subject auto-
correlation ay. Various aq specifications are shown on the y-axis and various pg specifications are shown on the
x-axis as a ratio of ay. Between-period specifications are denoted by the cluster auto-correlation coefficient (CAC).
Darker colors correspond to higher values of power.

35



(A) CAC=0.2

0.100

Power
(0.10,0.70]
(0.70,0.75]
(0.75,0.80]
(0.80,0.85]
(0.85,0.90]

[ (090,092
Bl 0920094
Bl 0:94.0.96]

(0.96,0.98]

O.E)O 0 I25 0 I50 O.I75 1.;)0 (0.98,1.00)
Po/do

(B) CAC=05

0.100

0.075
=)

S 0.050

0.025

0.000

Power
(0.10,0.70]
(0.70,0.75]
(0.75,0.80]
(0.80,0.85]
(0.85,0.90]

[ (090,092
Bl 0920094
Bl 0.94.0.96]

I (0.96,0.98]

(0.98,1.00)
Power

(0.10,0.70]
(0.70,0.75]
(0.75,0.80]
(0.80,0.85]
(0.85,0.90]

[ (090,092
Bl 0920094
Bl 0:94.0.96]

I (0.96,0.98]

(0.98,1.00)
Figure 4: Contour plots illustrating the relationship between intracluster correlation coefficients (ICCs) and power in
our application study of the Lumbar Imaging with Reporting of Epidemiology trial assuming a cross-sectional design
at the subcluster and subject levels. ICCs include: within-period within-subcluster aq; within-period between-
subcluster pg; and between-period between-subcluster p;. Various o specifications are shown on the y-axis and
various pg specifications are shown on the x-axis as a ratio of «p. Between-period specifications are denoted by the
cluster auto-correlation coefficient (CAC). Darker colors correspond to higher values of power.
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Figure 5: Contour plots illustrating the relationship between intracluster correlation coefficients (ICCs) and power in
our application study of the Washington State Expedited Partner Therapy trial assuming closed-cohort design at the
subcluster and subject levels. ICCs include: within-period within-subcluster ag; between-period within-subcluster
aq; within-period between-subcluster pg; between-period between-subcluster p;; and within-subject auto-correlation
ap. Various «q specifications are shown on the y-axis and various pg specifications are shown on the x-axis as a
ratio of ag. Between-period specifications are denoted by the cluster auto-correlation coefficient (CAC). Time effects

{-0.01,-0.1} correspond to §; = f,41 = {0.01,0.1} X (0.5)77" for j = 1. Darker colors correspond to higher values

of power.
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Figure 6: Contour plots illustrating the relationship between intracluster correlation coefficients (ICCs) and power in
our application study of the Washington State Expedited Partner Therapy trial assuming a cross-sectional design at
subcluster and subject levels. ICCs include: within-period within-subcluster ag; within-period between-subcluster
po; and between-period between-subcluster p;. Various aq specifications are shown on the y-axis and various pq
specifications are shown on the x-axis as a ratio of ay. Between-period specifications are denoted by the cluster
auto-correlation coefficient (CAC). Time effects {—0.01, —0.1, =1} correspond to 8; — ;41 = {0.01,0.1,1} X (0.5)77"
for 7 = 1. Darker colors correspond to higher values of power.
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Web Appendix N: Web Tables

Table 1: Eigenvalues (\) expressed as functions of intracluster correlation coefficients (ICCs):
within-subcluster («q), between-period within-subcluster (a;), within-subject auto-correlation («s), within-period
between-subcluster (pg), and between-period between-subcluster (p;) under each design variant: (A) Closed-cohort
design at both the subcluster and subject levels, (B) Closed-cohort design on the subcluster level but a cross-
sectional design at the subject level, and (C) Cross-sectional design at both the subcluster and subject level with

T periods, K subclusters per cluster, and IV subjects per subcluster.

Multiplicity Eigenvalue expression by design variant
\ (T—I)K(N—l) Eg; 1—040—042+041
1 1-ag
TK(N - 1) Ecgl_o‘o ( )
A)l—ayg—as+a;+ N(ag—a; —pg +p1
A2 (T = 1)K =1) (B) 1-ag+ N(ag — a1 = po + p1)
T(K-1) (€)1 =g + N(ag — po)
(A)1-ag-ag+ay+N{ag—a; + (K -1)(po = p1)}
A3 T-1 (B) 1-—ag+ N{ag —a; + (K —1)(po — p1)}
(C©)1—ag + N{ag + (K —1)po — Kp1}
K(N-1) (A)1-ag+ (T -1)(ag —a1)
A4 B)l-ap=X
C)l-ag=X
K_1 (A)1-ag+ (T -1)(ag =) + N{ag —po + (T = 1)(c1 = p1)}
As (B) 1—ag + N{ag — po + (T = 1)(e1 — p1)}
(C) 1—ag + N(ag = po) = As
(A)1-ag+ (T -1)(ag —a1) + Nlag + (T = 1)ay + (K = 1){po + (T = 1)p1}]
g 1 (B) 1 =agp + N[ag + (T = 1)eq + (K = 1){po + (T = 1)p1}]
(©)1—ag+ N{ag+ (K —1)po + (T —1)Kp1}

Table 2: Design constants under stepped wedge (SW), parallel longitudinal (Parallel), and repeated crossover (CXO)
cluster randomized trial designs for a given number of periods (7).

SW Parallel CXO
T tr(Q) 7x tr(Q) 7x tr(Q) 7x
4 0.44 0.17 089 100 089 -0.33
) 0.63 025 125 1.00 125 -0.20
6 0.80 030 144 100 144 -0.20
7 097 033 17 1.00 175 -0.14
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Table 3: Predicted power (Predicted) obtained from sample size formula (correctly specifying CAC=0.5) compared
to predicted power (Naive) assuming equal within- and between-period ICCs (incorrectly assuming CAC=1) for
given effect size /o, number of clusters I, subclusters per cluster K, participants per subcluster N, periods T,
within-period intracluster correlations for within- and between-subcluster (ag, pg), and between-period intracluster
correlations for within- and between-subcluster («, p1) assuming a cluster autocorrelation of 0.5, when outcome is

Gaussian.

6/0 (0407 Po) (041’ /)1) I K N T Predicted Naive
(0.03, 0.0075)  (0.015, 0.00375) 24 6 15 7 85.3 93.9

01 30 6 15 4 82.2 84.5
(0.0, 0.0025)  (0.005,0.00125) o, . |, - 814 81.0

24 6 10 4 83.3 98.5

(0.1,0.025)  (0.050.0125) o o 9 - g3 97.0

18 3 15 4 80.0 86.8

0.2 (0.03,0.0075) (0.015,0.00375) = 5 15 ¢ 80.8 84.2
12 6 10 4 82.6 83.5

(0.01,0.0025)  (0.005,0.00125) (o, 15 g 0.0 79.7

21 4 10 4 84.6 97.6

(0.1,0.025)  (0.05,0.0125) To 5 1, - 83.5 95.1

5 4 8 4 81.4 84.9

0.25 (0.03,0.0075) (0.015,0.00375) o, 5 - 80.2 82.5
24 2 8 4 84.3 84.2

(0.01,0.0025)  (0.005,0.00125) [ 5 o 3.6 2.9

12 4 9 4 83.2 96.4

(0.1,0.025)  (0.05,0.0125) |/ . ¢ ¢ 82.9 94.3

9 3 12 4 83.5 88.1

0.35 (0.03,0.0075) (0.015,0.00375) [ 5 o & 84.0 84.9
9 3 9 4 82.9 83.0

(0.01,0.0025)  (0.005,0.00125) o o o . 80.0 79.5

18 2 7 4 86.2 93.9

(0.1,0.025)  (0.05,0.0125) | , ¢ 5 g9 92.2

9 3 8 4 82.5 85.1

0.4 (0.03,0.0075) (0.015,0.00375) o 5 83.5 85.0
15 2 5 4 83.3 83.0

(0.01,0.0025)  (0.005,0.00125) 15 5 . & 851 84.6

12 2 7 4 84.7 92.9

o5 (01,0025  (0.0500125) 5 5, o 82.5 87.0
(0.03, 0.0075) (0.015,0.00375) 9 2 8 4 85.4 87.1
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Table 4: Predicted power (Predicted) obtained from sample size formula (correctly specifying CAC=0.5) compared
to predicted power (Naive) assuming equal within- and between-period ICCs (incorrectly assuming CAC=1) for
given effect size exp(d), number of clusters I, subclusters per cluster K, participants per subcluster N, periods T,
within-period intracluster correlations for within- and between-subcluster (ag, pg), and between-period intracluster
correlations for within- and between-subcluster («, p1) assuming a cluster autocorrelation of 0.5, when outcome is
binary with canonical logit link.

exp(9) (a0, po) (o1, p1) I K N T Predicted Naive
(0.03,0.0075) (0.015, 0.00375) 18 6 15 7 80.7 88.0

08 (0.01,0.0025) (0.005, 0.00125) 3; 2 }; g 2‘1"3 Sg'i
25 6 15 6 82.8 98.6

(0.1,0.025)  (0.05,0.0125) o/ 5 15 7§31 o892

0.75  (0.03, 0.0075) (0.015, 0.00375) gg g }g g Sgg ZZ';‘
(0.01, 0.0025)  (0.005, 0.00125) f; Z }g Z; 2(1)2 S(f?

30 5 14 4 82.3 974

(0.1,0025) — (0.05,0.0025) ¢y 15 7 g7 970

0.7 (0.03,0.0075) (0.015, 0.00375) g 2 }2 2 S(fg Sié
(0.01, 0.0025)  (0.005, 0.00125) ;g ;l }g g ng ng

21 6 12 4 83.6 97.6

(0.1,0.025)  (0.05,00125) 1o o 5, guq 95.3

0.65  (0.03,0.0075) (0.015, 0.00375) ;3 g }8 g 22‘; SZ;
(0.01, 0.0025)  (0.005, 0.00125) }g ;L }2 g 22; §§§

I8 5 10 4 823 95.1

(0.1,0.025)  (0.05,00125) 1, o |5 - 82.8 96.4

0.6 (0.03,0.0075) (0.015, 0.00375) 12 ; }3 2 Si'g SZS
(0.01, 0.0025)  (0.005, 0.00125) f; § 180 g 283 ?32

15 3 10 4 832 933

0 (0.1,0025)  (0.05,00125) * 0 o 89,5 90.4
(0.03, 0.0075)  (0.015,0.00375) 15 2 9 4 841 85.3
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Table 5: Estimated required number of clusters I, subclusters per cluster K, participants per subcluster N, pe-
riods T, empirical type I error (Test Size), empirical power (Empirical), and predicted power (Predicted) ob-
tained from sample size formula for given effect size §/co, within-period intracluster correlations for within- and
between-subcluster (g, pg), and between-period intracluster correlations for within- and between-subcluster (o,
p1) assuming a cluster autocorrelation of 0.5, when outcome is Gaussian using (unrestricted) maximum likelihood

(n=1000).

5o (20, po) (v, p1) I K N T TestSize Empirical Predicted

(0.03,0.0075)  (0.015,0.00375) 24 6 15 7 3.8 89.2 85.3

1 (001, 0.0025) (0.005, 0.00125) gg g }g Z; Z:é §§§ if;i

(0.1,0.025)  (0.05, 0.0125) f;l g }g ;1 Z:? 22;;‘ ?{’jﬁ

0.2 (0.03,0.0075) (0.015, 0.00375) 12 g }8 g i:g 22? 28;2

(0.01, 0.0025)  (0.005, 0.00125) 1(2) Z 18 g 3:3 S?:g ngg

(0.1,0.025)  (0.05, 0.0125) f; ;1 }8 i §;3 22:2 §§j§

0.25 (0.03,0.0075) (0.015, 0.00375) 12 ;L 180 3 ij §§j§ g(l):;l

(0.01, 0.0025)  (0.005, 0.00125) %" g g g ;‘;3 Sé:; §§j2

(0.1,0.025)  (0.05, 0.0125) 1(2) é g g 3:2 EZS §§j§

0.35 (0.03,0.0075) (0.015, 0.00375) 196 g 152 g g?l) Sg:; ii;g

(0.01, 0.0025)  (0.005, 0.00125) 2 g 3 g ;; Zi‘;i 2(2):8

(0.1,0.025)  (0.05, 0.0125) f; ; ; ;1 i:? 223 igjﬁ

0.4 (0.03,0.0075) (0.015, 0.00375) 2 g 673 ;1 }; Si& §§j§

(0.01, 0.0025)  (0.005, 0.00125) }g ; g g i’:g 232 Sg:?

o5 (01,0025  (0.05,0.0125) g ; Z ;1 g:; Séjﬁ §§j§

(0.03,0.0075) (0.015,0.00375) 9 2 8 4 20 89.2 85.4
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Table 6: Estimated required number of clusters I, average number of subclusters per cluster K, average number
of participants per subcluster N, periods T, empirical type I error (Test Size), empirical power (Empirical), and
predicted power (Predicted) obtained from sample size formula for given effect size §/o, within-period intracluster
correlations for within- and between-subcluster (ag, pg), between-period intracluster correlations for within- and
between-subcluster (aq, p1) assuming a cluster autocorrelation of 0.5, coefficient of variation on the subcluster level

CVg, and coefficient of variation on the subject level CV y, when outcome is Gaussian (n=1000).

dlc (v, po) (a1, p1) I K N T CVg CVy TestSize Empirical Predicted
0 0 3.6 88.2 85.3
0 0.25 3.6 85.0 84.2
0 0.5 4.0 83.2 82.0
0 0.75 3.7 83.9 80.4
0 1.0 5.3 78.0 78.8
0.25 0 3.8 84.2 82.3
0.25 0.25 5.0 82.4 80.9
0.1 (0.03,0.0075) (0.015,0.00375) 24 6 15 7 0.25 0.5 5.1 80.7 79.7
0.25 0.75 3.4 79.3 78.4
0.25 1.0 4.4 75.7 75.3
0.5 0 4.6 80.3 81.1
0.5 0.25 4.9 79.6 77.8
0.5 0.5 4.1 77.1 78.8
0.5 0.75 4.5 77.2 77.2
0.5 1.0 3.7 76.9 74.5
0 0 4.0 81.1 80.8
0 0.25 2.8 80.5 78.8
0 0.5 2.9 76.2 77.2
0 0.75 3.4 73.4 77.8
0 1.0 3.1 74.6 75.7
0.25 0 3.4 74.2 74.0
0.25 0.25 4.1 72.5 72.5
0.2 (0.03,0.0075) (0.015,0.00375) 15 3 10 6 0.25 0.5 3.2 73.1 71.4
0.25 0.75 4.1 69.8 72.7
0.25 1.0 4.2 67.9 65.2
0.5 0 3.9 76.8 76.8
0.5 0.25 4.0 72.5 73.6
0.5 0.5 3.6 73.7 76.4
0.5 0.75 3.4 70.7 70.9
0.5 1.0 2.6 72.2 70.3
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Table 7: Estimated required number of clusters I, average number of subclusters per cluster K, average number

of participants per subcluster N, periods T, empirical type I error (Test Size), empirical power (Empirical), and
predicted power (Predicted) obtained from sample size formula for given effect size §/o, within-period intracluster
correlations for within- and between-subcluster (ag, pg), between-period intracluster correlations for within- and
between-subcluster (aq, p1) assuming a cluster autocorrelation of 0.5, coefficient of variation on the subcluster level
CV, and coefficient of variation on the subject level CV y, when outcome is Gaussian (n=1000). (Continued)

§lo (v, po) (a1, p1) I K N T CVg CVy TestSize Empirical Predicted
0 0 1.8 85.4 85.1
0 0.25 2.8 81.8 82.3
0 0.5 1.9 81.9 79.4
0 0.75 2.3 83.3 85.5
0 1.0 2.2 84.0 87.0

0.25 0 2.2 86.1 85.1
0.25 0.25 2.1 79.5 82.1
0.4 (0.01,0.0025) (0.005,0.00125) 12 2 5 5 0.25 0.5 3.0 80.3 84.7
0.25 0.75 2.6 82.9 82.3
0.25 1.0 1.8 84.0 84.9
0.5 0 1.7 88.1 87.6
0.5 0.25 3.4 83.4 84.7
0.5 0.5 2.5 83.2 84.5
0.5 0.75 1.9 86.9 86.9
0.5 1.0 2.4 86.8 88.7
0 0 3.3 82.6 84.7
0 0.25 2.8 82.6 83.0
0 0.5 3.6 80.6 80.4
0 0.75 3.2 81.4 80.8
0 1.0 3.0 78.6 81.4
0.25 0 2.5 85.3 86.0
0.25 0.25 3.8 83.7 82.2
0.5 (0.1, 0.025) (0.05, 0.0125) 12 2 7 4 025 0.5 2.5 83.8 80.7
0.25 0.75 2.3 82.8 79.3
0.25 1.0 3.4 80.4 82.3
0.5 0 2.5 88.2 87.7
0.5 0.25 2.6 86.8 86.5
0.5 0.5 3.9 83.0 81.9
0.5 0.75 3.7 83.8 83.3
0.5 1.0 3.4 83.8 83.2
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Table 8: Estimated required number of clusters I, subclusters per cluster K, participants per subcluster IV, peri-
ods T, empirical type I error (Test Size), empirical power (Empirical), and predicted power (Predicted) obtained
from sample size formula for given effect size exp(d), within-period intracluster correlations for within- and between-
subcluster (ag, pg), and between-period intracluster correlations for within- and between-subcluster (ay, p;) assum-
ing a cluster autocorrelation of 0.5, when outcome is binary with canonical logit link using penalized quasi-likelihood

(n=1000).

exp(9) (g, po) (a1, p1) I K N T TestSize Empirical Predicted

(0.03, 0.0075) (0.015, 0.00375) 18 6 15 7 4.4 82.1 80.7

0.8 (0.01, 0.0025) (0.005, 0.00125) g; Z }; g 22 S?g 2411(2)

25 6 15 6 4.9 85.0 82.8

(01,002)  (0.05,00125) 5 . 2 2 ) o 1

0.75 (0.03, 0.0075) (0.0157 0.00375) g’(; g }g g gg 22; ggg

(0.01, 0.0025)  (0.005, 0.00125) f; Z }g ‘; ;Z Sé? S(l"g

30 5 14 4 3.9 81.6 82.3

(01,0025)  (005,0.0125) ¢ . 1z o o o o

0.7 (0.03, 0.0075)  (0.015, 0.00375) 1253 g }g Zil ig Sgg S(l)g

(0.01, 0.0025)  (0.005, 0.00125) ;g ;l }g ‘51 i'? Si"g gf'g

21 6 12 4 4.1 87.7 83.6

(01,0025)  (005,0.0125) ¢ » 1, 1 3g o .

0.65 (0.03, 0.0075) (0.015, 0.00375) ;é g }8 g 3; 22111 SZ(’;

(0.01, 0.0025)  (0.005, 0.00125) }g ;,L }Z ‘51 gg 2;3 SEZ

18 5 10 4 3.4 84.6 82.3

(0.1, 0.025) (0.057 0.0125) 12 3 15 7 46 876 2.8

0.6  (0.03,0.0075) (0.015, 0.00375) 12 ; }g 2 g'g Sgg gi'g

(0.01, 0.0025) (0.0057 0.00125) ?; § 180 jf)l gg 24113 288

15 3 10 4 2.6 86.3 83.2

0.5 (0.1, 0.025) (0.05, 0.0125) 16 2 9 5 3.3 83.5 82.5

(0.03, 0.0075) (0.0157 0.00375) 15 2 9 4 2.6 88.3 84.1
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Table 9: Estimated required number of clusters I, average number of subclusters per cluster K, average number

of participants per subcluster N, periods T, empirical type I error (Test Size), empirical power (Empirical), and
predicted power (Predicted) obtained from sample size formula for given effect size exp(¢), within-period intracluster
correlations for within- and between-subcluster (ag, pg), between-period intracluster correlations for within- and
between-subcluster (a7, p1) assuming a cluster autocorrelation of 0.5, coefficient of variation on the subcluster
level CV g, and coefficient of variation on the subject level CV p, when outcome is binary with canonical logit link

(n=1000).
exp(d) (v, po) (a1, p1) I K N T CVgxg CVy TestSize Empirical Predicted

0 0 4.2 82.2 80.7

0 0.25 4.2 81.9 79.2

0 0.5 5.4 81.0 78.5

0 0.75 4.8 80.7 75.7

0 1.0 5.3 76.2 73.2

0.25 0 4.0 77.6 77.1

0.25 0.25 4.5 76.7 76.5

0.8 (0.03, 0.0075) (0.015, 0.00375) 18 6 15 7 0.25 0.5 3.6 77.8 77.0
0.25 0.75 4.9 76.9 73.9

0.25 1.0 3.9 72.3 68.9

0.5 0 5.3 80.8 75.5

0.5 0.25 4.1 80.1 74.1

0.5 0.5 5.4 74.6 75.0

0.5 0.75 5.4 73.5 74.1

0.5 1.0 4.4 74.4 67.2

0 0 5.2 84.0 83.3

0 0.25 3.8 81.8 80.9

0 0.5 4.9 80.9 80.6

0 0.75 4.9 80.9 78.3

0 1.0 5.3 78.6 79.0

0.25 0 3.2 79.8 77.2

0.25 0.25 3.4 75.9 74.7

0.75 (0.03, 0.0075) (0.015, 0.00375) 30 3 10 6 0.25 0.5 5.7 74.6 75.6
0.25 0.75 5.9 72.3 73.1

0.25 1.0 3.6 74.6 72.4

0.5 0 4.4 82.4 80.4

0.5 0.25 4.1 79.8 77.9

0.5 0.5 4.9 79.7 74.1

0.5 0.75 3.6 75.4 75.0

0.5 1.0 4.1 75.7 75.1
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Table 10: Estimated required number of clusters I, average number of subclusters per cluster K, average number

of participants per subcluster N, periods T, empirical type I error (Test Size), empirical power (Empirical), and
predicted power (Predicted) obtained from sample size formula for given effect size exp(¢), within-period intracluster
correlations for within- and between-subcluster (ag, pg), between-period intracluster correlations for within- and
between-subcluster (a7, p1) assuming a cluster autocorrelation of 0.5, coefficient of variation on the subcluster
level CV g, and coefficient of variation on the subject level CV p, when outcome is binary with canonical logit link

(n=1000). (Continued)

exp(d) (v, po) (a1, p1) I K N T CVgxg CVy TestSize Empirical Predicted
0 0 3.1 85.4 85.2
0 0.25 3.8 85.5 83.8
0 0.5 2.7 83.5 82.1
0 0.75 2.4 81.8 80.7
0 1.0 2.1 79.7 81.7
0.25 0 1.8 79.5 80.2
0.25 0.25 3.4 76.8 76.1
0.65 (0.01, 0.0025) (0.005, 0.00125) 12 3 14 5 0.25 0.5 3.3 78.2 80.5
0.25 0.75 3.8 74.7 74.1
0.25 1.0 3.9 73.9 74.9
0.5 0 4.1 82.6 82.1
0.5 0.25 2.5 80.8 81.2
0.5 0.5 2.5 79.1 80.1
0.5 0.75 3.3 76.6 82.7
0.5 1.0 2.1 75.5 79.4
0 0 3.0 86.9 83.2
0 0.25 5.1 83.8 81.2
0 0.5 3.9 83.5 80.7
0 0.75 2.8 83.0 78.5
0 1.0 3.9 80.2 75.6
0.25 0 4.4 80.9 78.1
0.25 0.25 3.7 80.7 78.2
0.5 (0.1, 0.025) (0.05, 0.0125) 15 3 10 0.25 0.5 3.6 75.7 75.0
0.25 0.75 5.1 76.6 68.4
4 0.25 1.0 4.3 73.8 74.7
0.5 0 5.2 81.7 79.9
0.5 0.25 3.7 81.6 77.9
0.5 0.5 4.3 81.5 76.3
0.5 0.75 3.4 75.4 7.7
0.5 1.0 5.8 78.4 76.3
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Table 11: Predicted power for the LIRE trial obtained from sample size formula for given between-cluster size
imbalances measured by the coefficient of variation on the primary care provider level CV i and subject level CV .

Predicted Power
CVy =09 CVy=10 CVy=11 CVy=12 CVy=13

CVg =038 89.1 88.4 87.5 86.4 85.9
CVg =09 88.6 87.8 87.0 86.4 85.4
CVk =10 88.5 87.7 87.0 86.0 84.9
CVg =11 87.7 87.2 85.0 84.5 83.2
CVg =12 87.4 86.6 84.8 83.9 83.1

Table 12: Predicted power for the Washington EPT Study obtained from sample size formula for given between-
cluster size imbalances measured by the coefficient of variation on the clinic level CV and subject level CV .

Predicted Power
CVN = 0.6 CVN =0.7 CVN =0.8 CVN =0.9 CVN =1.0

CVg =0.5 83.3 86.9 86.2 86.2 85.0
CVg =0.6 88.9 89.9 88.9 88.1 87.6
CVg =0.7 88.8 89.3 88.3 86.5 85.9
CVg =08 88.9 89.5 88.5 86.7 86.1
CVg =09 86.0 90.6 91.1 89.7 89.2
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