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Abstract

This Supporting Information contains the proofs of Theorems 1-7 (Appendix S1),
specification of the vector part of the first 10 hybrid PCs used in simulation studies
(Section 3) of the main text (Appendix S2), and a figure referenced in Section 1 of the

main text (Figure S1).



Appendix S1: Proof of Theorems
— “CS”: Cauchy—Schwarz inequality
— “Fubini”: Fubini’s Theorem
— “HS”: Hilbert-Schmidt Theorem
— “DCT?”: Dominated Convergence Theorem

— “Markov”: Markov’s Inequality

- Proof of Theorem 1

1. I is positive.
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2. I is self-adjoint
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3. K is compact

We will show that an image of a family of bounded functions under K is uniformly

bounded and equicontinuous, and apply the Arzeld-Ascoli Theorem (Rudin, 1976) to show

K is compact. Let B ={h € H : |h||}, < B < oo} denote a bounded family in H. Clearly,

h = (f,v) € B implies || f||% < B and ||v||*> < B. Define Z = {Kh : h € B} as an image of

B under K. We first show that Z is a family of uniformly bounded functions with respect

to arguments on 7. Let g € Z and C' = min(C, Cy, C3,Cy). Then, for all t € T, we can

establish:
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We now show that Z is equicontinuous. Denote the Lebesgue measure of Ty by pu(7;) and

denote T' = ax ,u(’ﬁc) Define
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Now, we can apply the Arzela-Ascoli Theorem to conclude that, for any bounded sequence

{hi}ren in H, the sequence (Khy)ren contains a converging subsequence. Thus K is a

compact operator.



- Proof of Theorem 2
We will extend the technique used in Happ and Greven (2018) to prove the theorem.
From Spectral theorem for positive compact self-adjoint operators (Hsing & Eubank, 2015),

it is known that
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where A\; > Ay,...,> 0 and, §,,’s are orthogonal in the sense that (§,,,&,)% = Omn. For

M € N, define:

M

m=1
Then, for all h € #, we have (KCh,h)y — (Kyrh, )y = 52,00 An(h, €,)2, > 0
For the first result, define h® = (0,...,0, f®,0,...,00 e H, k=1,..., K,
where f(F) = p{ By (1/n)} ' I{ By (1/n)} € L*(Tx), and other functional and vector elements
are equal to zero. By (1/n) is a closed ball in 7y, with center ¢} and radius 1/n, u(-) denotes

a Lebesgue measure, (+) is an indicator function, and n € N. Then, we have
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where the last convergence result follows from the Lebesgue Differentiation Theorem (Rudin,



1987). As tj is an arbitrary value in 7y, this implies that for all M € N and t;, € T,

5 At < 09 (10, t1) < [oi®)]| < o0,

o

where Ha(kk)H = SUpy, 7, |a )(ty, )|, which is finite because a(kk) is continuous, and 7y, is

compact. Then, by CS,
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which implies that the series c**)(sy, 1) = S0, A (s1.)10 %) (¢,,) is absolutely convergent
for all s, tr € Ti. Now let t;, € Ti be fixed in the following. For any € > 0, choose M € N

(may depend on €) such that >00_ 1 Ab®) (¢)? < €2 for fixed ¢ € Ty. Then again by CS,

00 1/2 ¢ 1/2
ST P (k)P ()] < {Z Am )2} {Z Aml/’;gf)(tk)z}
m=1 m=1

< O'g(/kk)(sk, Sk)l/Q € (1>

The upper bound in (1) does not depend on s, so the series c®%) (s, t) converges uni-
formly in s; for fixed t;. Note that since 1)*)(s;) is continuous in s; (cf. Happ and
Greven (2018), Lemma 1), c¢*¥)(s;,t;) is continuous in s, by the Uniform Limit Theo-
rem (Munkres, 2000). Define ¢g*)(s;) = az(ﬁ’“)(sk,tk) — c®R) (g ty) for s, € Ti. Define

h®) = (0,...,0,f®.0,...,0) € H, where f® is any function in L?(7}), and other func-



tional and vector elements are equal to zero. Then,
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Choosing f*) = ¢ implies g(k)(sk) =0 for all s, € Tz as ¢ is continuous in s;. Therefore,
) (s t) = D0 Al (s1) ) (t) = oM (si, ti),  for all s € T,
m=1

which implies that the series ol (ty,tx) = Y00 ) Ayth®)(t),)? converges uniformly by the
Dini’s Theorem (Rudin, 1976). Hence, M in (1) can be chosen to not depend on t;, which
implies that the convergence of 3=, A0 (s)1 ) (t1.) to algkk)(sk, ty) is absolute and uniform
in s, tp € Tr.

For the second result, define h, = 0,...,0,v,,0,...,0) € H where all functional and
vector components equal zero except the rth element of the vector, which can take any real

value. Then,

and
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which imply
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Set v, = g,, which implies g, = 0. Therefore ¢, = 30°_ \,,02 = o,(r,r), and the conver-

gence is absolute.

- Proof of Theorem 3
Firstly, assuming E(Z) = 0, we can show that: E(p,,) = E(Z, &, )% = (EZ,&,,)% =

Secondly, we can show that

(2,8,)1(Z,8,)n}
{Z Y& ()95 (8, dt;ﬁ—ZX emT} {Z/ Y (5,)90 (s, dsu+ZX aan

Cov(pm, pn) = E

q=1

{Z YE () (tk)dtk+;Xremr} {Z/ Y (s (su)dsuH




K P p
B {Z i Y(k)(tk)lﬂgf)(tk)dtk+2ch9mr} : {z qunq}]
k=1 k q=1

r=1

K K p
S LIS ] o s+ 3o 9 51
u=1 r=1
Z {Z / tk? (tk)dtk + Z Uz(Q7 r)emr} enq

r=1

I

K
Z / At (5,1 (s,) dsu+ZA BrngOng

p
o {Z | v ) (s )ds,+ 3 emqenq} Al
u=1 Tu q=1

Finally, HOtng tha’t Pm = <Za Sm)?—[ = ZuKzl fn Y(u)<8u)¢r(r1:)(su)d5u +Z§:1 qumth we can

show that

B2l - 3 el x B |3 {r 00 - X st tk} 3 (% S o m)]
i:j B (t,)2} — ZE 2y ®) (1) f{i/ Y (5,)000) (5,,) dsu—i—z:lX qu}wk)(tk)]
+k§jl ( {Z/ Y@ ()60 (s, dsu+ZX emq} (k)r)
+ zpjl E(X?) - il E |2X, mfjl { _ Y (5,)0 (s,)ds, + qujlxqemq} emT]
+§ple( mﬂi /T Y<“>(su)¢§;;>(su)dsu+;Xq9mq}ewl 2)
éa (th, tr) ®+@+g%(r,r>—®+@,

where

q=1

M
2y(kz () Z {/ Y(u (54) w(u (54) dsu—l—ZX qu}Qﬁ ( )]
m=1

K M K P
Fugmzz > {Z | ot su,twwﬁ?(su)dmZog’:c)(tk,q)emq}%’i)(tk)
u=1 w

k=1m=1 q=1

9



HS K M

k=1m=1

:\

12
Y (5,8 (sy)dsy + qumq} Y (1) )

q=1

e
Il
—_
1T
I
—_
I
—_

®
T
2.2
M=
-

X
M=
—
e
d\

M=
M=

2
Il
—

:\]\

YO (s2)0 ) (su)dsu + Ep: Xquq} Ui (t)

q=1

i
o
3
I
o

| YD (5;)99) (s;)ds; + Ep:Xﬂm'} PP (tk)] )

=1

I
M=
M=
M=
es)

{ Z Z/u /f Y(“)(Su)y(j)(sj)lbgf)(Su)wq(zj)(sj)dsudsj

u=1j=1

=
i
o
3
I
H
3

+ 4

= 11~

Mh@ = Il
M= =

K p
Y (5,) Xpl) (s,) Onids + > /T S Y9 (5,) X105 (55)0mqds;

j:l J q:l

g
Il
—
<
Il
_

<
Il
—
.
Il
—

Fubini

M=
M=
M=

K . . »
Z_:l/u {/7; Uéug)(su,sj)@g)(sj)dsj + ;aéy(su,i)gm}Q/Jr(it)(su)dsu

H
3
I
A
S
I
A

+
M= 7

_ U@(,;;c) (Sj7 Q)¢£Lj)(5j>d5j + i Uz(‘]u Z)Qm} qu] ¢r(;]§) (tk)%k) (tk)

i=1

——
5 =
S

<
Il
—

.
Il

K p
Z /7' )\nwgm(su)d}?(#)(su)dsu + Z AnenqemQ} 1?55) (tk)%k) (tk)
u=1 w

q=1

i
o
3
I
_
3
I
_

B
M=
M=
M=

(€ En) iy (te) 0 (t)

I
M=
B
M=

e
Il
—_
i
—
3
I
—

Il
[~
M=

>~
3
<
=
S

i
o
3
I
_

M K P
2X, ) {Z /T Y (5,)050 (s0)dsu + quemq} eW]

u=1 q=1

AP SDIESY /T o8 (s, 1)L (s0)dsu + Y 0u(r, Q)9mq} O

g=1

10



72
> Y<“><su>¢£:><su>dsu+inemq}eW )

q=1

Z / Y(u)(su)w$)<8u)d$u + zp: qumq} emr

q=1

> {i | YO0 (s;)ds, + zxe} enr] )

=1

{ i i/u /T Y (5,)Y D (55)00 (su)0 (55) dsuds;

u=1 j=1

K P K P , ,
30 [V () Xl (s)uids, + > [ YD) X0 (5) s,
¥ =

p M M [ K P
50 2 5051 o R o UM IR TONS S I ST

75 i=1

i=1

Z /7_ ‘7.15]:(:) (Sj7 Q)Qﬂ;])(Sj)de + Z U:t(Qa Z>9m} emq:| emrenr

=
.
—

[E:
= -
M=
NE

1
I
I
i
I
i
I

q=1

K p

{Z /T At (52)0 8 (s0)dsu + > )\nenqemq} 0,0,
u=1 u

A

[
M=
M=
B

n<£n7 €m>’H9mr0nr

ﬁ
l
_
3
[
—
S
I
H

I
M-~
M=
>~
3
>
§M

1
l
_
3
I
o

M K P
B2l - X puall] = Lo (t) - D+ @+ Y 0.r) - @+ @
m=1 k=1 r=1
K K M K M
=Y oMt t) =230 3 AP ()2 + D0 D AP (1)
k=1 k=1m=1 k=1 m=1
p p M p M
+Y o (rr) =23 3 A2+ DD A6,
r=1 r=1m=1 r=1m=1



where the convergence follows from Theorem 2.

- Proof of Theorem 4
For notational simplicity, we drop the “tilde” (~) throughout the proof. By the Hilbert-
Schmidt theorem, elements of the functional part of (K&€)[t]—i.e., (K&)® (), k=1,..., K—

can be expressed as

K

(&) P (1) = Z/T 08 (5, 1) 0™ (5, )ds, +Za (t,7)6,

u

K

- z / - Cov{Y®)(s.), YO (1)} (s.)ds, + Zcov{y \(t), X, 16,

K

= Z/ Cov {Z 7]z<15z Su ,ZU }w(“ (Su)dsy

u

= 7j=1
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where ¢; = Y0 [ A" (5,)0 ™ (s,)ds, and d; = w10 =>"_ w;b,
Then, generalizing the augmentation approach of Zemyan (2012) and Happ and Greven
(2018) to a hybrid setting, we multiply both sides of @ by gb%k)(tk), integrate with respect

to t, € T, and sum over kK =1,..., K, so that:

Z/ oy, k) [ ¢(k {Z Cov(m,ng)cr + ZCOV Mg Vi) d; H dts,
g9=1 j=1
_ (k) (k)
= ];/Tk Gp, (tr) MY (tx ) dt,
L (K L J
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=1 j=1
L J 4

= S VM + Y VI =Aep oo ®
1=1 =

where V(") = Cov(n,n) and Vy(xhj) = Cov(np, ;).
Also by the Hilbert-Schmidt theorem, the elements of the vector part of (K&)[t]—i.e.,

(KE),, r=1,...,p—can be expressed as

(Ke€), o (1, Yo (1)t + " 020,16,

q=1
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B
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L
= 3=~ Coxtmrahun {3 [ 60 0t} + 33 Covtrarun (w0
h=1d=1 d=1 i=1

C
L HS
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=1

I
I Mk.
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Concatenating these p elements as (K€) = [(K€)y, ..., (K€),]T, we have

J L
§) = Z {Z Cov(nn, va)en + ZCOV %z,%)dz} =\0 ...

h=1 i=1

Now again, based on the generalized augmentation approach, we multiply both sides of

by w to obtain:

J L
W D Wa {Z Cov (1n, Ya ch+ZCov vd,%)dl} wl 26

d h=1 =1

=1
L J
— Z COV T]h, ’}/j)Ch + Z COV(’Y]', 71)d1 = )\dj

h= i=1

L J
Z Ch + Z V'x(ﬂ)dz — )\d] ...... @

h= =1

—_

—_

where Vm(gh) = Cov(v;,nn) and V,U) = Cov(v;, 7).
Define 4 matrices: V, = {V"}=h € REXE V,, = (VED =) e REX Y, = VT

777777777 yx?

and V, = {V.UW}i=) ] € R/*/. Define a (L +J) x (L + J) positive semi-definite matrix V

.....

that contains all these 4 matrices as blocks:

V — Vy Vi c READX(L+T).
Vey Va

Let ¢ = [c1,...,cr]f € REand d = [dy,...,d;]T € R’, and denote e = [¢,d]T € RET.
Then, simultaneously solving for {ci,...,c}, {dy,...,ds;} and X from equations (1) and (2)

is equivalent to solving the following eigen equation
Ve = Je.

Therefore, the positive eigenvalues Ay > Ao > ... > A\yy > 00f Z (M < L+ J) are exactly
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the positive eigenvalues of the covariance operator .

Denote e,, = [c;,d,]T as the mth eigenvector of V, corresponding to the eigenvalue
A, m = 1,..., M. Here, ¢, = [Cm1,---Cmr]’ denotes the first L elements of e,,, and
d,, = [dn1,...dpns]" denotes the last J elements of e,,. Elements of the functional part of

the mth eigenfunction of U can be expressed as following:

=1 j=1

L
)\mwg) (tk> @ Z ¢( {Z COV nh7771 Cmi + Z COV nh?ﬁyj)dm]}

L L
- S (e Sy

Similarly, the vector part of the mth eigenfunction of IC can be expressed as following:

Anbm = W {Z Cov (Y, Mh) Cmn + Z Cov(v;, %)dml}

h=1 =1

L
=S {3V + 3V
h=1 i=1

j=1
J
D S W A
=1
J
= 0,, =) dpW;
j=1

Finally, using the obtained forms of the eigenfunctions, the mth PC score is derived as:

= <Za Em)?—l

K
=> [r Y® () B () dty, + X0,
— k
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{Z mey ( } {EL: Crnyy) (tk)} dty, + (Z quq) (Zl dmjwj)

k=1"T

L L

ZZ MCmh Z/(b tk¢h tkdtk—l—Znyq m]WW]
=1 h=1 g=1j=1

L

Znhcmh‘{’sz mj-

h=1 7=1

- Proof of Theorem 5

We first derive several preliminary results prior to the proof of this theorem.

(a) Var{Y®)
< ”O'zgkk)Hoo < 00, where the third equality follows from Proposition 3 in Happ and

Greven (2018), and the last two inequalities follow from the proof of Theorem 2.

(b) Var{Y® () — YIE® (1)} = E{|Y® (t,) — SE_, mnot™ (t)|2} converges to 0 as L — oo
by Proposition 4 in Happ and Greven (2018). Note that the first equality follows from

the fact that E{Y®)(t;) — YIEI®E (£,)} = BE{y ®(t,)} — L E()o® (1) = 0.

(c) Var(X}1) = Var(Zi_y vjwyr) = Sy kjw), < Sy ki, = 0u(rr) < [lowfle < o0,
where the last equality follows from eigendecomposition of a p X p covariance matrix
0:(+,+), and ||oz|lec = sup, |oz(r,7)|, which is bounded by the finite second moment

assumption.

(d) E[|X — XV||2 = sk (Grim, 1986), which converges to 0 as J — p. Then, by
the continuous mapping theorem (CMT), E||X, — X/)||> — 0 as J — p, which in turn

implies Var(X, — X/1) — 0 as J — p given that E(X, — X/I) = 0.

16
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(e) Boundedness of [[o{¥ (-, tx) — ¥ (- tx) || 7

00 (5 t4) — 55 (5., 1) < [CovY ™) (5,), Y (1)} + |Cov (Y I (5,), YO 1))

< WVar (Y ®)(s,) 1y Var{y ® (1)}

+\/Var{Y[L}(u)(8u>}\/Var{Y[L](k)(tk)}
<\l Ll L+l Lyl )
= 2ol _ylo].

This implies that

K ) 1/2
uayxytw-—&ﬁwntmnf==[§:u/ {05 (50 te) = 50 (su 1) | d&l
u=1 w

K
:EAWW

= 2|0, [loo(KT)"? < 0,

1/2

mem]rwn

..........

(f) Boundedness of ||o.(q,) — d.(q,")]l-

lox(q,7) — 6.(q,7)| < |Cov(Xy, X,)| + ‘Cov(X(EJ],XU])’

r

< Nar(X,)/Var(X,) + /Var(x}")y/ Var(x 1)

< 2f|oufloo [ (c)]-

This implies that |o,(q,) — &.(q, )| = 21 {0(q,7) — G.(q,7)}*]V/? < 2|0, || sop'/?
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(g) Boundedness of [|o{¥) (ty,-) — 608 (ty, -)|| and [|oye (-, ) — Fya(-,7) || 7.

o) (b, 7) = 68 (t4,7)| = |Cov{Y P (1),

+ ‘COV{Y[L](k)(tk),XT[J]}’

CSS \/Var{Y(k)(tk)}\/Var(Xr)—l—\/Var{y[L](lc)(tk)} Var(X)

<\l Vil + o)l

< 2|loy 122101327

Thus,
N P i 9 1/2
”O-g(/:v)(tk?) _5- tk? [Z{ tka g(;m)(tkar)} ‘|
r=1
< 2([loylloollowlloop)? < o0,
and

1/2
o) = el = 3 [ ot = o8y

2(]ly llso |0zl KT)? < 00,

(h) Convergence of |o{"™ (s, t) — 55" (54, t1)]

0 (5, 1) — 61 (s, )] = [Cov {Y9)(5,), YW )} — Cov {¥1H0(s,), YW 1)}
< ‘COV {Y(u>(8u> — yH®@(g ), y® (tk)}‘
oo {70100 )
< Var (Y (s,) — YIH@(5,)}y/Var {Y 0 (t)}

+/Var {Y[L](U)(su)}\/\/ar {Y®)(ty) — YIE®) (8,)}
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(i) |ox(q,r) — d.(q,7)| = |Z§:1 KjWjqW,p — Z}']:1 KiWjWwi| — 0 as J — P.

(j) Convergence of [o{¥)(t,r) — &\ (tx,7)]

o) (tg,7) = 68 (1, 7)| = |Cov {Y W (t), X} — Cov {Y M (1), X1}

< [Cov {Y®(ty) — YW 1), X, |

+|Cov {YH® (), X, — XY

CSS \/Var {Y®)(t,,) — YIEH® (tk)}\/Var(X

+\/Var (Y ® ()} Var(X, — x)

— 0 asL—o00,J=p [ (a)(b),(c),(d)

The sketch of the proof is as follows. We first show that K is a bounded operator and
converges in norm to K as L — oo and J — p. This will imply that eigenvalues of K of
finite multiplicity and the corresponding eigenprojections are exactly the limits of those of
K (Weidman, 1997). Once these are established, we can show that ||Z — Z||3; converges to
zero, and the eigenvectors and PC scores of K of multiplicity 1 converge to those of K as
L — oo and J — p. The detailed proof consists of the following steps.

Step-I. We show that K is a bounded operator. Let ||o]lo = max(||oy||o, [|02/lc0), and

note that || f||#, ||v]] < ||h||z. Then, we have:

2
HIChHH = Z/ {Z/ uk Su, f( u) Su dSu Z tk, } dtk

g=1
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B[] (S () (5] o

+7Zp:1 {ui/n~( (50,7) dsu} {Z/ F®(s,) 2dsu}l+{i&x(r,q)z}5{iv§} 2

1

K K 3 P 3 ?
= / [Z / Cov{Y[”<“><su>,Y[LN’”(tk)}?dsu] 1117+ ZCov{Y[W“(tk),Xé‘”}?]
k=17Tk \ Lu=17Tu —1

+
M=

<
Il
—

1 2
K 2
) /T COV{Y[L1<“><su>,X,E”Pdsu] ||f|!f+{ZCov X, X“U} vl
u=1 u

q=1
1

1 2
[, Var{y 1) (s, } Var{ Y I£ <k>(tk>}dsu} ||fFJ{ZP:VM{Y[L](’“)(tk)}Var(X([zJ])]2||V||> dty
q=1

ING
I
1=
—
S
/N
&Mx

Lu

1

+Zp:1 Z/ Var{yH) )}Var(X“)dsu] HfoJr{zp:Var(Xg”)var(Xyl)} Iv]
EL{E L

#3203 [ ot

-

2

g=1

1/2 » 1/2 2

oonfé’“’“Hoodsu) ||f||f+(;Ho—yk>)\m||ozuw) ||v||} ity
1/2

IJxHoodsu>

2

, 1/2
1l + (zl uazuzo) MY b (@), @)
< {lloylloe (KTY 2115 + (o lolloalloo 2011 KT

2
- {(Hay”oongcc||OOKT)1/2||f||J: + ||0x||oop1/2||v||} p
2
< I {lloy e (KT + (o loclolloo )2} KT
hil2 KT)/? 1212
+ | ||H{(||%Hoo”0x||oo )77+ o]l p } p

= 2|3, lo|2{KT + (pKT)"/*}*{(pKT)"/? + p}?

The last term is constant and finite, hence K is a bounded operator

Step-TI. We show that K converges in norm to K. Let || - ||,, denote an operator norm

induced by || - ||3. Let d,(, ) = ay(-,-) — 7,(

Y ')7 6yw('v ) = Uyl‘('? ) - 5ya:('7 ')a and 5-96(’ )
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I~ KII3, = Sup (K¢ = K)hll3,

h|j4=1

p

2
Z/ 5'Z(IUk)(Su,tk f Su dSu Z tk, dtk
||h||7~t 1 u=1""u

/uv W (5, 7) ) (5,) d8u+20'x q,r ] )

C<S sup (f}ka Hé S 165 (sutr) 2 ds } {Z S 1509 (s stu} {Zp) (t9) }%{

IIhjly=1
(8 e {EL e g £4)])

— swp [ 1600l 1712 + 158 6N I dta

p
2
r=1

[blla=1 | k=1

+Z{||0yx NI+ 1aCor) HivIE?

2/ {859 C )l + 155 (1. ) }dth{uayx, M + 162l

where the last inequality holds since ||f||, ||v|| < 1 for all h € F when |h|j3 = 1. By (e)

and (g), the upper bound for the integrand of the first term is:

{50 Ctllr + 158 (s Y < 4oyl T2 + (oo o e )23,

which is a constant and hence integrable over 7. Thus, we can apply the DCT:

lim ||K—K|2, < lim / 189C, 1) 1+ 168 ke NI}t
L—o00,J—p P — [ so J—>pk 17Tk 7
2
Lﬁhn}*} Z{Ho-yz , T "f+"ai<7 )H}
DCT (k) (k) 2
S [y {150l + 1o 1) dn
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: . . 2
lim  {[|Gye ()| 7 4 (152 )1}
oo? p

2
; (k) ; (k)
{tim 1506+ Jim 50} db

k=1 Tk L—o00,J—p
y 2
+ 1;1 {L%Llor,r}%p Ho'yx(', T)||f + L%Llol,r‘l]%p ”U:Jc(', T)H}
3 ' v ok
= Z/ Lllm Z/ v(uk) (Sus tk dsy, Lhm gl(w) (tk,q)2 dir
- Jj’?“ 1 Jj;?q 1

2

1 1/2
{Lhm Z/ Sua dsu} {hm Zo—x q,T }
Jjgfu 1 J—p q=1

Now noting that 5{"% (s, tx)? < 4oy [%, and o8 (t, q)* < 4oy llellowlls by (e) and (g),
respectively, we can apply the DCT to interchange the integral and limit in the last equation
and derive that

1 2

K K 2 P 3
hm |IC — IC||Op < Z/Tk {Z/ lim 0'( ") (80, i) dsu} {ZLhm Ty ) (tr, q)? } dty,
Ty k=1

L—oo
u=1""" g 5p =1l Jjop

ol

2

p K
+> {Z/ é%&;‘;)(su,r dsu} {qz:l iir;] G.(q,r } ,
which equals zero by (h), (i) and (j). Therefore, K converges in norm to K as L — oo and
J —p.

Step-III. Let A, and A, (m € N) be finite-multiplicity eigenvalues of K and K, re-
spectively. Denote P and P as the corresponding eigenprojections. Since both K and
KC are bounded, and K converges in norm to K, we can establish that A — A and
P — Punllop — 0 including multiplicity as L — oo and J — p (Weidman, 1997).

Step-IV. We show that if Am and ), have multiplicity 1, ém converges to &,,. Note that
P, and P,, project h € H onto eigenspaces spanned by é’m and &,,, respectively, and can

be expressed as P,h = (h, €, V%€, and P,h = (h €, )x€,,. Without loss of generality,

22



assume that (£, €, ) > 0.

| P — 75m||¢27p = sup |[[(Pm — ﬁm)h”g{

bl =1

> (1P = Pbllze (o€l = 1)

= 1€ &) — (Em En) il

= 1€ — Em &)l

= 1€ 115 = 206 (€ G ren) ot + (€ €31 €3

:1_<£m7€m>${
(14 )1~ (€ )
> (1 (€ &)
= €l — 20 & + 1630
= 2~ &l

Py — Punllop — 0 hence implies ||€,, — &,,||» — 0 for L — oo and J — p.

Step-V. We show that Z converges in probability to Z.

- K 9 P
E|lZ-Z|} =E [Z/ {Y(K) (tx) — Ym(k)(tk)} dty + Y (X, — X1y’

r=1

E{Y®(t;,) — YIHE (£,)}2] converges to 0 as L — oo by (b) and is thus bounded. Since
1(T) < oo, we can apply the DCT to conclude that 7 . E{Y®)(t),) — YE® (1)}t
converges to 0 as L — co. By (d), the last term, E||X — X}||2, converges to 0 as J — P.

Therefore, ||Z — Z||3 converges in the second mean to 0 as L — oo and J — P, and hence

1Z — Z||3 = 0,(1).
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Step-VI. We show that p,, converges in probability to p,,. Firstly, we show that ||Z]#
is bounded in probability. For any € > 0, let ¢ = {2(KT||oy ||« + p||02||)}*/2. Then by the

Markov’s inequality,

1
P2l > o) <

S e
— QE{Z/ Y(k)(tk)zdtk+ZXf}
¢ k=17 T r=1
Fubini 1 [ &) (4 \2 z 2
= Z/TE{Y (1)} diy, + D" B(X?)
j=1Tk

r=1

1 K p
— C2{zA U;kk)(tk,tk)dtk+Za$(r,r)}
k=1""7k r=1
1 X kk d
gz{z/ o >||oodtk+z||ax||oo}
=1 7Tw =1

< G AKToy e +pllocled [ (@), 0]

‘ <
= - <e
2

E(1Z13,)

Thus, ||Z]j3 = O,(1). Then, noting that ||£,, — &, |l = o(1), |€,.lx = 1 and ||Z —Z||5 =

0p(1), we can show

P — Bl = |(Z €0)3 — (2. &)
< (Z.& — & )ul + (2 — Z. &)
CNZ 1€, — Ennllre + 1Z — Zle |l

= Op(1)o(1) 4 0,(1) = 0p(1).

That is, p,, converges in probability to p,, as L — oo and J — p.
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- Proof of Theorem 6
We first state regularity conditions that are needed for the proof.

Rl1. AY = sup (7, — Thi1) ' <

h=1,...,L
R2. A% = sup (k; — Kkj11) t <00
=1y

R3. [|Cy — Cyllop = Op(c?), where ¢ — 0 as n — oo;
R4. ||Cp — Callop = Op(c?), where ¢ — 0 as n — oo;
R5. S0 ) Sy Jr B{Y W ()2 X2}ty < oo

R6. (¢n,dn)e > 0forall h=1,...L;

R7. (w;,W;) >0forall j=1,...J.

R8. 7, = <Y,~,gz§h)2 forallh=1,...,Landi=1,...,n.
R9. 45 = (X;,W;) forall j=1,...,Jand i =1,...,n.

Before we present the proof of Theorem 6, we state and prove the following lemmas.
Lemma 1 Forallh=1,...,L, ||on—onllr = Op(AYeY). Forallj=1,...,J, |[w;—W,| =
Op(A%c2).

Proof: By Lemma 4.3 of Bosq (2000) and regularity conditions R1-R4, we can establish the

following. For h =1,

|1 — QASIHJ-' < 2\/5(7_1 - 7_2)_1||Cy - éy||0p < QﬂA%Op(C%) = Op(qu:jcryz)-

For h=2,...,L,

|\ on — Qth}' < 2\/imax(Th—l — Th, Th — 7'h-&-1>_1||cy - éy||0p < 2\/§A§’;Op(0%) = OP(A%C%'

For j =1,

lwi = Wil < 2v2(k1 — 52) HICo — Callop < 2V2A50,(ch) = Op(A%er).

n
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For y=2,...,J,
[w; — Wjl| < 2v2max(kj_1 — K, kj — £5541) " [|Co — Cullop < 2V2A%0,(ck) = O,(A%ch).

U

Lemma 2 Let o) (t,r) = Cov{Y®(t,,), X, } and 68 (tx,7) = =t 1, v, (tx)Xir. Define
new bounded operators Cy, : F — RP and CAyx : F — RP that are respectively expressed as

follows

(Cyaf)r Z/ O (te,r) P (t)dty and  (Cpuf), Z/ 9 (L, ) B (1) dty,

for f € F. Then, ||Cps — Cyallop = Op(n~/2), where || - ||op is an operator norm.

Proof: Let Y; and X; (i = 1,...n) be independent and identically distributed (i.i.d.) samples
of Y and X, respectively. Then noting that E{Yi(k) (te) X} = o) (g, 7) for all i, we can

establish that

K p K n 2
E Z/ { &) (ty,r) — 6B (8, )}thk] =B [ZZ/ {agy(tk,r)— lZYi(tk)Xir} dtk]
r=1k=1"Tk r=1k=1"Tk ni=
p K n 2 n
Fubini ZZ/ <a§’;>(tk,r)2 +E [{%Z}Q(k)(tk)Xr ] - %ZE{Yi(k)(tk)Xir}a;’;)(tk,r)> dty
r=1k=1"Th i=1 i=1
p K 1
=>.> /T ln2 SN E{VE ) X0 (1) X} - Ugi)(tkﬁ)z} dty,
r=1k=1""k i=1j=1
:é é J, [,iz gE{Y}’“( R2XZ }+n% 19@@E{Y}’“)(tk)XiT}E{Y;’”(tk)XjT}wé’? (tk,r)ﬂ dty
p K
_! 3 Z/ [E{Y® ()2 X2} = ol (ti, 7)?] dts, = Op(n7"),
Nt k=17"k

where the last equality follows from regularity condition R5 and the boundedness assump-
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tions of Theorem 1 on a covariance kernel o,,. This implies

Hcy:t_ ywHOp sup | yx ya:)f”
Ifll7=1

p K o\ 1/2
(Z Z o () = ;‘;’<tk,r)}f<’“>(tk)dtk] )
||fo 1 \r=1 Llk=

» 1/2
= Sup (Z: 6ym('>r)vf>3-'>

Ifll==1 1
) 1/2
S (znaym &ym<~,r>r|3fufu3f)
Ifll7=1 \r=1

— LE;Z/ { (ty,7) — 6 )<tk, )}2 dtk] 1/2 Markou 0,(n1?)

O

Lemma 3 Let V be the matrix stated in Theorem 4 that characterizes covariances within and
between functional and vector PC scores. Then, Amax(V —V) = Op(Lmax(n~"2, AYcy, A%ct)),

where Amax(+) denotes the mazimum eigenvalue of its argument matriz.

Proof: Recall blocked elements of V, V,,, V,, V,,, and V,, and consider their respective ele-

ments: Vy(hl) = Cov(nu, ), V.M = Cov(nn, 74), Vx(gl) = Cov(v;,n) and VU9 = Cov(y;,74)

yx

for h,l=1,...L and j,d =1,...J. Then by Corollary A4 in Garren (1968), it holds that

A,

R (hl) hl) (hd) _ Yr(hd)

Amax(V = V) < max {hgaxL (Z [V |+ Z [Vi? — Vi y) :
. (2)

s (S - w491+ S v |

=1 d=1

First, note that functional and vector PC scores are expressed as n, = (Y, ¢p) 7 and v; =
(X, w;), respectively (Rencher & Christensen, 2012; Yao et al., 2005). Their estimated

versions are 7, = (Y, $h> F and 4; = (X, W;), following from regularity conditions R8 and
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R9, respectively. We separately consider each term of (2). Firstly,

‘Vy(hl) _ f/y(hl)‘ —

Cov(nn, m) — nf Z TinThit

=1

1& n
= |Cov(nn, m) o ; infit — n(n g i )il
12 A A
< |Cov({Y, ¢n) #(Y, 52 , On) 7 (Yi, On) F
=1
1 n A N
+n(n_1);\<  on) 7 (Vs On) 5|
Fublnl K K k) (u) (k)

S5 [ ] B0y el ()6l (1) ds.dt

u=1k=1

K K n . R
NS [ I i st + gy S T ¥l
K K

= ZZ/ /7_ (Uk) Su7tk (Su)d)(k) tk dsudtk - ZZ/ / Uk) Suatk (Su)¢ (tk)dsudtk

u=1k=1 u k u=1k=1
+— nn = 1) ZO

2> ot {500 (0) = 62 ()8 (1)} ds.dt

u=1 k=1

EZZJ L B (sustr) = 65" (50, k) } 31 (50) 31 () dsudti| + Op(n ")

u= 1k 1

05" 80y 30) 20 (11, 1)V |01 (581" (1) — G ()01 (84)| dsudlty
g C, = C)on} (1) 6 (1) dti| + O, (n)
< ||ay||oo{§§ /. /T o4 (5.)

gg L] e ) =805

< lloyllao KT {llénlr 61 = il + In — dull 187} +11Cy = Collop 191117 11115+ Op0™1)

617 (t4) — 61" (t4) | dsudty

s+ €~ o, ol + 0

= Yoy loo KT (|6 = &|,+ | — &) + Oulet) + Opn™) -+ ®

where the last equality follows from the regularity condition R3. Secondly,
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1

“@(gd) - ‘A@(fd)‘ = |Cov(nh, va) — T > nAa
i=1

1 & 1
=1|C ) - - NinYid — ——~ Nin Vi
oV (1, Va) n > Ninfia n(n—1) ;:177/1%1

=1

12 N R n
< |Cov((Y, o) #(X, Wa)) — =D (Vi dn) #(Xi, Wa) | + Z‘ (X, Wd)’
n i n(n— 1) =
Flg)sini p K
< ZZ/ E{Y®) (1) X, }oi (1) wdrdtk_ZZ/ nZYz(k te) Xir &y () ardty,
r=1k=1 r=1k=1 1=
———— S Vill# lIénll= 11X 1%
+ gy S Il Wl 1 v
p K
- ZZ/ (tk7 )¢h tk’ wdrdtk _ZZ/ Oy tk, )(tk)wdrdtk
r=1k=1 r=1k=1
1 n
—_— 1) - 1
=) DO 01
p K Sk
<S50 [ ot o (twar — 61 ()i Yt
r=1k=1"Tk
p K
+ 22/7-{0’1/77 tk? _U (tka )}(bh (tk>wdrdtk +O ( )
r=1k=1""k
s I & (kk) 1/2 1/2 ] (k) (k) ~
< ZZ T Jy (tk7tk> Uﬂ?(h T) ’d)h (tk)wdr _¢h (tk)wd'r dtk
r=1k=1""k
p A
+13°{(Cha = Coa)n} tbar| + Opn™)
r=1
p K
< Il (23 [ [ e )| e — [ [t d)(k)(tk)‘mdrdtk}
r=1k=1

=1k=

@>/—’H

+[[(Cye = Cp)

% +op<n*>
cs A~
< {lloylloo lolloo KTPY* {Ilénll 5 Wa = Wall + | én = bn] . IWall |

+lew-¢

||, IWall + Op (071

Qe e K01 (Iwa = Wall + | — Bu] ) + Opln2) -

where the last equality follows from Lemma 2. Thirdly, similar derivations imply that
VD = V5] = {lly o lorallow KTPY2 (1w = Wl + 60 = ] ) + Opfn™2) -+ ©
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Lastly,

|V;c(jd) - ‘7at(jd)| COV(’V]a '7d 717 Z ’71]7111

1 n n
= |Cov(7j,7a) — E; i Vid — 1) ; Vi
1 n
< |Cov((X, w; (X, W —Z X, Wil (X, Wq)
n._
T iux ;) (X, )|
— iy Wj i, W
n(n— 1) i=1 ’ ‘
cs p p
S ZZE(XTX’J WijrWdg — ZZ ZXZTXquijdq
r=1qg=1 r=1qg= lnz 1
1 n
- . AR ARD: AN
gy S I 1
P p 1 n
= ZZox(r, Q)WjrWay — ZZO’I 7, Q)W Wag| + ——— . ZOp(l) 0,(1)
r=1qg=1 r=1qg=1 n(n_ )z 1
P P
S Z Z O'x<7”, Q){wjrwdq - '(Djrwdq}
r=1q=1
p P ,
+ ZZ{Uw 7,q) — 02(r, @) JjrDaq| + Op(n")
r=1g=1
08 & & 1 2 1/2
< ZZUJE / 02(q,9) / |Wjrwag — WjrDag|
r=1qg=1
p A
+ > —cm)wj}qwdq +0,(n™Y)
q=1
cs p p p p
< lowlloo 3 D2 D lwjellwag — gl + D D~ [wjr — [ bag]
r=1g=1 r=1¢g=1
+ [1(Co = Co) W5 | IWall + Op(n™)
cs R R )
< |lowlloo p {lIWjll[[Wa — Wall + [[w; — W;l||Wall }
+11Co = Callop [1W5]| [ Wall + Op(n™)
= [l0ulloo p (IWa = Wall + [lw; = W) + Oplc) + Op(n) ------ )

where the last equality follows from the regularity condition R4. By inserting and combining
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@, , @ and @ into equation (2), and applying Lemma 1, we can establish that

Amax(V = V) < Op(Lmax(n™2 AYc¥, ATc)).

Now we move on to the proof of Theorem 6.

I. Eigenvalues

Let 7 = [n,...,nr]7 denote a vector of first L functional PC scores, where 7, =
Y, on)r = (Y o)z, h=1,... L. Let v = [y1,...,7s]" denote a vector of first .J vector
PC scores, where v; = (X, w;) = (XU w;), j = 1,...,J. Define a (L + J)-dimensional
vector that x = [n7,~7]? that concatenates the first L functional PC scores and then the

first J PC scores. For fixed m =1,..., M, we first establish that

(Z,&,)n = (Y )7 + (X, 0,,)
L J
= <Y[L}, Z th¢h> + <X[‘]], Z dmjwj> ("." Theorem 4)
h=1 F =1
L J
=D Conthn + D duyV
h=1 =
= e,
where e,, = [Cn1, - CmL, A, - - - s ]t . Then, it holds that

A = Al = |Var((Z, €,,)%) — el Ve,
= el Var(x)e, — el Vey|
= |e£Vem — e%f/em|

= (em — &m) Ve + el V(en — én) + &L (V —V)én|
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< 5‘mHem - émHHem” + )‘maX(V)Hem - émn + )‘maX(V - V)Hém“

A

< llem — émH(;\m + 5\1) + Amax(V = V)

<21 - Jlem — €mll + Amax(V = V) (7 A < A1)
22\ ax(V = V)

<2 - e F (V= V
N ! min()\m—l - )\m> )‘m - >\m+1) ( )
R 25/25\

= AV = V) - {1 ——
mln(/\m—l - )\ma >\m - /\m—l-l)

= Amax(V — V) - constant

= O,(Lmax(n Y% AYc? A%c%)) (" Lemma 3)

where the fourth inequality follows from Corollary 1 in Yu et al. (2015), and the constant

term emerges as \,, is assumed to have multiplicity 1 (see the statement of Theorem 5).

II. Hybrid PCs (eigenfunctions)

For fixed m = 1,..., M, first consider the functional part of §,, = (¥u,, Op)-

[P, — Vil 7 = (.- Theorem 4)

L L
Z th¢h - Z émh(zsh
h=1 h=1

1
|

f

L
(Conh = Emn) O + > Connn (D1 — D)
h=1

]:

L L
< emn = Enmnllonllz + D [émnll|én — onllF
h=t h=1

cs
< Ll — &l + L2 e Op(AL) (. Temma 1)

< LY {lem — &nll + Op(ALc)} (2 llemll < llemll = 1)

23/2/\max —V
<LV —— (V= V) + O,(AYcY)
m1n<)\m71 - )\m7 >\m - )\erl)

= 112 O,(Lmax(n™/%, Afel, A3r)) + Op(AYe) (. Lemma 3)

- Op(Lg/Q maX(n_1/27 Ag[l/czzw Agcﬁ)) ...... @
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where the fourth inequality follows from Corollary 1 in Yu et al. (2015). Secondly, we consider

the vector part of &, = (¥, On).

(".- Theorem 4)

5 R J

[0 — Ol = Z mjWj — dejwa
J
> (dm

J
= WJ+Z mi ( w;)
J=1 J=1
J J
Z = g W31l + D |dms [ w; — 5
j=1 j=1

cs A~
< J2|dy = | + T2l Op(ASer) (- Lemma 1)
< T2 {|lem — enl + Op(A5)}Y (o [ldimll < llenll = 1)

< i 23/2)\max(V )
- min()\ — Xy A 5\m+1)

+@m%ﬁ
:W”%@mMW”%%%A%m+%@%9(?MMM$

= Op(Lmax(n™"? Afch Alcp)) - @

where the last inequality again follows from Corollary 1 in Yu et al. (2015). By combining

the results (1) and (2), we can establish that
1€ = &l < [6m = mllr + [18m = O]l = Op(L¥* max(n™"/?, Af e, A%er)).

ITI. Hybrid objects

We first note that functional and vector PC scores are uniformly bounded in probability.

To see this, for € > 0, set ¢ = (27;/€)'/2. Then,

Markov 1 1 T
Pllna| > ) < SBlnaf* = ZVar(m) = 5 <«

which implies that |n;,| = O,(1) for h = 1,..., L. Similarly, it is straightforward to show
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that || = O,(1) for j=1,...,J.
Recall that Z; = (V;'", XI"') = (SF_, ninén, )y viyw;) and Z; = (v, X7)

= (Zhor hin®n, Z}]:l 4:;W;). We first consider the norm of the difference between their func-

tional parts.

L L
Y;[L] - Y;[L}Hf = | Z Nin®n — Z ﬁih¢h

L
<> Iminllldn — énll= + Z 7in — Ninl || onll 7
h=1
L
=z|nmr||¢h—¢h||f+2| Y, on)r = (Yi, 0n) 7|
cs L
< Z 0inl | Gn — Onll 7 + Z 1Yl 2| én — &nll=

(Imh\ + 1Yl 2l — onllz

1
M=M= 7

{0p(1) + Op(1)} - Op(ALcy) (. Lemmal)

i
I

Secondly, we consider the norm of the difference between their vector parts.

HXE‘” - szH = HEJ: VijWj — EJ:%VAVJ‘
- =

J
Vsl W — Wil + Z Vi — i ||| W]

Mk‘

=

.
Il
—

J
viilllwy — Wil 4+ >0 1K, wy) — (X, wy)|
j=1

I
M~

<.

M- 1

L
il — Wl 4+ 11X [[wy — W |
1 j=1

cs
<

.
I

I
M~

> (i + I XalDlws = wi

<.
Il
—
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= {0p(1) + 0,(1)} - Op(A%cE) (- Lemmal)

By combining the results @ and , we can establish that

Zi—zi

<

S Ul P
K3 (3 F 7 7

. = Op(max(L AYcl, A%c)).

IV. Hybrid PC scores

Recall from Theorem 4 that é = (CF cnndn, 2 L dmjw;), along with its estimated

version ém = (Z}lel émhéh, Z}'le ijwj). Then, form=1,...M

<Zi7ém>7{ = <sz[L]>1zm>]: + <X£J]7 ém>

"5 (o) (E il 0) - 5 (£ ) ()

L L J J
= Z Z NihCmi Z / ¢ tk dtk + Z Z ")/z] muWTWu
h=11=1 j=lu=1
L J
= Z NihCmh + Z 7@] mj
h=1 j=1
= ﬁima

where the second and last equalities follow from Theorem 4. A similar derivation shows that

<Zia ém>7‘l = ﬁ’tm Thena

i = Pim| = [(Zis & — (Zis &)l

722
ey
N
N
ey
8
x

cs . ~ ~ ~ ~ ~
< | Zillw 1€ — Emllae 4 1Zi — Zi|3 || ||
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< Op(1) - Op(L** max(n™?, A e, Afch)) + Op(max (L AYch, Alch))

— 0,(L*? max(n /2, AYes, Aseh).

where the last inequality follows from applying the upper asymptotic bounds for the hybrid
PCs and objects (see steps IT and III of the proof), and the fact that ||Z;||» is bounded in

probability using analogous arguments as for ||Z||y in Step-IV of the proof of Theorem 5.

O
- Proof of Theorem 7
Proof: Let {Y;}iz1.. ., be iid. samples of Y. Then noting that E{}/;(")(su)i/;(k)(tk)} =
o (") (s, tx) for all i, we can establish that
E [Z Z/ / 311,7tk: - a'éuk)(su,tk)}Q dSudtk‘|
k=1u=1 u
1 n 2
-B[r3 /] { (o) = 2 V)V )| st
k=1 u=1 u ni=
Fubznz KK 17 (w) () 2
>3/ / o st + 8| {13V v 00}
k=1 u=1 u i=1
_ =z E (k) + (uk) ot | dsydt
nZ (V)Y 0 (1)} 0§ (0, 14) | dsudty
b (13 () G *) (b )
S35 [ B Oy sy ) = o s st
k=1u=1"Tk T Tu | "y j=1
ﬁ i/ / _1iE{Y(U)( )2Y(k)(t )2}
= Th - 712 Pt 3 Su i k
2 u k u k u
+ 1<;< E{Y; " (s)Y " (t) } B {V (5,)V, P (1) } = 0§ (s, m?] ds.dty
1<j<n

_ Z Z /T / u (52O (1)2} — 01 (s, 04)?] dsudte = O,(n ™),

nk 1u=1

where the last equality follows from Y7 Y0 [ [ E{Y " (s,)2Y; " (t,)2}ds,dt < 0o and
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the boundedness assumption of Theorem 1 on a covariance kernel o,. This implies

||Cy - éy”Op = Sup ||<Cy - éy)f”
£l =1

1/2
K /

= sup Z/
Ifllz=1 \k=1"Tk

K 2
>/ {Ué““(su,tk)—6§“k>(su,tk>}f“"(su)dsu] dty

u=1""u

K 1/2
= s (3 [ (o) = o) )

Ifll7=1 \k=1
s K 1/2
< sup (Z / ||a£,’“><-,tk>—6;k><-,tk>||%||f|r%dtk)
Ifll7=1 \k=1" Tk

K K ) 1/2
- [Z Z/ / {Og(/Uk)(Suv tr) — 6§Uk)(3u7tk)} dsudtkl Mazkov Op(n_1/2)
T /Tu

k=1u=1

Appendix S2: Specification of {6;,...,0;,} in Section 3

In the simulation study presented in Section 3 of the main paper, the vector part of the
first 10 hybrid PC, {64,...,010}, is set as the first 10 eigenvectors of a 10 x 10 compound
symmetry correlation matrix with off-diagonal elements equal to 0.2. The exact values these

eigenvectors are given as following:

—0.224 —0.014  0.000 0.410 0.000 0.344 0.000 —0.404  0.000 0.000
—-0.224 —0.086  0.000 0.393 0.000 0.014 0.000 0.537 0.000 0.000
—-0.224  0.569 0.193  —-0.166  0.000 0.208 0.010 0.114 0.071  —0.011
—-0.224 -0.376 0.024 —0.367  0.000 0.400 0.005 0.105 0.044  —0.002
0= (61, 600 -0.224 -0.108 0.320 —-0.013 0.000 —-0.245 0.513 —0.095 0.061 —0.016
—-0.224 0.040 —-0.322 —-0.054 0.000 —0.131 0.026 —0.044 0.251 0.509
—-0.224 0.040 —-0.368 —0.054 0.000 —0.131 0.026 —0.044 0.224 —0.490
-0.224 -0.108 0.326 —0.013 0.000 —0.245 —0.480 —0.095 0.179 —0.020

—-0.224 0.021 —-0.086 —0.068 —0.500 —0.107 —0.050 —0.037 —0.415 0.015

—-0.224 0.021 —0.086 —0.068 0.500 —0.107 —-0.050 —0.037 —0.415 0.015
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Figure S1: Correlations between the first three functional (7,72, 73) and vector (71,72, 73)
PC scores of 253 kidneys from the Emory renal study data.
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