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1 Introduction

Our study centres on estimating Ry using six Ry estimator methods from the literature (see Table . We
consider well-specified and misspecified cases, whereby the estimator and the model follow the same epidemic
structure (well-specified), the estimator and the model do not have the same epidemic structure (misspecified)
or the estimator is provided information that is incorrect (misspecified). Well-specified (WS) and misspecified
(MS) cases are indicated in Section Background Information.

We provide plots of the mean squared error (MSE) of the estimated Ry value to the known R, value.
These are accompanied by side-by-side box plots of the R estimates for each estimator method, for the well-
specified and misspecified cases. Finally, we also report tables of Ry values for each method, with standard
deviation (SD). Again, values are reported for the well-specified and misspecified cases.

In the tables, the median is reported in the top row of each column. This is followed by the SD in the
next row. SD values greater than one million are reported as *. SD values of zero reflect SD values that are
so small that they round to zero.

Some estimators can return NA, with certain numerical combinations, for example, when there are two
zero values in two consecutive weeks of data.. In these cases, we report the number of simulations that yield
NA. If there is no NA count row in the table, then the method did not yield any NA values.

1.1 Background Information

In our study we employ six methods to estimate R from epidemic data. The estimators are described
in Table [T} More detail on each estimator method is provided in the main text of this study.

We consider synthetic and real world epidemic data. The real world data includes reported case counts
from the early weeks of the Canadian COVID-19 pandemic, from January 25, 2020 to the implementation
of lockdowns in mid-March. We consider case count data for the entire Canadian population, and the three
largest province, by population, the provinces of Ontario (ON), Quebec (QC), and British Columbia (BC).

The synthetic data are generated from epidemic agent-based models that follow

SIR: Susceptible-Infectious—Recovered

SEIR: Susceptible-Exposed-Infectious—Recovered



Table 1: Summary of estimation methods for Ry.

method summary

WP White & Pagano Method, due to (1I). Serial distribution
can be assumed known or can be estimated using MLE;
method developed under branching process model; sim-
ple method which yields real-time estimates (when serial
interval is unknown the method takes longer to com-
pute).

seqB  Sequential Bayes Method, due to (2). Serial distribution
assumed known (only the mean is used); method de-
veloped assuming SIR model and uses sequential Bayes
methods; simple method which yields real-time esti-
mates.

ID Incidence Decay Method. Serial distribution assumed
known (only the mean is used); method developed as-
suming an SIR model structure and uses least squares
estimation. It is a simple method which yields real-time
estimates.

IDEA The Incidence Decay and Exponential Adjustment
Method is presented in (3). Serial distribution assumed
known (only the mean is used); method developed as-
suming SIR model and uses least squares estimation;
simple method which yields real-time estimates. IDEA
uses a slightly more complex model for fitting than ID.

plug-and-play Plug-and-Play Method. See (4). Serial distribu-
tion assumed unknown; method selects one of SIR/-
SEIR/SEAIR model; implementations available though
not real-time (depending on input selection). Generally,
this approach fits the complete model using maximum
likelihood and relying on Monte Carlo to fill in missing
observations.
fullBayes Full Bayes Method. See (B)). Serial distribution assumed
unknown; method selects one of SIR/SEIR/SEAIR
model; not real-time. this approach fits the complete
model using maximum likelihood and relying on Monte
Carlo to fill in missing observations.

SEAIR: Susceptible-Exposed—(Asymptomatic Infectious)—(Symptomatic Infectious)-Recovered

epidemic structures. These models for the basis of all epidemiological models of infection diseases (6} 7;8). The
models are each composed of three to five compartments (with labels matching the model name). Individuals
transition from one compartment to the next based on prespecified random dynamics. Here, we assume that
these distributions are exponential, and thus assume systems of ordinary differential equations (ODEs).

The mathematical model simulations are used to generate data for three different parameter sets that
are representative of pandemic influenza (Influenza 1 and Influenza 2 parameter sets) and COVID-19. The
parameter sets are provided in Table [2| for the SIR, SEIR, and SEAIR models, given the parameters that
apply to each disease model structure. Model parameters were taken from the literature. Pandemic influenza



parameters sets were chosen such that Ry € [1.2,7] and the serial interval € [1.5,9.5]. The COVID-19
parameter set has Ry € [1.6, 3.4] and serial interval € [4.2,7.5] (9;[10; 11;12). Influenza 1 parameters are such
that Ry = 5/3 for SIR and SEIR and R, = 7/3 for SEAIR. For this example, the serial interval is 5 days for
the SIR model and 8 days for the SEIR and SEAIR models. Influenza 2 parameters are such that Ry = 5/3
and the serial interval is 5 days for each of the SIR, SEIR, and SEAIR models. The COVID-19 parameters
are such that Ry = 2.6 and the serial interval is 5.2 days, again, for all models.

For each epidemic, the population size N is set to 10,001 where S(0) = 10,000 and 7(0) = 1. We ignore
demographics (births and deaths), and therefore have a constant size population. That is, for all ¢ > 0 it holds
that, for the SIR model, S(¢) + I(t) + R(t) = So+ Io = N. Similarly, S(t)+ E(t)+ I(t)+ R(t) = So+ Iy = N
for the SEIR model, and S(t) + E(t) + A(t) + I(t) + R(t) = Sy + Ip = N for the SEAIR model.

Using the synthetic data, we consider well-specified (WS) and misspecified (MS) cases for each estimator.
These are indicated as WS and MS in the following list:

1. WP method assuming

— WS - serial distribution (SD) is known and set to exponential with correct mean (5 days for influenza
1 and 2 and 5.2 days for COVID-19)

— MS - SD is known and set to exponential with incorrect mean (3 days for influenza 1, 2 and 7 days for
influenza 2, and 4.2 and 7.5 days for COVID-19)

— WS but with room for error - SD is unknown and estimated from a gamma distribution with unknown
mean and variance (using a grid search algorithm). The estimated SD is given by a series of values
denoted by p;.

— Method is applied to SIR (WS), SEIR (MS), and SEAIR (MS) data

2. seqB method assuming
— WS - SD has the correct mean (5 days for influenza 1 and 2 and 5.2 days for COVID-19)
— MS - SD has an incorrect mean (3 days for influenza 1, 2 and 7 days for influenza 2, and 4.2 and 7.5
days for COVID-19)
— Method is applied to SIR (WS), SEIR (MS), and SEAIR (MS) data

3. ID and IDEA methods assuming
— WS - SD has the correct mean (5 days for influenza 1 and 2 and 5.2 days for COVID-19)
— MS - SD has an incorrect mean (3 days for influenza 1, 2 and 7 days for influenza 2, and 4.2 and 7.5
days for COVID-19)
— Method is applied to SIR (WS), SEIR (MS), and SEAIR (MS) data

4. plug-n-play and fullBayes methods developed assuming
— All scenarios have SD unknown
— SIR model applied to SIR (WS), SEIR (MS), and SEAIR (MS) data
— SEIR model applied to SEIR (WS) SEAIR (MS) data
— SEAIR model applied to SEAIR data only (WS)

For the real-world COVID-19 data, we assume serial intervals of 2, 5, and 8 days if a known serial interval
is needed for the method to run.

Table 2: SIR, SEIR, SEAIR model parameter values

model ‘ influenza 1 influenza 2 COVID-19
SIR (8,7) (1/3,1/5) (1/3,1/5) (1/2,5/26)
SEIR (5,0,7) (1/3,1/3,1/5) (5/9,1/2,1/3) (13/11,1/3,5/11)

SEAIR (B,0,p,7) | (1/3,1/3,1/2,1/5) (5/12,1/2,1,1/3) (26/57,1/3,2/7,5/11)




2 Influenza 1 example

Parameter values are listed in Table [2 Influenza 1 parameters are such that Ry = 5/3 for SIR and SEIR
and Ry = 7/3 for SEAIR. For this example, the serial interval is 5 days for the STR model and 8 days for the

SEIR and SEAIR models.
For the WP method, we obtain values of p;, representing the serial distribution. The serial distribution
values, discretized to weeks, from the SIR/SEIR/SEAIR model epidemic data for influenza 1 are

e 0.750.19 0.05 0.01
e 0.53 0.33 0.10 0.03 0.01
e 0.48 0.36 0.12 0.03 0.01.
Given a known serial interval p (in days), we obtain the following serial distributions, discretized to weeks:
e (1 =15)0.750.19 0.05 0.01
e (1=2)0.970.03
o (1 =8)0.580.24 0.10 0.04 0.02 0.01 .

When the serial distribution is unknown, the WP method determines serial distributions. fullBayes and
plug-n-play also return estimates of the serial distribution, for the SIR, SEIR, and SEAIR examples. Estimates
of the serial distribution are shown in Table[3] Note that for the WP method, we make the standard actuarial
mid-week assumption. That is, we assume that within a week, an event occurs on average in the middle of
the week.
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2.1 MSE - Influenza Example 1
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Figure 1: Influenza example 1 estimated MSE of WP, seqB, ID, and IDEA R, estimators assuming known
SI with SIR data (week on z-axis) under well-specified and misspecified cases of the serial interval, where
the true serial interval is 5 days. The inflection point related to the epidemic data curve of the SIR model is
indicated by the blue dashed vertical line.
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Figure 2: Influenza example 1 estimated MSE of WP, seqB, ID, and IDEA Ry estimators assuming known SI
with SEIR data (week on z-axis), where the true serial interval is 8 days. The inflection point related to the
epidemic data curve of the SEIR model is indicated by the blue dashed vertical line.
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Figure 3: Influenza example 1 estimated MSE of WP, seqB, ID, and IDEA R, estimators assuming known
SI with SEAIR data (week on x-axis), where the true serial interval is 8 days. The inflection point related to
the epidemic data curve of the SEAIR model is indicated by the blue dashed vertical line.
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Figure 4: Influenza example 1 estimated MSE of fullBayes and plug-n-play Ry estimators assuming unknown
SI with SIR (top), SEIR (middle) and SEAIR (bottom) data (week on x-axis). The inflection points related
to the epidemic data curve of the SIR, SEIR and SEAIR models are indicated by the blue dashed vertical

lines.
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2.2 Boxplots - Influenza Example 1
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Figure 5: Influenza 1 Ry estimates assuming known SI with SIR data (week on z-axis) for the WP (top row),
seqB (second), ID (third), and IDEA (bottom) methods for known SI of 2 (left column), 5 (middle, true value
for SIR model), and 8 (right, true value of SEIR and SEAIR mdoels) days. The true Ry is given by the red
dashed horizontal line. The inflection point related to the epidemic data curve of the SIR model is indicated

by the blue dashed vertical lines.
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Figure 6: Influenza 1 R, estimates assuming known SI with SEIR data (week on z-axis) for the WP (top
row), seqB (second), ID (third), and IDEA (bottom) methods for known SI of 2 (left column), 5 (middle,
true value for SIR model), and 8 (right, true value of SEIR and SEAIR models) days. The true Ry is given
by the red dashed horizontal line. The inflection point related to the epidemic data curve of the SEIR model

is indicated by the blue dashed vertical lines.
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Figure 7: Influenza 1 R, estimates assuming known SI with SEAIR data (Week on z-axis) for the WP (top
row), seqB (second), ID (third), and IDEA (bottom) methods for known SI of 2 (left column), 5 (middle, true

value for SIR model), and 8 (right, true value of SEIR and SEAIR mdoels) days. The true Ry is given by
the red dashed horizontal line. The inflection point related to the epidemic data curve of the SEAIR model

is indicated by the blue dashed vertical lines.
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Figure 8: Influenza 1 Ry estimates assuming unknown SI for the WP and fullBayes methods (week on z-axis).
The WP method is applied to SIR, SEIR and SEAIR data. The fullBayes method assumes SIR, SEIR and
SEAIR structures (rows), and is applied to SIR, SEIR, and SEAIR data (columns) with increasing dimension.
The true Ry is given by the red dashed horizontal line. The inflection points related to the epidemic data
curve of the SIR, SEIR, or SEAIR models are indicated by the blue dashed vertical lines.
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Figure 9: Influenza 1 Ry estimates assuming unknown SI for the plug-n-play method (week on z-axis),
assuming SIR, SEIR and SEAIR model structures (rows), applied to SIR, SEIR, and SEAIR data (columns)
with increasing dimension. The true R, is given by the red dashed horizontal line. The inflection points
related to the epidemic data curve of the SIR, SEIR, or SEAIR models are indicated by the blue dashed

vertical lines.
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2.3 Tables - Influenza Example 1
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3 Influenza 2 Example

Parameter values are listed in Table Influenza 2 parameters are such that Ry = 5/3 and the serial
interval is 5 days for the SIR, SEIR, and SEAIR models.

For the WP method, we obtain values of p;, representing the serial distribution. The serial distribution
values, discretized to weeks, from the SIR/SEIR/SEAIR model epidemic data for influenza 1 are

e 0.750.19 0.05 0.01
e 0.61 0.29 0.08 0.02
e (.58 0.31 0.08 0.02 0.01.
Given a known serial interval p, we obtain the following serial distributions, discretized to weeks:
e (1=15)0.750.19 0.05 0.01
e (1=2)0.970.03
e (1 =28)0.580.24 0.10 0.04 0.02 0.01

When the serial distribution is unknown, the WP method determines serial distributions. fullBayes and
plug-n-play also return estimates of the serial distribution, for the SIR, SEIR, and SEAIR examples. Estimates
of the serial distribution are shown in Table[§l Note that for the WP method, we make the standard actuarial
mid-week assumption. That is, we assume that within a week, an event occurs on average in the middle of
the week.
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3.1

MSE - Influenza Example 2

24



0 I n | T
™ | e WP (Sl =2 days) o ! A seqB (S| =2 days)
o | e ! -o— WP (SI =5 days) o : seqB (S| = 5 days)
o ! e WP (Sl = 8days) © ! A seqB (S| = 8 days)
o | N |
[ ] | |
N ° | e ] |
N Q | N A !
[ ) | |
0 | \ ! v |
A e 9L 1 — |
(6} | |
o _| N e o _| :
— ® ® q\ — A |
N 0-0-0 0 ) : A-A-4 A-A-A
o _| | (o) ° .,.' = ) A A A A A=
o [ ] ~o - o A A A _
EEEE Jadadiad
o | ______________ ] o | _______ 7T ]
o 1 o 1
I I I I I I I I
0 5 10 15 0 5 10 15
n | 1 0 | T
) | B D (SI=2days) ) | @ IDEA (Sl = 2 days)
o | ! - D (SI =5 days) o | ! -~ IDEA (SI =5 days)
I ! B ID (S| =8 days) o ! 4 IDEA (S| = 8 days)
n : n :
N : N :
o _ | o _ |
N | N |
| |
[Te) | | LQ | |
— i — ° i o-* ¢
o | o ’ | * ¢
a LR L a .\§ ! !
. | e, So PO
S Femwowhowwowowomomom E-w S R DD BT T T
.-.—.—I—.—.—.—._._._ “—.‘.-.—’— -
o | _ i f-8-m-p-8 S S
o 1 o 1
I I I I I I I I
0 5 10 15 0 5 10 15

Figure 10: Influenza example 2 estimated MSE of WP, seqB, ID and IDEA R, estimators assuming known
SI with SIR data (week on z-axis) under well-specified and misspecified cases of the serial interval, where
the true serial interval is 5 days. The inflection point related to the epidemic data curve of the SIR model is
indicated by the blue dashed vertical line.
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Figure 11: Influenza example 2 estimated MSE of WP, seqB, ID and IDEA R, estimators assuming known
ST with SEIR data (week on x-axis) under well-specified and misspecified cases of the serial interval, where
the true serial interval is 5 days. The inflection point related to the epidemic data curve of the SEIR model
is indicated by the blue dashed vertical line.
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Figure 12: Influenza example 2 estimated MSE of WP, seqB, ID and IDEA R, estimators assuming known
ST with SEAIR data (week on z-axis) under well-specified and misspecified cases of the serial interval, where
the true serial interval is 5 days. The inflection point related to the epidemic data curve of the SEAIR model
is indicated by the blue dashed vertical line.
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Figure 13: Influenza example 2 estimated MSE of fullBayes and plug-n-play Ry estimators assuming unknown
SI with SIR (top), SEIR (middle), SEAIR (bottom) data (week on z-axis). The inflection points related to
the epidemic curves of the SIR, SEIR, and SEAIR models are indicated by the blue dashed vertical lines.
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3.2 Boxplots - Influenza Example 2
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Figure 14: Influenza example 2 Ry estimates assuming known SI with SIR data (week on z-axis) for the WP
(top row), seqB (second), ID (third), IDEA (bottom) methods for known SI of 2 (left column), 5 (middle,
true value), and 8 (right) days. the true Ry is given by the red dashed horizontal line. The inflection point
related to the epidemic data curve of the SIR model is indicated by the blue dashed vertical line.
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Figure 15: Influenza example 2 R, estimates assuming known SI with SEIR data (week on z-axis) for the WP
(top row), seqB (second), ID (third), IDEA (bottom) methods for known SI of 2 (left column), 5 (middle,
true value), and 8 (right) days. the true Ry is given by the red dashed horizontal line. The inflection point

related to the epidemic data curve of the SEIR model is indicated by the blue dashed vertical line.

31




B WP (Sl =2 days)

I
I
I
o I
I
I
I
I

Mot

O WP (SI =5 days)

O WP (SI =8 days)

wwwwwwwwwwwwwww
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

wwwwwwwwwwwwwww
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

wwwwwwwwwwwwwww
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

O seqB (SI =2 days)

O seqB (SI =5 days)

%%%%%% FFESLITT

O seqB (SI =8 days)

%%%%%%%%éggii

° I
wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww
12 3 4 5 6 7 8 9 10 11 12 138 14 15 12 3 s 6 7 8 9 10 11 12 13 14 15 12 3 4 5 6 7 8 9 10 11 12 13 14 15
w0 | @ D (Sl = 2 days) | @ D (SI =5 days) | @ ID (S = 8 days)
| | |
| | |
< | | |
| | |
| | |
| | |
. | |
| |
| |
| |
~ |

T s e el

° !
wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww
12 3 4 5 6 7 8 9 10 11 12 13 14 15 12 3 5 6 7 8 9 10 11 12 13 14 15 12 3 4 5 6 7 8 9 10 11 12 13 14 15
o | @ IDEA (S| = 2 days) | @ IDEA (S| = 5 days) | O IDEA (Sl = 8 days)
| | |
| | |
<« | | |
| | |
| | |
| | |
B | | |
| | |
| | |
| |
o~ | |
L

H,%;%%;%%%%%%%%%%

5%%%%%%%%%

S

Figure 16: Influenza example 2 Ry estimates assuming known SI with SEAIR data (week on z-axis) for the
WP (top row), seqB (second), ID (third), IDEA (bottom) methods for known SI of 2 (left column), 5 (middle,
true value), and 8 (right) days. the true Ry is given by the red dashed horizontal line. The inflection point

[

related to the epidemic data curve of the SEAIR model is indicated by the blue dashed vertical line.
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Figure 17: Influenza example 2 Ry estimates assuming unknown SI for the WP and fullBayes methods (week
on x-axis). The WP method is applied to SIR, SEIR, and SEAIR data. The fullBayes method assumes SIR,
SEIR and SEAIR structures (rows), and is applied to SIR, SEIR, and SEAIR data (columns) with increasing
dimension. The true Ry is given by the red dashed horizontal line.
epidemic data curves of the SIR, SEIR, and SEAIR models are indicated by the blue dashed vertical lines.
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