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1. Theory
1.1. Derivation of Eq. (6)

Following Eq. 4 in the main text, we expand every single function described the far-field scattering of the
perfect orbital vortex beam of vorticity m, using the Taylor series. Note that the coordinate system is
described in Fig. S1. Before proceeding, assume that A, = E;/N. One can write

6) = 4, E‘N it imby, ginprocos(6—0,,)
n=1

k

eilo=6,) 4 6%(&9&)

N oo (—ippry)*
— A o1 gimby,
0 Zn:le € Zk:o k! 2
N o o (—ippry)* ko (k (o _
= A, it im0, ZWpro)” ( ) Ji(6—0,,))k~2q
Dot Y i 2aplg) €O
— 7/Lp7‘0 LS 2q)¢ lw i[fm—(s—2q)]6,
=4 Zs‘ Uzq o<q> 25 sl Zn 1 ¢
= A, Z Z ( )—”‘p’"o i(s—20)¢ Z it ilm—(5=20)00 14 [Zd ei[m—(s—zq)w,,]
s=0 q=0 25 sl p=1
WP’"O i(s—2q)¢ (s—2q)]0 N/d i, Lim—(5—2q)]0 1),
- A Zc qu 0( ) 25 sl ¢ Z Zn:le € e

where d denotes the correlation length of randomness, i.e., the number of units which have the same value
of phase. Considering k = s —2¢q is a new variable. Since s > ¢ > 0 and oo > s > 0, then k can be any
integer in the range [—oo, oo]. For specific value of k, ¢ = (s — k)/2. One can write
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As one can recognize, these three summations are independent of each other. The first part can be written
as
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We can also write the equivalent relation for the second part of the coefficient as
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where the condition d « N was considered. Replacing the first two terms of the coefficient, H(k; p) will
be

H(k;p) = [(fi)‘k‘ei[ K 4 ] [A Jj(B) dsinc <[m — k| %ﬂ) } {Z:Zf i, elm=Hbm-1a
Because we want to continue in the general case, we assume that randomness has a probability distribution
p(1’) over the mean phase 1),. This way, the meaning of v’ will be the phase disturbance. Therefore, one
can rewrite the above equation as

H(k; p) = [(*i)‘k‘ei[m Uk ek PWU] [Ao Jjw(B) dsinc ([mf k]iﬂ) ] [ZN/T ¢t M=kl ]
n=
For proceeding into the next step, we define P = (—i)/*eilm—* “5' m¢ivo a5 the constant phase and A =
Ay I (B) dsinc([m — k] &) as sort of an amplitude term, except the last stochastic summation where we

have
=P. A ZN/d ’”l’n glm Kl0(n—1)a .
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In case of no randomness, we have
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H(k#m;p)=0.
Finally, we have
E(p,¢) = Eo (—i)* J 0 (pprg) ™.
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Fig. S1. Conceptual implementation. Fourier transform of a Bessel beam results in "perfect
optical vortex" beam (POV). The random field caused by POV scattered by random phase screen
in the far-field regime is considered in this work.
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1.2. Statistical average of vorticity and OAM modes

To derive the probability density for H (k) and thus find the statistical properties of the random field, we
first need to separate real and imaginary parts, as

Re{H(k p)} = A3 cos(y),) {Re{P} cos((m — K}, 1) — Im{ P}sin(im — k16, 1,0)}
—A ZN/d sin(1;,) {Re{P} sin([m — k]0,,_1)4) + Im{P} cos([m — k]0,,_1)4) }
Im{H(k;p)} = AZ cos(tpy,) {Tm{ P} cos([m — k|6, _1)q) + Re{P}sin([m — k|0, 14)}

+ A Z sin(t;,) {—Im{ P} sin([m — k]0(,,_1)q4) + Re{P} cos([m — k|0, _1)4) }-

One then needs to find the average and variance of both terms sin(¢/,) and cos(¢/,). Taking advantage of
the normalized Gaussian probability distribution, we have
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Thus, we can calculate the desired averages and variances (see below table).
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Before proceeding, we need to remind that P = (—i)/leilm—k % 7¢ivo where v, determines the average
phase introduced by the randomness (center of the Gaussian distribution). Thus, P = e*°» is a pure phase,
and we can use the argument ¢, in the below calculations. Using the values we found in the above table,
average and variance for both real and imaginary parts of H (k) can be calculated,

(Re{H(k: p)}) = 4 C, 3" {Re{ P} cos([m — 0, 1)4) — T{ P sin([m — K0, 1,0)}
= (N/d)A C, Re{P}é(k m)
(Im{H (k;p)}) = A C, Z {Re{P} cos([m — k], _1)q) — Im{ P} sin([m — k]0,_1)4)}
— (NJD)A C, Im{p}a(k m)
(Re2{H (k; p)}) = A2 Z”/d{Re{P} cos([m — K6, _1)4) — Im{ P} sin([m — k)0, ) }2
+ A? {cos(¢ [ZN/dRe{P} cos([m — k0,,_1)q) — Im{ P} sin([m — K], )]2

+ A2 (sin®(¢)) anl{Rc{P} sin([m — kJ0,,_1)4) + Tm{ P} cos([m — K]0, 1)4) }?
= (N/d)(A?/2){[1 — Cf] + [2C; — CF — 1] cos(2p)d(k — m)
+ (N/d)[2CF] cos?(pp)d(m — k)}
(Im?{H(k; p)}) = A2 ZN/ Ym{P} cos([m — kl6,_1)a) + Re{P}sin([m — K0,,_1,4)}?

+ A% (eos(u)? [ S T P} cos(m — K0, _10) + Re{P}sin([m — 16, _1,,)] ’

+ A2 (sin®(¥),)) ZNM{ Im{P}sin([m — k]t’?(n,l)d) + Re{P} cos([m — k]9(7171)d)}2
— (NJd)(A2/2){[1 — O3]~ [2C, — €2 — 1] cos(2pp)3(k — m)
+(N/d)[207] sin®(pp)d(m — k)}
(Re{ H (k; p) Hm{H (k3 p)})
— (N Jd)(A2/2){[2C, — CF — 1] sin(2pp)5(k — m) + (N/d) [CF] sin(2p)5(m — k).
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The correlation coefficient gp, ;,,, which is defined as normalized covariance of real and imaginary parts
can be found as g5, = ((Re—Re)(Im —Im))/og,01, = [Re Im — Re Im]/og 0y, Where og, =

VRe? — Re? and oy, = VIm2 — Im? are standard deviations of real and imaginary parts, respectively.
Substituting the above calculated values, all required parameters will be achieved.

Re = (N/d)A Cy cos(pp) d(k—m) | I = (N/d)A C sin(pp) §(k —m)
he = (N/d)(A%/2){[1 — CF] + [2C, — CF — 1] cos(2¢p) 3(k —m)}

)

)

(N/d)(A?/2){[1 — CF] — [2C; — CF — 1] cos(2¢pp) d(k —m)}
IRe,im%Re%Im = (N/d) (A%/2) [2C, — CF —1] sin(2¢p) 8(k —m

UIm

When the number of random complex components inside a summation is large enough, one can take
advantage of Central Limit Theorem, according to which the joint density function of Re and Im has a
general Gaussian distribution, as below
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One can find the probability distribution for amplitude and phase (/I, 5) of this complex parameter taking
advantage of the Jacobian transformation p ; —(A 9) = PRc,nn(ACOS(a)aI‘ism(@)) x |[J| where ||.J| is the

determinant of the Jacobian matrix, which equals to A in this case. Thus, we have
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Let us consider two general conditions which can exist and find the probability distribution regarding each
one. We will use the expressions we found in the above table.

[Condition 1:k # m |

Re—0 | Im =0
ohe = (N/d)(A?/2) [1 - CF]
ot = (N/d)(A%/2) [1 - CF]

gRC,IlIIJRCUIm =0

For this case, the probability distribution will be as below (o, = oy, = 7)

i e - i e
Pii =5 3P |53 - pi= pAng = PI= 56D |5
i |H (k)| [7 |H (k)2 ]
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As it was mentioned in the main text, A = A,J),(8) dsinc([m — k](d/N)m), where 8 = upry and p = 7/Az.
By replacing parameter A in the above relation, we have

it |H(k; p)| cxp [_ [H(k; p)|?
k) ™ (Nd/2)[L = CF] 1, (B) sine([m — K](d/N) )2 (Nd)[1 — CF] [Jy(B) sinc([m — K] (d/N)m)]?
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[Condition 2:k = m |

Re = (N/d)A C, cos(pp) Im = (N/d)A C, sin(pp)
ohe = (N/d)(A%/2){[1 — CF] + [2C; — CF — 1] cos(2pp)}
o2, = (N/d)(A?2/2){[1 — C?] — [2C, — C? — 1] cos(2¢p)}

IRe,1mOReOtm = (N /d)( )(A%/2) [2C; — CF — 1] sin(2¢p)

The case of £k =m is more complicated than the previews case because the standard deviations and
averages are different for real and imaginary parts. That is the reason that we simplify the relation into
below one

- H(kip)| . _ o2 [T ~ ~ ~
ity = oo et ettt [ oxp /4% Ok )P cos(2(T— ) + 04/ A0 )] cos—2,)]

where parameters ¢, ¢, t,, t3, and t, are all non-negative and defined as

= (N/d)*[1 - G,)[C, — CF]
1 c?
tl_Q(N/d)[C 102}
t_1 1 [1-C3
2 ZN/d) [[1_02}[02_012}]
til 1 [20, — C? —1]
8T 4(N/d) [[1702}[02703}}
t=lo )

and A = AyJy(8) dsinc([m —m](d/N)m) = A, J;,(8) d. Note that no parameter is function of phase ¢ p.
Therefore, we find that the phase ¢, or any term inside that, especially 1, does not affect the probability
distributions at all, neither the case k # m nor k£ = m. One can take advantage of below integral

/Trexp [z cos(£0) + y cos(é)} d = 27 [I(£2)Iy(—y) + 2 ZI 2 (=)
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where + belong to even (positive) or odd (negative) value of ¢, and I,, shows the modified Bessel function
of order n. Substituting ¢ = 2, we have

v _ [H(E5p)|
PlH(k:p)| = AZ\/—

et A (Al {%(A%\H(k: PI) Ly (—ALIH (K p)]) + 2 L (A2 [ H(k: p)?) L, (—At, [H (ks p>|>}
n=1

Now that we have found the probability density functions, we can move toward the next step. As it was
mentioned in the main paper, we want to calculate the weight of each Vorticity (V*) and OAM (L*) modes
of order £, inside a circular contour of the radius of p,, using below relations

= (|H(k; p)[*) | p=p,

e = [ HGp)P) pdp.

CN

Following this, one can find the most probable detected vorticity and OAM mode using [1,2]

Therefore, we need to find the (|H(k; p)|?) using the probability distributions which have been found for
both conditions. For the case of k # m, one can easily show that

(IH (k; p) 2 / H (ks p)|2 p2 dlH (ks p)| = (Na)[1 — C3] [J(8) sine([m — k](d/N)m)]2.
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In the case of k = m, the calculation will be a bit complicated. We will show the steps below, and we use
the valuable integrals in each step.

(k)P = [ ) Bl i O 0)

_ /OQ| (k; p)|? |H (k; p) et e— A%ty [Hksp)? d|H(k; p)| |:/Tr€A2L3\H(k;p)\2c05(2§)+AL4\H(k;p)\cos(é) 46
0 _
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.

—t
27“421\[ / / D e — 42 (ty—tyos(28) ) | H(ksp) 2+ A tacos(8) ) H (ksp)] d|H (F: p)|

Replacing a = A2 (tZ - tgcos(Zé)) andb= A <t4cos(5)), we have
—t1 " e 2 . 2
H k; 2 :e— / d§ / 24 k‘; 3 /714 (L27L3005(29))\H kip)| +A(L4cos( ))\Hkp\ dIE(F
<\(p)\>2A2\/ [H (k; p)|” e [H (k; p)]

1 b? b ~
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27TA2 / {2 +8a b }+ {6a75/2b + a="/2b%} erp<4 )\/; [1+crf<2\/a>} do
ot 1
) —3712
zﬂAM/ {5 +8“ o} db
b? b
5/2 —7/2p3
27“42\/_/ {Ga 2b + a /b}exp<4>\/;[1+crf<m)]

Changing the integration variable from 6 to u = b/2+/a for the second integral, we will have

5 (t, cos(d ) ~
(IH (K5 p)|*) = o \/- / 1, 005(29 27r\/_ / 8(ty — t5 cos(26))? v

db

1/e
e 4h/ erf(u)e?” (1 —e2u?) Y2 {hyu+ hyu® + hgu®} du
Tr\f
where coefficients v, h, hy, hy, and hy are
hl:% ha:t4+—12t3u h/SZ%u hziﬁ 2 E:4<t2_2t3>'
2 ty 1y (ty +1t3)%2 1] ty

Finally, one can complete the calculations by defining below functions,

T 1 ~ ty m
M, (t,t, z/ i =
1(ta:t3) 2ty — t, cos(20))? (13 —t2)3/2
My(ty,ts,ty) = /W (ty cos®? 5 (@l ttgiw
S L sty —ty cos(2B))p T 16(ty —13)772 (8 + 5)

e 2 . 1
Fi(e) E/ erf(u) e*” (1—e2u?)~2 u du = [e’l el/e 5 (1’5_2)]
0
Ve : 1 2 : 1
Fy(e) = / erf(u) e (1 —e2u?)12 u? du = 3 [26’5 —el< (et —2¢73) y (Z—)]
0

1/e ) 1
_ L 202V=1/2 )5 g 9.2 —5 ,1/e2 (9 _ 9.2 4
,/0 erf(u (1—€2u?) u® du 5 [e (e +2)+ e el (2—3e* + 3¢ )7(3762)]

where v is the lower incomplete gamma function. We have reached the expression for (|H(k; p)|?) in the
case of k = m, as below

et
(|H(k; p)|?) = WAQ{]\/I1(7527753) + My(t,t5,ty) +4h [hy Fy(€) + haF3(€) + hy Fy(e)]}
For measuring vorticity orders V*, we just need to replace p = p,, equivalently, 3 = up,r,. However, to
find L*, one needs to operate one more integration over the coordinate p. A is the only parameter that is a
function of coordinate p. As we can see above, (|H(k; p)|?) for both cases k # m and k = m is a function
of A2 which means that (|H (k; p)|?) ‘ 1 (8) = J? s (1rop). Taking advantage of the below integral,
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Po 2
P
/ J\Qk\ (urop) pdp = ?O {J\zk\(/“"nﬂo) - J\kH(WoPn)J\km(/“"nﬂo)}
0

one can find the average of each L* mode. We have summarized the results in the below table. Note that
any conclusion we made here is a function of ratio d/N, so that each of these numbers is not meaningful
by itself, and the critical factor is the ratio of these parameters.

L | k#EmM VF = E§(d/N)[1 = C7] sinc?([m — k](d/N)m) J5,(1ropo)
8 4
g | k=m vm = B2 (/N2 S g M, (ty,ts) + My(ty, L.t
§ o(d/N) onvi \k\(/trﬂp()){ 1(tayts) 5 (Lo t3:ty)

+4h [hFy(€) + hyF5(e) + hy F5(e)]}

k#+m 2 03 512
LF = Eg(d/N)[1 — C?] sinc®([m — k|(d/N)m) ?D{J‘k‘(p,ropo) 7J\k\—l(/”’l)ﬂo)‘]\kHl(/”’Dp0>}
<§’: k=m m 2 0 € P8
S L™ = E§(d/N) i T{J\m,\(:ur[]p[]) = T 1 (17600) I 11 (B70P0) }
X AM,(ty, t3) + My(ts, ts, ty) + 4h [hy Fy(€) + haFs(€) + hs Fy(e)]}

One important conclusion is the relationship between each vorticity and OAM modes,
2
sk P
Lk vk = 30 {1 - J\kH(/“”npn)J\k\H(WoPo)/Jﬁc\(Wnpn)}-

The significance of this result is that, irrespective of random medium, by measuring one of these properties
for a determined circular area, one can find the value of the other one. More precisely, if one performs a
phase measurement along a circular closed contour and finds the average of a vorticity mode, the above
relation provides the information about the OAM mode, which, in turn, relates to both phase and
amplitude of the field inside the contour.

171



1.3. Special cases

In this appendix we investigate some particular cases. First, we want to find the probability distribution
of |H(k; p)| in case of no randomness. This case is defined by either of these conditions: (i) d/N — 1 or
(ii) a — 0. The first case is not applicable because we assumed d/N < 1 to use the central limit theorem.
However, we can consider the case of no variance in phase, which is the case (ii). Under this assumption,
for the case of k # m, both the variance and average go to zero. Below function can describe it

a—0 = p‘lﬁg)‘ = lim—'H(:Q; al exp [

a—0

_|H(k; p)]?
202

| =50 .

which is a Dirac delta function centered at zero. Therefore, in the case of o — 0, there is no chance for
vorticity to be any value other than m. On the other hand, when @ — 1 and s — oo, then ¢, t5,t, — 0, t —
(1/4)(N/d)?, and t, — (N /d)~!. Thus, the probability distribution will be the same as the case of k # m,

[H (m; p)|? }
(Nd)[J 1 (B)]?

k=m |H (m; [)) | |:
PiHko) = oo a5 €XP | —
kel = (Na/2) {3 (B)]2
In this case, which is the most potent case of randomness, there should not be any difference between the
distribution of m and —m vorticities so that the average of total detected vorticity equals zero. Fig. S2
illustrates an example for the case of m = 5.

probability density function of each vorticity mode in case m=5

—_0
— ]
2 increasing the phase variance, decreasing the phase
— —_—3 this distribution goes toward variance, this distribution
— '] zero, and becomes aregular goes toward infinity, and
8 _____ m=5 Rayleigh distribution becomes a
(like other orders of vorticity) Dirac delta function
<&
S—
T ‘ »
S—’
SH
I) —< i
- ’ ~
0 |H (K, po))|

Fig. S2. A general example of probability distributions of different modes of vorticity, for the
case of m = 5. Here, we just illustrate the modes 0, 1, 2, 3, 4. Increasing and decreasing the
phase variance makes the distribution of initial vorticity (in this example, m = 5) to move
toward the Rayleigh or Dirac delta distributions, respectively.
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2. Numerical simulation

2.1. Details of simulation

The simulation method is based on the Fourier transformation over a perfect optical vortex beam (POV)
(see Fig. S3). This beam was generated using a vector (one-dimensional matrix) since POV can be
approximated as a thin ring. Under the condition of N > d, one can assume that the correlation length is
invariant along the ring's circumference, just like what we considered in the theoretical model. Therefore,
after every d number of discrete units (which are in total V), one new random number was generated (see
Fig. S3. (a)). For all the numerical results presented here we used 500 units for variable IV while d was
varied in the range of 1 to 50 units.

After generating the POV, we apply a Fourier transform to find the scatter field in the far-field
regime. Then, one needs to detect the local optical vortices inside the stochastic field. Two conditions
were investigated in order to find the optical vortices: (1) being in a local minimum amplitude following
by (2) phase wrapping as an integer factor of 2x. Calculation over phase has been done using (see Fig. S3.

(©) [3]
1 8
= %; arg[EnEn+1]‘

The parameter M can be any integer. If it is zero, there is no singularity happening in the target pixel,
while if it takes any other value, that point will be a phase dislocation. Positive or negative values of A/
determine the handedness of the local vorticity.

After finding the position of the vortices and their charge (it is usually a charge of +1 because high order
local vortices are not stable in a random wavefield), one can find the total charge inside any arbitrary
closed contour. Note that to make sure whether the algorithm works well or not, we calculated the
superposition of phase gradient over an arbitrary (circular, rectangular, etc.) closed contour in different
locations across the random field and compared it with the total charge inside the contour. In this way we
insure that they share the same value.

(@ (b)

initial random
phase  phase

I

Fig. S3. (a) Schematic of modeling the perfect optical vortex beam (POV) (b) the concept of
correlation length and phase variance of randomness in simulation. We have kept the correlation
length homogeneous along the ring’s circumference. In this example, the initial vorticity equals
4 meaning that phase is wrapped four times in range [0,27] (¢) Detection of the local vortices
was done using the superposition of phase gradient over the neighbors of a pixel where local
minimum intensity exists.
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a4 -

Fig. S4. An example of wandering local vortices which resulted from splitting the initial vorticity
(points in red). The movement of these vortices, frame by frame, is continues since the same
realization of randomness (with constant correlation length) has been used. The phase variance,
however, changes with the same increments at each step. Points in yellow illustrate the local
vortices appeared after introducing the perturbation. These vortices can be observed even in the
case of Gaussian beam scattering by random media. These figures have been generated by the
simulation method described in the previews section.

total charge

inside the
circular contour
A
initial vorticity m
m-1
memory
zone
0 . Normalized phase
0 1~ variance
global phase local phase

transition from
global description

towar
local discription of phase

Fig. S5. As shown in the previews figure, local vortices wander from each other until the point
where the field becomes homogenous and isotropic stochastic field will be reached. That is the
case of fully developed speckle field which is the case of most powerful random distortion.
Considering any closed contour, with arbitrary shape and size, which contains the optical axis,
the average vorticity detected inside this contour has a general behavior as above plot. The first
zone, named "memory area", is the regime of randomness where average vorticity is larger than
m — 1. Operating any interferometric measurement, one can observe global phase pattern based
on which some information regarding initial beam can be recovered. In the second area, filed is
in transition from an ordered optical field which has experience a weak perturbation toward a
strong distortion where field turns into the so-called fully-developed speckle field and global
structure for field is meaningless. In fact, field is homogeneous and it can be described just by
the distribution of local phase. Note that for above graph, a uniform distribution of randomness
was considered such that, in the case of unit normalized phase variance, a fully-speckled pattern
would be observed.

|10]



2.2. Uniform distribution of randomness

Below is the data calculated for the case of uniform distribution (s — oo) of randomness with phase
variation in range [—, 7]. This case corresponding to the strongest randomness, which leads to a fully-
developed speckle pattern and to the shortest extent of vortex memory. All axis ranges are the same as the
results provides in the main article.
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Fig. S6. Effect of randomness on beams with different initial vorticities. The plots illustrate the
detected vorticity inside the circular contour with radius p, = 2Az/7r, as a function of
correlation length (d) and phase variance («) of perturbation.

Panel (a): analytical data for the case of a Gaussian distribution with s = - x 0.37.

Panel (b) analytical data (left column) and numerical data (right column) for the case of uniform
distribution of randomness (s — o). The simulation results used N = 500 and represent the
average over 25 different realizations of randomness. Color bars range from zero to the value of
initial vorticity.
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3. Experiment

3.1. Tunable phase screen (TPS)

The TPS has been designed as the following: two 2-inch Thorlabs 120-ground glass diffusers [4] sandwich
a 1.53 series-A refractive index oil [5], where the polished sides of the diffusers face the air. The
temperature of the oil was controlled by two HT10KR ceramic ring-shape heaters [6] placed at the two
polished sides.

We conducted an independent measurement, prior to the main experiment, to illustrate the TPS
capability to impose controllable distortion to an incident field. For this purpose, we used a regular
Gaussian beam incident on TPS. We changed the voltage of the heater element and measured the intensity
contrast of the emerging speckle field as shown in Fig. S7(b). This test insured that field randomness can
be controlled properly to reach a maximum contrast of approximately 0.7. Note that during all
experiments, a 10 minutes delay was used to insure that the temperature is homogenous across the glasses.
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Fig. S7. (a) Measured temperature at the center of phase screen versus the voltage. (b) Intensity
contrast for input Gaussian beam. Behavior of the graphs perfectly show the change in the power
of randomness of the phase screen.

To find the properties of the ground glass (GG), we measured the roughness along 5 different direction
passing through the center and a typical result is illustrated in Fig. S8(a). By evaluating the auto correlation
and the roughness distribution, one can assign an effective correlation length and a distribution of phase
created by the GG in the presence of oil with a certain refractive index. In the case of our experiment,
correlation length was estimated to be 100(um) (see Fig. S8(c)).
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Fig. S8. (a) The surface profile along a line passing through the center of the GG. (b) Distribution
of the roughness evaluated from 5 different scans. (c) Auto correlation function of surface
fluctuation shown in part (a). based on this plot, we estimated the value of correlation length of
GG to be approximately 100(um).

Because we use two GGs face-to-face to make this device, we need to characterize the properties of
whole system. The probability density function (PDF) of a combination of two GGs is different from each
one separately. Indeed, the PDF of the sum of two independent random variables is the convolution of
their two PDFs. In the case of our device, PDF regarding GGs are the same; a Gaussian distribution with
standard deviation s, = 0.367 (see Fig. S8(b)) (this value is under assumption of a = 1). Thus, the
convolution of these two same Gaussian distributions results in a Gaussian distribution with standard

112]



deviation s = /2% = 0.67. The maximum phase range can also be found using the range of Gaussian
distribution in Fig. S8(b).

Based on this information and variation of refractive index of the oil versus voltage, the phase variance
for the TPS is found to be around 0.7. Note thatThe correlation length was measured before as
approximately 100(um). Based on this fact that the diameter of POV in the experiment was = 2(mm),
thus the ratio (which was discussed in first section) is d/N == 0.0159.
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3.2. Details of experiment

This appendix details the phase measurement using two different arrangements. In the first interferometer
a spherical wave was used as reference while in the second interferometer the same object wave was used
as reference (self-interference). The experimental setup for both measurements is illustrated in Fig. S9.

TPS heater
controller

shutter

LCR controller CCDI -

Fig. S9. Experimental setup. All components inside the setup are labeled. In order to label the
items, the view has been rotated in comparison to the one in the main text. Note that the aperture
at the back of the L2 is an iris diaphragm.

A randomly polarized beam from a Nd:YVO4 laser with wavelength A = 532(nm) is filtered and
collimated using an objective, pinhole and lens (L1) with focal distance f = 10(cm). The polarization
state of the collimated beam is rotated by a half-wave-plate (HWP1) and split into two orthogonal
components by a polarizing beamsplitter (PBS) for the measurement in the first interferometer.

The reflected vertically-polarized component travels toward a spatial light modulator (SLM 512 BNS
non-linear system, 512 X 512 pixels) which works in pure phase mode. By rotating the HWP1, the
intensity ratio between the horizontally and vertically polarized components was adjusted to be 1:2,
respectively. The reason was to compensate the energy which is lost in reflection by SLM. The SLM is
controlled by a computer in real time using MATLAB Software routines to generate the mode-converting
holograms. The holograms are blazed phase gratings, designed such that they have the maximum of the
energy is in the first diffraction order. Additionally, the holograms are programmed with an extra
correction phase factor to ensure the best flatness of the phase in the output Bessel-Gauss beams. The
resulting Bessel-Gauss beam with a topological charge value m passes through an iris diaphragm which
has been placed to remove the undesired diffraction orders.

Then, we need to generate the perfect optical vortex beam (POV). This beam can be created by axicon
[7], width-pulse approximation of the Bessel function [8], liquid crystal spatial light modulators (SLMs)
[9], and digital micro-mirror devices (DMDs) [10]. Although the information capacity is inherently
reduced, their use in free space and underwater communications has been recently demonstrated
[11,12,13,14]. The Bessel-Gauss beam incidents onto a lens (L2) with focal distance f = 150(mm). The
perfect optical vortex beam (POV) with approximate diameter of 2(mm) is then created on the back focal
plane of L2 where the TPS is located.

The emerging speckle pattern is directed towards the Fourier lens (L3) placed at the focal distance f =
150(mm) from the TPS to obtain a non-evolving speckle pattern [15]. The optical field right before the
BS2 can be written in Cartesian coordinates as B, (2, y) = [E,,, By, |! = Ey, (2, y)e 2@ [0,1]T, where
Ey, and ¢, are the amplitude and phase of the speckle field, respectively.
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The transmitted horizontally-polarized component in the PBS passes a half-wave plate (HWP2)
orientated at 45 degrees in respect to horizontal, so that it is converted to vertically polarized state of
polarization. Then, this vertically-polarized wave-plane is transformed into a spherical wave using a
Plano-convex lens L5 with focal distance 150(mm). The spherical wave passes through a variable liquid
crystal retarder (LCR) to become E, (x,y) = [E,,, By, |t = Ey, (x,y) exp(i¢,, ,, +i6)[0,1]f, where
E,, and ¢, are amplitude and phase, respectively, and parameter ¢ is an additional phase factor adjusted
by LCR. Finally, the transmitted speckle field and the reflected spherical beam are recombined into a
single beam by the beamsplitter BS2. The corresponding optical field can be expressed as

Et(a) = EOlei(¢1+5) (g) + E0261¢2(m,y> (2)
When the phase factor introduced in retarder is 6 = /2, intensity of the interference field is given by
It(‘n’/2) = |Eo1|2 + ‘E02|2 —2E, Eg, sin(¢, — ¢1).

However, when this parameter is adjusted to 6 = 0, the intensity can be written as

It(O) = ‘Eo1|2 + ‘E02|2 +2Ey Eyy cos(py — &)
Using the two last equations, one can evaluate the phase as
B |Eo1* + [Eg2l* = Lo

|Eo1 * + 1 Eoal* = 1y0) 7

which is actually the phase difference between the scattered field and the reference field. At this point, we
can ensure that the experimental procedure described above, aside from the separate intensities of two
arms, | Ey; |? and |E,|?, only requires two interferometric measurements of the intensity to obtain the
experimental value of the phase ¢ = ¢, — ¢, while the four-measurement phase retrieval technique is
common. In this way, the phase of optical field is measured fast in a time limited by the modulation
frequency of LCR (hundreds of £Hz) and the exposure time of camera (50 ms). The lens L4 was used to

manipulate the size of speckles, and lens L6 was used for magnifying the interference pattern, because the
field around the optical axis (paraxial regime) is desired.

tan(¢y — ¢,) =

V=0(v) V=1(v) V=2(v) V=3(v) V=4(v) V=5(v) V=6(v) V=7(v) V=8(v)

Intensity
TC=1

Fig. S10. Interferometric measurements of the intensity pattern with factor § = 7/2 and retrieve
phase of scattering the perfect optical vortices beams with topological charges m = 4 (first and
second rows) and m = 1 (third and fourth rows).

Experimental results of the interferometric measurements in the first interferometer of the intensity are
illustrated in Fig. S10, including the retrieved phase regarding the speckle field of the POV with
topological charge m = 4 (first and second rows) and m = 1 (third and fourth rows) for different voltages
applied to the tunable random phase screen. The measurements show that increasing the voltage is
equivalent to decreasing the TPS scattering. As a result, the interferometric speckle intensity pattern and
the speckle retrieved phase tend to the interferometric results of intensity and phase of the POV with a
spherical wave [16].

To quantify the topological charge, we were forced to use the rectangular contours in the Cartesian
coordinates. Because of the fact that diffracted POVs have different sizes due to different orders of
vorticity, we examined the global topological charge by averaging over a couple of square contours
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centered on the optical axis. Furthermore, this procedure alleviates the noise existing in any regular phase
measurement.

Next, we measure the gradient of the phase around each closed loop contour to quantitatively determine
the number of singularities with topological charge +1 and -1 over it and measure the topological charge
as the sum of these singularities. By repeating this process for each rectangular contour from the center to
the external position in each retrieved phase pattern, we measure the topological charge using the mean
value over the number of contours. As the contour size increases, the evaluated charge tends to saturate.
We found that a total of 11 contours over each phase distribution provides an appropriate measurement.

To track the global phase, we used the second interferometer where the object wave interferes with a
replica of itself (self-interference). In this configuration the reflected speckle field by BS2 is used as input
field for BS3. There, the speckle field is divided into two fields which travel along the upper- and lower-
arm of the Mach-Zehnder interferometer to reach the beamsplitter BS4. A relative phase shift o between
the two speckle fields is introduced by moving, the mirror M6. Finally, the speckle fields are recombined
at the output of the beamsplitter BS4 where the intensity becomes

Iy = 2|Ey [*(1 — cosa).
Fig. S11 illustrates and example of measured self-interference intensity of the speckle field for the case
of the POVs with topological charge m = 5, where voltage varies in range V' = 2(v) to V' = 7(v). One
can observe that the interferometric pattern tends to the typical curved-fork shaped when the TPS
randomness decreases. In both arms of setup the camera used is an Andor CMOS.
V=2(v) V=3(v) V=5(v)

V=4(v) V=6(v) V=7(v)

Self-interference
intensity
TC=5

Fig. S11. Self-interference intensity pattern. As it can be observed, by increasing the voltage
(decreasing the phase variance), singularity can be observed in the center. Without any phase
measurement and with one intensity measurement, one can find the vorticity in the center. That
is the reason why this measurement is called “global phase measurement”.
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