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Fig. S1: Lifetime and pp posteriors for data simulated with lifetimes of 0.8 and 3.6 ns, uniform pp of 0.2 and 0.05 ym—3
and total photon counts of 500, 1,000 2,000 and 5,000. (a) Lifetime posteriors. (b) up posteriors. The blue and brown
curves, respectively, represent posteriors of species with up of 0.2 and 0.05 um~3. The black dashed lines represent the
ground truths.
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Fig. S2: Cross-sections of 3D non-uniform pp profiles along x-axis. The first and second rows represent resulting up
from data sets simulated with two species and a large gap in lifetimes (0.8, 3.6) ns. The third and fourth rows show
resulting pp from data sets with more similar lifetimes (2.5, 3.6) ns. (a-d), (e-h) and (i-1), respectively, depict results
from simulated data with 50, 100 and 200 photons per pixel. The data used in the first and third rows were simulated
using a pixel size of 0.2 um and pixel size for the second and last rows was 0.4 pm. All the data were generated over a
region of 32x32 pixels.
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Fig. S3: Lifetimes of non-uniform profiles corresponding to the up profiles in Fig. S2. The black dashed lines and the
solid yellow lines show the ground truth lifetimes and the used priors, respectively. The used priors are also depicted in
Fig. S19. The same line-style convention is followed throughout the SI.
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Fig. S4: An example of 3D profiles used in Fig. S2. 3D plots in panels a and b depict the ground truth and the median of
up profiles sampled from the posterior for a data simulated with two species, lifetimes of 0.8 and 3.6 ns and 100 photons
per pixel over 32x32 pixels. The cross sections shown in Fig. S2e was taken from the profiles shown here. The up profiles
do not vary along the z-direction. Grids represent the pixel centers.
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Fig. S5: Sub-nanosecond lifetime resolution. (a) Cross-sections of 3D up profiles for non-uniform profiles along x-axis

simulated with lifetimes of (2, 2.5) ns, 200 photons per pixel over 10x10 pixels and pixel size of 0.2 um. (b) Histogram
of the sampled lifetimes.
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Fig. S6: Lifetime similar to orp (0.661ns). (a) Cross-sections of 3D pp profiles for non-uniform profiles along x-axis
simulated with lifetimes of (2, 0.66) ns, 100 photons per pixel over 10x10 pixels and pixel size of 0.2 um. (b) Histogram

of the sampled lifetimes.
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Fig. S7: Lifetime exceeding the inter-pulse time (~ 2 times larger than the inter-pulse time, 7' = 12.8 ns). (a) Cross-
sections of 3D pp profiles for non-uniform profiles along x-axis simulated with lifetimes of (2, 25) ns, 100 photons per
pixel over 10x10 pixels and pixel size of 0.2 um. (b) Histogram of the sampled lifetimes. While the lifetime larger than

the inter-pulse period is detected and the ground truth falls within the range of the histogram, it is very wide implying
a high uncertainty.
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Fig. S8: Cross-section of 3D up profiles for simulated data with 3 species, lifetimes of 0.8, 2.2 and 5.2 ns, 100 photons

per pixel over a region of 20x20 pixels and a pixel size of 0.2 pm. (a) The cross section of pp profiles along the x-axis.
(b) Histogram of the found lifetimes.
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Fig. S9: Difference of the ground truth and learned pp profiles shown in Fig. 3. (a,b) Relative differences of the ground
truths and the learned pp profiles using photons from all pixels. The relative differences was calculated by subtracting
the resulting up profiles from the ground truth and dividing by the maximum value in the ground truth. The average
of absolute differences are 1.8% and 3.7% in panels a and b, respectively. (c,d) Difference of the ground truths and the

learned pp profiles ignoring photons from pixels with even columns and rows. The average of absolute differences are
2.6% and 7% in panels ¢ and d, respectively. Scale bars are 1 pm.
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Fig. S10: Histograms of the relative differences shown in Fig. S9
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Fig. S11: Histogram of lifetime samples for simulated data with two species and heterogeneous pp profiles shown in Fig.
3.
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Fig. S12: Differences of the learned and ground truth up profiles for in vivo data set depicted in Fig. 4. (a) Difference of
the pp profiles of lysosomes using all the photons. The average of the absolute differences is 2.3%. (b) Difference of the
up profiles of mitochondria using photons from pixels with odd indices. The average of the absolute differences is 3.4%.

Scale bars are 1 pm.
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Fig. S13: Phasor approach is used to estimate the in vivo lifetimes of the probes. (a) Experimental design showing the
excitation laser source, absorption (dotted) and emission (colored) curves of the two probes in the sample. The shaded
areas correspond to the three filters used. (b,c) Intensity image and corresponding phasor plot when collecting in the
520/35 band. (d,e) Intensity image and corresponding phasor plot when collecting in the 605/55 band. (f,g) Intensity
image and corresponding phasor plot when collecting with the 500LP filter. The fluorescence lifetime for LysoView 488
was obtained by calculating the lifetime corresponding to the extrapolation of the phasor cluster (panel ¢) to the universal
circle, corresponding to 5.1 ns. This was done due to the fact that the phasor distribution appears elongated towards
very short lifetimes due to the leakage of laser excitation through the emission filters. The lifetime for TMRM could
not be obtained as a pure lifetime on this dataset due to the bleedthrough of LysoView 488 fluorescence in the 605/55
emission filter. For this reason, to estimate the lifetime of TMRM, we considered the extrapolation to the universal circle
along the direction of maximum variance of the cluster (panel e), which corresponds to 1.6 ns.
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Fig. S14: Histogram of lifetime samples obtained form the mixture of two species in vivo data with intricate up profiles
shown in Fig. 4.
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Fig. S15: Lifetimes at different locations. (a) Histograms of lifetime samples obtained form different subregions of the in
vivo data in Fig. 4i. Lifetime samples with different colors are associated with different selected subregions. The dashed
lines show lifetimes obtained by the phasor approach using all of the photons from the entire field of view. (b) The FLIM
image data. The sub-regions used to obtain the lifetimes in panel a are included within the brown windows. Scale bar is
4 pm.
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Fig. S16: Scanning the sample in continuous trajectories versus discrete steps. (a) Data simulated by assuming an
illumination spot moving with constant speed, scanning the mixture of simulated profiles shown in Figs. 3a-b. (b-c)
Resulting pp profiles by analyzing the data in (a) assuming an illumination spot moving in discrete steps. (d) Data
simulated by assuming an illumination spot moving in discrete steps, scanning the mixture of simulated profiles shown

in Figs. 3a-b. (e-f) Resulting pp profiles by analysing the data in (d) assuming an illumination spot moving in discrete
steps. All scale bars are 1 pm.
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Fig. S17: Difference of the ground truth and the resulting pup profiles obtained from data sets assuming illumination
spots moving with a constant speed, Fig. S16a, and in discrete steps, Fig. S16d. (a-b) Difference of the ground truth,
shown in Figs. 3a-b, and the resulting profiles from data simulated assuming an illumination spot moving in constant
speed shown in Figs. 16b-c. The average of the absolute differences are 2% and 3.8% in panels a and b, respectively.
(c-d) Difference of the ground truth, shown in Figs. 3a-b, and the resulting profiles from data simulated assuming an
illumination spot moving in discrete steps shown in Figs. 16e-f. The average of absolute differences are 2.4% and 5.7%
in panels ¢ and d, respectively. All scale bars are 1 pm

18



0.25 -

[callibration data
Fit

PDF

At (ns)

Fig. S18: The Gaussian IRF combined with an exponential decay profile fits (red curve) the calibration data (histogram)
with a known lifetime. The calibration data is collected from an in vitro experiment using coumarin6 with lifetime of 2.5
ns. The offset (7irr), the width (o1rr) of the Gaussian IRF and the inter-pulse time (7") are, respectively, 10.4, 0.66 and
12.8 ns.
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Fig. S19: Priors on (a) lifetimes and (b) uniform pp profiles. The priors are shown in Figs. S3, S5, S7, S8, S11 and S14
but they appear to be very close to the axis due to scaling. The used priors are very broad and are effectively flat over
the interval of the estimated parameters so that they have almost no impact on the final results.
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Supplementary Note 1: Methods Description

Supplementary Note 1.1: Photon Arrival Time Likelihood
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Fig. S20: Sequence of the laser pulses. The red boxes and the dashed lines, respectively, show the laser pulses and times
of different events. tgulseatgglgevtext,kvtems,k and tget r are, respectively, times of the kth and k — nth pulses, the time
that a molecule absorbs a photon and gets excited, the time that the excited molecule emits a photon and returns to the
ground state, and the time that the emitted photon is detected. n counts the pulses before the kth pulse. T and At?€ are,
respectively, the time interval between two consecutive pulses and the arrival time of the photon detected after the kth

pulse. Note that the detector reports the photon arrival time with respect to the immediate previous excitation pulse.

In this section, we derive the likelihood of photon arrival times by taking into account details of FLIM experiments.
A photon arrival time (Ati) is recorded with respect to the immediate previous excitation pulse. However, a detected
photon might, in general, come from a fluorophore that was excited in a pulse preceding to the immediate previous pulse.
The total time from the excitation up to the times that a photon is detected by the detector is the sum of three periods:
(1) the time that the excited fluorophore spends in the excited state (At!_, ,); (2) the difference of the excitation time
and the center of the excitation pulse; (3) the time that it takes to record the arrival time after the photon arrives to the
detector [1]. The combination of the last two times is called the instrument response time (IRF; denoted by AtfRF) 5

Considering Fig. S20, the relation between these different time intervals and the arrival time can be written as follows

Atéxt,k = tems,k — text,k (Sl)
At%RF,k = (text,k - tf,;l:e) + (tdet,k - tems,k) (SZ)
At;c = (tems,k - text,k) + (text,k - tf,;:c) + (tdet,k - tems,k:) —nT (83)
At), = Aty + Atigpy, — nT. (S4)

where T is the inter-pulses time and n counts the preceding pulses. Since there is a discrete set of multiple options for n
(instead of two options), it follows a categorical distribution. Additionally, the time spent in the excited state (At ;)

and the IRF-time (At%RF’ «)» respectively, follow an exponential distribution and an approximate normal distribution, see
Fig. S18.

Now that we have introduced different time intervals involved in a photon arrival time, we proceed to construct the
photon arrival time likelihood. The arrival time, At;, is given by the sum of the parameters Atl,, ;, Atipp , and nT), as
given by eq. (S4). Thus the likelihood can be calculated by the convolution (shown by x) of the distributions of these
parameters

P(At;{f‘)\sk) = P(At%RF,HTlRFaUIQRF)*P(Atéxt,kp\sk) * P (n|N) (S5)
where

P (n|N) = Categorical. 5y ([4o, ..., An]) (S6)

P (At%RF,k| TIRF, ORp) = Normal(At%RF,k; TIRF, OTR) (S7)
P (Atly xlAs,) = Exponential(Atl 15 As, )- (S8)

(S9)

A, in eq. (S6) is the probability that a detected photon comes from nth pulse preceding the immediate previous pulse,
given by
(n+1)T

A, = / q(t)dt (S10)

T
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where ¢(t) is introduced in eq. (S12). In general, n can be any number from zero up to the number of pulses at the time
of detection of the kth photon. However, since the lifetimes are usually about a few nano-seconds and the time interval
between two consecutive pulses is of the order of tens of nano-seconds, it is safe to assume n € [0, N|, where N is an
integer cutoff.

In order to derive the photon arrival time likelihood, we must calculate two convolutions. To calculate these convo-
lutions, it is helpful to define an auxiliary parameter Ati, := Atéxt’ e At%RF’k, which is a random variable that follows
a distribution q(At!,) given by the following convolution (first convolution in eq. (S5))

. Aty . .
q(Atyy,) = [/0 Normal(Aty), — Atey ki TIRF, Ofrr)

X Exponential(Atéxt’k; Asi) dAtéxtyk] (S11)

TIRF + )\97 JI2RF TIRF — Atiy, + )‘si,UI2RF

erf | ———& — | —erf k
oRFV?2 ORFV2

Agi

Sk )\3;% ) 2

X

where erf(.) stands for the error function. We use the approximation

TIRF"‘)\si o2 TIRF — At? +)\si o2 TIRF — At +/\§1 o2
erf | —— %k IRE ) op *k B IRE ) erfe *k i IRE (S13)
OIRF \/i OIRF \/§ OIRF \/i

where erfc(.) = 1 —erf(.). This approximation is valid as long as 7irp > 2.501rF, which holds because there is no negative
photon arrival times.

Now we are in a position to find the photon arrival time likelihood, which is given by the convolution of q(Atik)
and P(n|N) (second convolution in eq. (S5)). To calculate this convolution, it is helpful to use the substitution At, =
Att +nT, see eq. (S4), and the likelihood can be obtained as follows

N
P (At = [Z A(AF + nT)P(nuv)]

n=0
N TirE — Aty — 0T + A\ 0fgp
= Z erfc k
—o oREY2
Ay Ayi ,
X 2k exp ( 2’“ (Q(TIRF — At —nT) + )‘s;;UIQRF)> ] . (S14)

The above expression gives the likelihood of photon arrival times of a photon detected in a non-empty pulse (W,:zl)
However, there is no detected photon from an empty pulse (W;=0) and hence no arrival time and the likelihood is simply
one. Therefore, the arrival time likelihood for both empty and non-empty pulses is given by

P (Atﬂ)\sz, W,g’) =P (Atﬂ)\s;;)wli . (S15)

Supplementary Note 1.2: Data Simulation and Analysis

To generate data, it is presumed that a confocal microscope scans the sample sequentially over equally spaced spots, £°.
The probabilities of empty pulses (7g) and probability of exciting a molecule of species m (m,,) are given in the Methods
section of the main text. For simulating data, we calculate these probabilities for every individual pulse in the ith pixel
using a cylindrical PSF with a Gaussian profile

1
7 (516)

PSF¢: (X) = w, exp <_2($ el Ul §y)2)

where wg, and w, are respectively the full widths at half maximum (FWHM) in lateral and axial directions. Next, we
employ these computed probabilities to generate empty and nonempty pulses, and also the indicator parameters s; for
photons from nonempty pulses sampled from the categorical distribution described in the Methods section. The time that
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an excited fluorophore spends in the excited state is taken from an exponential distribution with a lifetime corresponding
to its indicator s, _
Aty ~ Exponential(r; ). (S17)

The IRF times are sampled from a normal distribution with the given offset, mirr, and variance, oxp
Atigp  ~ Normal(Tirr, ofrp)- (S18)

Now we can generate the photon arrival times as follows

Att = Atixt,k + Atme -T (S19)

Atéxt,k + At%RF,k
T

where | | gives the integer part of its content. The data are generated for either a given number of pulses or photons per
pixel. A list of parameter values used in simulating different data sets are given in Table S2.

Now that we have described the data generation, we proceed by explaining the data analysis. In order to analyze
both experimental and simulated data, we initialized the chains by taking random values from their corresponding priors.
The parameters used for the prior and proposal distributions are listed in Table S1.

In order to speed up the algorithm to analyze large regions, namely simulated and experimental data with intricate
profiles shown in Figs. 3-4, we split them to smaller subregions where each subregion were overlapped with its neighbors
to avoid edge artefacts. Each subregion are then processed independently. In the end, the resulting up profiles from each
subregion are stitched back together to obtain the entire up profile [2].

Supplementary Note 1.3: Characterizing the Instrument Response Function

Instrument response function is due to instrument imperfections, defined in eq. (S2) and Fig. S20. The IRF-time is
a random variable and we assume that it follows a normal distribution (which we simply call IRF distribution) with
an average of Tirp and variance of o as given in eq. (S7). The resulting lifetimes and pp profiles from our method
are very sensitive to the parameters of the IRF distribution. Therefore, it is essential to accurately characterize these
parameters. However, IRF-times are not directly observed and observations are photon arrival times. Photon arrival
times are combinations of the lifetimes and the IRF-times that follow the distribution given by eq. (S14). Therefore, the
IRF parameters can be calculated using calibration experiments where a trace of photon arrival times is acquired for a
single fluorophore species with a known lifetime; see Fig. S18.

To characterize the IRF given calibration data, we developed a MCMC algorithm to learn the IRF mean (rrr) and
variance (o7zp) by sampling from the posterior of these parameters. The posterior is proportional to the likelihood given
by eq. (S14) and the priors over the parameters of interest, namely 7irr and ofzp. We take uniform priors for both of
these parameters and the resulting posterior is therefor proportional to the likelihood. We used the Metropolis Hasting
(MH) algorithm [3,4] to sample from this posterior where the acceptance ratio is given by
P (Btler otier, A)

A= (S20)

P (Bl|rgi, ofide, A)
where P Eh{’éﬁp ,otniy, A ) is the likelihood of the set of given arrival times. Here, we dropped the the subscript s, of

) since there is only one fluorophore species in the calibration data. After taking adequate samples, the mean mrr and
variance 012RF is calculated by taking averages of the drawn samples.

Supplementary Note 2: Description of the Inference Framework

Supplementary Note 2.1: Prior Distributions

In the Bayesian framework, priors are included on all the unknown parameters. Here, these parameters are: the inverse

of lifetimes A, the indicator parameters s}, the concentrations p,, (we learn pp rather than the concentration p), and

the mean of GP prior v,,. In the following, We describe the priors used in our inference framework.

Prior on inverse of lifetimes

Since the inverse of lifetimes are positive, we put a gamma prior on this parameter to restrict them to positive values
Am ~ Gamma(ay, 8y), m =1, ..M (S21)

where o, and [y are shape and scale parameters, in turn.
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Prior on the indicator parameters

The indicator parameter si is a discrete variable that accept values from 1 to M (total number of species). It therefore
follows a categorical distribution as described in the Methods section

st ~ Categoricaly. p; ({7 ). (522)

This distribution is also conjugate to the likelihood and results in a closed form for the posterior (derived in the next
section), which permits direct sampling of this parameter.
Prior on non-uniform pup

Non-uniform pp profiles are comprised of a set of correlated random variables. Therefore, we put a Gaussian process
(GP) prior on these profiles
pwpm ~ GP(Vp, K) (523)

where v, and K, respectively, are the mean and covariance matrix. The covariance matrix of the GP prior is given
by [5-7]

K (X, X7) = o%p exp “ (X;X) ] ($24)

where ogp and L are positive parameters, and X is the set of  and y locations used to calculate correlations.

Prior on the mean of GP prior

We also learn the mean of GP prior v, and therefore we must put a hyper-prior on this parameter as well. We use a
normal distribution with mean zero as the prior for v,

Vpm ~ Normal(0, ). (S25)

Prior on uniform pup profiles

Uniform pp profiles do not vary across space and therefore can be learned as a scalar value. Since pp is positive, we use
a gamma prior which is flexible and also guarantees that up does not take negative values

pm ~ Gamma(a,, 8,) (S26)

where o, and 3, are shape and scale parameters, respectively.

Summary of all equations

Fig. S21: Graphical model describes the conditional dependence between different parameters in our method. The gray,
blue and blank circles, respectively, indicate observations, unknown parameters and intermediate parameters. k,¢ and
m, respectively, count pulses, pixels and species. W} and At} reports if a pulse was empty or not and the arrival time of
a photon from the kth pulse in ith pixel, in turn. s is the indicator parameter for a photon from the kth pulse in the ith
pixel and can be an integer from 1 to M. p,, and 7, are respectively the concentration and lifetime of the mth species.
Vp is the mean of GP prior on the mth concentration profile.
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For concreteness, we summarize the entire set of distributions used in this formulation, including hyper-priors, priors and
the likelihood, in the following.

Hyper-priors:

Vpm ~ Normal(0, ;). (S27)
Priors:
Am ~ Gamma(ay, 8)), (S28)
/LPWL|V7”/ ~ GP(VWL7K)7 (829)
st {7 Yo ~ Categoricaly. ({75, ). (S30)
(S31)
Likelihoods:
_ , NN Agi , )
At?ﬂ‘AS;ﬂ?Wé ~ Z 2k exp ( 2k (Z(TIRF — At}c — nT) + )\S;'CO'IRF)>
n=0
. wi
TR — Att — nT + A\, 02 *
x erfe | —or k i IRF , (S32)
OIRFV?2
Wi|mh ~ Bernoulli(1 — 70). (S33)

Supplementary Note 2.2: Description of the Sampling Framework

The joint posterior of all the parameters of interest is shown by P({ipm, Vi, Tm }m, 5|W, At) where the curly bracket
with the subscript m indicates the set of the parameters inside the bracket for all the species indexed by m, and s with
over-lines represent the set of all indicator parameters for every pulse (indexed by k) and pixel (indexed by ). This joint
posterior is proportional to the product of the likelihood and the priors described before. In order to make inference
about the system, we use the MCMC technique. Our MCMC technique implements the Gibbs sampling by sequentially
taking samples from the posterior of every parameter conditioned on the rest of parameters, which is called either the
target distribution or full conditional distribution [8,9]. Here, the set of parameters of interest are {upm }m, {Vm}m, 5
and {\, },», which are sampled as follows:

1) The set of pp,, profiles are jointly sampled using the MH algorithm;

2) The set of hyper-parameters, v,,, are jointly sampled using the MH algorithm;

3) The set of indicator parameters, si, are directly sampled;

4) The set of lifetimes, 7,,, are jointly sampled using the MH algorithm.

In the following, we introduce the target distribution for each of theses parameters and discuss our sampling scheme in
further detail.

Supplementary Note 2.2.1: Sampling )\,
The target distribution of {A, } is given by (Fig. S21)

Dt ~ P ({n} ol DLW, s vin b ($34)

x P (At\s W, {/\m}m) ({nton) (S35)
H H P (At’ Wi, )
(s

iR — At), —nT + A ofgp }W’i
xerfc
oRFV2

H P(\ (S36)

)‘S}i i 2

HGamma()\m;aA,BA)] (S37)
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where the likelihood of the entire set of photon arrival times is simply the product of the likelihood of every individual
photon arrival time, eq. (S14), due to their independence. The above expression does not have a closed form and therefore
the MH algorithm is used to sample {\, },,. We take the proposed lifetimes, AP°P, from a gamma distribution

old
A
s —_prop
ay

Am ~ Gamma, (af{mp ) ,m=1,.. M (S38)

and the MH acceptance ratio is given by

L (D25, W, D0 Y ) P (B b ) Gammma ({A5 s 0P, Lt s39)
P (EE, W, {Ag,gd}m) P ({\24},,) Gamma ({A?,{f’?}m; alrov, %) '

Supplementary Note 2.2.2: Sampling s}c
The target distribution of s¢ is given by (Fig. S21)

5}9 ~ P(SZ|At§c7nga{)‘maﬂpm7Vm}m> (S40)
o<P(At;;‘wlia{)‘m}nlvsi)P(Si‘{ﬂpm}m) (541)
—i&?‘e 24 (o — At — nT) + Ay o
= L:o 5 XP( 9 ((TIRF p—nT) + s}CO—IRF>>

Tirr — Aty —nT + Ay OfRE
x erfe

OIRF \/§

= Categorical;.,, (ﬂ [21 Zexp (21 (2(mirr — At} —nT) + Ala?RF))

n

Wi
) ] Categorical(sk; {pm }m) (542)

Wi

g eeey

 erfe (TIRF — At;€ —nT + )‘1012RF>
OIRFV?2

A A ,
T [;VI Zexp {;VI (2(rirr — At —nT) + /\MO'%RF):|

wi
) (943)

where 7! is given in the Methods section. Samples can be directly taken from the above distribution since it has a closed
form.

orfe <7'IRF — Atfc —nl + )\MUIQRF)
OTRFV2

Supplementary Note 2.2.3: Sampling non-uniform pup,,

The target distribution of {upm, }m is given by (Fig. S21)

(ot ~ P ({0} B85, T, Doy i b ) (S44)

P (31{om}m) P (W{som b ) P ({pm bonl (Vi ) (545)

where

P (o)) = [Hnﬂz;]
P (W|{omtm) = [H [Te-)" (wé)l‘wﬂ (s16)

where 7§ and 7! are introduced in the Methods section of the main text. We use GP priors on the species up profiles,
given in (S23). In the following, we first give a short theoretical background for GPs and then describe our implementation
of GPs to learn the pp profiles.
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The objective of GPs is making inference about a generic function, f, which is considered to be comprised of an infinite
set of correlated random variables. The correlation between these random variables is described by the correlation function
K. In practice, dealing with infinite number of random variables is formidable and therefore a finite subset of test points,

X, is picked and we make inference about the function values at these set of test points, f¢ = f (ﬁ) [5—7]. The function

f is usually hidden and observations are noisy measurements, 7, of this function at a set of observation points X°, where
7~ P (3lf°) (547)
Fo—f (ﬁ) .

A system with Gaussian noise is described by a Gaussian likelihood which is conjugate to the GP prior and results in
a closed form posterior that can be directly sampled [5-7)

P (g|f°) = Normal (3; f°, Io) (548)
P (?, F) = Normal (Hc:} ; {Zg] , {II(;Z ﬁ:;}) (549)

where K°° K%' and K" are, respectively, covariance matrices, which is given by (S24), between subsets f° and itself,
ft and itself, and f° and f?. pd and pf are the mean values at observation points and test points, respectively, which
are usually taken to be zero. I denotes the identity matrix with size the same as K. Marginalization over f° results in
a multi-variate normal distribution with the following mean and covariance matrix

o= pb+ K" (K" +oI)"" (7 — 1) (S50)
K= K" — K" (K +oI) " K. (S51)

The above framework allows implementation of a direct sampling to make inference about f, where f can be learned
with a desired resolution by taking a more densely spaced set of test points. Note that the most intensive computational
calculation in GPs is computing the matrix inverse and multiplications in the above formula, which is of order of O (n3)
for n observations. For big data sets with more than 100K data points, these calculations become intractable. One way
to ameliorate this difficulty is introducing a set of inducing points X, [10], where the number of inducing points is smaller
than the set of data/observation points, and fc =f (70) The function values at the test points, f?, are deterministically

related to the function values at the inducing points, f¢, by
fl=K" (K"~ fe (552)

where K" is the covariance matrix between the sets of inducing points and test points. Once the function values at
inducing points are learned, the function values at test points are updated using eq. (S52).

Now that we have discussed GP prior for conjugate likelihoods, we proceed by the more challenging but more common
case of non-conjugate likelihoods. Any system with non-Gaussian noise is described by non-conjugate likelihoods to
Gaussian processes and thus the posterior does not have a closed form. Therefore, the MH algorithm is employed to learn
the function values at the inducing points where the acceptance ratio of a proposed jump is [11]

e P @|FE1) P (Ejﬂ) Q (EJ‘FiI)
P(lfe;) P(fe;)  Q(fj4lfe))

where j counts jumps and @ is the proposal distribution. A better approximate of the likelihood can be made by using
the test points, which have a better resolution than the inducing points, to calculate the likelihood and hence [11]

(953)

A= i @'FHJ P(F51) Q (7 17°541)
B - - = 17\ (S54)
P(glf,) P (F7,)  QUsnlrs)

While GP priors allow negative values, molecular pp profiles are positive quantities and thus we use the following
substitution to assure that the proposed values are always non-negative

om = exp(Xm) (S55)

where ., takes both negative and positive values. We learn y,,, employing the GP method and then find pp using eq.
(S55). The likelihood of {xm }m, P (?, WHXm}m), is obtained by replacing pp,, with exp(x,,) in the calculations. The
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resulting likelihood is non-conjugate to the GP prior and the posterior does not have a closed form. Therefore, we employ
the MH algorithm described above to make inference about { ., }m. We use a multivariate normal distribution centered
at zero and a GP with a scalar mean, v,,, as the proposal and prior distributions, respectively. The covariance matrix
of the multivariate normal proposal distribution is taken to be the same as the GP prior. The mean of the GP prior is
learned independently. This procedure is described by the following steps:

Step 1

Select the set of inducing points to be the center of pixels and pick the set of test points according to the desired resolu-
tion. Initialize x,, at inducing points to x,, ;_;-

Step 2
Update x,, at inducing points for all species by taking samples from the GP proposal distribution using the Cholesky
decomposition [12] as follows

Xom,j41 = Xm,; + LT (S56)
LL" = K*° (S57)

where @ is a set of random numbers drawn from a normal distribution.

Step 3
Update x,, values at the test points, x?,, given the set of inducing points X j+1 using (see eq. (552))

Xonjr1 = K (KO) X5, i (S58)

Step 4
Accept the proposed Xin, j+1 by calculating the acceptance ratio (S54)

PG adn) GP (b (n s K) (559

P (5.1 b ) GP (b (o )

where {v;, }., are the means of GP priors. Note that the proposal distributions are canceled. These steps are repeated
in every iteration.

Supplementary Note 2.2.4: sampling v,,
The target distribution of {v, },, is described by (Fig. S21)

P ({vmtmH{Xmtm) o< P ({Xmfm{¥m}m) P ({¥m}m)
= GP ({Xm}m: {Vm }m, K) | [ Normal (v, 0, 072 (S60)

m

where 02 is the variance of the normal prior. The values of {v,,}, are modified using the MH method where the
acceptance ratio is

A= GP ({Xm}m§ {V'"L,j-‘rl}ma K) Hm Normal (V77L7j+1, 0, 0'3)
~ GP ({xm s {Vm,j tm, K) Hm Normal (¥, 5,0, 02)

and the new values are proposed using a random walk.

(S61)

Supplementary Note 2.2.5: Sampling uniform pp,,

To learn uniform up profiles, we employ a regular MH sampling technique, which is much less computationally intense
than GP. We take the proposal distribution and the priors on {up.m, }m to be gamma distributions

old
{Mpm}m ~ Gamma <a§r0p7 W) , m=1,.. M (S62)
Qp
P ({Npm}m) = Gamma({upm}m§ Qp, 6/7) ) m=1,.., M. (863)
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The acceptance ratio of the proposed ppP™P, is given by

P (5, W {10527 ) Gamma ({upBio Yons p, B,) Gamma ({pipd s aror, L125c)e )
A= — : (S64)
P (5, W {00} ) Gamma ({p5 i 0y, 5,) Gamnma ({japhi®® bn; P, L5550 )

where the likelihood is given by (546).

Supplementary Note 3: Additional Results using Smoothly Varying Pro-
files

To further assess our method’s performance—with respect to photon counts, pixel size, lifetimes, and number of lifetime
components—we generated data sets with smoothly varying up profiles where we also varied: 1) photon counts per pixel;
2) pixel size; 3) number of lifetime components; and 4) lifetimes; Fig. S2-S8.

To examine the performance of our algorithm with respect to pixel size and photon counts, simulated data sets were
generated with two pp profiles that vary between 0.2 and 0.6 pm ™3 over a region of 32x32 pixels; pixel sizes of 0.2 or
0.4 pmy; lifetimes of (0.8 3.6) or (2.5 3.6) ns; and 50, 100 and 200 photons per pixel, Figs. S2-4. To assess the lifetime
resolution achieved by our method, a data set with two lifetimes of (2, 2.5) ns, which differ by only 0.5 ns, and 200
photons per pixel was simulated over a region of 10x10 pixels giving 20K photon counts in total, Fig. S5. To evaluate
the performance of our algorithm in learning lifetimes similar to the IRF width and exceeding the inter-pulse time, we
generated data sets similar to the previous ones except we used lifetimes of (2, 25) and (0.66, 2) ns, Figs. S6-7. We also
simulated a data set with three pp profiles smoothly varying between 0 and 0.2 pm ™2 over 20x20 pixel; lifetimes of 0.8,
2.2 and 5.2 ns; 100 photon count per pixel, and pixel size of 0.2 pm, Fig. S8.

To process these data sets, we used a 2D grid of test points (see Supplementary Note 2.2) with a grid size of 0.06 pm
which gives resolutions of 1/3 and 1/6 of the pixel sizes for the small and large pixels in Fig. S2, respectively. Furthermore,
for all data sets we assumed molecules can be excited up to N = 5 previous pulses except for the data set with a lifetime
larger than the inter-pulse time where we used N = 20, Fig. S7. Slices of the resulting pp profiles from our algorithm
are depicted in Fig. S2 where the blue regions, solid pink curves and dashed black curves, respectively, represent the
posterior’s 95% confidence interval (i.e., credible interval), the median and the ground truth of pp.

We proceed by discussing the performance of our method with respect to lifetimes. The first and second two rows in
Figs. S2 and 3, respectively, depict the results for lifetimes of (0.8, 3.6) ns and (2.5, 3.6) ns. For the simpler case with
pair of more dissimilar lifetimes, our method learns both pp and lifetimes, Figs. S2-S3. For the case of more challenging
pair of lifetimes, (2.5, 3.6) ns, the ground truths of up reside within the 95% confidence regions. However, the size of
95% confidence intervals are larger and the median of the learned up slightly deviates from the ground truths by less
than 18 percent for data sets with 50 and 100 photons per pixel; Figs. S2c,g-h. The deviation for Fig. S2d is larger than
18 percent. The peaks of histograms for the lifetime samples also deviates from the ground truths by about 0.3 ns, Fig.
S3. c-d,g-h. This is due to: 1) the number of available photons per unit of area is small; 2) the lifetimes are very similar
and difficult to discriminate. We further assessed the performance of our algorithm in resolving lifetimes that differ by
only 0.5 ns (the lifetime difference in this case is 25%) using more photons per pixel over a smaller region, Fig. S5. The
algorithm learns both concentration profiles and lifetimes with ~ 5% error, Fig. S5. We also evaluated the performance
of our algorithm in learning lifetimes over a wide range of values, namely lifetimes similar to the IRF width and larger
than the inter-pulse interval, Figs. S6-S7. To do so, we generated data sets with two lifetimes and smoothly varying
concentration profiles. In both data sets, one of the lifetimes used was 2 ns while the other lifetimes were either 0.66 ns
(similar to the IRF) or 25 ns (~ 2 times larger than the inter-pulse time). Our algorithm learns both pp profiles and
lifetimes for these data sets, see Figs. S6-S7, where the difference of the mean of the sampled lifetimes and the ground
truth for the lifetime larger than the inter-pulse time is ~ 3.7% with a standard deviation of 3.45 ns, Table S3. Although
the reported uncertainty is high the reported mean is very close to the ground truth (3.7% difference). Therefore, while
our method learns lifetimes over a wide range, the reported uncertainties increase for larger lifetimes, Table S3.

Next, we examine the results with respect to photon counts and pixel sizes. The first, second and third columns in
Figs. S2-S3 show results using simulated data sets with 50, 100 and 200 photons per pixel, in turn. Larger photon counts
result in smaller 95% confidence regions for the learned up, Fig. S2, and sharper lifetime histograms, Fig. S3. The first
and third rows show results from data sets simulated with a pixel size of 0.2 pm and the pixel size for the data sets used
in the second and fourth rows was 0.4 pm. The width of 95% confidence regions increase for cases with the larger pixel
size due to the decrease in the number of collected photon per unit of area.

To show an example of the entire simulated smoothly varying up profiles, a 3D plot of the generated ground truths
with lifetimes of 0.8 and 3.6 ns are presented in Fig. S4a. Fig. S4b shows a 3D plot of the median of sampled up profiles
for the simulated data set synthesized using concentration profiles in the panel a. The grids show pixels with a size of
0.2 pm.
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We also assessed our method’s performance employing synthesized data with 3 lifetime components, shown in Fig. S8.
Slices of the learned up profiles are depicted in Fig. S8a. The ground truths of pp reside within the 95% confidence area
of the learned pp; Fig. S8a. Moreover, our method infers the corresponding lifetimes of the concentration profiles where
the histogram of the samples are shown in Fig. S8b.
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Supplementary Note 4: Table of Parameter Values used for Data Analysis

Parameter | wyy w. omr Tmmr T  ax B AP ogp L a, B, al’r g,
Unit 4m  pgm  ns gm  ns - ns - pm  pm - um3 - Jm
Fig. 2 0.15 0.24 066 104 128 1 100 5,000 - - 1.01 150 20,000 50
Fig. 3 0.3 1 0.66 104 128 1 100 3,000 1 0.4 - - - 50
Fig. 4 0.3 1 0.66 104 128 1 100 3,000 1 04 - - - 50

SI Fig. 1 0.15 0.24 0.66 104 12.8 1 100 5,000 - - 1.01 150 20,000 50

SI Fig. 2-4 | 0.3 1 0.66 10.4 12.8 1 10 2,000 1 3 - - - 50

SI Fig. 5 0.3 1 0.66 104 128 1 10 3,000 1 0.8 - - - 50

SI Fig. 6 0.3 1 0.66 104 128 1 50 5,000 1 0.8 - - - 50

SI Fig. 7 0.3 1 0.66 104 128 1 10 2,000 1 0.8 - - - 50

SI Fig. 8 0.3 1 0.66 10.4 12.8 1 10 2,000 1 0.75 - - - 50

Table S1: Table of the the parameter values used for the analysis of the data.
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Supplementary Note 5: Table of Parameter Values used in Data Simula-

tion
Parameter Way W, OIRF TIRF T ot I T p
Unit pum - pm ns pm ns ns ns ! ns pm 3
Fig. 2a-b 0.15 024 0.66 104 128 0.1 10°° 2.5, 3.6 0.5K, 2K
Fig. 3 0.3 1 066 104 128 0.1 1073 1.5, 5 Profiles
SI Fig. 1 0.15 0.24 066 104 128 0.1 1073 0.8, 3.6 0.5K, 2K

SI Fig. 2-3a-befij | 03 1 066 104 128 0.1 1073 0.8, 3.6 Profiles

SI Fig. 2-3c-d,g-h,k-1 | 0.3 1 0.66 104 128 0.1 1073 2.5, 3.6 Profiles
SI Fig. 4 0.3 1 0.66 104 128 0.1 1073 0.8, 3.6 Profiles
SI Fig. 5 0.3 1 0.66 104 128 0.1 1073 2,2.5 Profiles
SI Fig. 6 0.3 1 0.66 104 128 0.1 1073 0.66, 2 Profiles
SI Fig. 7 0.3 1 0.66 104 128 0.1 1073 2,25 Profiles
SI Fig. 8 0.3 1 0.66 104 128 0.1 10~% 0.8,22,52 Profiles

Table S2: Table of parameter values used in generation of the simulated data.
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Supplementary Note 6: Table of Results

w1 std P2 std i51 std Ty std T3 std
Fig. 2a-b (500 photon) | 0.205 0.024 0.049 0.024 3.79 1.13 232 0.48 - -
Fig. 2a-b (1K photon) | 0.207 0.018 0.042 0.017 3.85 1.02 259 0.17 - -
Fig. 2a-b (2K photon) | 0.206 0.026 0.057 0.025 3.78 0.75 248 0.19 - -
Fig. 2a-b (5K photon) | 0.203 0.017 0.047 0.015 3.56 045 2.51 0.08 - -
Fig. 2c-d (500 photon) | 0.188 0.016 0.053 0.013 348 0.25 240 0.57 - -
Fig. 2¢-d (1K photon) | 0.195 0.010 0.049 0.010 3.37 0.20 237 0.46 - -
Fig. 2¢-d (2K photon) | 0.19 0.010 0.065 0.007 3.54 0.23 257 0.39 - -
Fig. 2¢-d (5K photon) | 0.197 0.006 0.046 0.005 3.70 0.12 2.60 0.41 - -
SI Fig. 1 (500 photon) | 0.202 0.011 0.054 0.01 3.90 1.02 0.79 0.078 - -
SI Fig. 1 (1K photon) | 0.203 0.015 0.058 0.013 4.05 1.22 086 0.08 - -
SI Fig. 1 (2K photon) | 0.197 0.09 0.056 0.008 3.80 0.60 0.83 0.05 - -
SI Fig. 1 (5K photon) | 0.203 0.006 0.054 0.006 3.60 0.36 0.83 0.03 - -

SI Fig. 3a - - - - 362 007 082 0018 - -
SI Fig. 3b - - - - 366 007 082 0017 - -
SI Fig. 3¢ - - - - 341 007 243 0.097 - -
SI Fig. 3d - . - - 397 019 265 006 - -
SI Fig. 3e - - _ - 365 005 081 0012 - -
SI Fig. 3t - - - - 346 005 078 0.014 - -
SI Fig. 3g - - - - 348 006 242 0075 - -
SI Fig. 3h - - - - 348 006 240 0072 - -
SI Fig. 3i - - - - 362 003 080 0009 - -
SI Fig. 3i - . - - 346 004 077 0.011 - -
SI Fig. 3k - - - - 369 008 250 0029 - -
SI Fig. 31 - - - - 361 006 246 0.028 - -
SI Fig. 5b - - - - 245 006 189 0.06 - -
SI Fig. 6b - - - - 200 0.04 0.67 0.026

SI Fig. 7b - - - - 192 006 2592 345 - ;
SI Fig. 8b - - . - 528 0015 212 0.05 0.79 0.012
SI Fig. 10 - - - - 511 005 146 0.012 - -
SI Fig. 13 - - - - 558 024 157 004 - -

Table S3: Table of mean values and standard deviations of the last fifth of the chains of samples for scalar variables.
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Supplementary Note 7:

Table of Notations

Indices

Description
m Index indicating species, it takes a value from 1,..., M
k Index referring to a pulse or a photon detected after this pulse
Im Index of a molecule of species m
i Index of pixels
n Index counting the preceding pulses to a pulse where a photon is detected
Spatial Coordinates Description
X Molecule locations with elements (x,y, z)
&t Center of the ith confocal spot/pixel with elements (£}, &}, £L)
Auxiliary Parameters Description
™, Probability of detecting a photon from species m in the ith pixel
wl Probability of excitation of more than a single fluorophore during a
pulse in the ¢th pixel
Dom, L, Probability of the /th molecule of type m located at le not excited
Pom Probability of no molecule from species m being excited
Atéxt, & Time that an excited fluorophore spends in the excited state
Atigp 1 IRF time of a photon detected after the kth pulse in the ith pixel
Att, The arrival time of a photon detected after the kth pulse, Atl, = At + Atipp
Xm Logarithm of concentration of the mth species, x.,, = log(pm)
Random Variables Description
Pm Absolute concentration of species m
{pm}m Set of all absolute concentrations
T Average lifetime of excited state of species m
{Tm}m Set of all lifetimes
Am Inverse of the lifetime, 1/7,,
{Am}tm Set of inverse of lifetimes for all species
Um Mean of GP prior on X,
{Vm }m Set of means of all GP priors on {Xm }m
st Indicator parameter indicating a photon from pulse k in the ith pixel
is associated to what species
5 The collection of the indicator parameters for pulses in the ith pixel
5 The collection of the indicator parameters for all pulses and pixels
Data Description
At;, Arrival time of a photon detected from the 7th pixel and kth pulse
At The collection of photon arrival times from the ith pixel
At The collection of all photon arrival times during course of the experiment
Wi Binary label indicating if the kth pulse from the ¢th pixel was empty or not
w' The collection of binary labels for all the excitation pulses in the ¢th pixel
w The collection of binary labels for all the excitation pulses during course of the experiment
Experimental Parameters Description
ot Average duration of laser pulses
fom, Excitation rate of species m
L, Average number of excited fluorophores of type m per excitation pulse, p, = fimn0t
TIRF Offset of instrument response function
oap Variance of instrument response function
T Time interval between two consecutive laser pulses
PSF: (X) Excitation and detection point spread function (PSF)
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Priors Hyper-parameters

Description

) Shape parameter of gamma prior on inverse of lifetimes
B Scale parameter of gamma prior on inverse of lifetimes
ap Shape parameter of gamma prior on uniform concentrations
By Scale parameter of gamma prior on uniform concentrations
K Covariance matrix of GP priors
oap Parameter of covariance matrix of GP priors
L Parameter of covariance matrix of GP priors
Vm Mean of GP prior on x.,
o2 Variance of Normal prior on vy,
Proposal Parameters Description
ayYor Parameter of gamma proposal distribution for inverse of lifetimes
abrop Parameter of gamma proposal distribution for uniform concentrations

Table S4: Table of notations used in the mathematical formulation.
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Supplementary Note 8:

Table of Abbreviations

Abbreviation

Description

FLIM
FRET
NADH
Cw
BNP
IRF
PSF
K
GP
MCMC
MH
FWHM

Fluorescence Lifetime Imaging Microscopy
Fluorescence Resonance Energy Transfer
Nicotinamide Adenine Dinucleotide + H

Continuous Wave
Bayesian NonParametric
Instrument Response Function
Point Spread Function
Kilo
Gaussian Process
Markov Chain Monte Carlo
Metropolis-Hastings
Full Width at Half Maximum

Table S5: Table of abbreviations used in this manuscripts.
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Supplementary Note 9: Table of Distribution

Distribution Notation Density Function Mean Variance
_ (@=mw)?
Normal Normal(j, 02) \/2;7 e 202 L o?
Exponential | Exponential(\) e A A2
GP GP(v, K) S —— e v K
(2m)ddet(K)
Gamma Gamma(a, 3) We_% af3 o3>
Bernoulli Bernoulli(g) (g — 1)do(z) + ¢b1(x) q q(l-q)
Poisson Poisson(\) ’\I;: - A A

Table S6: Table of used Distributions in the model formulation.
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