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1 Supplementary Note

In this supplementary note, we give the detail proof of the theorems in the paper. In order to proof

the theorem, we introduce the following three lemmas first.

Lemma 1 (Refinement of Bernstein’s Inequality (Petrov 1968)) Consider a sequence of in-
dependent random wvariables {X;},j = 1,2,---. Assume E(X ;) = 0, E(ij) = 0]2- and Lj(z) =

log(E(exp(2X))). We introduce the following notation:

n

$.=3%X;, B.=Y0% Fu(e)=P(S, <av/Bn), )= m/ exp(— )dt.
j=1

j=1
If the following three conditions hold:

(1) There exists positive constants A, ci,c,--- such that |Lj(2)| < c¢j for|z| < A, j=1,2,---,

3
(2) llmsupn%wizj 16 <00,
(3) liminf,, . 2= >0,
then there exists a positive constant w such that for sujﬁciently large n,

1—Fu(x)=[1-@ 1+ hw)

exp{f \f)}(
Fo(—) = ®(—x) exp{— f (f)(1+l2w)}

in the region 0 < x < wy/n. Here |l1] <1 and |la| <1 being some constant.

The next two lemmas are two inequalities for the tail probability of normal distribution and chi-

square distribution, respectively.

Lemma 2 (Mills’ Ratio Inequality) For arbitrary positive number x > 0, the inequalities

2 o0 2 1 2
exp(—x—) < / exp(—u—)du < —exp(—x—).

_r
1+ 22 2 2 x 2

Lemma 3 (Exponential inequality for chi-square distribution(Laurent and Massart 2000))
LetYq,---, Y p bei.i.d. standard Gaussian variables. Let aq,--- ,ap be nonnegative constant. We

set
D
2 2
lallo = sup lai| lall3 =) ai.
1<i<D i—1
Let Z = Zz Lai(Y? — 1), then the following inequalities hold for any positive :
P(Z > 2||all2vz + 2[|a|eoz) < exp(—2),

P(Z < —2]lall2v/7) < exp(—2).



1.1 Bound of Empirical Threshold

Now we go back to the proof of the main theorem in the paper. First recall the notation of Q-scan
procedure. For any vector a, set ||alli = >, |ai|, ||a|ls = />;a? and ||allc = sup; |a;]. Let
U; = ﬁGZ(Y — [) be the score statistic for variant ¢, ¢ = 1,2,--- ,p. Under the null hypothesis,
Ui ~ N(0,0?) with 07 = %G;TFPGZ- for all ¢ = 1,2,--- ,p, where P is the projection matrix in
the null model. Assume there exists constant ¢ > 0 such that af > c. For any region I, assume
Ur = (Ui)ier and X; = %G?PGI, then Uy ~ N(0,X;). Let A; is the eigenvalues of X, the

Q-scan statistic of region is defined as

1] 2
; L ALi wer U7 = |IAglh
oty = Ser V=S s Sy U2 = Il

/ Zm )\2 \/EHA[HQ

We first proof the results of fixed length scan.

Lemma 4 If the following conditions (A)-(C) hold,
(A) max g, [|Arllec < Ko, where Ko is a constant,

L log(Ly)
(B) logpp — o0 and lfg(p’s — 0,

(C) {U;}_, is M,-dependent and k;gg(%') — 0,

then
max|r=r, Q) LN

2log(p)
Proof For any I satisfies that |I| = L,, assume Q;3;Q7 = diag(\;) is the SVD of X where Q;
is an orthogonal matrix. Let Uy = Q;U7, then U ~ N(O, diag()\[)) and f]?U[ = U}FUI. Hence,
for € > 0,
PQ(I) > (14 €)/2log(p)) = P(D_ U7 —[|Asllr > 2(2 + €)|[As][21/1og(p))
el

= Z)\Iz

el

— 1) > 2(1+ 6)l|Arll21/1og(p)).

,’L

Note that [|[Ar]|2 > |[A1]|3//|I| > c+/|I], by condition (A) and (B), we have

(1+ 2?10 log(p) = O(log(p) = o[|A1]l2v/log p).



Then by Lemma 3, for p sufficiently large,

(ZAM

f1 ) > 2(1+ €)||Az]]2 log(p))

,Z

el
< ZA”)\I >2(1+ )[|Arl2v/1og(p) +21+ ) A1l]o0 log(p))
el s

< exp{—(1+ 5)2 log(p)}-

Hence, using Boole’s inequality,

P( max Q(I) > (1+¢€)+/2log(p ) Z ]P’(Q > (1+4€) 2log(p)> < pxexp{—(l—i—%)%og(p)} =o0(1)

[I|=Lp \I|=L,
(1)
On the other hand,

IP’( max Q(I) < (1 —¢) 210g(p)) = lP’( M (eI <@a- e)\/2log(p)})

|1\=Lp
|1\=Lp

— 1-P( |J {QU) = (1-e)y2log)})

m:Lp

Sier, U212 I

Let I, = {k,k+1--- ,k+L,—1} and A} = { > (1—e) 210g(p)}, by Chung-Erdos

V2| AL |2
inequality,
(i P(A)?
P( U {Q(I) = (1 - €)y/2l0g(p)}) > Lptl Lyl p '
[|=Lyp X" X PN 4y
Note that
p—Lp+1p—Lp+1 p—Lp+1
Yo X RANA) = 3P D P4
i=1 i#]
1<4,j<p—Lp+1
p—Lp+1
= > PA)+ > PANnA)+ D) PANA)
i=1 li—j|<Mp+Ly [i—j|>Mp+Lp
p—Lp+1
= > PA)+ > PANA)+ D P(A)P(A)
i=1 li—j|<Mp+Lp |i—3[>Mp+Ly
p—Lp+1
< (Mp+Lpy+1) Y P(AY+ ) P(A)P(4)),
i=1 |i—j|>Mp+Lp



then by condition (C), we get
(T P4
Zp Lp+1 Zp Lp+1 (A‘ﬂA')
{7 P4

- (My + Ly + 1) S0 P(A) + 3o 41, PIADP(A;)
- (My+ L, +1) Y27 P4y)

- (My + Lp + 1) S0 PA) + 3o 41, PIADP(A;)
oy (My+ L+ )Y R(A)

B {0 P(Aw)?

> 1 M, + L, +—1

ST P(Ay)

By condition (A) and (B), using Lemma 1, there exists constant ci,cz > 0 such that

T o) 21— 9 log(p))
Z P(Ag) > P[1 — ®{(1 — €)\/2log(p)}] exp{ VL c1ler
k=1
Then, using Lemma 2, we have
p—Lp+1 3 3
: p(1—€)/2log(p) 25 (1 — ¢)°(log(p))
2 P = g gy T ale
> g e {loa)2e = &+ 2 (1= ) [8) — C log(on)}.

Hence by condition (B) and (C),

Py i P(A) — exp {log ){2e—e¢ —i—22c1(1 €) log } log log(p))—log(M,+L —i—l)} — 0.
Mp+Lp+1 T 4(1—¢) b

This indicates that

]P’(‘gl_aic Q(I) < (1 —¢)y/2log(p)) — 0 (2)

—p
Combine (1) and (2), we get
maxi— 1
P(H—LPQU_HX) o
2log(p)

For the arbitrary of €, we complete the proof. O

We then prove the result of multi-length scan, which is the Theorem 1 in the paper.

Theorem 1 If the following conditions (A)-(C) hold,



(A) maxz—r,... A1l < Ko, where Ko is a constant,

log(Lmax)
log(p)

(B) =min. — oo and

L
log(p) —0,

(C) {U;}_, is M,-dependent and log(My) _, 0,

log(p)
then
MAXL i IS L Q) 2
2log(p)
Proof For any € > 0,
OmaXLmingulngax Q) 1| > 6)

2log(p)

= P<me§lﬁ§m Q) = (1+¢) 210g(p)> + P(meglﬁémax@m <(l—¢ 210g(p))

Aj(€) + Aa(e).

Note that maxy, . <|7j<Lm. @) = maxy—r,... Q(I), by Lemma 4,

As(e) <P( max QD) < (1 - )v/210g(p) ) = o(1). 3)

‘Ilszax
For A(e), by Boole’s inequality,
A< Y P(QU) = (1+6y2lg()).
LminSlHSLmax
For any I satisfies that Ly, < |I| < Lpax, by condition (B),

2(1+ §)1og(p)|[Arlloc _ 2Ko(1 + §)*log(p)
[[Az]l2 - VImin

= o(y/log(p)).

Hence, by Lemma 3,

A Y exp{—(1+5) log(p)} < exp{—(1+ 5)? log(p) + 10g(p) + log(Lmax)} = o(1).
Linin<|I|<Lmax

(4)
Using (3) and (4), we have
(‘ AL < 115 L ) - 1| > e) = o(1).
2log(p) -
For the arbitrary of €, we complete the proof. O



Assume h(p, Liin, Lmax, @) is the (1 — a)th quantile of Quax, that is,

IP)(szax > h(pa Lmina Lmaxa a)) = Q.

Hence h(p, Lmin, Lmax, @) is the threshold that control the family-wise error rate at a level. By

Theorem 1, for p sufficiently large, we have 0.991/2log(p) < h(p, Lmin, Lmax, @) < 1.014/2log(p

Next we give a more accurate upper bound of h(p, Liin, Lmax, @)-

Proposition 2 If condition (A) and (B) hold, for p sufficiently large,
ﬂ[IOg{p(Lmax - Lmin)} - log(a)]
; .
{Lmin log(p) }#

\/§ [ lOg{p(Lmax_Lmin)}_10g(a)]
{Lmin lOg(p)}i

h(p, Liin; Lmax, ) < \/2[10g{p(Lmax — Liin)} — Iog(a)] +

Proof Let h p, \/2 log{p max ~ mm)} - log(a)] +
satisfies that Ly < || < Liax,

2||)\IH<>0 [IOg{p(Lmax - Lmin)} - log(a)] _ O(\/i[log{p(Lmax - Lmin)} - log(a)] )
V2[[ A1l VI

Note that log(‘p) < loslp) _ o(1), then for sufficiently large p,

| Lin

2H)\IHoo [IOg{p(LmaX - Lmin)} - log(a)} < \/i[log{p(l/max - Lmin)} - log(a)] .
V2[[Azll2 B (Lnin log(p))i

. For any I

Hence, by Lemma 3,

P(Qmax > }Nl(pa Oé)) < Z €xXp ( - log{p(Lmax - Lmin)} - log(a)) <a.
LminSH'SLmax

Thus h(p, Limins Lmax, @) < h(p, «) and we complete the proof. O

By Theorem 1 and Proposition 2, for p sufficiently large,

\/E'Yp
{Lmin IOg(p) }i

where € is a small constant and 7, = log{p(Lmax — Lmin)} — log(a).

)

(1 - 6) 2 log(p) < h(P, Lmin’ LmaX7 Oé) < \/E +

1.2 Consistency of Signal Region Detection

In this section, we show the results of power analysis. We first proof the proposed Q-SCAN
procedure could consistently select a signal region that overlaps with the true signal region. Let
;= {pi}ier for any region I. Assume I* is the true signal region with p;. # 0 and Ly, < [I*] <
Lypax-



Theorem 3 Assume condition (A)-(C) and the following condition (D) hold,

(D) Hiz:“z > 2(1 + eg)/log(p) for some constant ey > 0,

then there exists constant C' > 0, such that
P(Q(I*) > h(p, Linin: Linax: @) > 1 —2p~% — 1.

Proof Assume Q7«3+« Q}F = diag(Az+) is the SVD of ¥+ where Q-+ is an orthogonal matrix.
Let fi;« = Qp«ppe and U; =QpUjps — [t~ then U ~ N(O,diag(/\]*)). Note that ), UZ»2 =
Sier (Ui + ia)?,
P(Q(I*) < h(p, Lmina LmaXa Oé)) = ]P)( Z(UZ + ﬂl)Q - ||)\I*H1 < \/§||)\I*||2h(pa Lmina Lmaxa Oé))
iel*

B=V2IAr ll2h(p, Linin, Linax, @),

It is obvious that >, . pu2 = >, « A2 = ||per- 3. Assume Cy = ||pei
then
* rr2 CO ~ 77 C * *
P(Q(I ) < h(p)LminaLma)oa)) SP(ZUz_HAI*Hl < _?)+P(ZM1UZ < Z) AI(I )+A2(I )
el el
By condition (D) and Theorem 1, for p sufficiently large,

f|‘AI* 2h(p7 ’ y & €0 €0
0 Do Lo 0} D)1 > DlAr o g
I* 2

2{1-

Co = HHI*

Hence, by Lemma 3, for A;(I*), we have

) = P(ZM@— )< -0y

: i - 2
iel*
2
€
< Zx\ ——1 < ——H}\I*||2\/logp) Sexp(—%logp). (5)
iel*

For Ay(I*), note that Var (.- [LZUZ) =Y e il < || Ar-

0o Wier+ 1 = |IXr=loolp2r-| |3 and

> Oy > OLOBP
s 4VKy - V8K, '’

Co o collprf3

VVar (i i) VIRl s

by Lemma 2, for p sufficient large,

- * IL[‘Jz
Ay(1) = p(— e & ) < exp(~ T ED) (6)
\/Var Zel* uz 1 4\/Var Zel* b 1) 0
Hence, by (5) and (6), let C' = min{1/16,1/128 K}, we complete the proof. O



_ LN

= UL It is

For any region I; and I, define the Jaccard index between I; and Iy as J(I1, 1)
obvious that 0 < J(I;,I3) < 1. We define region I* is consistently detected if for some 7, = o(1),
there exists I € Z such that

P(J(I,I") >1—1,) — L

Next we show that the proposed Q-SCAN could consistently detect the true signal region.
Theorem 4 Assume condition (A)-(D) and the following condition (E) hold,

. log(||per+113)—log(||pe/112)
(B) nfrer g —toe( i) = L

then

~

P(J(I,I")>1—mp) =1,

log(Lmax)

1
log(p) }4 < < L.

where {

Proof Let By = {I|Lmin < |I] < Lmax, I NI* =0} and By = {I|Luin < || < Lunax, 10 I* # 0},

P(JI,I*)<1—m,) = PJUII)<1—n, INI"=0)+P(J(I,I*) <1—mn, INT*#0)

< P(Isgg QU > Q) +P(J(I,I*) < 1—np, I €By)

IN

B(sup Q1) > (1+F)v/2log(p)) +P(Q(I") < (14 7)v/21og(p))
1eB;

+P(J(I,I7) < 1—mp, I € By).
For the first part,

€ €
P(sup Q) > (1+7)v/2log(p)) < 3 P(QU) > (1+7)v/2log(p)).
€b1 IeB
Note that, for p sufficiently large, 2([Az]|2/(1 + ) log p+2[| A1 |00 (1+F) log p < 2(1+F)||Af]]2v/10g p,
then by Lemma 3, for any I € By, P(I) < exp(—(1+ ¢)). Hence, by condition (B),

P( sup Q) > (1+ 7)v/2log(p)) < exp{~(1+ ) logp +logp +10g Lnax} <p~ . (7)
INI*#£0

1
16¢9

C5 > 0 such that

where C7 = . For the second part, by the same approach discussed in Theorem 3, there exists

P(QUI") < (1L+ )v/2log(p)) < 29~ (8)



We next consider the third part. Let U; = U; — w;, for any I € By, we have

o et U =M e U =[]
CN-em) = AN VWAM
1112 I*1]2

N Ui ) = 1Al e Ui+ pa)* = [ Ar]la

B V2| |Arll V2| A2

B Zie[\[* Uz - [[An -l - [ Arll2 D icrnr U2 — || A1+ 1)1

- V2|l 2712 NCVIE

23 i 14U Al 2> iera 11:U; B Dier\ U? — | Ar1llt
V2[| A1z [[Az+]|2 V2[| A |2 V2[| A1 |2
+Hﬂml* 5 _ 113 (9)

V2l V252

log (|l r<]13)—log(|lks113)
log([[Ar+[[2)—log([[Arl[2)

Assume 0 = inf7c;- — 1, then by condition (E), for any I € B,

5 a3 N per|13 | A 3 .
[[Az]|2 Azll2 [ Arl]2 [IAzll2IAz<]13
Then by (9), for any I € By,
5
P(QUI) — QUI*) > 0) <> P(Ai(D)), (10)
=1
where
72
A(l) = {Ziel\l* U7 —[Anrh o el [Arnre][3* )}
V2[|Ar]l2 5V2|| A1+ |2 Azl l2l[Ar1]3
_ ALz Yicrnr UF = [ Arnr-|h per|13 I Araze I3
A ={1- 1- 7)
Az 1]2 V2[|Arl]2 5V2| A+ ]2 [[Azrll2|Ar]15
A3(I):{_Eie[*\[Uiz_H)‘I*\l”l S (T2 AP (R VYR }
V2[| A2 5V2| A+ ]2 Azl l2l | Az 113
A4(I):{2Zz‘€m[* Nz’Uz‘( IRV ler| |3 1 IArar |3 }
V2[[Arl]2 Azll2” = 5v/2[|Ar]]2 Azl l2l | Az 1]3
Aﬂn_{_QXkﬁvm% el oy A5 L
V2[| Az |2 5V2| A+ ]2 [ Azll2l| A= 113
S inr+ I*|—|I*\J - . . A T S
Note that J(I,I*) = :fgl*: = :1*:+:f\>*l’ then J(I,I*) < 1 — n, implies that |[I\I*| > 2|I*| or

I\| > ™|I7|. Let Bay = {I|INT* # 0, [I\I*| > " |I*|, Luin < |I| < Lunax} and Bay = {I|INI* #
@, |I*\I‘ > %|I*|, Lpin < ’I| < Lmax}; we get {I’J(I,I*) <1-— Np, I e BQ} C Bas1 U Bgg, and
hence by (10),

P(J(I,I*) < 1-mp, INI* £ 0) < > P(A1(1))+P(As(I))+P(As(1))+ Y P(As(I))+P(As(]))
1e€B21UB22 IeBs
(11)

10



We first consider A;(I). When I € By;, we have [I\I*| > @, and hence

LAV [\ S P )
|| |[INI*|+ [ INT*| — %”|[*|—|—|[*| 241, — 3
. ArlB=lIAzar+ |12 A g+113 2| I\I*
Recall that ¢ > 0 is the lower bound of 01-2, 1 IHZ‘P\'LH?I I > ||;‘\II||§2 > CI|<§\\I|‘ >
AL =[N a7+ 113 Ar =13 c2I\I*| 3n 3}
HAI*HQ Z HAIHQ Z Kzu*| Z 2K127 It follows that

MG = (A= l5 o (Al = A3 2¢%m,
ATl + A S B I3 2 0R2

and hence

eer 1B 21 A= 113 = (X131 o el B2 = [[Anr]l2)
[IAz+][3+ B Az |]2

e 1BUALLE = (A gz 113)

(A2 + [[Arar[[2) [| Az ]2

e BUALLE = [ Arar-113)

(Al + Az [|2) [ Az |2

2¢* || par- |13
9KZ

Y

On the other hand,

A2 = | A1ar+ )3 - [[Arzll2 y A3 = 1 Azar- 13 S cnpll A2
([IXzll2 4+ Azl Az [l = [[Ar=]]2 ([IXzll2 + [[Az<][2)? = 4Kol|Ar<|l2

It follows that

? p
3K;

1
e [BANlIN- 18 = Xz 157°)  Hlaer-[13 o CpllArrll2
Azl s IRVAIP 4Ky
Combined the two parts,
[l BT 2l Ar 11 = [[Arnr=[[57) >max{40277p|\>\1* 2vlogp npv/Iog pl[Ar-rll2
SPYNBE - BE 10K

.

and

)u

and hence 2[|Ap 7«

4
21/ To00ra "Iy 108 P+ 2| An 1+

ct 2
00(16001(61771) log p 5| Az 1572

) < eers A2l AL [13=1Arare 15"

Then by Lemma 3, we have IP’(Al(I )) < exp(—ﬁnﬁ log p). By the definition of 7,, there exists

C3 > 0, such that

4

> P(Ai(I)) < 202, exp(— 600K

S

2 logp) < p~ .

When I € Bag, we have |I*\I| > “2|I*|, and hence

[[A1nr+| 13

AL 115 = [ A3 < 2!1*\I| <1 ny
[ Az

‘2 N H)‘I*HZ N KQ’I*’ B QK(%,

11

(12)



0 3
and 1 — (W) >1—(1-5%)2 > %% Tt follows that

K2 AKZ
)
ez B 2N A= 18 = [ Azr<] 5T S Heer- L3I 2(IA =11 = 1A sz 1]3)
A ]3F° B A [13+°
6| per| 31| Ar]]2
B 2K3 | Az ]2

5c*np/log(p) || Arl 2
K2 '

0

Note that ||Ar||2v/1ogp > c\/|I\ log(p) > c\/me log(p), by condition (B), logp = o(||Ar]|2v/10g p),
and thus for sufficiently large p,

52k 52t e B2l = [[Asar[15+9)
2/[An - lJ24) e 2 108 p + 2/ A 1+ |oc plogp < T2 .
[IAnrell2 | gopgca i 1oep + 2Anlloo 3557 logp < 5lAz 157

Then by Lemma 3, IP’(Al (I)) < exp(—482§4 771% log p), and thus there exists Cy > 0 such that
0
2 &2t —Cun?
> P(AL(])) < 2070 exp(————np log p) < p~ V. (13)
100K
I1€B22
Next we consider Aa(I), when [|Ar<||2 < ||A1]]2,
leer B (I A5 = [ A1
l 5\ 2)\ ") > |lpagl13 > 2[| Az |2/ log(p),
(Azll2 = [|Az]]2)

by Lemma 3, ]P)(AQ(I)) S % When HA]*HQ Z H)\[HQ, let xr = HAIQI*HQ\H)\[*

2113 = [| A sz
2 — |[Arar]|2) [[Ar-

2, we have

2 _ Il (1—905) < Al

S Al N L—a/ = [ Are]l2”

[[A1]
(A7

It follows that
ez BNl 18 = 1Az [157°) (Aol Az [2
Azl A7+ [IAr-[l2 =TIl
g [[B (AL 20Xz 18 = [[Aaor-[52)
(sl = sl 213
g [l 2 13 = [[Aror-[13)
T Pl = e A3

S+ Bl Az |2 oy

Note that 2||Arnr+||24/ %logp—l—QH)\mpHm(% logp) < 26||Ar]|21/log(p), by Lemma 3, P(Az(I)) <
exp(—% logp). Hence, there exists C5 > 0,

2
S P(AD) = Y P+ P(Ax(D) <22 p T + 202,07 <p
IeBy IeBy I€By
[[Ar=]l2>]|A1]]2 [ XAr=]l2<[|A1]]2
(14)

12



HAI“g_H)\ImI*H% 027717 It

Then we consider Az(I), when I € Baj, by the former discussion, (o o TR > 6KE

follows that

é
ezl [B (Il 113 = X aar177) [l 1B = [[Arar
Azl Az 13 — [l a2 A+ 1]

B2l =X Az [15F°
and therefore 2|[ A\ ||2, /ﬁnﬁ logp < A élll‘ilz‘llillli*llllg morllz ) By Lemma 3, P(A3(I)) <

exp(—mng log p). Hence, there exists Cg > 0,

5) o molleer- 13
2) — 6KZ

2 2 —Cen?
> P(A3(D)) < 2L2,, exp(—mnp log p) < p~ 6. (15)

IeBoy

2 2
When I € By, by the former discussion, we have Hﬂ‘;\:l |*‘|2|2 <1- ; ;(7‘2’. It follows that
*1l2 0

é
[l B2 Ar- 113 = [ Arar]1) [l BN 1S — X rne]15)

Azl l2l[ Az 1[5 B Az 13

3{1_(1_ c 77;0)%} > c“0mp||per- |2

2K 2 AK?

> ||

7 2 A 18— Azap+ [T
Therefore 2[\)\1*\1]\2,/7480‘;%77% logp < ez 151 é:lﬁ!ll;lluj*llllg 1o+l By Lemma 3, ]P’(Ag([)) <

exp(— 482(26‘ 772 log p). Hence, there exists C7 > 0,

2 64(52 2
P(A3(I)) < ———21.2 - 21 < p 16
IEXB: (As( >)_Lmax max €XD( 00K ogp) <p T (16)
22

For A4(I),

V23 iern- iU (1- [ Arl]2 )} _ 200 By (A2 — [[Ar]]2)
[[Azl]2 [ Az+2 L3113

By condition (D) and (E),

Var {

146

e 3L 20X+ 15 =1 Azr [157°)
1+6
[IArll2lIXz= 5"

K =
/BT S rnr o | Al =gl
ERBEYaE
)
_ e r B 2 1S = 1Az 1150)
ZV USSR [ VA {11 VA PP WI[
)
S ez 1IN 2 I A= 1S = 1Az 115T70)
- )
2VEo| | rrr- 2[5 = [[IArll2]| A= ]3]
S (log®) *[IAr<llo 2 (Al l2lAz 118 = 1| Aznr+]15t)
= 1445
VEO[[IAr]l2 = [IA1ll2] % [[Arar+] |52
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When ||Ar|[2 > [|Ar<]]2,

1 1+2 1 i ‘| 1
o (log(p)) *1IArlly 2 (IIAsll2 = 1IAz<ll2) — (log(p)) *||As- 22 Vel 4( ) > \/log(p)
- F} - il - .
VEo([[All2 = [IXr-]2) [ Az-|[2 2 VEy VK VEy
By Lemma 2,
V2% e #ili [1Az]]
St (= Tapes) log(p) 25K log p
P(A4()) <P < exp(— ).
ApT S s (A 2= 1A 7]13)2 5v Ko log p 50K,
X 3IA 113
When H)\]* 2 Z HA[HQ,
1-9 1-9 1_6 5 5 1_9 [
S (log(p)) Arlly 21Xy 2IIALZ 2 A= [15 = [[AL]19) - 5(10g(p)) [[Arl]3 2HMHS
- VEo([|Ar[l2 = [[A1]]2) - VK
+ 1.5 s 1.8 5
2 2 « 2 c 2 4 12
Obviously 5 (tog(r)) * ”3% 1Az 113 > g (1og(p\)/)K70 Lk , it follows that
V23 e il [EN] 1.8 18
Bl 4~ 3,00 dc(log(p)) > *|I"|5
P(As(I)) <P >
AT L Siars e (I 2 =17 13)? 5v Ko
IALTBIA =113
Hence, by Lemma 2,
_9 s
SV K 626210gp12]*§
(i) £ VK0 gy FEllost) IR,
50(10g( ))2 1 I*|x 0

2 > ||Az]|2 implies that |I]| < H)\IH%/Cz < || Ar+ %/c2 < Kg\[*\/cz, there

Therefore, note that || Az

exists Cg > 0,

YoP(AD) = Y P(AD)+ Y P(A(D)

I1€B,y 1€Bs 1eBs
[Arll2>[|Ar ]2 [Arll2<[[Ar]]2
1-3 s K| /e
25K log p 5202(log(p)) 2 r*z 0 ,
< 212 - — I*|+2(i—1
= p O, (17)

Finally, we consider A5([), by condition (E),

‘1—1—6

- T
v (Zie[*\[ MiUi) _ Ko\ 2\ T\ 1 - Kollprglls - Kollper 13/ A 1
Az |2 Az I3 P VAP I Ap| [T
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It follows that

lersl13 (1 1A 3™
xet (1~ I lias) o itz oAl A = [ ) Ar ™
Var (M) VK HAI*\IH2 H>\1Hz
[[Arl2
. . ||)\ HAIQI*H2 7717
When I € By, by the former discussion, we have H>\1H2(II>\1||2+H>\1*Hz) > 6K? and thus
146 138 38
HNI*HQ(H)\IHZH)\I*Hz—H)\IOI*H WAE* o HNI*H2 (HAsz—HAm* 2)|[Ar<]]5”
= VK,
\/KOH)‘I*\]||22 [ Az]l2 0 ||>q*\1||2 IIAIHz
> el " IAZI3 = || Aznr+]13
RVITC Hz\zllz(l\Az*HwIIAzllz)
2
Enpllprle n
> 2 Z{ A1+ ]2/ 1og(p).

6K¢  6K¢

Note that logp = o(||As

2v/logp), by Lemma 2, P(As5(I)) < exp(— 1800[(0 logp) Hence, there
exists Cg > 0,

A2
Z IF’(A5(I)) < 2L2 . exp(— o =logp) < p_c9€g_ (18)
1800K3
IeBa
When I € Bys, by the former discussion, [Arr |2| <1- 62775 and thus
IAr=113 2Ky
1-§
(g2 A2 [Ar+ 13 = [ Xzl ") [[Ar ] ez llzllAre 1 (||AI*H2 — [ Arnr-113)
115 =
VEo|[Ar\zlla® [[Ar]]2 \/KOW\I*\IHQ2
> ||lff||2{1 . (H)\Iml*"%)g}
- VKo [IAz|13
Hu}‘\lz{ 3
> 1- 2}
- VKo (2K2)
1
o wICllprll o S| (log(®))
4K2 2fK0
Note that log p = o(|I*|), then by Lemma 2,
§2ct
P(A5(1)) < exp(—4OOKgnp log p).
and hence, there exists C1g > 0,
2 %t Cho€?
> P(As(I)) < 2170 exp(— 51, log p) < p~ 10, (19)
400K5 P
IEBQQ
Therefore, assume C' = maxj<;<19 C;i, by (11) and (12)-(19),
P(J(I,T%) <1—mp INT*#0) < pC9 4 p=C.
Combine with (7) and (8), we complete the proof. O
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2 Supplementary Figures

Figure S1: Power comparisons of Q-SCAN, M-SCAN and sliding window procedure using SKAT
for multiple effects. We evaluated power via the signal region detection rate and the Jaccard index
defined in the simulation section. Both criteria were calculated at the family-wise error rate at
0.05 level. The total sample size was 10,000. The number of variants in signal region pg was
randomly select between 50 and 80. The sparsity index £ = 2/3 and s = pg causal variants were
selected randomly within each signal region. Each of causal variant has an effect size as a decreasing
function of MAF, § = —clog;,(MAF). The value ¢ varies from 0.11 to 0.31. From left to right,
the plots consider settings in which the coefficients for the causal rare variants are 100% positive
(0% negative), 80% positive (20% negative), and 50% positive (50% negative). We repeated the
simulation for 1000 times. Q-SCAN and M-SCAN refer to the scan procedures using the scan
statistics Y _,c; U2 — E(X,c; UR) Jvar(Y,c; UZ) and (3., Ui)2/var(zi61 U;), respectively. In
both two scan procedures, “-1” and “-2” represents the range of the numbers of variants in searching
windows (Lmin, Lmax) = (40,200) and (Lmin, Lmax) = (50,80), respectively. The sliding window
length was set as 3 kb, 4 kb and 5 kb.
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Figure S2: Power comparisons of Q-SCAN, M-SCAN and sliding window procedure using SKAT
for multiple effects. We evaluated power via the signal region detection rate and the Jaccard index
defined in the simulation section. Both criteria were calculated at the family-wise error rate at
0.05 level. The total sample size was 10,000. The number of variants in signal region pg was
randomly select between 50 and 80. The sparsity index { = 3/4 and s = pg causal variants were
selected randomly within each signal region. Each of causal variant has an effect size as a decreasing
function of MAF, 8 = —clogo(MAF). The value ¢ varies from 0.09 to 0.17. From left to right,
the plots consider settings in which the coefficients for the causal rare variants are 100% positive
(0% negative), 80% positive (20% negative), and 50% positive (50% negative). We repeated the
simulation for 1000 times. Q-SCAN and M-SCAN refer to the scan procedures using the scan
statistics 3,0, U2 — E(X,c; UR) fvar(Y,c; UZ) and (Y., Ui)Q/UaT(ZieI U;), respectively. In
both two scan procedures, “-1” and “-2” represents the range of the numbers of variants in searching
windows (Lmin, Lmax) = (40,200) and (Lmin, Lmax) = (50,80), respectively. The sliding window
length was set as 3 kb, 4 kb and 5 kb.
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Figure S3: Distribution of small, dense, low-density lipoprotein cholesterol (LDL), lipoprotein(a)
(Lp(a)) and inverse rank-normal transformed (RNT) LDL and Lpa among European Americans in
ARIC data.
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