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Supplementary Discussion

Supplementary Discussion 1. Transfer matrix calculation

To calculate the propagation of light, we employed the 4x4 Mueller matrix formalism. The procedure
for evaluating the light traveling through the medium is described in the following. We first consider
the refractive index tensor in the medium as

n, 0 O
n= 0 le 0
0 0 n,
Thus, the dielectric permittivity tensor is given:
ny 0 0 & 0 0
e=|{0 nj 0]=[0 ¢ O
0 0 n? 0 0 ¢

Assuming the optical uniaxiality, the tensor with the optical axis oriented in the x direction (say the

reference axis) reads
ne 0 0
n= ( 0 n, O >,
0 0 n

where n, and n, are the ordinary and the extraordinary refractive index, respectively. In our optical
simulation, director fields are produced by functions for the poling (PP) and helielectric (HN*)
structures. By using this structural information, the dielectric permittivity tensor is generated for
each director orientation as follows. The rotation matrix is created from the rotation angle of the
director from the reference axis (8), so that the effective dielectric permittivity tensor becomes:

Exx Exy Exz & 0 0
(gyx Eyy 5y2> =R"(®)| O & O R,
0 0 g

where R(p) is the rotation matrix that rotates by angle of (.
The elements of Maxwell’s equations in Cartesian coordinates are written as follows:
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where c is the speed of light, E, H the components of electric and magnetic field and D, B the

electric and magnetic flux density, respectively. When the 6 X6 matrix, the matrix of the electric

and magnetic field vector and the matrix of the electric and magnetic flux density are abbreviated
as T,G and C, Eq. (1) is described as

10
TG =—=C (2)
Moreover, a linear relationship can be expressed between C and G via the matrix M in which the

electric permittivity and the magnetic permeability information are included:

C = MG. 3)
By defining the time displacements of C and G as exp (iwt), the following spatial wave equation
can be obtained from Eqgs. (2,3),



iw
T = TMr, 4)

where w is the angular frequency of light and T' the spatial component of G (supposing T is
composed of the spatial and time components).

Considering that the light incidents on the xz plane as the plane of incidence, then the components
of the T are modified as follows:
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The x component of the wavenumber vector for the incident light is
K, = %ni sin@; ,
where n; is the refractive index of incident side medium and 6; the angle between normal direction
of medium surface and the direction of the light propagation. Finally, by eliminating components
I3, T using Egs. (4,5), the differential equation is written in the form of the 4 X4 matrix, so-called
the Berreman’s equation (Ref. (1)):
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where Wy are the tangential components of the electric and magnetic fields projected to the
incident plane of electromagnetic waves.
When light propagates along z axis, Ag is expressed as a 4x4 matrix:
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K, in Ag is defined as
Ky, = 5](,( = n; sin 6;.
The general solution of the Berreman'’s equation is given by
Wy(D) = exp (i24;D) Wp(0),
- W5(0) = exp (i 2A5(~D) ) ¥5(D),
where D is the propagation length in the medium. Introducing two matrices L; and L, to satisfy the
following formula,

E
Wp(0) =L; E. | ®)
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We also introduce the partial transfer matrix: T,(—D) = exp (i%AB(—D)).

By using these quantities, the relationship linking the involved electric field is:

Ye(d) =L, 9)
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The electric field of incident light is represented by E;; and E;,, the electric field of transmitted light
by E;s and E., and the electric field of reflected light as E,; and E,.

According to Egs. (7-9), the following relationships are derived:
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where 0, is the angle between the normal direction of medium surface and the propagation direction
of the transmitted light, and n, the refractive index of the transmitted-side medium. Therefore, L,
and L;! matrices are given as:
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When q; (j = 1 — 4) corresponds to the eigenvalues of Ag, the solution of Eq. (6) is expressed as:
W5 (D) = exp (i24;D) ¥g;(0) (= 1,2,3,4). (10)

IBy Egs. (6,10), we obtain the following relationship:
i=ApWs;(D) =i~ q;¥g;(D),
o ABWBJ(D) = q}l‘pB}(D)
Using g; calculated above, T, is determined.
By series expansion of Ag, T,, can be represented as:

T,(—d) = ol + p1Ag + B.A% + B33,
exp(iwqj(-D)/c)
~a1)@;~a)@j=am) ’

exp(iwq;(-D)/c)
@j-a@j—a)@j—-am)’
exp(iwq;(-D)/c)
_qk)(qj—lh)(qj_q"’l)’

Bo = i1 4cudm 1

Br = Xi=1(@edi + @1Gm + Q1Gm)

Br =iz @+ at am) -



o4 exp(iwg;(-D)/c)
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j=1:(k,Il,m)=(234),

j=2:(k,Il,m)=(1,34),

j=3:(k Il m)=(124),

j=4:(Ilm)=(1,23).
The coefficients g, (k=0 - 3) are expressed by the eigenvalues of g;.
Consider light propagation in a single uniform optical layer, the transfer matrix, T is defined as
follows.

T = L;'T,(-D)L,.
Then, for multi-layer structure, T is calculated as:
T = L T1{Tjp(=D)} Le,
where N is the total number of the layers and j the index of the layers.
Using T, the relationship between incident, reflected and transmitted light reads:
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The amplitude ratio of the transmitted to incident light for each polarization condition can be
expressed by the following relationship.
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The first and second indices in the subscript mean the polarizations of transmitted and incident
light.
By obtaining T at each position in the numerical simulation, the Jones matrix is taken as
()= (7 )&
Ets B tSP tss Eis .
By specifying the incident light condition, the polarization and phase condition of the light at each
position in the medium can be determined. As a result, the propagation of fundamental light and
second harmonic light is calculated.

Supplementary Discussion 2. The doping effect of chiral generators on SH signal

In our previous experiment, we found that the SH signal decreases very fast with doping the chiral
dopant (Ref.). Two potential effects might coexist here. The first is the diminish of the real polarity
of the materials upon the doping of less-polar chiral dopants. The second is the reduction of the
effective polarity probed by SHG. Second possibility should be mainly attributed to the decrease of
the helical pitch. When the pitch is approaching to wavelength of the input fundamental light, the
SH signal should decrease because light “sees” a cancelled polarization field. To test this, we have
conducted the SH signal as a function of concentration of chiral dopants by using chiral dopants
with distinct chiral strength. Here we compare chiral dopants R5011 and S1. R5011 have much
stronger helical twisting power than S1. Figure S5 shows that the concentration dependences of
SH signal in both RM734/R5011 and RM734/S1 systems (data of RM734/S1 reproduced from Ref.
(2)). As seen, when doping of R5011 is less than 1 wt%, the SH signal almost vanishes, where the
polarity of the system is almost same to that of RM734 because the doping ratio is very small. On
the other hand, S1-doped system show a much slower decrease of SH signal. When plotting the
helical pitch dependences of the SH signal, the results from the two systems are well-consistent:
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the SH signal shows almost same helical pitch dependence. It means the observed SH signal
reduction should mainly come from the second effect, i.e., the reduction of the effective polarity
probed by SHG reduces. When the doping is small, the system polarity remains almost unchanged
with the neat ferroelectric nematic phase. Especially, a clear SHG enhancement was also observed
in RM734/R5011 system when the helical pitch is close to the SH wavelength of 532nm. This is
also consistent with our previous results in RM734/S1 systems.
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Fig. S1. Coherence length measurement of RM734 at 110 °C in a syn-parallel rubbed wedge cell.
The incident polarization of the fundamental beam is parallel to the polarization. The coherence
length and An,, are obtained by fitting.
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Fig. S2. The medium thickness dependence of z axis component of fff’(red, left axis) and the
intensity of the SH signal (blue, right axis) calculated by numerical simulations for (A) PP and (B)
HN* structures under enhanced condition, respectively. The period of poling domains for (A) and
the helical pitch for (B) are 9.28 ym and 7.55 um , respectively.
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Fig. S3. The numerical calculation results of the SH intensity variations functions of (A) the medium
thickness and (B) the coherence length without considering the birefringence, optical rotation and
polarization rotation. Only a sine-function of the phase factor of e is considered. In (A) and inset,
the dashed red, green dashed and blue dashed lines correspond to the traditional quasi-matching
condition for the periodic poled structure with m=1, 2, 3, respectively. The red solid line corresponds
to the present quasi-matching condition for the helielectric structure with m=1. The blue solid and
green solid lines correspond to the helielectric structures with m=2, 3 (Inset). In (B), the expanded
views of specific area of the curves are shown in the corresponding insets. Such a situation in HN*
state never happen in the experiment.
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Fig. S4. The SH intensity as a function of the concentration of R811. The pitches for different
concentration of R811 measured at 120 °C are shown as reference.
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Fig. S5. (A) The schematic of generation of the helielectric structure by mixing chiral dopant to
ferroelectric nematic materials. (B) The materials used for the preparation of the helielectrics. (C)
The phase diagram for the RM734/R811 mixtures.
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Fig. S6. The Reciprocal of helical pitch as a function of the concentration of R811.
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Fig. S7. The concentration (A) and helical pitch (B) dependencies of SH signal in both
RM734/R5011 and RM734/S1 systems (data of RM734/S1 reproduced from Ref. (2)). R5011 is a
commercial chiral dopant. The SH efficiency is defined a s the intensity ratio of sample SH signal
to the SH signal of a reference Y-cut quartz.
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Fig. S8. Molecular structures: RM734, A2 and R811.
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