Supporting Information:
Regularized CASPT2: an intruder-state-free

approach

Stefano Battaglia,” Lina Fransén, Ignacio Fdez. Galvan, and Roland Lindh*

Department of Chemistry - BMC, Uppsala University, P.O. Box 576, SE-75123 Uppsala,

Sweden

E-mail: stefano.battaglia@kemi.uu.se; roland.lindh@kemi.uu.se

Contents
1 Theoretical background S2
1.1 Level-shift correction and variational energy expression . . . . . . .. .. .. S2
1.2 Relation of level shift and o” regularization parameters . . . . . . .. .. .. S4
1.3 Taylor expansion of level shifts and o regularization . . . . . .. ... ... S5
2 The chromium dimer S7
2.1 Potential energy curves . . . . . ... Lo ST
2.1.1 CASSCF . . . . e S7
2.1.2 Imaginary shift . . . . . . .. ... ... S8
2.1.3 02-CASPT2 . . . . . . . S9
2.14 o-CASPT2 . . . . . . . . S10
2.2 Sensitivity of o'-CASPT2 with respect toe. . . . . . .. . ... ... .... S10
2.3 Potential energy curves for large valuesof e . . . . . . ... ... ... ... S11

S1



2.4 Variational vs projected second-order energy . . . . . . .. ... ... S11

3 Vertical excitation energies S14
3.1 Computational details . . . . . .. .. ... o L S14
3.2 ISP due to off-diagonal zeroth-order couplings . . . .. ... ... ... ... S16
3.3 ISP analysis . . . . . . . . . S19

References S21

1 Theoretical background

1.1 Level-shift correction and variational energy expression

The level-shift correction to the real level shift proposed in the original work by Roos and An-
dersson! was derived by considering the projected second-order energy expression (Equation
(6) in the manuscript) with the level-shifted amplitudes (Equation (11) in the manuscript).

Let us denote that quantity as E®

roj: Which reads

M M e
E® N7V = — i 1
Z Vi ZM (S1)

where T} are the shifted amplitudes (Equation (11) in the manuscript). We can manipulate

Equation (S1) such that E®)

roj 18 equal to the unmodified second-order energy plus a term
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that depends on the level shift:
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If there are no intruder states, we have A; > ¢, such that e/A; ~ 0 can be assumed in
Equation (S2), resulting in:
E® ~E®. +5ZT2 (S3)

prO_] pI‘OJ

or, in rearranged form as

(S4)

COI‘F

E® ~ B2 eZT2

pl‘OJ prO_]

Equation (S4) is the level-shift corrected second-order energy expression originally proposed
by Roos and Andersson', which we denote here as ER).. Note that Equation (S4) can also
be seen in terms of the reference weight as defined on Equation (9) on the main manuscript,

that is

. 1
EQ =E? ¢ (

corr proj
Wret

. 1) (95)

Importantly, it was later realised that Equation (S4) is equivalent to evaluating the varia-

tional second-order energy with the modified amplitudes T}, but not with the modified HO
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containing the shift. This is shown in the following:

VaI‘

ZTZA + 2TV,

_ ZM: VZA; n —2V7?
- (Az + 8)2 A,L + €

_ i VEAL VR R W
_z=1 (A;+e)? Aj+e¢ —~ N;+e
M
VZA V2(A,
Ez - VA%t s)

_E®

corr

We can understand this result in the following way. For a given set of amplitudes, the

variational expression gives the best possible estimate of the second-order energy correction

when evaluated with the unmodified zeroth-order Hamiltonian. We can take advantage of
(2)

this property and always use Fcorr to compute the energy associated to any type of modified

amplitudes, that is, obtained with whichever shift or regularization technique.

1.2 Relation of level shift and ¢” regularization parameters

It is easiest to consider the limit the imaginary shift and the o? regularizer when A; — 0.
This will ensure that both methods suppress the small energy denominators in the same way.

The limit of the derivative of the imaginary shift is

lim S (S7)



while that for the o2 regularizer is

_ d 1—e oAl
) W (58)

which leads to the simple relationship o = 72

In the case of the real level shift and ¢! regularization we cannot use the same approach,
as the derivative at A; = 0 is undefined. Instead, a simple dimensional analysis shows that ¢
for the real level shift must have energy units, as it enters directly the denominators. On the
other hand, o multiplies the energy denominator in the exponential factor of the regularizer,

which should result in an overall dimensionless quantity, hence it must have units of inverse

1 1

energy. We thus find the relationship ¢ = ™' in the case of the o' regularizer (which is

taken with the arbitrary choice of a unit constant factor).

1.3 Taylor expansion of level shifts and ¢” regularization

It is instructive to expand f(A;;e) for the shifts and regularizers around ¢ — 0 and A; — 0.
The former corresponds to the situation where A; > ¢, hence the large denominator limit,
while the latter to A; < ¢, thus the small denominator limit. Let us first compare the

2

imaginary level shift and the ¢ regularizer, which share the same overall shape. For the

former we have

1 g2
A‘ K — E 4+ ... , € — O
—— J S9
A? 4 g2 A; A3 (89)
while for the latter we have
1 oA/ 0
1—e ¥ XN~ A T 87
— = A A (S10)
2 2t 8= 0



In the large denominator limit, that is € — 0, we notice that the first term after 1/A; dies off
more slowly for the imaginary shift than for the regularizer. This helps us understand why;,

2 regularizer more closely follows

for larger values of the denominator, the curve for the o
that of 1/A,; than the one of the imaginary shift does (see Figure 3 in the manuscript). On
the other hand, in the small denominator limit, that is A; — 0, the two approaches are
asymptotically the same, which is confirmed by their same behavior around the origin.

We can compare the real level shift and the o! regularizer in a similar manner, which

also have a similar overall shape (assuming A; > 0). For the real level shift we have

1 € 0
1 Kl—A—?—f- , € —
Ate )1 oA (511)
‘ ———;—}— ,AZ—>O
e €
While for the o' regularizer we have
1 e lAi/e
1 — e—lAi/el K_ A +... ,e—0
a1 oA (812)
' T A; =0
c T ’

The same discussion as above holds when comparing these two approaches. The limit ¢ — 0
highlights while the ¢! regularizer follows more closely the 1/A; function, while the A; — 0

limit is equivalent for both methods.
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2 The chromium dimer

2.1 Potential energy curves

2.1.1 CASSCF
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Figure S1: CASSCF potential energy curve of Cry as a function of the inter-nuclear distance
R.
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2.1.2 Imaginary shift
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Figure S2: CASPT2 potential energy curve of Cry with imaginary level shift for different
range of € (a, ¢ and e), and corresponding reference weight wyer (b, d and f) as a function of
the inter-nuclear distance R.
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2.1.3 0?-CASPT2
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Figure S3: 02-CASPT?2 potential energy curve of Cr, for different range of € (a and c), and
corresponding reference weight wyes (b and d) as a function of the inter-nuclear distance R.
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2.1.4 o'-CASPT2
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Figure S4: ¢'-CASPT?2 potential energy curve of Cr, for different range of € (a and c), and
corresponding reference weight wyes (b and d) as a function of the inter-nuclear distance R.

2.2 Sensitivity of ¢!'-CASPT2 with respect to ¢
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Figure S5: Energy difference AE(e) = E(g) — Eyer as a function of the inter-nuclear distance
R, for two different values of €. The reference energy FE,.¢ used for each technique was obtained
with the value ¢ = 0.1 Fy,. Note that the jump in energy for o'-CASPT2 is due to the

discontinuity at A; = 0.
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2.3 Potential energy curves for large values of ¢
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Figure S6: Potential energy curve of Cr, for the different techniques at the artificially large
value of € = 1.0 By, (a). 02>-CASPT2 PEC for different large values of . For € = 1.15 Ejy,, the
calculated curve matches the experimental one around the equilibrium. However, at longer
inter-nuclear distances the agreement is worse than with smaller values of ¢.

2.4 Variational vs projected second-order energy
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Figure S7: Difference between variational and projected second-order energy for the real level
shift as a function of the inter-nuclear distance R.
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Figure S8: Difference between variational and projected second-order energy for the imagi-
nary level shift as a function of the inter-nuclear distance R.
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Figure S9: Difference between variational and projected second-order energy for o2-CASPT2
as a function of the inter-nuclear distance R.
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Figure S10: Difference between variational and projected second-order energy for o'-CASPT2
as a function of the inter-nuclear distance R.
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3 Vertical excitation energies

3.1 Computational details

The details of the underlying SA-CASSCF calculations follow very closely those of Schreiber
et al.? and can be found in their Supporting Information. In particular, the number of
electronic states used in the state-averaging is exactly the same. The only differences are for
the active spaces of four molecules. In imidazole, 5a’ orbitals were used in the active space
instead of (the erroneously reported) 6a’. In pyridazine, 3ay and 3b; orbitals were used in the
active space instead of 2a, and 4b;. In pyridine, the active space used to compute the 1B,
states is the same as the ground state one with 6 electrons in 4b; and 2as orbitals, rather than
with 8 electrons in laq, 8b; and 4ay orbitals. In tetrazine, 14 electrons were included in the
active space instead of 12. All these differences are reported in the Supporting Information
of the work by Zobel et al.3. Example inputs with these SA-CASSCF details (along with
guess orbitals) are available for free in the OpenMolcas repository.*

Both the ISP and NOISP analyses were carried out with MS-CASPT2D and MS-
CASPT2. An initial calculation without any shift was used to find states affected by intruder
states. These were states that had a reference weight deviation larger than 10 % from the
ground state weight (see Equation (23) in the manuscript). For MS-CASPT2D, there were
109 such states, which we report in Table S1, while for MS-CASPT2, there were 117 such

states, which we report in Table S2.
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Table S1: States excluded from the NOISP analysis for MS-CASPT2D.

Molecule States excluded

acetamide 23A"

acetone 4TA,

adenine 4-TA’, 3-4A"

benzene 4-T'A’ 4-53A’

benzoquinone  2-3'A,, 2-3'By,, 1-3'B,y,, 3'Bs,,
4'By,, 1-2'By,, 1-3'Bs,, 23A,,
23B19

butadiene 3'A,

cyclopentadiene 3-5'A;

cyclopropene —

cytosine 4-61A’

ethene —

formaldehyde 3LA,

formamide —

furan 31B2, 3*41A1

hexatriene 1'B,

imidazole 4-51A!

naphthalene 2-3'By,, 3,5'By,, 2-4'Bj,, 1-
2A,, 2-33By,, 2-31A,

norbornadiene  3'A;

octatetraene 1,3'B,, 3-4'A,

propanamide 23A"

pyrazine 21Blg, 2'Bs,,

pyridazine 2B, 4!B,, 3-4'A,

pyridine 2-3'B,, 33A,, 23B,, 4'A,

pyrimidine 2-4'B,, 3'A,

pyrrole 3'B,, 3'A,

teatrazine 2-3'A,, 2-4'By,, 3'Bsy,, 3'Bs,,
3'B1., 3,5'Bou, 2-3'Ba., 2°By,,
93By,, 2By,

thymine 4-61A’, 3-4*A"

triazine 5-6'A", 3-4,8LA’

uracil 3-4tA"
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Table S2: States excluded from the NOISP analysis for MS-CASPT?2.

Molecule States excluded

acetamide 23A"

acetone 4TA,

adenine 4-TA’, 3-4A"

benzene 4-T'A’ 4-53A’

benzoquinone  3'A,, 2-3'By,, 1-3'By,, 3'Bs,,
2.4'By,. 1-2'Bgy, 1-3'Bs,, 2°A,,
23B19

butadiene 3'A,

cyclopentadiene 3-5'A;

cyclopropene —

cytosine 4-61A’

ethene —

formaldehyde 3tA,

formamide 23A"

furan 31B2, 3*41A1

hexatriene 1'B,

imidazole 25A" 4-51A’

naphthalene 2-3'By,, 3,5'Bg,, 2-4'Bj,, 1-
2A,, 2-3°By,, 2-31A,

norbornadiene  3'A;

octatetraene 1,3'B,, 3-4'A,

propanamide 23A" ) 3LA/

pyrazine 2'By,, 2'Ba,, 2'A,

pyridazine 2B, 3-41B,, 3-4'A,

pyridine 2-3'B,, 33A,, 23B,, 4'A,

pyrimidine 2-4'By, 4'A4

pyrrole 3'B,, 3'A,

teatrazine 2-3'A,, 1-4'By,, 2-3'By,, 3'Bs,,
3By, 3,5'Bou, 2-3'Ba., 2°By,,
93By,, 2By,

thymine 4-61A’, 41A"

triazine 1,4-6'A", 3-4,8LA

uracil 3-4'A"

3.2 ISP due to off-diagonal zeroth-order couplings

The second !Bj state of pyrimidine has a reference weight deviation from the ground state

of 15% for CASPT2D and 25 % for CASPT2, hence it is considered an ISP in both cases. In
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CASPT2D, the reference weight is a monotonic increasing function of the input parameter ¢
for both the imaginary shift and the two regularizers. This can be seen in Figures S13 to S15.

In other words, it is certain that after a certain value of €, the intruder state is removed.
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Figure S13: CASPT2D reference weight of the second !B, of pyrimidine as a function of the
imaginary level shift parameter.
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Figure S14: CASPT2D reference weight of the second !B, of pyrimidine as a function of the
o? regularization parameter.
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Figure S15: CASPT2D reference weight of the second !By of pyrimidine as a function of the
o' regularization parameter.

This is not the case when these techniques are used with a RSPT2 method that is not

based on a diagonal zeroth-order Hamiltonian, such as CASPT2. Scanning the same range
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of input parameters for the three methodologies reveals how a strong off-diagonal coupling

leads to a singularity for a specific value of ¢, as shown in Figures S16 to S18. Note that this

value is specific to the intruder-state-removal technique used.
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Figure S16: CASPT?2 reference weight of the second !B, of pyrimidine as a function of the

imaginary level shift parameter.
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Figure S17: CASPT?2 reference weight of the second !B, of pyrimidine as a function of the

o? regularization parameter.
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Figure S18: CASPT?2 reference weight of the second !By of pyrimidine as a function of the
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S18



3.3 ISP analysis
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Figure S19: ISP analysis for CASPT2D with € = 0.2 £},. The cumulative distribution function
is shown in the top half of the plots, while the values Aw,.s < 20 % are shown as points in
the center of the plots. In the bottom stripe we show the position of the average reference
weight deviation Awes.
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Figure S20: ISP analysis for CASPT2 with € = 0.1 E},. The cumulative distribution function
is shown in the top half of the plots, while the values Aw,.s < 20 % are shown as points in
the center of the plots. In the bottom stripe we show the position of the average reference
weight deviation Awes.
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Figure S21: ISP analysis for CASPT2 with € = 0.2 E},. The cumulative distribution function
is shown in the top half of the plots, while the values Aw,.s < 20 % are shown as points in
the center of the plots. In the bottom stripe we show the position of the average reference
weight deviation Awyef.
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Figure S22: ISP analysis for CASPT2 with € = 0.3 E},. The cumulative distribution function
is shown in the top half of the plots, while the values Aw,s < 20 % are shown as points in
the center of the plots. In the bottom stripe we show the position of the average reference
weight deviation Aw,ef.
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