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1 Energy Function

Energy function: The energy of the chromatin, UT , is taken to be a sum of bond stretch (UB),

bond angle (UKP ), and interactions (ULJ) between the nucleosomes that are separated by at least

3 bonds.

Bond stretch and bond angle potentials: The connectivity of the chromatin thread is taken into

account using a harmonic potential,

UB =
ks
2

(r − r0)2, (1)

where r is the distance between the two consecutive nucleosomes, r0 is the equilibrium bond length,

and ks is the spring constant. The bond angle is constrained using the Kratky-Porod potential in

order to control the stiffness of the chain. We assume that,

UKP =
kBT lk

2σ

[
1− t1 · t2
|t1||t2|

]
, (2)

where kB is the Boltzmann constant, T is the temperature, lk/2 is the intrinsic persistence length

(lp), and σ is the effective inter nucleosome distance. The length unit is σ. The variables t1 and

t2 are bond vectors connecting nucleosomes (i, i+ 1) and (i+ 1, i+ 2), respectively.

Non-bonded potential: We used the Lennard-Jones (LJ) potential,

ULJ = 4ε
[(σ
r

)12
−
(σ
r

)6]
, (3)

to model interactions between non-bonded loci. In the above equation, r is the distance between

the nucleosomes, σ is roughly the size of the nucleosome, and ε, which sets the energy scale, is the

strength of the interactions. The LJ interaction is truncated at 3σ (ε = 0 for r > 3σ).

2 Modification Probabilities

The modification of the nucleosomes by enzymes is modeled using a two state kinetics,

U
k+

k−
M, (4)

where k+ and k− are the forward and backward reaction rates, respectively. The solutions to the

rate equations,

−d[U ]

dt
= k+[U ]− k−[M ]

−d[M ]

dt
= −k+[U ] + k−[M ].

(5)

are given by,

P+(t) = 1− k− + k+e−λt

λ

P−(t) = 1− k+ + k−e−λt

λ
,

(6)

where λ = k+ + k− and t is time. By defining r = k+/k− and β = k+τr, where τr is the

characteristic time scale, the modification probabilities become,
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P+(τr) = 1− 1 + αre−β(1+αr)/αr

1 + αr
;P−(τr) = 1− αr + e−β(1+αr)/αr

1 + αr
, (7)

where α = 1 for nucleation site. The relevant parameters that will control spreading are r, α, and

β. Note that the probabilities given in Eq.7 reduce to P+ = k+τr and P− = k−τr when τr → 0.

When τr is not small, Eq.7 give the correct values for transition probabilities.

Finally, the probabilities of the modification and un-modification of each nucleosome are com-

puted based on Eq.7 with the following assumptions: (i) spreading from the bonded neighbor and

non-bonded neighbors are independent and contribute equally to the transition (ii) each neighbor

nucleosome contributes to the transition independently. Additional details on the computation

of spreading probability are given in Figure S1 and Methods in the main text. We assume that

epigenetic spreading occurs through a set of enzyme reactions, which presumably involve physical

proximity between the enzymes and the nucleosomes. Due to the possible crowding effect would

restrict the available space around the nucleosome including those that are nearby. Therefore,

we assume that the 1D and 3D spreading cannot occur at the same time, and maybe treated

as independent events. For this reason, we used the total transition probability that is given in

Figure (S1b).

3 Langevin dynamics

Parameter Description Value

σ (Eq 3) unit of length 1

ε (Eq 3) strength of LJ interaction 0.1kBT

d0 equilibrium bond distance 1.0σ

ks (Eq 1) spring constant be-

tween connected loci

3000ε
d20

lk (Eq 2) double the chromatin

persistence length

2σ

a∗ value of σ 27nm

Table S1: Parameters used in the Langevin dynamics simulations. ∗ a is roughly the sum of the

size of the nucleosome (10nm) and the contour length of the DNA (' 50bp · 0.33nm/bp ≈ 17nm).

Equation numbers in the first column refer to the main text.

We describe the time evolution of the chromatin by the Langevin equation,

mi
d2ri
dt

= Fi − ξ
dri
dt

+ Ri(t), (8)

where ri is the position of the ith locus whose mass is mi, Fi = −∂UT
∂ri

is the systematic force arising

from UT (see the main text), ξ is the friction coefficient, and Ri is the random force that satisfies
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Figure S1: (a) Columns represent the elementary reactions and the rows show the schemes im-

plemented in the simulations. The five elementary reactions are: 1D forward, 1D reverse, 3D

forward, 3D reverse, and the noise. The noise process, with the associated probability PN(i)

where i is the nucleosome label, affects only the modified nucleosomes. The two simulation

schemes are: I (1D+F+R , (1D forward, 1D reverse, and the noise)), and II (3D+F+R, (1D

forward, 1D reverse, 3D forward, 3D reverse, and the noise)). Y indicates that the probabilities

for the five elementary reactions are computed using equation iii in (b), and 0 means that the

corresponding probability is zero. For each simulation scheme, the cumulative probability for the

forward (P+(i)) and reverse (P−(i)) reactions is computed using Equations (b)i and (b)ii. For

scheme I (1D+F+R), the probabilities P+
3D(i) and P−3D(i) are zero, resulting in P+(i) = P+

1D(i)

and P−(i) = PN(i) + (1 − PN(i))P−1D(i), where P±1D(i) and PN(i) are computed using Equations

(b)iii. The probability for scheme II, which includes all the elementary reactions, is given by

P+(i) (Equation (b)i) and P−(i) (Equation (b)ii). (b) Equations for all the relevant probabili-

ties. (i) and (ii) are the cumulative probability for forward and reverse reaction. (iii) Displays the

probabilities for the five elementary reactions. t = γτr (t = τr) is the time at which 1D and noise

(3D) spreading is considered. The variables n1D
± (n3D

± ) are the number of bonded neighbors (non-

bonded neighbors) whose state is U (−1) or M (+1) to ith nucleosome. Non-bonded neighbors

(js) satisfy the criterion |i− j| ≥ 2 and rij < rc = 1.122σ.

the fluctuation-dissipation theorem. An in-house code was developed to integrate the Langevin

equation, with T = 300K, using the velocity-Verlet algorithm [1]. After equilibrating the polymer

for times that exceed the relaxation time (τRee) of the end-to-end vector of the polymer, we

performed long simulations (� 10τRee) so that reliable statistics for computing various quantities
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of interest could be generated.

4 Epigenetic modification algorithm flowchart

Start

<latexit sha1_base64="pXSpqm36fOWMVirWPh36Bwlf7J4=">AAACMXicdZDLSsNAFIYn9VbrrVVcuRksQt2URKzWhVBw40aoaC/QljKZTtqxk0yYORFK6Du41dfwaboTt76ESRvBFD2rn+8/c86c3/YF12CaMyOzsrq2vpHdzG1t7+zu5Qv7TS0DRVmDSiFV2yaaCe6xBnAQrO0rRlxbsJY9von91jNTmkvvESY+67lk6HGHUwIRaj6U+On1XT9fNMvmvPAvUTGtqwsLWwkpoqTq/YJx2B1IGrjMAyqI1h3L9KEXEgWcCjbNdQPNfELHZMhCR3qgfUbTlLq24sMRpGgnkh5xme6F89Om+CQiA+xIheMxeE5Tc4ir9cS1o06XwEgvezH804sJSCn00gfAqfZC7vkBMI8u9juBwCBxHB8ecMUoiEkkCFU8OhfTEVGEQhRyLgryJy38v2iela1K2bw/L9aqSaRZdISOUQlZ6BLV0C2qowai6Am9oFf0ZrwbM+PD+Fy0ZozkzQFKlfH1De5nqeg=</latexit>

S(i) = M

<latexit sha1_base64="EZYqGXGazWCBo/ZFAlylFoz9cwY=">AAACMXicdZDNTsJAFIWn/iL+gcaVm4nEBDekNaK4MCFx4xKjBRJoyHSYwsi008zcmhDCO7jV1/Bp2Bm3voQt1MQSvauT79y5d+5xQ8E1mObMWFldW9/YzG3lt3d29/YLxYOmlpGizKZSSNV2iWaCB8wGDoK1Q8WI7wrWcke3id96ZkpzGTzCOGSOTwYB9zglEKPmQ5mf3di9QsmsmPPCv0TVtK4vLWylpITSavSKxlG3L2nkswCoIFp3LDMEZ0IUcCrYNN+NNAsJHZEBm3gyAB0ymqXUdxUfDCFDO7EMiM+0M5mfNsWnMeljTyqcjMFzmplDfK3Hvht3+gSGetlL4J9eQkBKoZc+AF7NmfAgjIAFdLHfiwQGiZP4cJ8rRkGMY0Go4vG5mA6JIhTikPNxkD9p4f9F87xiVSvm/UWpXksjzaFjdILKyEJXqI7uUAPZiKIn9IJe0ZvxbsyMD+Nz0bpipG8OUaaMr2/8p6nw</latexit>

S(i) = U

<latexit sha1_base64="pXSpqm36fOWMVirWPh36Bwlf7J4=">AAACMXicdZDLSsNAFIYn9VbrrVVcuRksQt2URKzWhVBw40aoaC/QljKZTtqxk0yYORFK6Du41dfwaboTt76ESRvBFD2rn+8/c86c3/YF12CaMyOzsrq2vpHdzG1t7+zu5Qv7TS0DRVmDSiFV2yaaCe6xBnAQrO0rRlxbsJY9von91jNTmkvvESY+67lk6HGHUwIRaj6U+On1XT9fNMvmvPAvUTGtqwsLWwkpoqTq/YJx2B1IGrjMAyqI1h3L9KEXEgWcCjbNdQPNfELHZMhCR3qgfUbTlLq24sMRpGgnkh5xme6F89Om+CQiA+xIheMxeE5Tc4ir9cS1o06XwEgvezH804sJSCn00gfAqfZC7vkBMI8u9juBwCBxHB8ecMUoiEkkCFU8OhfTEVGEQhRyLgryJy38v2iela1K2bw/L9aqSaRZdISOUQlZ6BLV0C2qowai6Am9oFf0ZrwbM+PD+Fy0ZozkzQFKlfH1De5nqeg=</latexit>

S(i) = M

<latexit sha1_base64="EZYqGXGazWCBo/ZFAlylFoz9cwY=">AAACMXicdZDNTsJAFIWn/iL+gcaVm4nEBDekNaK4MCFx4xKjBRJoyHSYwsi008zcmhDCO7jV1/Bp2Bm3voQt1MQSvauT79y5d+5xQ8E1mObMWFldW9/YzG3lt3d29/YLxYOmlpGizKZSSNV2iWaCB8wGDoK1Q8WI7wrWcke3id96ZkpzGTzCOGSOTwYB9zglEKPmQ5mf3di9QsmsmPPCv0TVtK4vLWylpITSavSKxlG3L2nkswCoIFp3LDMEZ0IUcCrYNN+NNAsJHZEBm3gyAB0ymqXUdxUfDCFDO7EMiM+0M5mfNsWnMeljTyqcjMFzmplDfK3Hvht3+gSGetlL4J9eQkBKoZc+AF7NmfAgjIAFdLHfiwQGiZP4cJ8rRkGMY0Go4vG5mA6JIhTikPNxkD9p4f9F87xiVSvm/UWpXksjzaFjdILKyEJXqI7uUAPZiKIn9IJe0ZvxbsyMD+Nz0bpipG8OUaaMr2/8p6nw</latexit>

S(i) = U

NO

<latexit sha1_base64="zCwZwsujLCth/LcUsahXi2x4q9Y=">AAACMXicdZDLSsNAFIYn9VbrrVVcuRksgquSiNW6K7hxI1SwF2hDmUwn7dhJJsycCKX0Hdzqa/g03YlbX8JJG8EUPauf7z9zzpzfiwTXYNtzK7e2vrG5ld8u7Ozu7R8US4ctLWNFWZNKIVXHI5oJHrImcBCsEylGAk+wtje+Tfz2M1Oay/ARJhFzAzIMuc8pAYNazR5IfN8vlu2KvSj8S1Rt5+bKwU5KyiitRr9kHfcGksYBC4EKonXXsSNwp0QBp4LNCr1Ys4jQMRmyqS9D0BGjWUoDT/HhCDK0a2RIAqbd6eK0GT4zZIB9qXAyBi9oZg4JtJ4EnukMCIz0qpfAP72EgJRCr3wA/Jo75WEUAwvpcr8fC2xiSuLDA64YBTExglDFzbmYjogiFEzIBRPkT1r4f9G6qDjViv1wWa7X0kjz6ASdonPkoGtUR3eogZqIoif0gl7Rm/Vuza0P63PZmrPSN0coU9bXN6ywqlI=</latexit>

U ! M

<latexit sha1_base64="2HuUkIR0/WyWFhcWdaVK54Tp2mA=">AAACM3icdZDLSsNAFIYn9VbrrVVcuRksQl1YErFadwU3LivYC7SxTKaTdugkE2ZOhBL6Em71NXwYcSdufQeTNoIpelY/33/mnDm/EwiuwTTfjNzK6tr6Rn6zsLW9s7tXLO23tQwVZS0qhVRdh2gmuM9awEGwbqAY8RzBOs7kJvE7j0xpLv17mAbM9sjI5y6nBGLUbT5EZ7MKPx0Uy2bVnBf+JWqmdX1pYSslZZRWc1AyDvtDSUOP+UAF0bpnmQHYEVHAqWCzQj/ULCB0QkYscqUPOmA0S6nnKD4aQ4b2YukTj2k7mh83wycxGWJXKpyMwXOamUM8raeeE3d6BMZ62Uvgn15CQEqhlz4Abt2OuB+EwHy62O+GAoPESYB4yBWjIKaxIFTx+FxMx0QRCnHMhTjIn7Tw/6J9XrVqVfPuotyop5Hm0RE6RhVkoSvUQLeoiVqIIoGe0DN6MV6Nd+PD+Fy05oz0zQHKlPH1DfTBqvI=</latexit>

P�(i)
Is transition                    

with Probability

successful?

<latexit sha1_base64="catUU8pS1XmjqSf5pGhrC4A862g=">AAACMXicdZDLSsNAFIYn9VbrrVVcuRksgquSiNW6K7hxI1SwF2hDmUwn7dhJJsycCKX0Hdzqa/g03YlbX8JJG8EUPauf7z9zzpzfiwTXYNtzK7e2vrG5ld8u7Ozu7R8US4ctLWNFWZNKIVXHI5oJHrImcBCsEylGAk+wtje+Tfz2M1Oay/ARJhFzAzIMuc8pAYNa9z2QuNkvlu2KvSj8S1Rt5+bKwU5KyiitRr9kHfcGksYBC4EKonXXsSNwp0QBp4LNCr1Ys4jQMRmyqS9D0BGjWUoDT/HhCDK0a2RIAqbd6eK0GT4zZIB9qXAyBi9oZg4JtJ4EnukMCIz0qpfAP72EgJRCr3wA/Jo75WEUAwvpcr8fC2xiSuLDA64YBTExglDFzbmYjogiFEzIBRPkT1r4f9G6qDjViv1wWa7X0kjz6ASdonPkoGtUR3eogZqIoif0gl7Rm/Vuza0P63PZmrPSN0coU9bXN6yIqlI=</latexit>

M ! U

<latexit sha1_base64="Y8MSynUT3wDbTPo7YtJAHBX/yDI=">AAACM3icdZDLSsNAFIYn9VbrrVVcuRksQkUoiVitu4IblxXsBdpYJtNJO3SSCTMnQgl9Cbf6Gj6MuBO3voNJG8EUPauf7z9zzpzfCQTXYJpvRm5ldW19I79Z2Nre2d0rlvbbWoaKshaVQqquQzQT3Gct4CBYN1CMeI5gHWdyk/idR6Y0l/49TANme2Tkc5dTAjHqNh+is1mFnw6KZbNqzgv/EjXTur60sJWSMkqrOSgZh/2hpKHHfKCCaN2zzADsiCjgVLBZoR9qFhA6ISMWudIHHTCapdRzFB+NIUN7sfSJx7QdzY+b4ZOYDLErFU7G4DnNzCGe1lPPiTs9AmO97CXwTy8hIKXQSx8At25H3A9CYD5d7HdDgUHiJEA85IpRENNYEKp4fC6mY6IIhTjmQhzkT1r4f9E+r1q1qnl3UW7U00jz6Agdowqy0BVqoFvURC1EkUBP6Bm9GK/Gu/FhfC5ac0b65gBlyvj6BvEpqvA=</latexit>

P+(i)

YES

YES

Pick        nucleosome
<latexit sha1_base64="ZqQiuN01ub1xyxKTPaCeh3jkCvU=">AAACMXicdZDLSsNAFIYn9VbrrVVcuRksgquSiNW6K7hxWcFeoI1lMp00YyeZMHMilNB3cKuv4dN0J259CZM2gil6Vj/ff+acOb8TCq7BNOdGYW19Y3OruF3a2d3bPyhXDjtaRoqyNpVCqp5DNBM8YG3gIFgvVIz4jmBdZ3Kb+t1npjSXwQNMQ2b7ZBxwl1MCCerwxxi82bBcNWvmovAvUTetmysLWxmpoqxaw4pxPBhJGvksACqI1n3LDMGOiQJOBZuVBpFmIaETMmaxKwPQIaN5Sn1H8bEHOdpPZEB8pu14cdoMnyVkhF2pcDoGL2huDvG1nvpO0ukT8PSql8I/vZSAlEKvfADchh3zIIyABXS5340EBonT+PCIK0ZBTBNBqOLJuZh6RBEKScilJMiftPD/onNRs+o18/6y2mxkkRbRCTpF58hC16iJ7lALtRFFT+gFvaI3492YGx/G57K1YGRvjlCujK9vv+Kq7A==</latexit>

i th
<latexit sha1_base64="v9PtpHK72rWq6nR7dES2EkE7oUw="></latexit>

i += 1

YES

YES Is transition                    

with Probability

successful?

NO

NO

Figure S2: Flowchart of the algorithm for epigenetic modifications at each time step. The proba-

bility values are given in Figure S1.

5 Structural relaxation time

We calculated the structural relaxation time, τr, from the decay of the structure factor,

F (q, t) =
1

N

〈
N∑
j=1

exp−iq·(rj(t)−rj(0))

〉
, (9)

with q = 2π
rc

. In the above equation, rj(t)− rj(0) is the displacement of nucleosome rj. From the

decay of F (q, t) (Figure S3) we estimated the characteristic time, τr. The time τr, which is an

estimate for the relaxation of the chromatin polymer, is assumed to set the over all time scale.

All other rates that are relevant to epigenetic spreading are set relative to τr. It is natural to use

τr, especially for 3D spreading to monitor the modification process. Note that τr is a function of

N , lp, as well as solvent quality.
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Figure S3: Intermediate scattering function, evaluated at the wave vector q = 2π
rc

(rc = 1.122σ),

as a function of time. F (q, t) was averaged over 15 independent trajectories by removing the

overall rotational and translational degrees of freedom. The value of τr is extracted using the fit,

F (q, t) = exp−(t/τr)
β

with β=1.7, yielding τr ≈ 0.3τ where τ is the natural time governing Eq.

8. For our purposes the precise value of the τr is irrelevant. What matters are the spreading

probabilities given in Figure S1.

6 Solvent quality
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kBT
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(a)
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<R2
ee >
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<
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>
)

simulation

Domb =0.6

des Cloizeaux
=0.6 =1.16

(b)

Figure S4: (a) Second virial coefficient as a function of the Lennard-Jones parameter ε, charac-

terizing the interaction between the nucleosomes. The blue (red) region corresponds to “good

solvent” (“poor solvent”). (b) Comparison of the end-to-end distance distributions computed

from simulations (ε = 0.1kBT ) with the rigorous theoretical prediction for a polymer in a good

solvent [2].

The non-bonded interactions are determined by the Lennard-Jones interaction strength, ε (Eq. 3

in the SI), between the nucleosomes that are separated by at least two bonds from each other.
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The ε parameter is an effective interaction strength between the loci. The dimension of the chain

depends on the second virial coefficient,

v2 = 2π

∫ ∞
0

r2dr[1− exp−βULJ (r)], (10)

where ULJ(r) is given in Eq (3) in the main text, β = 1/kBT . If v2 > 0(< 0), then the chromatin

could be extended (random coil). In Figure S4, we show v2 as a function of βε. The θ-point at

which v2 = 0 corresponds to ε = 0.3kBT (Figure S4). We varied ε in our simulations to assess the

impact of solvent quality on the nature of epigenetic spreading. For ε = 0.1kBT , which is in the

good solvent region, chromatin behaves as a Flory random coil. We expect that the distribution

P (x), with x = Ree/ < R2
ee >

1/2, should follow the universal behavior with P (x) ∼ xg exp−x
δ
,

where δ ≈ 1/(1 − ν), where ν is the Flory exponent (≈ 0.6 in 3D). The excellent agreement

between theory and simulation confirms that the chromatin polymer is indeed a random coil. We

also show results for ε ≥ 0.3kBT , see Figure ?? in main text.

7 Contact times and τr

Figure S5: Distribution of contact duration times τc. A contact forms if two nucleosomes are

within rc = 1.122σ The mean value is 〈τc〉 = 0.84τr.

There are three time scales that characterize our epigenetic polymer model (i) The rate of the

forward reaction rate k+(Eq 4 in the main text), (ii) The second is k−, the backward reaction

rate. Both k+ and k− are defined in the main text. (iii) The third is, τr, the chromatin relaxation

time. Below we describe how these timescales are chosen, and assigned physical meaning.

As shown in Figure ??, epigenetic spreading could occur either linearly (1D) (i and i ± 1) or

by non-bonded nucleosomes that come into proximity through loop formation (3D). The looping

time could be substantial, making the modification probability through the 3D mechanism less

efficient than by 1D. To account for the separation in time scales, we allow for 1D modifications

to occur on time scale t = γτr. In other words, the probabilities of modification through 1D

mechanism are computed using equations in Figure S1 (b). Spreading in 3D occurs if two loci,
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separated by at least 2 bonds, come into contact. There is a spectrum of looping times that

depend on the separation |i − j| between the nucleosomes. A relevant time for modification is

the contact life time (τc) during which 3D spreading could occur. The distribution of P (τc/τr)

contact life times, expressed in units of τr, (Figure S5) shows that the average < τc >≈ 0.84τr. To

simplify the computations, we calculated the probabilities of 3D spreading using equations shown

in Figure S1 (b). The use of 〈τc〉 as a proxy for looping, independent of the genomic separation

between the loci, simplifies the computations without qualitatively altering the results. We assume

that spreading is slow, which implies that the polymer relaxes much faster than the time scale in

which the enzyme reaction ( 1
k+

) occurs. This is implemented by choosing k+ = 0.01
τr

.

100 101

p

10 3

10 2

10 1

100

P(
p) N=100

N=200
N=300
N=500

= 3
= 4

Figure S6: Dependence of the contact probability P (p) as a function of the number of bonds that

separate two nucleosomes, p. The dashed lines represent theoretical scaling P (p) ∼ p−α, where α

is a multiplicative value of the Flory exponent ν = 3/5.

8 Epigenetic ergodicity

In order to asses if the time scales governing spreading result in a non-equilibrium state, we

introduce the epigenetic ergodicity measure by generalizing a measure introduced in the context

of glasses [3]. Multiple pairs of independent simulations were used to calculate the epigenetic

ergodicity, defined as,

d(t) =
1

N

N∑
j=1

[sa,j(t)− sb,j(t)]2, (11)

where sa,j(t) is the time-average of the epigenetic state of nucleosome j in trajectory a over time

t, sb,j(t) is the corresponding quantity in trajectory b. If the system is ergodic, each trajectory
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Figure S7: Epigenetic spreading is ergodic. We compared 10 independent trajectories for both

biological mechanisms. The epigenetic ergodic measure vanishes at long times. The parameter

values in simulations are k+/k− = 50, k+ = 100/τr, with total simulation time 15, 000τr.

would explore the entire epigenetic phase space, and the time-average for both the trajectories

should converge at long times. Thus, in an ergodic, or quasi ergodic system, the quantity d(t)

should vanish at long t. Figure S7 shows that d(t) vanishes at long times for all the spreading

processes on time scales that are far less than the time needed for steady-state spreading to be

established. Thus, for the range of time scales considered here, and for N = 300, epigenetic

ergodicity is established. It is conceivable that epigenetic ergodicity could be broken, resulting in

glass-like epigenetic states for different N , and solvent quality governing the spreading dynamics.

It is unclear if this could confer any biological advantage for epigenetic memory.

9 Influence of chromatin persistence length on epigenetic

spreading

We anticipate two extreme scenarios for the influence of the persistence length, lp, on the spreading

mechanisms. If L/lp >> 1 (L is the contour length of the polymer) then 3D transient loop-driven

spreading, as found here and elsewhere [4, 5], is likely. In the opposite stiff chain limit L/lp << 1,

we expect that spreading would be predominantly determined by the 1D mechanism. To verify

these expectations, we performed simulations by varying the bending stiffness (lk) in the bond

angle potential. For different values of lk, we extracted the persistence length using,

〈cosθ(p)〉 = exp
− p
lp , (12)

where θ is the angle between two bond vectors separated by a distance p along the contour of

the polymer. The exponential fit to simulations, with lk ranging from (2 − 200)σ, is shown in

Figure S8. A crossover between the flexible chain (L � lp) to a rigid chain is expected when

L� lp. Figure S8 shows that the best fit is obtained when lp spans several bond distances, while

the rigid and flexible limit exhibit stronger deviations from the nominal estimate, lp = lk/2. The

exponential decay 〈cosθ(p)〉 (Eq. (12)), is valid strictly for a polymer without excluded volume

interactions, and the deviations of the exponential scaling have previously been reported for large
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Figure S8: Bond vector correlation function < cosθ(p) > as a function of the bond distance p

along the polymer for different intrinsic stiffness values. Red dashed lines are fits to the curves.

The values of the persistence length lp (listed on the right) are extracted using Eq 12. The fits

are increasingly more accurate as lp increases.

Figure S9: Heat maps showing the average value of the epigenetic order parameter < S >= nm−nu
N

as a function of the persistence length. It is clear that the 3D result converges to the 1D result as

the persistence length increases.

p when excluded volume conditions are taken into account [6, 7].

We characterize the global epigenetic state using < S > for two values of k+ as a function of

lp. As anticipated, the 3D model converges to the 1D limit (Figure S9) once the chain stiffness

10



Figure S10: The effect of persistence length, lp = lk/2, on spreading for Scheme II depicted as the

fraction fim of modified state of nucleosome i. Scheme II is tested under fast, k+ = 100
τr

, and slow,

k+ = 0.01
τr

, spreading conditions. We used k+/k− = 50 for fast spreading, and k+/k− = 10, 000 for

slow spreading, which are the same values used in the SI and the main text.

increases substantially ( lp
σ
≥ 8). For instance, when spreading is fast (k+ = 100/τr) or slow

(k+ = 0.01/τr), the value of < S > for I and II mechanisms are roughly the same at lp
σ

= 8, as

shown in Figure S9. Thus, regardless of the enzyme rates for modifying a nucleosome, the 1D

and 3D mechanisms converge when lp is sufficiently large. The reason is that in the stiff chain

limit, the energy penalty to bend the polymer is high, thus effectively preventing the formation

of looping contacts, which is needed for 3D spreading.

Upon closer observation of 3D spreading, the simulated domains in Figure S10 reveal that

enhanced flexibility improves the propensity for stable domain formation. In particular, we observe

a stabilizing effect of enhanced flexibility on the epigenetic pattern around the nucleation site.

These results show that there is an interplay between 3D and 1D spreading, which is determined

by L/lp.

10 Finite size effects

Polymer length N affects relaxation timescales, which in turn changes polymer looping kinetics [8],

with possible effects on the 3D spreading mechanism. We assessed the effects of changing N from

(100-1000) for the fast-spreading mechanism. In the slow-spreading regime, the 1D spreading in

Scheme I (left panel in Fig S11) shows very little local spreading due to low spreading probability

at each time step. However, Fig S11 Scheme II reveals that the inactivation domain profiles behave

identically at equal distances from the nucleation site, independent of the length of the polymer.

This is because the nucleation site is a major contributor to domain formation, and 3D contact

formation of the nucleation site with other residues determines the domain shape. The fraction

of modification decreases with genomic distance from the nucleation site, underlined by a lower

probability of contact formation at larger distances (Figure S6). Thus, similar domain shapes for

chains of different lengths reflect a given probability contact scaling with genomic distance, which

is constant in these simulations.
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Figure S11: Tests for biological models as a function of locus length, N , with parameters k+ = 0.01
τr

,

k+/k− = 10, 000. The left (right) panel shows modification obtained using Scheme I (Scheme II).

The modification probabilities for the Schemes are given in Figure S1.

10.1 The epigenetic switch

The figure Figure S12 shows that the interplay between the three parameters, k+, k−, and α with

γ = 0.03, determines the global epigenetic state. For spreading events driven by the nucleation

site, α = 1, while for those triggered by modified nucleosomes (Ms), α < 1. We consider the

fast spreading case here in order to test parameter sensitivity, as it converges faster, and a wider

range of parameters could be tested in a reasonable time. In this case, the spreading rate (k+) is

much faster than the polymer relaxation rate (τ−1r ), k+ = 100/τr. The k− value is a fraction of

the forward rate, which means the reversal of M occurs at a slower rate compared to modification

of the U state. We follow the modification status of all the nucleosomes over the course of the

simulation time in order to assess if the chromatin is predominantly in the global active (unmarked

with 〈S〉 ≈ −1) or inactive (marked with 〈S〉 ≈ 1) state.

Figure S12 (A) shows the global epigenetic state 〈S〉 as an average over 10 trajectories with

different initial states, as a function of the rescaling parameter α, which modifies the forward rate

distally of nucleation site (see main text). A range of α and k+/k− are probed, and the global

epigenetic state 〈S〉 is computed for each parameter set. The data shown in subfigure (A) is then

rearranged and shown in subfigure (B) as follows: (i) For a given k+/k−, α values are rescaled to

αk+/k−. This yields a different set of αk+/k− values for each k+/k−. (ii) With the new scale,

αk+/k−, only < S > data that falls within the range of αk+/k− ∈ [0.5, 3.0] is taken into account.

For each k+/k− ratio separately, the data is divided into bins with width 0.5. (iii) < S > values are

associated to αk+/k− bins. If multiple < S > values are in the same, their average is computed.

(iv) Each αk+/k− bin is associated with a single < S > value, as shown Figure S12 (B).

Plots of the global epigenetic state and the nucleosome-dependent state in Figure S12 (B)

allow us to draw a few pertinent conclusions. (i) Modifications are highly improbable if k+/k−

is less than a certain value (≈ 10) regardless of the value of α. The chromatin remains in the

global U state with 〈S〉 ≈ −1, regardless of whether the modifications occurs by Scheme I or

Scheme II (see the left panels in Figure S12). In general, αk+ has to exceed k− for spreading
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Figure S12: Epigenetic switching depends on modulation of the forward vs back rate distally from

the nucleation site. Heatmaps show the overall epigenetic state, characterized by 〈S〉. Scheme I

and Scheme II parameters used in main text are marked by X. (A) Epigenetic switching shown

as a function of α, quantified using the mean value, < S >. (B) The global epigenetic state is

a delicate balance between forward and backward rates, and the domain acts as an epigenetic

switch (see the main text). The parameters are chosen to ensure that the global average 〈S〉 ≈ 0.

In all the panels, k+ = 100/τr (fast spreading), the total length of the simulations is 15, 000τr,

and k− = k+/50.
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to occur. At higher values of k+/k− there is a global U → M transition as α is increased. (ii)

The transition from a predominantly active to predominantly inactive state occurs over a narrow

range of k+/k−, and α. For instance, for both mechanisms, I and II, the switch from 〈S〉 < 0 to

〈S〉 > 0 occurs over a narrow range of α, as is evident from Figure S12 (B). The critical point

in the switch from active to inactive state is determined by k+/k−. The transition hinges on the

competition between the forward (favors spreading) and the reverse reaction (inhibits spreading)

distally from the NS, and is controlled by αk+ ≈ k−. Under this condition, the modification results

in the concurrent formation of similar-sized patches containing U and M nucleosomes, resulting

in 〈S〉 ≈ 0. This is most evident in spreading by mechanism II (Figure S12 (B)), showing a

switch from active state (yellow color, 〈S〉 < 0) to the inactive state (red color, 〈S〉 > 0) through

the mixed state (white squares, 〈S〉 ≈ 0). The delicate state of the domain, depending on a

narrow α(k+/k−) range produces an epigenetic switch, reminiscent of gene control expression in

cells, whereby cellular fate depends on the relative concentrations of the epigenetic regulators.

Shifting the balance in one direction or the other could result in dramatically different outcomes

in terms of gene expression patterns [9]. (iii) If αk+/k− < 1 then the reverse reaction occurs

predominantly by random histone turnover (‘noise’ in the list of transitions) that does not depend

on the epigenetic identity of neighbors. On the other hand, if αk+/k− > 1 the reverse reaction is

facilitated due to positive feedback, which pushes the domain state towards the global U state. To

mitigate this effect, stronger enhancement of the forward reaction is needed to achieve silencing

levels comparable to the reverse noise dominated mechanism.

11 NS location

We investigated the effect of changing the location of the NS on the spreading process. Given

that mechanistically spreading occurs bi-directionally from the NS along the chromatin chain, we

expected similar results if the NS location is changed. The simulations confirm that it is the NS

that drives spreading both in Schemes I and II. The results are similar to the ones in the main

text except that the spreading profiles are centered around the NS (Figure S13).
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Figure S13: In (A) , the NS is in position i = −150, while in (B) it is in position i = −75. The

relevant parameter values are k+ = 0.01
τr

, k+/k− = 10, 000.
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