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Supplementary Note 1. Estimation of the spectral correlation bandwidth 
We estimated our spectral correlation Δ𝜈!  based on the experimental measurements included in Refs2–4. These 
are seminal works in the study of THz pulse propagation in random media and entail samples composed of 
closely packed, random collections of Teflon spheres in Teflon cuvettes. Teflon has significantly low absorption 
in the 0.1-2 THz frequency range of interest to our work, and the spheres have an average radius of ~ 0.8 mm. In 
their works, Pearce et al. have reported mean-free-paths of 𝑙"~1-100 mm for samples thickness in the range 1-
20 mm and characterized by strong forward scattering (𝑔~1) 2–4. These quantities correspond to spectral corre-
lation widths in the range from 100 GHz to 500 GHz, as computed with the standard formula Δ𝜈!=2.92𝜋𝐷/𝐿# ,5. 
Our particular choice of 𝛥𝜈!=150 GHz in the revised manuscript was dictated by numerical considerations in the 
generation of Gaussian-correlated random noise.  

Supplementary Note 2. Reconstruction of the coherent transfer matrix 
The reconstruction of the coherent transfer matrix can be generally performed by sampling the input-output 
relation with a series of orthogonal functions. The Walsh-Hadamard basis represents a canonical example 
known to provide a higher signal to noise (SNR) ratio compared to single-pixel, raster-scan illumination.1 The 
general form of the coherent transfer matrix at particular frequency 𝜔 is given by: 
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where 𝑇2&'(𝜔) is the complex-valued field propagator that connects 𝑗-th input mode and 𝑖-th output pixel and 
we assume that the transfer matrix is a 𝑁 × 𝑁 square matrix for simplicity. In the presence of broadband illumi-
nation, the incident field for a given pattern is expressed as: 

 𝐸2()(ω) = ℎ*±𝑓(ω), (S2) 

where 𝑓(ω) is the THz pulse spectral profile. The spatial profiles ℎ*±	are defined as follows: 

 ℎ*± =
1
2
±	
1
2
𝐻*, (S3) 

where 𝐻,	is the 𝑝-th column of the 𝑁 × 𝑁 Walsh-Hadamard matrix 𝑯. With this approach, the corresponding 
output vectors for each binary pattern 𝑐̃*-(𝜔) and 𝑐̃*)(𝜔) can be acquired by performing the Fourier transform 
of the time-resolved measurements obtained from TDS. In an analogous fashion to differential ghost-imaging 
approaches, the coefficient corresponding to the 𝑝-th Walsh-Hadamard pattern is simply expressed as:  

 𝑐̃*(𝜔) = 𝑐̃*-(𝜔) − 𝑐̃*)(𝜔) (S4) 

For each frequency, the differential signals are stacked into a measurement matrix 𝑴,(𝜔) ∈ ℂ%×%, and the 
transfer matrix elements can be obtained by a linear inversion of 𝑴,(𝜔) for each frequency. In practical terms, 
the inversion can be obtained in two ways. The simplest approach is to take into account the orthogonality of 
the Walsh-Hadamard matrix as follows:  
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Due to the presence of noise, however, the inversion is more precisely calculated in a least-square fashion as 
follows:  
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In Figure 2 of the main text we quantitatively estimated the robustness of our approach against additive noise at 
the detection by computing the Mean Square Error (MSE) of our reconstruction for different values of the de-
tection SNR. The MSE is defined as: 
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where ‖…‖< is the Frobenius norm. We compared the MSE values for raster scan and Walsh-Hadamard decom-
position (Fig 2 of the main text). As a direct comparison, in Figure S2 we report the same analysis for a single-
pixel, raster scan measurement of the transfer matrix elements for different values of the detection SNR.  

 
Supplementary Figures 

 
Figure S1:  Histograms (Probability density function) and spectral autocorrelation functions for the real part (pan-
els a,e), imaginary part (panels b,f), amplitude (panels c,g), and phase (panels d,h) of the transfer matrix elements. 
The histograms correspond to a single frequency, while the autocorrelation functions are computed for a single 
pixel. The red lines represent the expected statistical distributions for a circular random Gaussian distribution 
(Gaussian for the real and imaginary parts, Rayleigh for the amplitudes, and uniform for the phases). In panels e-
h, the red dotted line is the Gaussian spectral correlation function with a standard deviation of 150 GHz applied 
to the transfer matrix elements. 
 



Page S3 
 

 
Figure S2: Mean Square Error in the retrieval of coherent transfer matrix using a raster scan reconstruction. 

 
 

 
Figure S3. Performance analysis of spatiotemporal focusing of THz waves using Trust-Region-Reflective (TRR), 
Genetic algorithm (GA) and Particle Swarm Optimisation (PSO) for constraint inversion of the coherent transfer 
matrix. Optimized intensity spectral density at the focus spot obtained from TRR, GA and PSO (blue: scattered 
intensity, green circle: using TRR, red star: using GA and pink square: using PSO). Unlike to the GA, TRR and PSO 
are conversing to the same binary-based pattern solution as shown in the Inset: Optimized binary-based pattern 
(black: 0, white: 1).  
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Figure S4: Hyperspectral THz imaging through the scattering medium. a. Schematic of metallic image object. b. 
Interference pattern formed at the output after propagation through the scattering medium. c. Temporal evolu-
tion of output speckle corresponding to two different pixels. d. Spectral intensity distribution of scrambled image 
object propagated through medium at 1 THz. e. Intensity profile of output speckle corresponding to two different 
pixels. f. Temporal evolution of reconstructed image object averaged over all the pixels. g. Fix time retrieval of 
images at −0.31 ps, −0.26 ps, 0 ps and 0.17 ps. h. The spatially averaged reconstruction of THz spectrum. i. Re-
trieved hyperspectral images at 0.55 THz, 1 THz and 1.55 THz. The 6.4 × 6.4 mm2 sample illumination area is spa-
tially sampled at 200 μm resolution. Logo used with permission from the University of Sussex. 
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Figure S5: Simulated 𝑳𝟎𝟏 and 𝑳𝟏𝟏 THz vortex beams. a. Spatial field and phase distribution for radial index 0 and 
topological charge 1. b. Spatial field and phase profiles for radial index 1 and topological charge 1. THz vortex 
beams are plotted at the peak of the THz pulse after propagation of 0.5 mm in free space. The 6.4×6.4 mm2 sample 
illumination area is spatially sampled at 200 μm resolution. 
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