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Detailed Proofs

In this web-appendix, we provide detailed proofs of the main results (Theorems 6 and 7)
and the required Lemmas 1-3, given in the appendix of the paper, along with some necessary
preliminary lemmas. For a preliminary version of the proofs see Chapter 3 in [Kornely| (2021)).

The proofs that follow rely on Kolmogorov’s version of the strong law of large numbers
(SLLN) for non-identically distributed random variables (cf. Serfling, [1980), which, for

completeness, is given below.

Theorem W.1. (Kolmogorov’s strong law of large numbers) Let {X;};cn be a sequence of

independent random variables with E(X;) = p; € R and 0 < Var(X;) = 02 < oo. If

then

d
Z i — 0, P - almost surely
i=1

Q-

d
> i
i=1

SHN

for d — oo.

A preliminary result, needed for the proof of Lemma 1, is the equicontinuity of the item

response functions on every compact subset of ©, which is shown next.

Lemma W.1. Let a sequence of mappings { P, };en be given so that the condition (CS2') is
satisfied. Additionally, let K be an arbitrary compact set for which a convex and compact set
K™ exists such that K C KT C ©. Then the family of mappings { P| }ien is equicontinuous,

where Pj|, denotes the restriction of P; on K for i € N.
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Proof. The proof is based on arguments of (Chang and Stout/| (1991, Lemma 3.1).

Denote by VP; the gradient of P;. Then, for a point 77 € {(1—¢)n+cn’, ¢ € [0,1]} on the
line between 1 and 7', we get from the multivariate mean value theorem and the

Cauchy—Schwarz inequality that

[Pi(m) = Pi(n')| = [VE(R)T(n =) < (VP - ln — 'l

Due to (CS2'), if restricted to KT, all ‘gf;z

Then there is a finite number ¢(K™) such that

are uniformly bounded for all i e N, 1 < k < ¢.

sup  |[VPi(n)] = ¢(K™)

(4,m)eNx K+
and hence for all n,n’' € K+
|[Pi(n) = Pi(n')| < ((K)lln —n'|| foralli € N. (W1)
Especially
|Pi(n) — Pi(n)| < ¢ (W2)

holds for all n,n’ € KT with | —7'|| <d = ﬁ, for € > 0 and all « € N. Notice, (W1]) and
(W2) are still true, if we take n,n’ € K, where K C K*. Hence, the family of maps { P| x }ien
is equicontinuous for any compact set K, for which a convex and compact set KT C © exists

such that K ¢ KT.

Notice that sets K, as considered in Lemma [W.1] are in fact all compact subsets of © due to
the requird convexity of ©.

Kolmogorov’s SLLN can be used to show that that 2 (E(d) (| YD) — ¢ (n, |Y(d))) is
asymptotically negative, as shown in the next lemma. Using the equicontinuity of the item
response functions, i.e. Lemma this can then extended to the supremum of 17 € © to

obtain Lemma 1.

Lemma W.2. Let a sequence {Y;}ieny ~ P(no), for a sequence {P;};cn and a fixed ng € O,
be given so that the conditions (CS1'[i]), (CS2') and (CS3’) are satisfied. Then

lim supé (Z(d) (YD) — @D (qq] Y(d))) <c(n) <0, Py,—almost surely, (W3)

d—o0

holds for every n € © \ {no}, where ¢(n) is the constant of condition (CS3’).
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Proof. The proof is based on arguments of (Chang and Stout/| (1991, Lemma 3.1).

Notice that for each i € N,

Vary, (log Zi(n, m0)) = Varg, (Ys) (Ai(n) — Xi(mo))?

= Pi(no)(1 — Pi(m0)(Xi(n) — Xi(m0))?

holds. Due to (CS2'), for each n € © there is a constant 0 < M (n,1y) < oo such that
sup Vary, (log Z;(1,m0)) < 2sup |X\i(n)|* + 2sup [\i(no)|* = M (n,m0) < oo
1€EN 1€eN 1€EN

Hence, we get

[e.e]

ZvarnO(logZi(nanO)) < M(T]a’r]U)ZZ% < o0,

72
1
=1 =1

This enables the application of Theorem on the sequence {log Z;(n,mo) }ien, to obtain

a.s.

d d
P, —
ZogZ 7,M0) Z ,(log Zi(m,m0)) =0, d— ooc.

Q.M—‘
Q.M—‘

It follows from the last step and (CS3") that there is a constant ¢(n) < 0 so that (W3] holds.
Now we can prove Lemma 1.

Proof of Lemma 1. This proof is based on arguments by |(Chang and Stout| (1991, Lemma
3.1).

For each i € N, we define the map H; : ©2 — R>q by

o ()| b 1= ) -

Pi(n') Pi(n')

Since the image of P; does not include {0, 1}, H; is continuous. Moreover, for any n’ € © and

(n,m') —

any J > 0 such that Bs(n') C ©, the map

Bs(n') = R>0, m+~ H;(n,n')

is continuous on the compact set Bs(n') and thus has a maximum value, where B denotes the

closure of the set B. We denote this maximum value by

Hi(6,m") := max H;(n,n).
neBs(n’)
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In the following we assume, that 6 > 0 is sufficiently small so that Bs(n’) C © for the selected
value 1/ € ©. Letting § — 0 yields Bs(n') — {n’} and therefore, lims_,o H;(8,1') = 0 for each
i€ Nand n € ©. Since Y; € {0,1}, we get from the triangle inequality

[log Zi(m.m')| = flog (Pi(m)" (1 = Pi(m)'™"") — log (Pi(n)""(1 = A(n)'™™)

Pi(n 1—P(n
- mog<pi7%> e (1)
o n

( )
NE AW
€ O we get

neBs(n') o8 (1]33;((:77’))> ’ i ‘log <11—_PP;((7177/))> ‘}
< o os (e |+ Lo (=)

Applying the multivariate mean value theorem to log(-) we get

max {
neBs(n’)

s

<

for § > |lm — 7/||. For any fixed n

ﬁz((S? 77/) = Inax {

log <£((Z,))> ‘} = max {[log (Fi(m) —log (Pi(m))[}

1 /
= o {E(R(n),ﬂ(n’)) i) = P )‘}’ (W3)

where £(P;(n), Pi(n')) is a point between P;(n) and P;(n'). Let (o(K) and ¢;(K) be given for
each compact K C © as in (CS2'). Additionally, due to Lemma for each compact and

convex set K C © there is a (3(K) > 0 such that

|Pi(n) = Pi(n')| < G(K)[lm —n'l], (W6)

for all i € N. Combining (W5)), the analogously derived version for 1 — P;(n) instead of P;(n),
(W6)) and equation (20) in condition (CS2’), we obtain

e L os (1 ) 1+ s {Jrs (=) |
< (Cs( ) 3(K)

(K
oK) T 1-G(K)

for all compact and convex K D Bs(n’). Therefore, for each ¢ > 0 there is a § > 0 so that
52?:1 Hi(6,m') < ¢, for all d € N. This implies

) § = C(K)s,

d
. . 1 s /
lim lim p E H;(6,n") =0. (WT)
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Next, we will show that for any n; # 1o there is a sufficiently small d; > 0 and a sufficiently

large ¢; < 0 such that

g(d)(17 ’ Y(d)) — g(d)(,70 ‘ Y(d))> < < 0) =1. (W8)

ISHR
S

lim P, ( sup
d—00 neBs, (n:)

First, for any n € B, (n;) equation (W4)) implies
1 1
= (D | YD) — D | YD) ) < = (D, [ YD) = £ (3| YD)

1
5 (( YD) = (D YD)

d
Z 7771

&\»—‘

1
Z (¢ (d)y _ p(d)
< = (€D [ YD) — D a0 | YD) ) +

Since n; € © \ {no}, for n = n; we get from Lemma that
~ L (@ (. 1 Yy _ pld) (@
lim sup p (E (i | YY) =0 (o | Y )) <c(ni) <0 Py~ almost surely.
d—o00
Equation (W7) implies, for all " = n; and for each € > 0, that there is a sufficiently small
§ > 0 such that limsupy_,, & Z?:1 H;(6,m;) < e. Therefore, there is a § > 0 sufficiently small

and a negative number ¢;, for example ¢; = @ so that (W8)) holds.

Equation (W8)) still holds if we replace Bs(n;) by an arbitrary subset of Bs(n;).
Especially, for all n; # ng, there exists a sufficiently small §; and a constant ¢; < 0 such that

for all compact sets K; C B, (n;)

— 00

1
hmP (:glgd( (| YD) — o) (g Y ))<ci>:1 (W9)

holds.

Next, we carry out a case-by-case analysis. First, we assume that © is compact. Then for
each § > 0 such that ©\Bs(ng) # (), we define Oy := ©\ Bs(n), which is compact, too. For
each 0’ > 0, U, co, By (n) is a covering of O and since ©g is compact, there are
m1,...,MN € Og for an N € N such that ©g C Ujvzl Bs/(n;). Notice that also ©g = U;V:1 K
holds, where K; := By (n;) N O, i = 1,..., N. Particularly, for every K; there is a compact
and convex superset K; D K; with K; C © due to (CS1’[i]). Then, we can define the events

Agd) =< w € N: sup 1 <€(d)(n YD (w)) = 0D (nq | Y(d)(w))> <, (W10)
nek; d
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for some cq,...,cy < 0. Equation (W9)) implies that P(A(d)) — 1 for d — oo and

N
~ @) _
Jim Py, (QAi > = 1. (W11)

Equation (W11]) is still true, if we replace in (W10) the constant ¢; by
k = max{ci1,...,en} < 0. We hence get

1
lim P, sup - (z<d>(n|v<d>) — 0D (g |Y<d>)) <k|=1 (W12)
d—yoo n€O\B;s(10)

Now, we assume that © is unbounded. Then we can define the sequence {©;};en, with

Ujen, ©5 = © \ Bs(mo) by setting
O;={nc6:d+j<|n-moll <6+j+1}, jeNo

On each ©;, j € Ny, we can apply the analysis of the first case with ©; instead of © \ B;(no)
and kj := sup,ce, ¢(n)/2 < 0 instead of k < 0. Letting d — oo we get with probability

tending to one

sup = (€D (YD) — (g | YD)

1
n€O\Bs (o) d

1
= sup < sup ~ (f(d)(n 1Y @Dy — p(d) (g yy(d))) )

j€Ng \ nN€O;

<supk; <  sup c(n)/2=:2-k(6).
j€No n€O\Bs (o)

Since condition (CS3') implies sup,ce\ g, (ny) ¢(1)/2 < 0, the proof is completed by setting

k() == SUPyco\ Bs (no) c(n)/3 < 0.

The following lemma can be found in [Witting and Miller-Funk] (1995, ” Hilfssatz” 6.7 part
b), p. 173)E| This lemma is needed to show that there exist measurable solutions of the
likelihood equations and, in particular, the MLE is actually a random vector. Thus, equations

that contain the MLE can be manipulated as for any random vector.

Lemma W.3. Consider a function g(-, -) so that for each fixed n € © C R? the mapping
g(-,m): (R, BY) — (R?, BY) is measurable and for each fixed z € R? the mapping

!The lemma is translated to English and adapted to our notation.
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g(x,-): ® = R? is continuous. Assume that © is compact or that there is a sequence of
compact sets {U; }ien with © = J;c Us. Further, assume that there is a mapping 9: R? — ©
such that z — g(z,J(x)) =: h(z) is measurable. Then there is a measurable mapping

J: (R? BY) — (0, B(0)) such that h(z) = g(z,J(x)) for all z € R%

Next, we prove the consistency of the MLE and the MAP (Theorem 5 (i) and (ii)), which

is required to prove Lemmas 2 and 3 and, consequently, Thereom 5 (iii) and Theorem 6.

Proof of Theorem 5 (i) and (ii). We start with part (i). The proof of the consistency of
the MLE is based on the proof of Corollary 3.1 of Chang and Stout| (1991). Similar to showing
the existence of the MLE in classic maximum likelihood theory (cf. Lehmann and Casellal,

1998), we define the set

Cus ={y € {0, 1} D (c|y) < £ (ng|y) for all ¢ € OBs(mo)}

:{y € {0,1}¢

1 1
ag(d) (cly) < gf(d) (no|y) for all ¢ € 835(?70)},

for d € N and ¢ > 0 such that Bs(ny) C ©, where 9B denotes the boundary of the set B. By
the definition of Cy 4, at least at the point g € Bs(no), the mapping (9 (- |y) takes a larger
value in the interior of the open ball Bs(79) than on the boundary 0Bs(ng) for all y € Cy 5.
So, for all y € Cys, £D(-|y) has at least one local maximum in Bs(n). For all y € Cy 4, we
denote by My C Bj(no) the set of all local maximum points of £(4)(-| y)‘Ba(no)' Since

oDy |y)}35(n0) € C%(Bs(mo),R) due to (CS2'), £(4)(. is continuously differentiable

y) ‘Ba (m0)
and so for all y € Cy s each point n* € My satisfies the likelihood equations, i.e.

V@D (n* |y) = 0. Notice that dBs(ng) C © \ Bs(n) for all § > 0 with Bs(rny) C ©. Lemma 1
now implies Py, (Y@ € Cy) 4231 and thus

. 1 1
lim Py, (df(d)(n ‘ Y(d)) < gf(d)(no !Y(d))> =1, for all m € © \ Bs(no).

d—o0

Therefore, with probability tending to one for d — oo, at least one of the local maxima of

(@ (.]y) in the interior of Bs(ng) has to be a global maximum of /(D (-|y).

Next, we have to select a specific maximum point in a way that it is a measurable
mapping ({0, 1}%, Pow({0,1}%)) — (0, B(0)), where Pow denotes the power set, to define a

sequence of random variables, which are statistics of the response variables.
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We write O5 := Bs(19) N © C O for a restricted compact parameter Space Notice that

(-ly) ‘Bg (n0) 1 (05, B(05)) — (R, Bl)

is continuous for each fixed y € {0,1}¢ and

D(n|-): ({0,134, Pow({0,1}%)) — (R, B')

is measurable for each fixed n € ©5. Then by the remark of |Witting and Miiller-Funk| (1995,
page 173)

({0, 1}, Pow({0,1})) — (R, B'), y+~ Sup (D(nly)
neos

is a measurable mapping. Further, since Oy is compact, for each y € {0,1}¢ the mapping

(@ (-]y) takes the maximum over O and we can select an n* € O4 such that

sup (D (n|y) =D (n* |y).
UISSH

We may now apply Lemma to ensure the existence of a measurable mapping
fa: ({0, 1}, Pow({0,1})) — (©, B(6))

such that sup,ce, ¢ D) (n]y) = 0D (54(y) | y) for all y € {0,1}%. This enables us to well define
the sequence {74}4en of MLEs by setting

fa = (YD) (W13)

for each d € N. By the previous part,

ncoe

dl;rr;Q%({w(d)md|Y<d>>=0}m{ ily) = sup <n|y>}> 1,

i.e., for d — oo, this probability is tending to one so that 7, is a local maximum in ©4 and a

global maximum of £(4 (.| Y@) (and thus the maximum likelihood estimator (MLE)).

2If © is compact, we do not have to restrict ©. Nevertheless, we do it for the simplicity of the formulation.
In fact, by Witting and Miuller-Funk! (1995, page 173), the following argument is in principle true even if © is

unbounded. But then the corresponding random variables can become infinte, which we want to avoid.
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It remains to prove the consistency. We assume that 7y is the (restricted) MLE for

Yi,...,Yy, d €N, given in (W13). Since it is the maximum of £(@(. |Y(d))|35(no) we have
POY [19y)
0D p YDy — pld) YD) = oo [ 2" T} W14
(Ir/d | ) (770 | ) g p) (Y(d) ’ ’I’]()) = ( )

Therefore, it is sufficient to proof for all € > 0 and 6 > 0 that there is an N(e,d) € N such that
Puo(1M1a — mol| < ) > 1 —¢, for all d > N(e,6). Suppose 7)q is not consistent, then there exists
g0 > 0 and §y > 0 such that for any NV € N there exists some d > N satisfying

Puo (1M1a — mol| > o) > €. Therefore, we can obtain a subsequence {ng, }icn so that

Puo (1114, — Mol| > 60) > €o, for all i € N. This especially implies
g0 < Hmsup Py ([[7ha = 0[] > do) < Py (Ao), (W15)
— 00

with
4= U {w €Q ) (|7 (w) — 70l > 50},
deNm>d
since limsupy_, o Py (Eq) < Py (limsup,_,, Eq) for all sequences of events {Eq}qcn. For all

w € Ap we get Ng(w) € ©\Bs,(no) for an infinite number of d € N and this implies

1 «
sup = (€D (n | YD) — (D iy | YD) > 0

n€EO\Bs, (10) d

for infinitely many d € N. In particular, it holds

AOCﬂU{weQ

deNm>d

1 - m
sup (0 | Y (@) = £ (1 () | YO ) ) > o} .
nEO\Bs, (o) "

Now, (W14)) and (W15)) imply

g0 < Pyo (A1) (W16)

for the event

A=) U{wGQ

deNm>d

1
up (6071 | YO ) — £ [ YO ) > o} .
nEO\ By, (mo) MM

But, according to Lemma 1, there is a ¢ = ¢(dg) < 0 such that for the event

B:=( {wEQ

deNm>d

1
sup (01| YO ) — £ g | YO () < }
nEO\ By, (no) MM
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we get
1
1= lim P, sup - (M(n 1Y @Dy — () (g |Y<d>)) <ec<0
d—00 7769\350 (1m0) d
1
= lim sup Py, sup - (E(d) (| YD) — @D (] Y(d))> <c<0 (W17)
d—o0 nEO\ B, (mo) @
S P7I0 (B) ’
where we can replace ”<” in the last step by ”=". Notice that A; N B = (), since

0 < % (g(d)(n YD) — (@) ,y<d>)) <e<0

is impossible. Combining (W16|) and (W17)) results in

L= Pno(Al UB) = Pno(Al) + Pno(B) >eo+1>1,

which is a contradiction and proves the consistency of the MLE.

For part (ii), we show that Lemma 1 is still valid if we replace ¢ with {. The remaining
steps are identical to the proof of part (i), simply replacing ¢ by Z, its maximum 74 by ng and

equation (W14)) by
B0 (5| YD) — 19 (g | YO) > 0.
For any d € N and § > 0, we get

1 /- -
sup = (£D(n | YD) — 1D (3 | YD)

ne\Bs(no) 4
1
< sup <d (g(d) (n| Y(d)) _ ) (0| Y(d))>>
n€O\Bs(no)
1
+  sup <d (logW(n) — log W(no))>
n€O\B;(no)
1 1
< sup <d (g(d) (YD) — 6D (n, | Y(d))>> + P (log(C1) —logW(mp)) .
n€EO\Bs(no)

(W18)
Clearly, for any Co € (0,00) there is a D € N such that

(15(C1) ~ log W(m)) =~ log (Wf;m)) < o, (W19)

SHN
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for all d > D. Thus, we can apply Lemma 1 and conclude from (W18)) and (W19) with
Cy := —k(0) for k(8) := k(8)/2 with k() from Lemma 1 for all § > 0:
, L (i@ y@y _ @ @) < J
lim P, | sup g(e (M| YD) = 7D (o | Y )><k(6) —1.
d—00 nEO\Bs(no)
Lemmas [W.4] to [W.6] that follow, are required for the proof of Lemma 2. We start with

the equicontinuity of the sequence of Hessians of \;, ¢ € N, and the sequence of item

information matrices Z;, i € N.

Lemma W.4. Suppose that the conditions (CS2’) and (CS4’) hold. If restricted to any
convex and compact set K C O, the two families of mappings {VVTA; }ien and {Z; };en are

equicontinuous.

Proof. The proofs for {VVT\; };eny and {Z; }ien can be formulated equivalently. Hence, let
F) ¢ither be Z; or VVT); for all i € N to simplify the notation. Further, we denote by F j(li)
the (4, k)th component of F() for j, k=1,...,q and all i € N. Conditions (CS2') and (CS4’)
imply that VFJ(;) (n) exists for all j,k=1,...,q,i € Nand n € K, and that there is a C' < oo

such that

8Fj(;? (n)

kil =1,...,q,ieNneK ; <C. (W20)
ony

sup

Due to the multivariate mean value theorem and the convexity of K, for all n;,12 € K,

j,k=1,...,qand i € N, there is a ¢ € [0, 1] so that
F3m) = ) (m2) = VER) @) (1 — m2).
where f) = e¢n; + (1 — ¢)n2. Then, by the Cauchy—Schwarz—inequality and , we get
FQ(m) = F )| < IVES @) -l — n2ll < Cy/alm — mall- (W21)

Notice that the right-hand side of (W21)) is independent of 4, j, k. We therefore obtain the

following estimate for the maximum-norm of F(®)(n;) — F®(n,)

IFO ) = PO ) s 1= max F3)(m) = F (m2)| < Callm = 2]l
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for each i € N. The equivalence of all norms on R%*? implies that there is a C’ > 0 so that

IFO () = FO)]| < CIFOm) = FO ) lmax < C'CVlm —

for all ¢ € N and all m1,m2 € K. The final step is done analogously to (W2|) in the proof of the

equicontinuity of the item response functions.

The next lemma, is required for the approximation of the quadratic form of the Hessian of
the log-likelihood by the quadratic form of the test information matrix, 4 in Lemma 2. In
particular, this is used for the final step in the proof of Lemma 2 where the valid quadratic

approximation of the log-likelihood-ratio using the test information matrix is shown.

Lemma W.5. Let A € R7*? be symmetric and positive definite, x € R? and B € R?*? for
q € N. Then

Vmax (A)

Vmin (A)

where ||B]| denotes the spectral norm of the matrix B.

2T ABz| < |B|| 2" Az,

Proof. We first observe that
TTAz > vy (A) 2%, (W22)

due to the Courant-Fischer theorem.

Since A is symmetric and positive definite, we can define a scalar product and a norm by

setting
(v,w)q :=vTAw, and |jv||g:=+/(v,0)4, v,w € RY.
Additionally, we define the matrix norm

Volla
Viai= sup V04
veRa\{0} [v]|a

V e R¥*1, (W23)

Since each symmetric and positive definite matrix has a unique symmetric and positive
definite square root matrix, we get ||Vv||4 = ||AY?Vv|. The induced matrix norm is always

compatible to the corresponding vector norm and hence we get from the sub-multiplicativity

IVolla < A2 - [IVo]| = vinax (AY?) [Vl = 13fZ (A) [V . (W24)

max
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Applying (W22) and (W24)) to (W23), we get an estimate for an upper bound

1/2
Vmax Vv Vmax (A
Vla< sup 1/2( Vel _ _ (A)HVH.
veRI\{0} 122 (A)|v] Vinin(4)

Finally, by the Cauchy-Schwarz’s inequality and the sub-multiplicativity of compatible matrix

norms we obtain

Vmax A
(0,823 < el Bl < |BI el < 2B .21

This is equivalent to

Vmax(A)

<~ ‘<$,B$>A| < Vmin(A)

|BI| (2, ) 4,
which completes the proof.
Next, we prove that conditions (CS2’) and (CS5’) ensure the asymptotic regularity of

d=1Z(D(n) at each 1 € O, result that is later used to ensure the existence of dZ® (734)~",
where 7y denotes the MLE of i based on Y@,

Lemma W.6. Suppose that conditions (CS2’) and (CS5’) hold. Then

d—o0

1
lim inf vy, <dI(d) (77)) >0
for all p € ©.
Proof. First, consider symmetric positive semi—definite matrices Ay, Ao, such that

A := A + A5 is positive definite. Assume that c1, co are positive constants and without loss of

generality consider that co > ¢;. We set B := ¢1 A1 + coAs. Then the Courant-Fischer theorem

implies
. ='Bzx . zT(c1A+ (co — c1)A2)z
Unin(B) = min = min
x: |z||#0 XTx x: ||z||£0 xTx
azTAz + (co — c1)xT Aoz
= min
z: ||z||£0 xTx
crTAz

> min
z: |z||#0 ZXTX

= Clymin(A) > 0.

This generalizes directly to finite sums. Now consider an arbitrary n € ©. Condition (CS5’)

implies that there is a ¢ > 0 and D € N such that

me( ZV)\ )VTA( )>>c
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for all d > D. Additionally, condition (CS2’) implies that there is a ¢/ > 0 so that

inf Pi(n)(1 = Pi(n)) > ¢

Thus, we get vimin (éf(d) (n)) > ¢ for all d > D and consequently
s 1 ) /
liminf vy | =Z'9(n) | > ¢- ¢ > 0.
d—o0 d
We are now able to prove Lemmas 2 and 3, provided in the appendix of the paper.

Proof of Lemma 2. This proof is based on arguments by |(Chang and Stout| (1991, Lemma
3.2).

We get the first part directly by using a second order Taylor expansion of E(d)(- \Y(d)) at
a, since VAD (73| YD) = 0. Theorem 5 (i) implies that for each & > 0 and § > 0 there is an
N (e, 6) € N such that Py, (14 € Bs(no)) > 1 — ¢ for all d > N(e,0). Therefore, we assume
without loss of generality that |[1q — no|| < ¢ for the discussed d and §. Further, due to
Lemma there is an N € N so that

1
inf vyl =Z, > 0,
n€Bs(Mo) (d d(ﬂ))

for all d > N. Notice that ||A7!|| = 1/vmin(A) holds for the selected matrix norm (i.e. the
spectral norm) for all A € R?7*? with det(A) # 0. Therefore, we assume without restriction

that 17,(f,) is regular and that there is a constant Cy > 0 (which is independent of d) such

H <Cllzd(ﬁd))_l

Using the sub-multiplicative property of matrix norms and (W25|), we get

that

< — (W25)

for d > N.

st = | (3zaan)  Aizataa -+ woreon v |

d
< |(baaa)
11

< (5 (Za(a) + VD (7 [ YD) .
Co|ld

1 ~ *
@t + verEnms v
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We now study a decomposition of ||3(Z(f4) + Ha(m;))|| in order to prove (A4). Notice first
that

VT (] YD) Z VYT (n)(Y; = Pi(n) = 29 (m)
for all n € ©. The triangle inequality next implies

1 ~ *
ol Ra) < (Zaa) + T97000 ¥ |

d
1 * % 1 N 1 R
== >IN~ Pmi) — ST i) + T ()
=1

= dz( YV A(m3) VVT)\Z-(no)+VVT)\,~(nO)>

(¥ P = Pitmn) + P ) = ST ) + 579

d
VYT \i(m0) (Vi = Pi(mo)) ZWTA 10) (Pi(m0) = Pi(n7))

o
Il

I
M&;M&

@
Il
—

_|_
SRR

(V9N ~ VTN )) 3 Pini) + (- 20 + 700 )|
d
Xk

(VVTAi(m7) — VVTNi(no)) (Yi — Pi(n))

AN
ISR
INE

@
I
—

VVTi(10)(Yi — Pi(no))

V() (Piom) — )|

_I_
SN

@
I
—

’ (W26)

+ = Zi(ng) + Zi(na) ||

M=

IS

1

.
I

Since Y; € {0,1}, P, € (0,1), i € N, and due to Lemma there are constants Cq1,Co > 0
such that

I =Zi(ma) + Zi(na) | < Cillmg — 7l (W27)

and

I(VVTAi(ng) = VVTAi(00)) (Vi = Pi(mg)) | < [[VVTAi(ng) — VVTAi(no) |

< Callng = moll, (W28)

for i € N. Further, due to (CS2’), the norm-equivalence and Lemma there are constants
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C4,C5 > 0 such that

IVVTXi(10) (Pi(mo) — Pi(mp)ll < Cal[ VVTAi(10)(Pi(10) — Pi(17)) [ max
< (4]|Cs1 q><q( 2(1M0) — Pi(n3))|lmax

< C3C4|Pi(no) — Pi(ny)]

< C5C4Cslno — mg| (W29)
for all ¢ € N with the maximum-norm || - ||max, the ¢ x ¢ matrix matrix of ones 14y, and
O\
Cs:= sup () .
(i, k) ENX{1...q)2 x By (o) | O3 Ok

Next, for each (j,k) € {1,...,¢}* and i € N we get

9% Xi(mo) ) 9% Xi(no)
Y| = P;
<0nj8nk )
and
9*Ni(mo) C3
V — Y | < V 1- P < =2,
st (o L¥1 ) < CVar (1) = CEPm)(1 = Puom) <
Therefore,

By applying Theorem [W.1] we obtain

1 Png-a.s.
- Y P, .
I C L

Especially, each component of % Z?:1 VVTAi(n0)(Y; — Pi(no)) is almost surely converging to
zero and hence

Prng-a.s.

d
|2 7T )3 - )| "5 . (W30)

=1

Combining (W26) to , it follows that

I< op,, (1) + 3 320 (Co + C3C4C5)Imo — mll + 3 3o, Cullmg — Aall
< o

| Ra(n)

Ca + C3C4C5 X Cry .
= TH’?O —myll + *Hnd — 1o+ 10 — Nall + OPno(l)

Cy + C3C4C5 .
< THUO nall + = (Hnd noll + [|mo — 7all) + op,, (1),
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where

1mg = moll < max([|9a = noll, lm = noll) < l9a = noll + [In — noll,

since n; € {afq+ (1 —a)n : a € [0,1]}. For any € > 0 and d sufficiently large, we can set

Co €

0= —
2C1 4+ Cy + C3C4C5 2

to obtain the second part of Lemma 2.

Finally, we shall prove its third part. By assumption, Z;(7),) is always symmetric and for
d > N positive definite. Now, let d > N be fixed, then

1

— 50— A Ta00) Iy~ Ram))(m — ) = Qu(m) + 3 (7~ 7a) L) Ra(m) (1~ 7).

Therefore, it is sufficient to show that for each € > 0, it exists a § > 0 such that

i P (100 = 0 Tatia) Rat) 0 )] < ~2Qutm) ) = 1.
for all n € Bs(no). Using Lemma with A = Z4(14), B = R4(n) and £ = n — 14, we get

1

5(7’ —Na)"Za(Na) Ra(n)(n — Na)| < — IM

[Ra(n)l| Qa(n)-

By assumption (CS5’) and the consistency of the MLE 7j,4, there is a constant C] > 0 such that

d—oo  \| Ymin(Za(Na)) d—oo \| Vmin(1/d - Zq(Nq))

We complete the proof by applying the second part with e = €1 /C for an arbitrary ; > 0.

Proof of Lemma 3. This proof is partially based on arguments by [Chang and Stout| (1991,
Theorem 3.1).

1. Note that
Jra\ By oy £ PO Y@ | m)b(m) dny
P@O (YD | ) det(8/)
—exp (A0 YD) = €9 a[¥19) )t (W31)
det (Ed )
where

o= [ fmew (f(d)(n\Y(d))—f(d)(no\Y(d)))h(n) an. (W32)
R\ B;(no)
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Since Ay is a maximum of /(9 (- |Y®) it always holds
exp (N (10 [Y'D) = £ (g |Y<d>>) <1

and therefore

T4
det (2%

S 55y FOPO YD | ) (1) dp
p(d) (Y(d) ‘ ﬁd) det (gil/?)

Condition (CS2’) implies that all eigenvalues v;(d—'Z¥(n)), i =1,...,q, of d"' T (n) are
bounded for all 7 in an arbitrary compact subset of © and all d € N. Utilizing this fact and by

the consistency of 1y for d — oo, we get

-1
(57 = o5 - s b0

q
=d"?, | ] v <CllI(d)(ﬁd)> = Op,, (dqm)- (W33)
=1

First, suppose that H is improper in a way that the posterior is proper and that equation (28)
of the paper’s discussion is satisfied. Further suppose that there is a constant C'y > 0 in such a
way that |f(n)| < Cf for all ; € ©, i.e. f is bounded by a constant in absolute value. Then we
get from the definition of Ty in and from (28)

Tal < Cy

PO | n)p(n)dn
qu\Bg(Tlo) ( [ m)b(n) = op,, <d_‘1/2>. (W34)

PO | o)

Combining (W33)) and (W34)

directly implies

Ty

——— 5 | =0 1).
det (12 P (1)

Otherwise, one of the following cases holds by the conditions of Lemma 3(1.):

(i) f is bounded by a constant in absolute value and H is proper,
(ii) f is H-integrable and H is proper,

(iii) f is H-integrable and # is improper.
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Each of these cases results in the fact that f is H-integrable and hence E(|f o n]) < cc.

Lemma 1 implies that there is a ¢(d) < 0 such that

lim P,,O( sp (M(n Y@y — (D), |Y<d>)) < c(é)) =1. (W35)
d—0o0 n€O\Bs(no) d
Further,
£ (m) exp(de(8))b(m) dn‘ — exp(de(®))| [ Flmb(m) dn]
R\ Bs(no) R\ B;(no)
< exp(de(8)) / [F(m)|6(m) dn
R\ Bs(no)
< exp(de(8))E(| o ). (W36)

Combining (W35)) and (W36) results in

Jim P (7 < explac)E(S o)) =1

The facts that d — exp(dc(d)) is decreasing faster than any polynomial and that det (f]}/ 2)_1
grows in polynomial order, due to (W33|), imply

E(|f o) exp(dc(d)) Puq
det (57

which completes the proof of the first part.
2. Let B € BY be an arbitrary bounded Borel set and define for § > 0 and d € N the set

M57d = Bg(’r]o) M Gd(B)
and the integral

Vi [ POYD myp()d
Ms g

By the definition of R4(n) in Lemma 2, we get
Vi
P@YD |5, det (£5?)
(W37)
1 . . .
=M [ e (= 50— ) i)~ RaC)) = ) )
det (£/?) /M54 H(10) 2

From (CS1’), i.e. the continuity of b and h(ny) > 0, follows that for every £; > 0, there is a

01 > 0 such that

< inf h(n) h(n) < sup h(n)

. h(n)
1—e1 < inf
! neMsya D(10) ~ nens,. (10) ~ nes, (no) B(M0)

<1l+e. (W38
neBs, (no) B(no) - ( )
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Furthermore, for any 2 > 0 and appropriate d2 = d2(e2) > 0, we get from Lemma 2 that

(1 —op, (1)) /M :<(:770)) exp (— ! J;EQ

= / M, a ;)((:;7(3) Xp ( - %(’7 —Na)"Za(na) (1 — Ra(ng))(n — ﬁd)> dn (W39)

(M —14)"Za(Na)(m — ﬁd)) dn

<ron, ) [ P ( S ) TaCa) m)) an,

Next, the transformation theorem, (W38) and (W39) imply

b (VI a0 (M, = ) o) 2 2 (1= o, (1)
Va

P@YD |, det (Z5?)

< d, (\/1 —e2Ta(f1a) " (Ms, 4 — ﬁd)) b(no)(27)

2,d

(W40)

q/2 1 +ée1
(1 — 52)q/2

In the case of (A6), it holds that limg_,. Py, (Gd(B) = M(;Q’d) = 1. Selecting £1 and &5

(1 +0pn0(1)).

arbitrarily small leads to

de(B) P(d)(Y(d) ’ n)h(n)dn
PO YD | 7g) det (/)

= By(Za(11a)"*(Ga(B) = 11a))b(n0) (27) > + op,, (1)
In the case of (A7), we get for each dy < : limg_,oo Py, (Bs, (10) = Mj,,q) = 1. Condition
(CS5’) implies thatf|
VI + e2Za(1a)"*(Bs,(m0) — Ma) P, RY,
which leads to
B (VI B0 (B ) — ) ) “ 1.

Finally, the further valid selection of arbitrarily small 1,69 > 0 in (W40)) and the application

of the Lemma 3 (1.) to f = LG ,(B)\Bs, (n0) completes the proof.

Lemma 3 (2.) and a utilization of the continuous mapping theorem with R\ {0} — R,
x + 1 directly imply Corollary 1 by setting G4(B) := RY, d € N. Now we have
accomplished all required preliminary steps in order to prove Theorem 5 (iii) and Theorem 7.
3This convergence is defined as follows: Let {Aq}aen be a sequence of random sets with A4 C R?. Then we say

P
Ag —% R, if for every € > 0 and every compact K C RY, there exists an N € N such that Pao (K - Ad) >1—¢,
for all d > N.
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Proof of Theorem &5 (iii). This proof is partially based on arguments by (Chang and Stout
(1991, Theorems 3.1 and 3.3).

We start with the proof for the convergence in Py, with restriction to bounded B. In the
following step, this will then be extended to unbounded B and, finally, the convergence in P
will be proved. Analogously to the proof of Lemma 2, we can assume without loss of

generality that (9 (14)~1/? exists. Set
Ga(B) = {ECI/%; +0g T € B} =7y Y?B+ny, BeB, deN. (W4l)

To show Theorem 5 (iii) for bounded B we utilize the reformulation

P(Z(0)2 (1) € B| Y)
de(B) PEOY D [)p(n) dn P(Y@) -1 (W42)
PO 9g) det (%) \POYD|7y) det (34)

P
for each d € N. Since || — no|| —= 0, from (CS5’) and the fact that |A™'|| = 1/vmin(A) for

1
= OP"O <d> .

~ P ~ P
This implies HEdH —% 0 and especially 5 —> 0. Hence, for each d, > 0 and € > 0, there is an

any regular symmetric matrix A, we get that

< o U
I = 9o = 5| (37000

N € N such that P, (Ggq(B) C Bs,(n0)) > 1 —¢ for all d > N, i.e. condition (A6) of Lemma 3
(2.) is satisfied, where Gy is defined in (W41f). We can therefore apply Lemma 3 (2.) and get

Jeus) POYD | n)h(n)dn Pro = ) ) .
PO | 7) det (E) 4 (Za(ha)"*(Ga(B) = 11a))b(m0) (2m) "2, (W43)

for d — oco. Further, from the definition of G4, we get
Ta(1a)"*(Ga(B) — M) = Za(a)"/*(Za(ha)~**B + fa — 04) = B. (W44)

Combining (W42)), (W43), (W44]) and Corollary 1 results in Theorem 5 (iii) for bounded B

and convergence in Py, i.e. (26) for bounded B.

Next, we show the case of unbounded B € B9. In order to show this, we define the

sequence of random probability measures {U,;}4en on (R?, BY) by setting

Va(A) == /A | det(Za(ha)"/?) | MGy () | YD) dn, A€ Bl deN.
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Due to the transformation theorem,

Wy(A) = /G 1Y) dn
d

holds for all d € N and A € BY. Notice that W, is the posterior probability distribution of the
affine transformation G;'(n) of n given Y@, So, Wy(A) is well-defined and finite for each
Borel set A € B? and d € N.

Now, let B be an unbounded Borel set, then it is always possible to decompose it into a
sequence { By, }men with By, bounded, J,,cny Bm = B and By, N By = () for all m, M € N
with m # M. From the definition of convergence in probability and the proof for the case of

bounded B given above, we get

Jim Py (|Va(Bpn) - ®,(By)| <e)=1, forallmeN, (W45)
— 00
for any € > 0. Especially, (W45|) also holds for ¢ = ngr;z

each of these events is tending to one, this is also true for the (countable) intersection of these

events. Thus, we get

0al5) - 2,5) = | - (WatB) ~ 8(5,))| <

meN meN
PIE= T
7'('27712 Y

meN

with probability tending to one for d — oo for any ¢’ > 0 and this completes the proof of (26).

For the convergence in P, let B € B? be chosen arbitrarily. We define

no = n’)

for all d € N, ¢ > 0 and ' € ©, where ¢, is the pdf of N;(0,1;). Notice that 0 < Hy. < 1is

Hae(n/) =P (]%(B) ~8,(B)| > ¢

true for all d € N and € > 0. Hence, for each € > 0, 7 — 1 dominates the sequence {H . }qen,
while 1 — 1 is always G-integrable for a proper G. An application of Lebesgue’s theorem of

dominated convergence to {Hg }4en results in

lim P<‘\I/d(B) - éq(B)) > g> = lim [ Hy.dG = / lim Hy.dG =0, (W46)
d—00 e @ d—oo

d—o0

since limg_,o Hgc(n0,€) = 0 for all € > 0 and 1y € R?, due to (26), and this finishes the proof.
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Proof of Theorem 6. We first prove part (i). Similar to (W42)), we utilize the

reformulation

pld) (y (@ d Py !
H(B| YD) = Ji i - |n)b(71)1/2" y (A ) 7 (W47)
P@OYD | 75)det (£,/%) \ PO(YD | 5iy) det (E/7)

for an arbitrary B € B? with ng ¢ 0B and each d € N. If iy € B, then condition (A7) of
Lemma 3 (2.) is satisfied with G4(B) := B for all d € N. However, if ng ¢ B, then the

condition of Lemma 3 (1.) is satisfied with f := 15. We therefore get

b PO | myp(n)dn Py, 2
5 2m)4 1 p(no), W48
PO a0 (Wis)

for d — co. The claim follows from a combination of (W47)), (W48) and Corollary 1.

Next, we prove part (ii). In a first step, the existence of E(f(n) | Y@) for all functions
f:© — R, which are continuous and for which the integral fe f(m)b(n) dn exists, will be

proved. In a second step its consistency for f(mg) will be discussed.
We get

/@\f(n)H(dn y) = Jo It ()(ly(d I)n) <fe |JJ;< Dy ‘d))) T

for each d € N and for all y(9 € {0,1}%, because P@ (y(@ | ) € (0,1), P9 (y@) is positive

and independent of € ©, and [ |f(n)|b(n) dn exists if and only if [g f(n)b(n) dn exists.
Hence, E(f(n) | Y¥) exists. Furthermore, it remains integrable for d — oo, as shown next.
Notice that the last statement does not follow directly, because P(d)(y(d)) — 0 for any

sequence {y; }ieny and d — oo.

Similar to (W42)), we start with the representation
JDECING

—1
_ Jo lf PO D | m)h(n) dn Py
PO | i) det(Za)'/2 - \ P@OYD | ) det (£0)*)

(W49)

for each d € N. We decompose for an arbitrary § > 0 as follows
[ 15P O fpmydn = [ fGlPOYD [ () dn
°) Bs(no)

" / FIPD YD | 7)) .
©\B;s(no)
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Due to the integrability of f with respect to H, Lemma 3 (1.) implies

Jo\Bs(mo) £ ()| PD (YD | n)h(n)dn Pug

|
— 0, d — oo. W50
PO i) der ()17 o)
Since f is continuous, we get
sup |f(n)] =:C1 < . (W51)
n€Bs(no)
Hence,
[P mppman < cy [ POYD i) d (W52)
Bs(no) Bs(no)

An application of Lemma 3 (2.) on the right-hand side results in
fBé(no) P (Y(d) | m)b(n) dn P7,0
POYD | i) det (8q) "

because G4(B) == Bs(no), d € N, satisfies (A7). By summing up (W49)-(W53|) and applying
Corollary 1 to the second factor on the right-hand side of (W49) we obtain

—% Cuy(mo) (2m) "2, (W53)

g P ([ 16l an | YO < 1) =1

Next, we compute the value of E(fon | Y@) for d — co. Since H(- | Y@) is always a

probability measure, for every ¢ > 0 it holds

‘ / £(m) H(dn | YD) — £(no)

- '/@f(n)H(dn YD) — fmo)H(O | YD)

‘ / — F(m0)) H(d | YD)
Bs "70)

/ F() H(dn | YD) — F(no)H(©\ Bs(no) | YD)
©\B;(no)

< fm) H(dn | YD)

/ (F(m) = F(m0)) H(dn | YD)| +
Bs(no)

©\Bs(no)
+[f(no)| - H(©\ Bs(mo) | Y'D).
Using a similar representation to (W49)) and applying (W50 and Corollary 1 to it, leads to

/ fm) Hdn | YO)
©\Bs(no)

%0 for d— oo.
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Further, part (i) implies
P
|f(mo)| - H(© \ Bs(no) | Y(d)) 0 for d— oo.

Finally, since f is continuous at 7, for each € > 0 there is a ¢’ > 0 such that

|f(n) — f(no)| <&, for all n € Bs/(n). Therefore, for every £ > 0 we get

/ (F(m) — F(no)) Hde | YD)
Bgr(mo)

< [ Lt )| A | Y)
Bsi(no)
<e-H(By(m) | YD) <e.
Since § > 0 was chosen arbitrarily in the decomposition of O, we get for each € > 0
lim Pno(\E(fon YD) = f(no)| > s) —1- lim Pno(\E(f om | YD) = f(mo)| < 5)
d—o0 d—o0
=0,

which is what we had to show for the consistency of E(f(n) | Y9). The consistency of
E(n | Y(d)) follows directly by considering the mappings n — n;, j € {1,...,¢}, in the first

part, which are continuous and by assumption integrable.
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