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Development of Fibrin Branch Structure Before and After Gelation
A.L. Fogelson, A.C. Nelson, C. Zapata-Allegro, J.P. Keener

S1. Supplement.

S1.1. Derivation of formulas for 6, and B,;. The mass density of oligomers
in the sol is 0(x,t) = >, ,(m + 2b)emp. Recall that g(x,t,y,2) =3, , Y22
By computing the approprlate derivatives of g, it is immediate that 8, = (g, + 29, —
4g)|y=-=1. From the definition of W, we have that g, = zR — w. Integrating this
from z = 0 to z = 1 and noting that g(x t,y,z =0) = 0, we obtain

g(Xty7 7_/WXty7 dv
and from this it follows that g,(x,t,y,1) = — fo i y(x,1 y, 2")dz'. Recalling that
Wy(x,t,1,2) = V(x,t,2), this yields gy(x t,1,1) = —fO (x,t,2")dz’. Since also

W(x,t,z) = W(x,t, 1,2), we have that
1
QS(X,t):f/ V(x,t,2")dz" + (2R — 2W (x,t,1)) —f/Wxtz dz)
0

1
= 4/ W(x,t, 2 )dz' — 2W (x,t,1) —/ Vi(x,t,2")d
0 0

The concentration of branches on soluble oligomers is By(x,t) = >, bcmp.
This is the same as By(x,t) = g.(x,t,1,1) — 2g(x,t,1,1). Since g.(x,t,y,2) =
zR(x,t) — W(x,t,y, 2), we have g,(x,t,1 1) = R(X t) — W(X,Ll,l) = R(x,t) —
W(x t, 1) As noted above, g(x,t,1,1) = £ — fo (x,t,2")dz'. Hence, By(x,t) =
2f0 (x,t,2)dz" — W(x,t,1).

S1.2. Diffusion of monomer. Suppose monomer diffuses with diffusion coef-
ficient D;. Then, the monomer concentration cjg evolves according to the equation

(Sl].) (Clo)t = V . (D1Vclo) — 2k1010R — kbclo(Rz - R_12]) + SlO-

Writing V- (D1Veyg) = V- (DVeyg) + V- ((D1 —D)Veyp), we find that the partial dif-
ferential equation for g is modified by the addition of the term {V-((Dy—D)Veio) }yz?
on the right hand side, and that for R by the addition of the term 2V -((D1 —D)Veqg).
Consequently, the equations for W =zR— g, and W are modified, respectively, by
the addition of terms 2z(1—y)V - ((D1 —D)Veip) and —22V - ((D1 — D)Veyg). Hence,
the equations for W, V| and R are modified, respectively, by the addition of terms
0, =22V - ((D1 — D)Veyp), and 2V - (D1 — D)Veyp). Similarly, an additional term
V - ((Dy — D)Veyg) appears on the right hand side of the equation for 6.

S1.3. Relation between R, and B,. We can write the equations for W and
B in the form

Wy =V - (DV(W - 2R,) — F, +r"
B, =V -(DVBy) +1°

where

Flz,x,t) = klmz + kb(l(zR W) — ;(RQ — R2)2(2R — W)),

w _ 3
PV (zx 1) = kiR — kS (B = (3R.R2 + R3) ).
1
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1
rP(x,t) = by (R3 — (3R.R2 + Rg)),
R,(x,t) = W(x,t,1), Ri(x,t) = R— Ry,
1
Bs(x,t) = 2/ W(x,t,2")dz" — Ry, By(x,t) = B — Bs.
0
Note that

1
By(x,t) = B(x,t) — 2/ W(x,t,2")dz" + Ry(x,1).
0

and that By(x,t) = R,(x, )—Ofort<tcl,soB(xt —2f01 (x,t,2")dz’ =0

for all such ¢ and for all x. If B(x,t) 2f0 (x,t,2")dz" = 0 for all t > tg;, then
By(x,t) = Ry(x,1t) for all t. So we con81der

1
2/ W(X,t,z’)dz').
0

Using the equations above, we find that,

%B(x t)=V- (DV(Z/Ol W(x,t,2")dz" — Ry(x, t))) +7P(x,1),

and
1
/ W(x,t,2") dz)z F(1,x,t)+ F(0,x,t) + / rWi(x,t,2')dz'
0
1
1
!/ /=
v DV(/O W (x,t,2')dz 2Rg(x,t))).

Using these last two equations and after some algebra,

1
%(B(xt /Wxtz)dz)—r (Xt)+2F(lxt)—2/ rWi(x,t,2)dz =0,
0

and consequently By(x,t) = R,(x,1).

S1.4. Boundary Conditions. We assume that c,,; satisfies the boundary con-
ditions

(S1.2) — Dn - Venp(x,t) = Firo(x,t)0m1000-

Using these conditions and the definition of ¢g(x,t, z,y), we see that
—Dn-Vg(x,t,y,2) = Fio(x,t)yz> and — Dn-Vg.(x,t,y,2) = 2F0(x,t)yz.

Recalling that Rs(x,t) = ¢.(x,t,1,1), we deduce that R satisfies the condition

(S1.3) — Dn - VR,(x,t) = 2F9(x,1),

which is consistent with the fact that each monomer has two reactive sites. Since
R =R, + Ry, it follows that

(S1.4) — Dn - VR(x,t) = 2F9(x,t) — Dn- VR,
2
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Because reactive sites on the gel do not move, the term —DV R, should not be thought
of as the diffusive flux of gel reactive sites, but instead as the quantity needed to
account for the inclusion of Ry in R on the left-hand side of Eq. 2.34. Using the
definition W (x,t,y,2) = zR(x,t) — ¢.(x,t,y, 2), and the boundary conditions just
derived we find that
—Dn-VW(x,t,y,2) = 2Fyo(x,t)z(1 —y) — 2Dn - VR, (x,1),
—Dn - VW, (x,t,y,2) = —2Fj(x,t)z.

It follows that

(81.5) —Dn-VW(x,t,z) = —Dn-VR,(x,t) and —Dn-VV(x,t,z) = —2Fo(x,1).
Using Eqs. 2.27-2.28 and Eq. S1.5, we find that

(S1.6) — Dn - Vls(x,t) = Fip(x,t) and — Dn-VDBy(x,t)=0.

We note that the boundary conditions in Eqgs. 2.36 hold automatically for 5 and
By calculated from (2.27-2.28), but it is important to make explicit use of them in
discretizing the terms DA, and DAB; in the PDEs 2.31 and 2.32, respectively. In
order to determine the monomer distribution cig, we also solve the m = 1, b = 0
instance of Egs. 2.18 and 2.33.

S1.5. Numerical solution of the PDEs. Consider our equations

Wy = D(W — 2W]._y)
k k sk
— (W ZER-W) = (R - R (PR - W) |

+ kizR2 — %z(zﬁ — (3R.R. + Rg)).

xrx

z

k
Ry = D(Ry)ee — i (R2 = R2) — 3 (R = BR.R2+ F3)) + 25i0.
Recalling that Ry = W|,=; and Ry = R — R, these equations have the form:

W, = —(F(W,R)). + D(W — 2W/|.—1) _+r" (W, R),
R, = D(Ry)zz + (W, R).

To solve these equations numerically, we use a fractional step approach, first updating
W and R to account for transport in z and for the reactions terms "V (W, R) and
r®(W, R), and then updating them to account for diffusion in z. For the diffusion
term, we discretize in z using a uniform grid and the usual three-point approximation
to the second derivative within a Crank-Nicolson scheme. For the reaction terms
r" (W, R) and v (W, R), we use an explicit two-stage Runge-Kutta scheme.

For the transport in z terms in the W PDE, we have to contend with the fact that
W, develops a singularity at z = 1 at time ¢ = 4, while it is smooth for 0 < z <1
for all ¢, and the branch starting from z = 0 is smooth for 0 < z <1 for ¢ < ¢4 and
t > tge;. We do not have a boundary condition for W at z = 1. For these reasons,
we introduce a grid with much finer spacing close to z = 1, and for each point on this
grid, we use a blend of the upwind Beam-Warming (BW) scheme and the centered
Lax-Wendroff (LW) scheme. The blend is z-dependent, reducing to the BW scheme

3
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close to z = 1 and to the LW scheme close to z = 0, where we do have a boundary
condition for W.

For an equation Wy = F(W),, both the BW and LW schemes are based on the
expansion

(S1.7) W(t+k,z)=W(tz)— FW).k+ ((F'(W))*W.).)k?/2 + O(k*).

For the BW scheme, we approximate F'(IW), at z; with a one-sided second order
finite-difference quotient and we approximate ((Ff'(W))?W,).) at z; with the usual
approximation to a variable-coefficient diffusion term, but evaluated at z;_; rather
than z;. This introduces an O(h) error for this quantity, but it is multiplied by k2,
and so the overall scheme is still second-order. For the LW scheme, we use a centered-
difference approximation to F'(W), at z; and the same approximation to the variable
coefficient diffusion term as for BW but evaluated at z;. More details about the
numerical method can be found in [10].

S1.6. On the R, steady-state assumption. We examine the origin of the gap
in Fig, 10b, between the blue dashed line and the asymptotic limits of the colored
curves as ky — 0o. According to the exact relationship Eq. 3.11, f4 is given by

(S1.8) fa=—.

In calculating the height of the dashed line, we use this formula but make the as-
sumption that R, = rg, is in steady-state, where rs satisfies Eq. 3.5 and we use an
asymptotic value of rss to determine B,(tge;) using Eq. 3.9 for use in the Eq. 3.11.
Fig. Sla shows the same colored curves as in Fig. 10b, as well as black dashed curves
calculated from Eq. 3.11 using a numerical solution of Eq. 3.5. The black curves
asymptote to the blue dashed line, so the use of the asymptotic value for rgs is not
the primary reason for the gap. In Fig. S1b we plot curves R4(t) vs ¢ for a range of
source rates S1g and branching rates k. Each curve ends at the time at which gelation
occurs for the corresponding Syg, kp pair. The ends of the curves are indicated by
dots and the dot corresponding to the smallest value of k; appears at the right end
of each curve. For all source rates, Sig, steady state is attained by gel time for some
of the smaller branching rate values. For Sjo = 107° steady state is attained for &,
between 10~° and 10!. For the Siy = 10°, steady state is attained only for k; between
10~° and 10~2. Furthermore, the gap between R, (tger) and the steady-state value is
large, in particular for large values of S1g and k.

S1.7. Showing that 4 — 3. Our numerical evidence suggests that f4(t) =
R(t)/Moyo(t) — 3 as t — tge if only monomers are present initially and there is no
additional source of monomers. Here, we show that this must be the case. The key
equations are

dR Ky
1. == kR2-2R?
dy 1
1.1 = =kY? ZR? Y +Y?
(S1.10) - =h +kbR(2R +RY +Y?),
and
dMoo ki o Ky s
1.11 _ _FBip2 M
(S1.11) dt o I 3 R
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Fig. S1: ODE model simulations with constant source rate S1¢ increasing by factors
of 10 from 10~ (deep blue curve) to 10° (deep red curves) and branching rates k. (a)

Average functionality f4 = I\%}) at tge;. Colored curves show results from numerical

solutions of Eqs. 2.10-2.14. Dashed black curves show approximate f4 calculated
from Eq. 3.11 using the numerical solution rss of Eq. 3.5. (b) Plots of R,(t) vs. t. kp
increases by factors of 10 from 1075 to 10° with the right-most point of each curve
corresponding to k, = 107°.

Since we are interested in events before gel time, Rq(t) = R(t). Egs. S1.9 and S1.11 are
the same as Eqgs. 2.10 and 2.15 in the main text, respectively. The gelation indicator
variable U(t) in the main text is obtained from Y'(¢) by a Riccati transformation
Y = -39 where a = k; + kR [9]. The key point is that U(t) — 0 if and only
if Y(t) — oo, so the latter is also an indication of gelation. The relevant initial
conditions are R(0) = Ry, Y (0) = 0, and M, (0) = Ze.

Since Eq. S1.9 implies that R(t) is a monotone decreasing of ¢, we can use R as
the independent variable and from Eqs. S1.9-S1.11 we obtain

gy RY?+RE(3R 4+ RY +Y?)

S1.12 — =
(51.12) dR ki R? + % R3
and

k k
(S1.13) Moy _ 31+ 3R

dR  kR2+%2R3
The solution of Eq. S1.12 is

kiln(kyR+ k) — %R+ C
kiln(kyR+ k) — kyR+ C~

(S1.14) Y(R) =

Choosing the constant C' so that Y(Rp) = 0 yields

kyR+k k k
(8115) Y(R) _ _Rkl In (kbbRo*Hél) B TbR + TbRO

ky R+k k :
ki In (kbbRo-i-klz) — kyR + %RO

Blow-up of Y(R) occurs for R = R* for which the denominator is 0, i.e.

ki R* + ky

2
) — kR + é’RO —0.

5
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Eq. S1.16 implies that R(tg4;) = R*. To determine tg.;, we find the solution of Eq.
S1.9 that satisfies the condition R(0) = Ry and obtain

1 1 ky (kbR* + k?l)Ro

s = LB (G SRRy

( ) 9T BR* kR,  2k? "\ koRo + k1) R”

To find Myg(tger), we begin by solving Eq. S1.13 and imposing the condition Moo (Ry)
= % to obtain

9R Ry ki ky R+ ki
1.1 M, 2 fo By (et
(S1.18) o0(R) =3 - ey <kbRo T kl)

Since at gel time R = R*, the last equation implies that

2R* RQ kl kaR* + kl

S1.19 Moo(tget)) = — —— — —In(——).
(51.19) e S T n(kbR0+kl)
Using Eq. S1.16, this becomes

R*  R(tge
(S1.20) Moo (tger) = — = (tger)

3 3

6
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S1.8. Additional Results - Variations in Source Rate ).
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Fig. S2: PDE model simulations with source rate Sio(z,t) given in Eq. 3.12 with
mo = 8, ky =4, D = 0.04, A=1/4. Snapshots of sol variables (left) gel variables
(middle), and structure variables (right) at the times indicated for each row. Note
change in vertical scale in left column. Black dashed vertical lines show extent of

source’s spatial support.
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Fig. S6: PDE model simulations with source rate Syo(z,t) given in Eq. (3.12) with
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Fig. S8: PDE model simulations with source rate Sig(z,t) given in Eq. 3.12 with

0.04. Snapshots of sol variables (left) gel

variables (middle), and structure variables
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mo =8, kp =4, A =1, D=0,

right) at the times indicated for each row.
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Note change in vertical scale in left column. Black dashed vertical lines show extent

of source’s spatial support.
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