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Web Appendix A: Comparison of the Denominators for the VW Estimator and
the dIVW Estimator

Assume that the variances afzj and 0]%, of fj and 7; are known, respectively, and y;s are

independently distributed as ;~N (y]-, a?zj) forj = 1,..., p. Then, the expectation and variance
of the denominator in the IVW estimator are respectively

p p
g 252 | = E 4 (462 2 4
Var< i op, Y ) = i or, (4ayjy] + ZO'yj).

The expectation and variance of the denominator in the dIVW estimator are respectively

B i 57 -8)) = e
Var (Zp 0121,2 (V]-Z - 0%}.)) = Zp a{j‘* (40%,)/].2 + Zcrf,’j).

j=1 j=1

Web Appendix B: Derivation of the pI\VVW Estimator

The penalized log-likelihood function of y; and u, is

-1 R R ) .
L( ) = _1 1— vi) (1 — w)? _ 2v15(y — )z — 1) n (fiz — p)?
p\U1, Uy 2 1Z0%) 121 (287 v,

+ Aloglu,| + C,

where C is a constant unrelated to u; and .

To maximize L, (uy, 12 ), We take its first derivative with respect to u, as follows,

-1 n n
alp(llpllz) _ (1 _ v ) {_ Hi— g N v12 (A — Iiz)}
om V102 U1 V1V2

From al, (4, 4z)/0uq, We can see that [, (uq, u,) attains its maximum when

" V12 (p — fiz)
u =+
Uy

By profiling out w4, we get the following profile penalized log-likelihood function of u,

(A, — #2)2

Al C.
20, + Alog|u, | +

lp (#2) ==
The first derivative of [, (u,) with respect to u, is

alp(liz) _ Ao — Uy N A _ (Hz - ﬁz,l)(#z - .az,r)

opy () H2 H2Vr
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where

fio — /05 + 4Av, d i :ﬁ2+ fi5 + 4Av,

5 an 2r >

Uz =

Since fi,; < 0 < fIy, L, (1) increases when p, € (—oo,i;;) U (0, i, ) and decreases when
ty € (fiz1,0) U (fiy,, +0). Therefore, L,(u,) can only attain its maximum at fi,; or fi, .
Further, we have

~2
by (fer) = = 5, + Aloglia,| +C,

~2
. H2,1 ~
lp(yz,r) =5 + Alog|u2,r| +C.
U2
When g, > 0, we have |, ;| < || and thus 1, (f,,;) < l,(@2,). When fi, < 0, we have
Ly (fiz) > L, (/Lo ). Hence, by maximizing L, (i, i), we obtain the following estimators of
p1 and p;

- . vy2(fi; — fiz)
b=t ————
Uy

o _ bt sign(fiy)y/ {15 + 44v, _ (1
2

A

1 n /1172
Uz 2 4 ‘ﬁ% Us.

Note that since the true values of v, and v,, are unknown in practice, we replace them with
their unbiased estimators ¥, and ¥, to obtain fi; and f,.

Web Appendix C: Proof of Theorem 1

In the following proof, we write a,, = 0(b,,) if there exists a constant c such that |a,| < cb,
for all n, a,, = o(b,) if a,/b, » 0 as n - oo, and a,, = O(b,,) if there exists a constant c

d
such that ¢™tb, < |a,| < cb, for all n. Let %, denotes convergence in probability, and —
denotes convergence in distribution. We write X = 0, (Y) if X/Y is bounded in probability, and

X=o0,(Y)ifX /Yﬂ 0. The following proof of Theorem 1 takes into account the balanced
horizontal pleiotropy (z # 0). The situation without horizontal pleiotropy can be considered as
a special case with T = 0.

1 Proof of Theorem 1 (a)
1.1 Bias of dIVW Estimator

The dIVW estimator is

. P 53%9.T
Bavw = H_ i=1°T; nih

fi p —2(s2 _ 2Y

be 58 0nt (77 - o7



Letp, = E(@n) = BX}_; 07"yf = 0(xp) and p, = E(f1;) = X}_; 07 "y} = ©(icp) under
Assumption 2. By Taylor series expansion, we have

Bavw =B @1+ D@+ D) =B+ B R — 2, + 8 —%1%,) + 0,(8),

where £, = i, /u; — 1, %, = fi,/u; —1,and &€ = 1/kp + 1/kp — 0 as the effective sample
sizen = K\/E — oo. Then, the bias of the dIVW estimator is

V12

~ v,
E(ﬁdlvw—ﬁ):ﬁ(g— >+0(f)=0(f),

112

where v, = Var(fi,) = 5;1 a{j‘* (40721,)/]-2 + Za]i,‘j) = O(kp + p) and vy, = Cov(fly, fy) =
28, af‘j‘*a%yjz = 0(xp) by Assumption 2.

1.2 Bias of pIVW Estimator
The pIVW estimator is

where fi, = fi, (1 +J1+ 4/11?2/,&%)/2. The bias of the pIVW estimator is

5 Ar g D15 Az
a2 2) 5 () 1-)
(ﬂplvw ﬂ) Uz U2 ) Uz

To evaluate E (%—%) we let X, = fi,/m, —1 where m, = E(fi,). By Taylor series
2 2

expansion, we have

M ~ M1 o ~ ~
—=— R+ DE+ D) =—F— R - %, + %5 — % %,) + :
o, m, (% ) (X, ) m, " my (R — X, + X5 — %,%,) Op(f)
Then,
Ay My Uy M1 M - -
E(T——)=———+—{E(x2)—E(9?x)}+o( ). (A1)
Uz Uz my; U My 2 12 :

To obtain Equation (A1), we let u; = u, (1 +1+ 4/1172/#%) /2. By Taylor series expansion,

f W 2
—=—4wi+—=—7 +0(fz) (A2)
Uz Uz 2 (Quz — uxdu 2 b

wherew = u5/(u; — ;) =1+ 0(8€) and y, = D, /v, — 1. Then, the expectation of fi,/u,
is

m; U3
—Z="240().
Uz K2
Since u; = u, + Av, /u;, we have
my; —Hp A

V>
=2+ 0(&) = 0(9).
U3

m;



Therefore,

M _BUp—my)  BAv

+0($).
my; Uz ms T
From Equation (A2), we have
B w?v, 2ACov(i,, v v
E@®) =—5+ (32 ) 4 e =—+0(9),
m; .uz MZ

Wy, N ACov(ﬁl, 132)

E(%,%;) =
Hymy Bu;

0(82) = 2 4 o(g),
Hiltz

where  Cov(f,, U,) = 82‘,] ) ar (2)/] + 05 ) =0kp+p) and Cov(iy,Dy) =

8p ZJ 107, ~Coy yJZ O(kp). Then, Equation (A1) becomes

0 Av v v
E(ﬂ_"_l) ﬁ22+ﬁ<—§— 12>+o(§). (A3)
) H2 Hz  Hilz
To evaluate E ("“) (1 - %) we let §,, = ¥, /v, — 1. By Taylor series expansion,
7] 2
v v R B v R R A
212 Gz + D@+ D7t = =21+ P12 = F2 + 95 — 91292) + 0, (§),
Uz U2 U2
fo AU,  Av _ Av, -
1-=—=—=—@,+DER+ 1D ?2=—(1+9, —2%,) + 0,(¢%).
#2 ﬁ% m% (}’2 )(xZ ) mg ( V2 2) p(f )
Then, we have
% J Av
2(1-22) =202 g, +1-28) + 0,6,
U2 2 2
and the expectation
D12 K2 Avy,
B(22) (1-2) 22 o), o)
Dy H2 I
Combining Equations (A3) and (A4), the bias of our proposed pIVW estimator is
o D12
z F(r i) e (5 (- 7)
(BpIVW B) Uy U D, Uy
Av v v Av
:_ﬁ 22+ (_i_ 12>+ 12+ (5)
H3 Hz  Hilz
V2 V12
=(1-2 <—— >+o(f).
d 15 Pty
2 Proof of Theorem 1 (b)
By Taylor series expansion, we have
(Bavw — ,8) = B2(R% + X2 — 28,8, — 28%%, + 4%, 8% — 283 + 3%7%% — 6%,%5 + 3%3)

+ op(f ).



Therefore,

— 2E(R2%,) + 4E(%,%82) — 2E(%3) + 3E(x2x2)

A 2 Ul vz 21712
E(Bavw —B)" = 2{ +—=-

e TS
— 6E(%,%3) + 3E(9?§*)} +0(&%) = 0(%), (A5)

where v; = Var(i,) = Z 01“ {(O'A B? + O'F +7 )yjz (Ur +7T ) } O(kp + p) by

Assumption 2, and after some algebra, the expectations E (£2%,), E(£,%2), E(£3), E(8%%2),

E(%,%3) and E(%3) are all of order 0(£2). Since E(Bayw — B) = 0(£), the variance of the
dIVW estimator is

Var(Bavw) = E(Bavw — 3)2 — E*(Bayw — B) = 0(8).

The difference of variance between Bqryw and Bpyw is

Var(ﬁdIVW) - Var(ﬁpIVW)
= 5 (Ravw = B)’ = (B — 1)+ 5 By — 22) = BB - ).

First, we calculate E? (ﬂpww ) E?(Baryw — B)- Since

M, (M2 — U2\ APV,
P =h (T ) =S 0®.

we have
Hq H1\)?
(5
E (BpIVW m, ) {E(ﬁplvw B) + (:3 _m_2>}
v v,)°
= B2 {(1 ) <— -2 ) +—,j} + 0(82).
llz Hilta uz
Therefore,
u 2/1.37727712 7712
B (Borvw =) = B2 (B = ) = =22 422 (2 =20 408D (46)
Next, we calculate E (Baqyw — ,8) —E (,BPIVW - —) By Taylor series expansion, we have
H A W V12 ( )
=LAl t2fg_c2
.BpIVW my; Uy mz D, fa
e NS 2. %2 — P, + 1 — 2% 0,(&?
= (X — Xy — 1%, + X5 + %, %5 xz)"‘ 2 ( X,) + 0, (89).
2
Then,
5 % M ~2 o ~3
Bpivw — — ( + X5 — 28X, — 2X2%, + 4%, X% — 2%5 + 3%%%% — 6%, %3
m; ms
204 2p2
+3%h) — #(ﬁﬁz — Xy, 4 Ry — %y — 3%, %y + 3%2) + —2
m; m;
+0,(&2).



From Equation (A2), we have E(X2%,) = E(£%%,) + 0(§?), E(%,%%) = E(%,%2) + 0(£?),
E(%3) = E(%3) +0(§?) , E(®{X3) = E(X{%3) +0(§?) , E(% X)) = E(% %) +0(&%) ,
E(%3) = E(X) + 0(&2), and E(X,7,) = Cov(fiy, U,)/(uyv,) + 0(&). After some algebra, we
have

(ﬁplvw = )

ms

_ (lh )2 <U1 +W2U2 2WU12)
m; ui m3 H1my

+ B?{—2E(%%%,) + 4E(%,X3) — 2E(%3) + 3E(X2%2) — 6E(%,%3)

1202, 6BV, (v v
+3EGED} + 412+ ﬁ12<2_ 12)

u w2\
P ‘+1
_16,1;;(— ﬂ) 1 Uiz )+o(€2). (A7)
#2

From Equations (A5) and (A7), we have

E(Barvw — 3) —E(ﬁplvw ::112)

= B2 (ﬂ + Y2 _ 21712) _ (ﬂ)z <ﬁ 4 w2, Zwvlz) Azy Z
M% M% Uitz m, ,u% rn2 Uyms,

2
6ABv, [V v v Yj oy
(- ”>+1W(£‘ﬁ) ) | e
Hs Uz  HUilp %) Uz
_ 2Myv, N 6AB%v:  14ABv,v4, N (61 — A%)v,
15 IT%; IT%; TS
P =6, 252
v Op 14 +1
+16/1/3(£—ﬁ) il g’ i )+o(§’2), (A8)
%) 1253

where we obtain the second equality by using (m, — p,)/m, = Av,/u3 +o(§) and 1 —w =
Av, /u3 + o(&). Combining Equations (A6) and (A8), the difference in the variance between

the dIVW estimator and the pIVVW estimator is
2\v v, N 6AB%v:  12ABv,v, N 47v2,

Var(By4 — Var(p = -
(Parow) (Porvw) us u us s
p
v > O'F vios?2 +1
+16Aﬁ(£—ﬁ) = g] L2 )+o(52)
U, U3
2182
=72
2
where
3(uvy — 1127712)2 v — v122 V12 :
A= + + 8u, (——1)2&_609_ Y2o52 +1).
M%ﬁz B2 . T I'; Y}( J7Yj )



3 Proof of Theorem 1 (c)

We first prove

)= () (B0 1) ) v
where V = p5? 1,’_ { 22 (yjz + JAZ ) (1 + TZO'f_Z) + ﬁ’za%jar_f (yjz + 20%,)} and v = u3v.

For this, we prove (53) ”1#B”2 — N(0,1) and (53) (Zz - 1) (/3 - %2) % 0 in the following.

First, we prove fi,/u, 5 1. For this, we let i, = fi,r; withry = (1 +J1+ 4Aﬁz/ﬁ§) /2.

We have f,/u, % 1as n — oo, since E(fi,/u,) =1 and Var(fd,/u,) = 0(&). Similarly,
Dy /Uy Z1as n — oo, since E(D,/v,) = 1 and Var(D,/v,) = 0(£). Since v, /u% = 0(§), we
have r; % 1 and thus i /Uy 2 1as n — oo,

Next, we prove “1\/6”2 — N(0,1) as p - oo by the Lindeberg Central Limit Theorem. Let
. PN
— Bi; _ i1 %
Vv 0
Zj=1 Yj

where X = "r {y]F B (y] - 05 )} and v = 01" ()/J + o5 )(1 + 12(;1;]_2) +
ﬂz%zjar_j (Vj + Za?j). Let 2; = £;/,/v;. Then, the Lindeberg’s condition is

p

14
1 1
S EEI{|Y] > ev9)) = 2 > B2 15| > evw))

j=1 j=1
A.2 . A.
< m]axE(z] I{w/vj|zj| > e\/v}),

where I{-} denotes the indicative function. By Assumption 2, we have v = O(kp + p).
Therefore, max v;/v — 0 as max y]-za:,z/(ch + p) — 0. Together with E(2/) = 1, we verify
]

the Lindeberg’s condition E( zl{lle >6\/_}) -0 for any e>0 . Then,

b2\ B1—Bli,
( \/E) = N (0,1) follows from Slutsky s theorem.

Lastly, we prove (\/_) (l’Z - 1) (ﬁ ’;122) > 0. For this, we rewrite /i, /fi, — 1 as

15 1= 1-n A0, 1
i m az

where the last equality follows from (r; — 1)ry = A9, //i3. As such,

(@G (G ko
Vv/ \il, Vouy) B2 v 2
Together with g — 22 = 0,(1), we have (ﬂ) (@— 1) (ﬁ —ﬁﬁ—f)io as n — . Since

v/ \i,
()R > VoD i (52) (B2 - 1) (- 22) % 0. we get V™=(Bprvw — £) > N(O.D)

2 2




N A d .
by Slutsky’s theorem. Further, to prove that V~*/2(B,yw — 8)— N(0,1) holds with the

estimator ¥V of V, it suffices to prove fi,/u, %1 and ﬁ/vg 1. We have shown i, /u, 1

above. Following Ye etal., 2021, it can be shown that ¥ /v 51 after replacing Baqrvw by BpIVW-
Thus, we omit the details here.

REFERENCE

YE, T., SHAO, J. and KANG, H. (2021). Debiased inverse-variance weighted estimator in two
sample summary-data Mendelian randomization. Annals of Statistics 49, 2079-2100.

Web Appendix D: Proof of A > 0

The following proof holds for both the situations with balanced horizontal pleiotropy (z # 0)
and without horizontal pleiotropy (z = 0).

Let x; = y] y 2. After some simple algebra, we have

p
A=%+3v22 —6172;12 +2;;22 (v“ )Z ~Cas (i + 1)
p p p z p
Z K] + 6v, 2 af_j"a{,’j +8 2 crf_j"a%xj - 82 UISjZGT,ZjKj Z crf_fa]%(lcj + 1)
j=1 j=1 j=1 j=1 j=1
p p
=2 Z Ur aA (ZKJ + 3)2 Ur4 j(3Kj + 2) - 82 GI;jZGT,ZjKj 2 a{jéa?éj(icj + 1),
j=1 j=1 j=1

where we obtain the second inequality by using v; > B2 ZJ 1 crr aA K and omitting the term
Bupv12/ (v2B) X5_, 07 oy (KJ + 1). Therefore, a sufficient condition of A > 0 is

p p p p
Z O'I;j‘*o';j(ZKj + 3) Z o'f_j4o'$j(3kj + 2) > 42 o'r o' K Z j(Kj 4+ 1). (A9)

j=1 j=1 j=1 j=1

Since 7; and T 7 In GWAS are estimated from the marginal linear models, we can further express
the ratio of thelr variances as o7 ‘o5, = nyVar(X)(1 — hy,;) /{nVar(Y)(1 — hy ;)}, where

hxj and hy ; denote the variances of X and Y explained by G;, respectively. Let cj2 =
(1—hx;)/(1— hy;). Then, the inequality (A9) can be simplified as

14 14 14 14
D 6h(2i+3) ) (315 +2) >4 ) PG ) cf (i +1).
j=1 j=1 j=1

j=1
A= o7 — ot o (2| (P )
JZT T T\ T =hy, )\ 1—hy,

10

Let




2
;T 1—hy; 1—hy;
Then, we have

p p 14 14 p p
2 6’ Kj Z o (k5 +1) = Z(Cf +847)1 Z(Cf +8g))K; + Z(Cf +247)K Z(Cf + 4y).
=1 =1 =1 =

=1 =

Further, we have

P p
Z 4(2K]+3)Z 4(31c]+2)>6z:c K]ZC K]+13ZC]4K]‘2614

j=1 j=1 j=1

Therefore, the inequality (A9) holds when

P P
Z ZC K]+13ZC K]Zcf

j=1

p p b p
> 42(94 + Aqj)K; Z(c;* + 0, )K; + ALZ(CJ-4 + Aqj)K; Z(cf +Ay5). (A10)
j=1 j=1 j=1 j=1

The inequality (A10) holds when 6¢;* > 4(c/* + A;;) and 6¢} > 4(c' + Az;), that is,
C;l' > 2 maX(Alj,Azj),

which holds as long as max(hy j, hy ;) < 1/3. Therefore, Var(B,yw) is asymptotically

smaller than Var(BdIVW) as long as both the proportions of variances of X and Y explained by
each IV are less than 1/3, which is generally true in the genetic context especially when X and
Y are some complex traits.

Web Appendix E: Bootstrapping Fieller’s Confidence Interval

Adopting Fieller’s method to derive a confidence interval for a ratio, we let 2(B) =
i SN2 /(5 ~ 25 ~212 2 2 A2 ~2 2

(1 — Bida)* /(D1 — 2BD1y + BT,) , Where ¥y = P71} (1; —0 1 )(Yj - 0)71-) and

¥, = ji3/(2fi, — fiz)? 21;.;1 a{j‘*( o’ )7]2 — 205 ) are the estimated variances of ji; and fi,,

respectively, and ¥, = 2fi,/(2fi, — i) ¥F =1 GF a y] [} is the estimated covariance between

fi; and fi,. We obtain the (1 — a)th quantile g,_,, of the distribution of Z(8) via the bootstrap
method, where we calculate the bth bootstrap statistic 2(b)(ﬁplvw) based on the bootstrap

sample ?J.U’)~N ()7]-, a%) and fj(b)~N (?jﬁpww, afzj + fz). Then, we solve 2(B) < q,_, for

the 100(1 — a)% confidence interval of . When the 1V selection is performed, we construct
boostrapping Fieller’s confidence interval in a similar way, where only the selected IVs are
used to generate the bootstrap samples.

11



Web Appendix F: Proof of Theorem 2

The following proof of Theorem 2 takes into account balanced horizontal pleiotropy (z # 0).
The situation without horizontal pleiotropy can be considered as a special case with 7 = 0.

1 Proof of Theorem 2 (a)
1.1 Bias of dIVW Estimator

When an independent selection dataset {yj*,a)i,‘j}. is available, the IVs are included into
j=1,.p

the analysis when y*j with a threshold §. Then, the dIVW estimator can be written as

1,5 Z} 1GF YJFSj

—_ _ 2 .’
20 21 197, (yf 0171')51

=

Bs,daivw =

=

where s; = I{|y;‘| > 60?*1,} with the indicative function I{-}.
Similar to the proof in Section 1.1 of Web Appendix C, the bias of the dIVW estimator is

V2,5 V128

E(Bsarvw — B) = ﬁ( >+ 0(¢s) = 0(&s),

Mz s HMisH2s

where ;5 = E(fly,5) = B X5 107, Y7 as; = 0(ksps), tz,s = E(fzs) = Xy 0,5].21/,'2615,1 =
O(ksDs), V2,5 = Var(fip,s) = X7 197, (40 i+ 205 )%,j + X0 1054)’,4615]'(1 —qsj) =
0(ksps + ps) + ©(9°ps) and V12,5 = Cov(fys flzs) = 2B XY 197, ol Vias; +

BXi_, af‘j‘*y]f*q,;_j(l —qs,;) = O(ksps) + O(9*ps) under Assumptions 2 and 3. As the

effective sample size ns = ks\/ps/max(1,¢) > w0, & = 1/ksps + max(1, 9?) /Kk5ps
converges to zero.

1.2 Bias of pIVW Estimator

The proposed plVW estimator BS,pIVW can be written as

Ais  Dizs Uzs
B =1 (1__)
P f25 Das Uzs

where ¥, 5 = 25?=1 J{j‘* {4 (y] ) o5 + ZO'A }s], Dins = 2 Z J]Afjf})?jsj and fi s =

fl2.6 (1 + \/1 + 4/’1132,5/@5)/2. As in Section 1.2 of Web Appendix C, we have

f Avy v v
E<M1,5 _M>=_B 2‘6+ﬁ<ﬁ— 12,6

~ 2 2

Uzs M2 Hy s M5 HisH2s
D12 Az,s lv;z,a
E\=—|1-=|=—
X Uzs Uy s

12

>+ 0($s),

+ 0(&5),



where  v3 5 =E(Dy5) = Z] 101" (40 y] + ZO'A )q5] = 0(ksps +Ps) and vy, 5=
E(D12,5) = 2B X5, 07, 03 v} a5,; = ©(kcsps). Then, the bias of the pI\VW estimator is

Ais M D125 Az,s
E E +E 1-—=
(BS pIvW ﬁ) (Iiza Uz 6) (7726 )( .“2,6)
X V12,6
=1-MDp|=5— + 0(&5).
Mz s HMislas

2 Proof of Theorem 2 (b)
Similar to the proof in Section 2 of Web Appendix C, we have

E(Bsarvw — B )2

52 ) V1,6 Vz,a 20135 A2 A PN "
— [ 20 B pp(ah s, ) 4 an(s,558) - 26(5)
“1 s HMzs HisH2s

38(37558,) — 6B (5155,) + 362+ o(63)
= 0(s)- (Al11)
X 4 2 2 2
where vis = Var(iys) = X7, of, {(a%ﬁz +op + 12) ¥+ (01”“,- + TZ) O')A,j} s +
B8 10r] ¥i'as,j(1—qs;) = O(ksps + ps) + O(@*ps) . Therefore, the variance of the
dIVW estimator is

N N 2 N
Var(Bsaivw) = E(Bsavw — B)” — E2(Bs,avw — B) = 0(Es)-
The difference in variance between the dIVW estimator and the pIVW estimator is
Var(Bs avw) — Var(Bs prvw)

.u1,5 _w2(p _
mM) E?(Bsarvw — B),

2
5 2 5 Hi,5 5
=E(Bsavw —B) —E <B§,pIVW B 5) +E? <.35,p1vw -
2,

where m, s = E(fi,,5). As in Section 2 of Web Appendix C, we have

2
. ' . U
E? <ﬁa,plvw - Tiii) = {E(BS,DIVW -B)+ (ﬁ - —ml i)}

vy s 5)°
_ ﬁz {(1 /1) ( 12,8 > + 22,6} + 0(5(%)’
.“2 S5 #1,6:“2,6 /12,5

and therefore

2BV sVias  Viss
0= == (2% —22) + 0(¢3)
Hys Hys

5 Hi,5 5
E? <.35,p1vw o 6) — E*(Bsavw — B) =
2,

(A12)

2
Next, we calculate E ([?5,d1vw — ,8)2 (ﬁ,; pIVW — ”—) By Taylor series expansion,
ma,s
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_ (ﬂl_,a)z (m n ngz,a _ 2W6U12,6>

mys .Uig m%,a HUy,6My 5
+ BH—2E(%] s%25) + 4E(%15%5 5) — 2E(R3 5) + 3E(R] 525 5)
Pvizs 4 64815 (@ Uiy >

— 6E(2,5%55) + 3E(%345)} +

13 5 Hss \Uizs HisHos
p -2
o~ vios“+1 q;
_16,13< 12,8 /3) Uiy y’(’ T +0(£2), (A13)
vzs “2,5

where  ws =15 5/ (215 5 — tas) With 155 =iy (1 + \/1 + 4/117;'5//1%’5)/2 . From

Equations (Al11) and (A13), we have

2
Ui,
E(Bsarvw — 3) - E(.BtSpIVW - 5)
2
_ 205155 N 6AB* vy 14ABv3svias N (64— AP)vids

#35 Mz 5 ﬂgs :“2,5
Zp 1 [‘ -6 6 ,y] -2 + 1 q
+ 16/1/3( 128 /3) Z ( Y ) +0(£2), (A14)
Vys “2,5

where  vys =X, 012],4 {(a%,ﬁz + arzj + 12) v+ (arzj + 12) U%}q&j = O(ksps + Ps)
Combining Equations (A12) and (Al4), the difference in the variance between the dIVW
estimator and the pIVW estimator is

Var(Bs avw) — Var(Bs prvw)
20y 5055 6AB% V5% 5 12ABv;y5V1ps 42075 5

M§,5 #z,s #3 5 #3,5
14 6 6
vy i=197; 9y; \¥Vi O y +1)q;
+ 16/1ﬂ< 120 _ /3) ! (o) +1) +0(&2)
V2 :“2,6

2132
= Tﬂﬂa +0(¢3),
Has

where

* * 2 * * *2
3(#1,6172,6 - M2,6v12,6) n V1,6V2,6 — V12,6

H3.68? p?
12,6 P -6 6 (2 -2 )
+8,u25< 255 1>zj=10fj 9, (y]- 0y +1)q1.

As in Web Appendix D, it can be shown that As > 0 when both the proportions of variances of
X and Y explained by each IV are less than 1/3.

A(g:
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3 Proof of Theorem 2 (c)
To prove
1 . . .
305 H2,s \ 1,6 — Bllzs Hz,5\ [ H2,8 2P%)
e (520 (35) i) 52
\/U_g H2,5 \/U—g H2,5 (2%
where Vs = uz_f; Z?zl{of_jz (yjz + 0}%) (1 + 1205 ) + ﬁZO'A O'F (y]-z + 20%)} gs,jand vs =

2 o _ - - K25\ Prs—Bha2s ¢ (m) (@_
Uz sVs = O(ksps + ps) , it suffices to prove (JU_§> e N(0,1) and J55) \7os

1) (ﬁ - 1;1—26‘5) 5o. As the proof in Section 3 of Web Appendix C, we first prove i, s/ s 51

2,

H1,6—BH2,s
Vs

Theorem provided that maxy a5, ?qs,;/(ksps +ps) = 0. Lastly, we prove (” 2 8) (ﬁ”
j Jvs) \Bs

_”128 U258\ (Hzs s )st D28 _171_26
)(ﬁ 8)_)0 by showmg (\/_> (ﬂz& 1) <\/_li28 st st rza O and '8 2,8
0,(1) asns — oo. Further, the normality of Vs Z(ﬁ&plvw — B) with the plug-in estimator Vs

d
asns — oo. Then, we prove — N(0,1) as p - o by the Lindeberg Central Limit

P P . .
of Vs follows from i, s/u, s = 1 and 5 /vs — 1 as ns — oo. We omit the details here.

Web Appendix G: Simulation with Individual-Level Data

First, we randomly generate the individual-level data for the genetic variants from
Gj~Bin(2, MAF;) where the minor allele frequencies MAF; ~ U(0.1,0.5). Then, we simulate
the individual-level data for the exposure X and the outcome Y based on the linear structural
models (1) and (6), where we consider similar settings of model parameters as in Section 4.1.
Specifically, we set § = 0.5, and U, ex and €y are generated from N (0, 2) independently. The
IV effects y; and the balanced horizontal pleiotropy a; are generated in the same ways as in
Section 4.1. We set the sample sizes of the exposure dataset ny = 100,000 and the outcome
dataset ny = 2ny. To consider the IV selection, we generate an independent dataset based on
model (1) with the sample size ny = 2ny . Lastly, we obtain the summary-level data

4 1000 1000 . 1000 o ] )
{yj'o-?j}jzl : {Yj’a’7f}j=1 and {Fj,afj}j:l by estimating the marginal effects and their
standard errors in the corresponding linear regressions, which are based on three independent
datasets for the selection, the exposure, and the outcome data respectively. The simulation
results are provided in Web Tables 6-9.
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Web Appendix H: Estimation of the Effective Sample Size

When no 1V selection is performed, we estimate the effective sample size n by

N

; 5 _ o —1YP s2 =2\ .2
where the estimated 1V strength € = p =1 (yj 9, )of,j.

>

ﬁ:

When IV selection is performed, we estimate the effective sample size ns by

ks+[Ds

s = max(1, p)’

where ps is the number of selected Vs within the set Sg, the estimated IV strength K5 =
D5 Ljess (77 — 052) 02, ,and ¢ = \/7351211 (7ot — 677072 +3) 85 ;(1 — 8s) is the

estimate of ¢, where g5 ; = ® ()7}‘/0?*], — 6) +d (—)7]?“/0;], - 5) and @(-) is the cumulative
distribution function for standard normal distribution.
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Web Tables

Web Table 1

The pIVW estimator with various penalty parameter A. The true causal effect § = 0.5 and no
horizontal pleiotropy exists (z = 0). The IV selection threshold § = /2 log p. The simulation

is based on 10,000 replicates. Bias (%): bias divided by B; SE: empirical standard error;
CP (%): coverage probability of the 95% confidence interval.

Ns A Bias SE CP
6.76 0 3.2 0.144 95.7
0.5 15 0.140 95.5

1 -0.1 0.136 95.3

1.5 -1.4 0.133 95.2

2 -2.6 0.131 95.2

2.5 -3.7 0.129 95.0

10.26 0 14 0.090 95.1
0.5 0.7 0.089 95.1

1 0.1 0.088 95.1

15 -0.6 0.088 95.0

2 -1.2 0.087 95.1

2.5 -1.8 0.086 95.1

17.84 0 0.7 0.056 94.7
0.5 0.4 0.055 94.7

1 0.1 0.055 94.7

1.5 -0.1 0.055 94.7

2 -0.4 0.055 94.7

2.5 -0.6 0.055 94.7
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Web Table 2

The pIVW estimator with various penalty parameter 1. The true causal effect f# = 0.5 and
balanced horizontal pleiotropy exists T = 0.01. No IV selection is conducted. The simulation
is based on 10,000 replicates. Bias (%): bias divided by g; SE: empirical standard error; CP
(%): coverage probability of the 95% confidence interval.

n A Bias SE CP
4.33 0 28.0 2.441 94.9
0.5 5.1 0.444 94.7

1 -2.2 0.389 94.4

15 -75 0.357 94.2

2 -11.6 0.335 93.9

2.5 -14.9 0.318 93.3

9.52 0 2.9 0.194 95.0
0.5 1.2 0.189 94.8

1 -0.3 0.185 94.8

15 -1.7 0.181 94.6

2 -3.0 0.178 94.4

2.5 -4.3 0.175 94.3

21.85 0 0.5 0.091 94.7
0.5 0.1 0.091 94.7

1 -0.1 0.090 94.7

15 -0.6 0.090 94.6

2 -0.9 0.090 94.6

2.5 -1.2 0.089 94.5
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Web Table 3

The pIVW estimator with various penalty parameter A. The true causal effect f = 0.5 and
balanced horizontal pleiotropy exists (r = 0.01). The IV selection threshold § = /2 logp. The

simulation is based on 10,000 replicates. Bias (%): bias divided by g; SE: empirical standard
error; CP (%): coverage probability of the 95% confidence interval.

Ns A Bias SE CP
6.76 0 3.9 0.198 95.1
05 2.2 0.193 95.0

1 0.7 0.189 94.9

15 -0.7 0.186 94.9

2 -1.9 0.183 94.9

25 -3.0 0.180 94.9

10.26 0 1.2 0.125 94.9
0.5 0.5 0.124 94.8

1 -0.2 0.123 94.8

15 -0.8 0.122 94.7

2 -14 0.121 94.7

2.5 -2.0 0.120 94.6

17.84 0 0.4 0.078 94.9
05 0.1 0.078 94.9

1 -0.2 0.078 94.9

15 -0.4 0.078 94.8

2 -0.7 0.077 94.8

2.5 -0.9 0.077 94.8
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Web Table 4

Comparison of the pIVW estimator (4,,; = 1) with other competing MR methods. The true
causal effect § = 0.5 and balanced horizontal pleiotropy exists (z = 0.01). No IV selection is
conducted. The simulation is based on 10,000 replicates. Bias (%): bias divided by ; SE:
empirical standard error; CP (%): coverage probability of the 95% confidence interval.

n Method Bias SE CP
4.33 VW -88.0 0.040 0.0
MR-Egger -80.1 0.065 0.0

MR-Median -81.7 0.057 0.0
MR-RAPS 331 2471 96.3
divw 28.0 2.441 96.4
plVW -2.2 0.389 94.4

9.52 Ivw -76.9 0.038 0.0
MR-Egger -63.5 0.059 0.0

MR-Median -66.0 0.056 0.0

MR-RAPS 2.9 0.195 95.7

divw 2.9 0.194 95.9
plVW -0.3 0.185 94.8

21.85 IvW -59.2 0.034 0.0
MR-Egger -42.0 0.051 1.6

MR-Median -46.8 0.050 0.2

MR-RAPS 0.5 0.093 94.9

divw 0.5 0.091 94.9

plVW -0.2 0.090 94.7
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Web Table 5

Comparison of the pIVW estimator (4,,; = 1) with other competing MR methods. The true
causal effect § = 0.5 and balanced horizontal pleiotropy exists (t = 0.01). The IV selection
threshold 6 = /2 logp. The simulation is based on 10,000 replicates. Bias (%): bias divided

by B; SE: empirical standard error; CP (%): coverage probability of the 95% confidence
interval.

Ns Method Bias SE CP
6.76 VW -6.6 0.172 90.6
MR-Egger -42.7 0.534 88.1

MR-Median -11.3 0.199 88.3

MR-RAPS 2.8 0.193 92.8

divw 3.9 0.198 95.8

plvVW 0.7 0.189 94.9

10.26 Ivw -8.1 0.111 91.0
MR-Egger -44.2 0.289 83.7

MR-Median -12.6 0.137 86.3

MR-RAPS 0.9 0.124 93.1

divw 1.2 0.125 95.1

plVW -0.2 0.123 94.8

17.84 Ivw -8.1 0.070 89.4
MR-Egger -48.8 0.183 70.8

MR-Median -12.8 0.089 82.3

MR-RAPS 0.4 0.078 93.7

divw 0.4 0.078 95.0

plVW -0.2 0.078 94.9
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Web Table 6

The simulation with individual-level data. Comparison of the pIVW estimator (4,,; = 1) with
other competing MR methods. The true causal effect 8 = 0.5. No horizontal pleiotropy exists
(r = 0). No IV selection is conducted. The simulation is based on 10,000 replicates. Bias (%):
bias divided by B; SE: empirical standard error; CP (%): coverage probability of the 95%
confidence interval.

n Method Bias SE CP
4.33 VW -87.9 0.028 0.0
MR-Egger -80.0 0.045 0.0

MR-Median -83.0 0.041 0.0

MR-RAPS 8.4 0.694 94.1

divw 18.0 2.535 95.2

plVW -1.9 0.298 94.2

9.52 Ivw -76.8 0.026 0.0
MR-Egger -63.3 0.041 0.0

MR-Median -67.5 0.040 0.0

MR-RAPS 0.9 0.118 95.2

divw 3.1 0.148 95.7

plVW -0.1 0.139 95.0

21.85 IvW -59.0 0.023 0.0
MR-Egger -41.8 0.035 0.0

MR-Median -46.6 0.035 0.0

MR-RAPS 0.1 0.058 95.2

divw 0.6 0.067 95.5

plVW -0.1 0.066 95.3
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Web Table 7

The simulation with individual-level data. Comparison of the pIVW estimator (4,,; = 1) with
other competing MR methods. The true causal effect 8 = 0.5. No horizontal pleiotropy exists
(tr = 0). The IV selection threshold § = /2 log p. The simulation is based on 10,000 replicates.

Bias (%): bias divided by S; SE: empirical standard error; CP (%): coverage probability of the
95% confidence interval.

Ns Method Bias SE CP
6.76 VW -1.4 0.120 93.7
MR-Egger -41.6 0.384 89.0

MR-Median -11.7 0.139 95.0

MR-RAPS 1.4 0.135 95.9

divw 3.1 0.142 96.1

plvVW -0.1 0.134 95.4

10.26 Ivw -8.2 0.078 91.3
MR-Egger -43.1 0.204 79.4

MR-Median -12.3 0.095 93.1

MR-RAPS 0.2 0.087 95.4

divw 0.9 0.090 95.4

plVW -0.4 0.088 95.0

17.84 Ivw -7.9 0.049 86.9
MR-Egger -48.5 0.129 51.0

MR-Median -12.3 0.061 88.7

MR-RAPS 0.5 0.054 95.4

divw 0.7 0.055 95.4

plVW 0.2 0.055 94.9
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Web Table 8

The simulation with individual-level data. Comparison of the pIVW estimator (4,,; = 1) with
other competing MR methods. The true causal effect § = 0.5 and balanced horizontal
pleiotropy exists (t = 0.01). No IV selection is conducted. The simulation is based on 10,000
replicates. Bias (%): bias divided by g; SE: empirical standard error; CP (%): coverage
probability of the 95% confidence interval.

n Method Bias SE CP
4.33 Ivw -87.8 0.040 0.0
MR-Egger -79.9 0.065 0.0

MR-Median -81.6 0.058 0.0

MR-RAPS 32.7 17.548 96.6

divw -181.3 93.937 96.7

plVW -1.7 0.392 94.4

9.52 VW -76.8 0.038 0.0
MR-Egger -63.2 0.059 0.1

MR-Median -65.5 0.056 0.0

MR-RAPS 3.6 0.194 95.8

divw 35 0.194 95.9

plvVW 0.3 0.185 94.7

21.85 Ivw -59.2 0.034 0.0
MR-Egger -42.1 0.052 14

MR-Median -46.8 0.050 0.2

MR-RAPS 0.1 0.092 95.2

divw 0.2 0.090 95.3

plVW -0.5 0.089 95.0
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Web Table 9

The simulation with individual-level data. Comparison of the pIVW estimator (4,,; = 1) with
other competing MR methods. The true causal effect § = 0.5 and balanced horizontal
pleiotropy exists (t = 0.01). The IV selection threshold § = /2 logp. The simulation is based

on 10,000 replicates. Bias (%): bias divided by £; SE: empirical standard error; CP (%):
coverage probability of the 95% confidence interval.

s Method Bias SE CcP
6.76 VW 6.8 0.172 90.7
MR-Egger 41,7 0.532 87.7
MR-Median -11.0 0.199 88.4
MR-RAPS 2.6 0.192 92.7
dIvw 3.7 0.198 95.5
pIVW 0.5 0.189 95.1
10.26 VW 8.2 0.111 90.8
MR-Egger -43.7 0.289 83.8
MR-Median -12.6 0.136 87.2
MR-RAPS 0.7 0.123 93.4
dIvVW 1.0 0.124 95.5
pIVW -0.4 0.122 95.1
17.84 VW 8.2 0.070 89.9
MR-Egger -48.7 0.181 71.0
MR-Median 12,7 0.088 82.1
MR-RAPS 0.3 0.078 94.1
dIvw 0.4 0.078 95.2
pIVW -0.1 0.077 95.0
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Web Table 10

Description of the GWAS datasets used in this paper:

Trait Dataset Source Population Sample size Trait Description
(case/control)
Selection GERA European 7,624/54,223 ICD-9: 250
: Self-reported: diabetes, type 2
Type 2 diabetes | o ocire | UK BioBank European 6,024/106,314 | diabetes
ICD-10: E11
Selection GERA European 33,024/28,823 | ICD-9: 272
Dyslipidemia Exposure UK BioBank European 16,818/95,520 ISgg-_rlegoI;t?g. high cholesterol
Selection GERA European 31,000/30,847 | ICD-9: 401, 402, 403, 404
Self-reported: essential
Hypertensive hypertension, hypertension,
disease Exposure UK BioBank European 32,689/79,649 | gestational hypertension
/preeclampsia
ICD-10: 110, 111, 112, 113
Selection GERA European 4,708/57,139 ICD-9: 415, 440, 453
Self-reported: peripheral
. vascular disease, leg
F;?;ﬂﬁ;?' _ claud!cat!on/interr_nittent
Disease Exposure UK BioBank European 1,816/110,522 claudlt_:atlon, arterial
embolism, pulmonary
embolism +/- dvt
ICD-10: 126, 170, 182
Selection Akiyama et al Asian 173,430 Body mass index
BMI Exposure (GL\JAI/(AI??OBU? dk2) European 359,983 Body mass index
COVID-19 Reported SARS-CoV-2
infection COVID19 Host European 42,55711,424,707 infection
o Genetics Initiative African, ’ Merrate or severe COVID-
Hospitalized (GWAS round 5) Admixed 11.829/1,725.210 19 (i.e., hospltall_zed dug to
COVID-19 Ameri symptoms associated with the
* merican, ; )
Outcome The datasets Middle infection)
_excluding UK Eastern. South Very severe respiratory
Critically ill BloBar_1k are qsed Asian’ and conf_lrmed covid (|.t?., reqw_red
COVID-19 to avoid possible East Asian 5,870/1,155,203 | respiratory support in hospital
sample overlap or deceased due to COVID-
19)
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Web Table 11

The numbers of 1Vs and the estimated effective sample sizes of five obesity-related exposures
(i.e., peripheral vascular disease (PVD), dyslipidemia, hypertensive disease (HD), type 2
diabetes (T2D) and BMI).

. IV selection threshold
No IV selection

Outcome EXxposure 6 =./2logp
p ] Ps fls
COVID-19 PVD 1799 2.19 60 5.63
infection Dyslipidemia 2338 36.42 143 37.57
HD 2311 26.61 165 11.28
T2D 2331 15.25 148 14.72
BMI 1902 217.33 375 37.08
Hospitalized PVD 1768 1.68 60 3.98
COVID-19  Dyslipidemia 2068 37.67 147 39.52
HD 2075 28.85 164 12.04
T2D 2091 14.17 140 14.81
BMI 1887 218.93 374 37.36
Critically ill PVD 1781 1.86 61 4.28
COVID-19  Dyslipidemia 2082 40.57 153 39.30
HD 2060 30.29 172 11.62
T2D 2042 13.48 145 14.97
BMI 1889 218.25 377 36.98

27



Web Figures

100-

Estimated causal effect
o

IVW  MR-Egger MR-Median MR-RAPS  dIVW pIVW

Web Figure 1. The box plot of the estimated causal effects of six methods. The true causal
effect § = 0.5 (shown by the horizontal line). The effective sample size n = 4.33. No
pleiotropy exists (t = 0). No IV selection is conducted. The simulation is based on 10,000
replicates. The pIVW estimator with the optimal 4,,; = 1.
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Web Figure 2. The plots (a) and (b) show the penalized likelihood function [, (uy, ;) against
Uy and u, under A = 0 and A = 1, respectively, when ji; = 0.5, i, =1, v; = 3, v, = 3 and
v1, = 0.3. The plots (c) and (d) shows L, (uy, u) against u, with u, being fixed at the MLE
estimates under A = 0 and A = 1, respectively. The vertical lines in (c) and (d) show the MLE
estimates of u, under 1 = 0 and 1 = 1, respectively.
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Web Figure 3. The plots of B,yw — Barvw against 7, under different value of 9,,/9, —
Barvw- When 1 = 1, Borvw = Bavw. When ry increases, the difference between A, yw and
Barvw increases.
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Web Figure 4. The plots of (a) absolute relative biases (%); (b) empirical standard errors; and
(c) coverage probabilities (%) of the dIVW estimator and the pIVW estimator (4,,,; = 1) against

the effective sample size ns. The dashed line shows ns = 5. The dots represent the simulation
results under different settings of parameters based on 10,000 replicates. There is no horizontal

pleiotropy (t = 0). The IV selection threshold § = /2 logp.
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Web Figure 5. The plots of (a) absolute relative biases (%); (b) empirical standard errors; and
(c) coverage probabilities (%) of the dIVW estimator and the pIVW estimator (4,,,; = 1) against
the effective sample size n. The dashed line shows n = 5. The dots represent the simulation
results under different settings of parameters based on 10,000 replicates. The balanced
horizontal pleiotropy has t = 0.01. There is no IV selection conducted.
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Web Figure 6. The plots of (a) absolute relative biases (%); (b) empirical standard errors; and
(c) coverage probabilities (%) of the dIVW estimator and the pI\VW estimator (4,,,; = 1) against

the effective sample size ns. The dashed line shows ns = 5. The dots represent the simulation
results under different settings of parameters based on 10,000 replicates. The balanced

horizontal pleiotropy has ¢ = 0.01. The IV selection threshold § = /2 logp.
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(a) Outcome: COVID-19 infection

PVD

Dyslipidemia

HD

T2D

BMI

IVW MR-Egger

0.003 (0.007) 0.003 (0.01)

0.007 (0.013)  0.010 (0.017)

0.025 (0.018)  0.032 (0.025)
-0.005 (0.01)  -0.006 (0.013)
0.095 (0.041)  0.119 (0.055)

MR-Median

0.005 (0.011)

-0.004 (0.025)

0.019 (0.031)

-0.012 (0.018)

0.038 (0.082)

(b) Outcome: hospitalized COVID-19

PVD

Dyslipidemia

HD

T2D

BMI

VW MR-Egger

0.007 (0.013)  0.022 {0.019)

-0.005 (0.025) -0.008 (0.033)

0.089 (0.033)

*

0.068 (0.047)
-5e-04 (0.019)  -0.031 (0.026)

0.382 (0.077)  0.455 (0.105)

* *

MR-Median

0.032 (0.02)

-0.013 (0.046)

0.109 (0.059)

-0.038 (0.041)

0.549 (0.141)

*

(c) Outcome: critically ill COVID-19

PVD

Dyslipidemia

HD

T2D

BMI

VW MR-Egger
0.009 (0.019)  0.014 (0.029)
-0.008 (0.036)  0.014 (0.047)
0.092 (0.049)  0.051(0.07)
-0.033 (0.028) -0.065 (0.041)
0.366 (0.115)  0.431 (0.155)

* *

MR-Median

0.030 (0.028)

-0.022 (0.066)

0.081 (0.089)

-0.042 (0.058)

0.391 (0.206)

MR-RAPS

0.097 (0.223)
0.017 (0.033)
0.083 (0.055)
-0.023 (0.042)

0.116 (0.05)

MR-RAPS
0.379 (0.55)
-0.013 (0.063)
0.241 (0.095)

-0.003 (0.085)

0.466 (0.097)

*

MR-RAPS

0.320 (0.578)
-0.020 (0.078)
0.247 (0.133)
-0.146 (0.124)

0.439 (0.141)

*

divw

0.102 (0.27)
0.018 (0.032)
0.074 (0.052)

-0.023 (0.042)

0.116 (0.05)

divw
4.413 (95.942)
-0.011 (0.059)
0.246 (0.093)

-0.002 (0.085)

0.468 (0.096)

*

divw

0.484 (1.326)
-0.017 (0.077)
0.244 (0.132)
-0.139 (0.122)

0.441 (0.14)

pIvW

0.057 (0.14)
0.018 (0.032)
0.074 (0.052)

-0.022 (0.041)

0.115 (0.05)

pIvw
0.219 (0.429)
-0.011 (0.059)
0.244 (0.093)

-0.002 (0.083)

0.468 (0.096)

*

pIvW

0.202 (0.449)
-0.017 (0.077)
0.243 (0.131)
-0.138 (0.12)

0.441 (0.14)

*P<0.05

Estimates

0.08
0.04
0.00

*P<0.05

Estimates
0.6
0.4
0.2
0.0

*P<0.05
Estimates
0.4
0.2
0.0

Web Figure 7. Estimated causal effects and standard errors (in parentheses) of five obesity-
related exposures (i.e., peripheral vascular disease (PVD), dyslipidemia, hypertensive disease
(HD), type 2 diabetes (T2D) and BMI) on (a) COVID-19 infection, (b) hospitalized COVID-
19, and (c) critically ill COVID-19. No IV selection is conducted. The pIVW estimator with
the optimal A, = 1.
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(a) Outcome: COVID-19 infection

PVD

Dyslipidemia

HD

T2D

BMI

IV

0.121 (0.034)
0.027 (0.025)
0.013 (0.037)
-0.010 (0.022)

0.109 (0.056)

MR-Egger

0.163 (0.043)

*

0.023 (0.032)
0.022 (0.051)
-0.066 (0.029)

*

0.123 (0.08)

MR-Median

0.076 (0.065)

-0.004 (0.03)

0.039 (0.054)

-0.048 (0.035)

0.036 (0.095)

(b) Outcome: hospitalized COVID-19

PVD

Dyslipidemia

HD

T2D

BMI

VW

0.233 (0.055)
-0.001 (0.038)
0.135 (0.065)
-0.026 (0.041)

0.371 (0.1)

*

MR-Egger

0.292 (0.071)

4e-04 (0.05)
0.199 (0.091)

-0.098 (0.054)

0.563 (0.14)

MR-Median

0.367 (0.098)
-0.013 (0.057)
0.132 (0.099)
-0.047 (0.066)

0.361 (0.176)

(c) Outcome: critically ill COVID-19

PVD

Dyslipidemia

HD

T2D

BMI

VW

0.228 (0.086)
0.016 (0.056)
0.108 (0.098)
0.025 (0.066)

0.292 (0.149)

MR-Egger
0.291 (0.111)
0.015 (0.073)
0.093 (0.136)

-0.072 (0.088)

0.450 (0.207)

*

MR-Median

0.381 (0.135)
-0.026 (0.076)
0.087 (0.158)
-0.036 (0.089)

0.379 (0.251)

MR-RAPS

0.278 (0.091)
0.031 (0.027)
0.017 (0.046)

-0.012 (0.028)

0.117 (0.061)

MR-RAPS

0.419 (0.217)
-0.002 (0.042)
0.161 (0.08)
-0.032 (0.052)

0.397 (0.106)

MR-RAPS

0.555 (0.265)
0.016 (0.06)
0.130 (0.122)
0.058 (0.092)

0.309 (0.158)

divw

0.297 (0.116)

0.030 (0.027)
0.016 (0.046)

-0.012 (0.029)

0.116 (0.06)

divw

0.670 (0.317)

-0.002 (0.042)
0.163 (0.079)

-0.033 (0.053)

0.397 (0.106)

*

divw
0.613 (0.308)
0.017 (0.062)
0.133 (0.111)

0.032 (0.089)

0.311 (0.159)

plvw

0.272 (0.098)
0.030 (0.027)
0.016 (0.045)

-0.012 (0.028)

0.116 (0.06)

pIvW

0.594 (0.245)
-0.002 (0.042)
0.163 (0.078)
-0.033 (0.052)

0.397 (0.106)

pIvW

0.549 (0.25)
0.017 (0.062)
0.132 (0.111)
0.031 (0.088)

0.311 (0.159)

* P<0.05

Estimates

0.2
0.1
0.0

*P<0.05

Estimates
0.6
0.4
02
0.0

*P<0.05
Estimates
06
0.4
0.2
0.0

Web Figure 8. Estimated causal effects and standard errors (in parentheses) of five obesity-
related exposures (i.e., peripheral vascular disease (PVD), dyslipidemia, hypertensive disease
(HD), type 2 diabetes (T2D) and BMI) on (a) COVID-19 infection, (b) hospitalized COVID-
19, and (c) critically ill COVID-19. The IV selection is conducted at threshold § = /2 logp.
The pIVW estimator with the optimal A,,,,, = 1.
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