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A. Mean-field model of the concentration dynamics

Note that the dynamics of gene product numbers at each cell cycle stage is the classical discrete bursty model
proposed in [1]]. It is interesting to understand the dynamics of gene product concentrations at each stage. To the
end, we make the approximation of large molecule number. Recall that the burst size distribution £ = (£,,) is given
by &, = p’i(1 — pp), where pg = B’/(B’ + 1) with B’ = BV/(t)” being the mean burst size. When the mean
burst size B’ is large, we have

—logpp = —1log(1—1/(B'+1))~1/(B'+1)=1-pp
and thus the burst size distribution is given by
€n=pp(1—pp) = "8 (1 —pp) me” TP (1 — pp),

which is approximately an exponential distribution with mean 1/(1 — pp) = (B’ + 1) = B’. As a result, the
synthesis of the gene product at stage k can be described by a compound Poisson process with exponentially
distributed interarrival times with rate pj and exponentially distributed burst sizes with mean B’. By the scaling
property of the exponential distribution, an exponentially distributed random variable with mean B’ = BV (t)? can

be viewed as an exponentially distributed random variable with mean B multiplied by V' (¢)®. Therefore, in the



large burst size limit, the stochastic gene expression dynamics at stage k can be approximated by the stochastic
differential equation (SDE) [2} 3]
n(t) = V()s,(t) — dn(t), (1)

where n(t) denotes the gene product number at time ¢ and sy (¢) denotes a compound Poisson process with arrival
rate py, and an exponentially distributed jump distribution with mean B.

Let ¢(t) = n(t)/V (t) denote the gene product concentration at time ¢. Then Eq. (I)) can be written as
V($)(t) + gV (D)e(t) = V() 3k (t) — dV (t)e(t),

where we have used the fact that V(t) = gV (t) since cell volume grows exponentially with rate g. Thus the

dynamics of gene product concentrations at stage k is governed by the SDE
&(t) = V(1) 5(t) — (d+ g)e(t) = V(1) 5(t) — denc(t),

where deir = d + g = d + log(2) f is the effective decay rate of the gene product due to active degradation and
dilution at cell division. Under the mean-field approximation, we have V (¢) & vj, and thus the concentration
dynamics at stage k can be described by the continuous bursty model

() = vp i (t) — degre(t). 2)

The remaining question is whether cell division affects the concentration dynamics. Actually, in the large
molecule number limit, the binomial partitioning of molecule number reduces to deterministic partitioning. This
is a direct consequence of the law of large numbers since a binomial random variable can be viewed as the i.i.d.
sum of Bernoulli random variables. At the moment of cell division, both the molecule number and the cell volume
undergo deterministic symmetric partitioning, and thus their ratio remains invariant. This shows that in the large
molecule number limit, cell division has no effect on concentration fluctuations.

Now we can construct a model describing concentration fluctuations across the cell cycle. At each cell cycle
stage k, the concentration dynamics is governed by Eq. (2) and the system can hop from stage & to the next with
rate gx. The stochastic dynamics of this system can be described by a hybrid Markovian model whose Kolmogorov

forward equation is given by [2, 4]

Op1(x) = degtOy (wp(x)) + p1 /0”” wi(z — y)p(y)dy — p1p(z)
+anpN(T) — 91p1(331: 3)
Ok () = deiOy (zp(x)) + pe /O wi(z — y)p(y)dy — prp()
+ qr—1pe—1(x) — @rpr(z), 2< k<N,

where py(z) is the probability density of concentration when the cell is at stage k and

_ 15_16—“(3@5*1)
By,

wy ()

is the burst size distribution at stage k. A special case occurs when the synthesis is balanced (8 = 1) and dosage
compensation is perfect (v = 1). In this case, both the burst frequency pr = p and the burst size distribution
wy(z) = (1/B)e~*/B are independent of cell cycle stage k, and thus the concentration dynamics along the whole

cell lineage is governed by
0(w) = dasd (ap(@) + p [ wla = p)pl)dy ~ pp(o), @
0

where p(z) is the probability density of concentration. This is exactly the classical continuous bursty model

proposed by Friedman et al. [5].



In summary, in the large burst size limit, the concentration dynamics of our model reduces to the classical
continuous gene expression model when 5 = k = 1. In this case, the steady-state distribution of concentration can
be derived from Eq. (@) and is given by [5]

1
BT (p) der)

which is a gamma distribution. In this case, the concentration mean pB/d.y and variance pB2 /deg are both

p(x) ;Cp/de“_le_w/B,

independent of cell cycle stage and thus are both independent of cell volume.

B. Perfect concentration homeostasis

Concentration homeostasis is perfect when the mean concentration at each cell cycle stage is a constant. We
have proved in Note 1 that when 8 = k = 1, the mean and variance of concentration fluctuations are the same
across the cell cycle provided the number of gene product molecules is large. Here we will prove that perfect
homeostasis is achieved when 8 = k = 1, even when the number of gene product molecules is small.

Before studying perfect homeostasis, we note that the cell cycle duration 7" for the mean-field model is the
independent sum of IV exponentially distributed random variables with rates q1, - - - , gn, respectively. Practically,
this distribution is well approximated by an Erlang distribution [6]]. The mean and variance of the cell cycle duration
can be easily computed as

1 1 1 1
<T>:i_|_..._|_77 U%:7+...+7_
5l qan a1 N
If we use an Erlang distribution with shape parameter N and rate @ to approximate this distribution, then N and a
should satisfy ~ ~
N N
S
a < >v a2 or
Thus the two parameters can be determined as
_ T)?2 _
O LR B
o o
T T

Note that for the timer strategy, i.e. ag,®; — 0, the transition rate between stages is a constant and thus the
cell cycle duration is exactly Erlang distributed. The above discussion suggests that the mean-field model for an
arbitrary size control strategy can be well approximated by a mean-field model for the timer strategy with IV cell
cycle stages and transition rate @ = NN f between stages. The parameter NN for the effective timer model can
then be determined as Ny = wN, where w = log,(vn,+1/v1) is the proportion of cell cycle before replication.
Therefore, in order to investigate an arbitrary size control strategy, we only need to investigate the timer strategy
first and then replace the parameters N and NN in the effective timer model by N and Ny, respectively.

We next examine perfect concentration homeostasis for the timer strategy. In this case, the transition rate
between stages is a constant and we denote it by @ = N f. Since both Wg and W7, are circular matrices, their
eigenvalues can be computed explicitly. The eigenvalues of Wy are given by

A =—-a+aw,, 1<k<N, ®))
and the eigenvalues of 1//1; are given by

Avar = —d—a+2""Naw,, 1<k<N, (6)

p2(k—1)mi/N

where wy, = are all the N'th roots of unity. Since Wy is a normal matrix, it is easy to check that there

exists a complex orthogonal matrix

1 1 1
1 w w w
R— 1 2 N 7
vV N
w{vfl wévfl wl\fl



such that Wy is diagonalized, i.e.

WOO = RDO()RI, (7)
where Doy = diag(A1, -+, Ax) and R’ denotes the conjugate transpose of R. Similarly, W3, can be diagonalized
as

Wiy = MRDyR'M™Y, (8)
where D11 = diag(An+1, -+, Aan) and M is the diagonal matrix given by

M = diag(1,27 YN ... 2= (N=1/N)y,
It is clear that the matrices V and M are related by
V=vM" ©)

Let 15 be the unnormalized /th moment of gene product concentrations at stage k and let p; = (pu) be the

row vector whose components are the /th moments of concentrations at all stages. It is easy to see that

p=m Vol g = (my 4+ ma)V 2,

where V' = diag(vy,--- ,vn) is the diagonal matrix whose diagonal entries are the typical cell volumes at all

stages. For the timer strategy, the vector m can be computed explicitly as

1
mo = 1. (10)

Combining Egs. (8), (9), and (I0), the vector ;1 can be rewritten as
1 _
M1 = —monWﬁlV_l = —TH/W01MRDI11RI.
U1

This can be written in components as

i WOlej lekl o i WOlM 77 lekl

B —2-1/Ngw,’

Hik = )\N+l

J,l:1 3,1:1

where A;; denotes the (j, [)-th entry of the matrix A. It is easy to check that
Woi = ST = pBvdiag(1, - -+ ,28Wo=D/N 1o9fNo/N . oB(N=1)/NYy,

When 8 = k = 1, we have Wy = pBvi M ! and thus Wy, M = pBuv; I is a constant multiple of the identity

matrix. This clearly shows that
N —
pB R Ry
== ) 11
=N Z d+a—2"YNaw, (b

)

‘We next make a crucial observation that

N 1 N ]
ZR]‘[ = 72&)[]_1 = \/N(Sll.
j=1 VNj:l

Inserting this equation into Eq. (TT)) yields

_ B Ry _ pB
Haw VNd+a—2"YNaw, N(d+a—2"'Na)

Note that when N > 1, we have

d+a—2""Na=d+ (1 —e 2@Q/NNf ~d+ (log2)f = deg.
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Therefore, the unnormalized mean concentration p, at stage k is given by

_ _PB
ik = Ndog'

and the normalized mean concentration i1, at stage k is given by

_ ke _ pB
k= = )
mok  deff

which is independent of stage k. As a result, we have proved that perfect concentration homeostasis is achieved
when 8 =k = 1.

C. Derivation of the power spectrum expressions for the mean-field model

C.1 Power spectrum of gene product number

Let r(t) denote the cell cycle stage and let n(t) denote the gene product number in a single cell at time ¢. To

proceed, let
mok(t) = Y prn = P(r(t) = k),
n=0

(o)
mag(t) = Y nprn = En(t) @)=t}

n=0
oo

mak(t) = D n(n — Dprn = En(t)(n(t) — DI @)=,

n=0

be the zeroth, first, and second factorial moments of gene product numbers at stage k, where 14 denotes the
indicator function of the set A. For convenience, let my(t) = (mg.(t)) be the row vector whose components are
the kth factorial moments at all stages. It then follows from Eq. (6) in the main text that mq(t), m1 (t), and ma(t)

satisfy the following differential equations:
1o (t) = mo(t)Woo,
1 (t) = ma(t)Wir + mo(t) Wor, (12)
mg(t) = mQ(t)WQQ -+ ml(t)ng + mo(t)WOQ.

Since Eq. (12) is a set of linear differential equations, its time-dependent solution is given by
t
my(t) = my(0)eV1t —|—/ mo(0)e"V s Wy eV (t=9) s, (13)
0

Given the initial cell cycle stage r(0) = k and initial gene product number n(0) = n, it follows that

t

En(t) =m1(t)1 = nepeV11t1 +/ ere Vs TWy W11 (t=9) 14,

0

where ej, denotes the row vector whose kth component is 1 and all other components are 0. This clearly shows that

ot
E[n(t)[r(0), n(0)] = n(0)e, )" '1 + / eroye" 0 WoreW11 (=9 1ds.
0



From now on, we assume that the system has reached the steady state. Then we have
En(0)n(t)
= > En(0)I 0=y Eln(t)|r(0), n(0)]
k

t
= > _En(0)(r0)-1) [n(o)er(o)ew“tll +/ er0ye VO Wy eV11 (=9 1ds
k 0
t
= D En(0)* Ijoy—wyere” ™1+ / En(0) Ip(0)=ry exeV o0 Wor V11 =9 1ds
k 0

t
= Z(mlk + may)exeV 1 +/ migere V00 Wy V11 (=) 1ds
- 0

t
=(m1 + mg)ewnt]l +/ mleW"”SWmeW“(t*S)]lds,
0

where m; = —moSTWﬂ1 and my = —2(m1 ST + moSTQ)I/VQ_Q1 are the steady-state values of the first and
second moments. Since the autocorrelation function is defined as R, (t) = En(0)n(t) — En(0)En(t), we finally

obtain an explicit expression of the autocorrelation function, which is given by

t
R, (t) = (mq 4+ may)eV1t1 —|—/ meVoosWo W11 (=9 1ds — (my1)2.
0

C.2 Power spectrum of gene product concentration

Let ¢(t) denote the gene product concentration in a single cell at time ¢. To proceed, let

pak(t) = Ee(t) I1ry=ky = mak(t)/ve,
piok () = Ec(t)* Iipy=ky = (man(t) + max(t)) /07,

be the first and second moments of concentration at stage k. For convenience, let puy (t) = (i (t)) denote the row

vector whose components are the kth moments of concentration at all stages. It is easy to see that
pa(t) =maOVT pa(t) = [ma(t) +ma(H)]V 2
It then follows from Eq. that
t
1 (t) = my(0)eV 1ty 1 +/ mo(0)e"Voos Wy eV (t=s) =15,

0

Given the initial cell cycle stage r(0) = k and initial gene product number n(0) = n, it follows that
t
Ee(t) = i (t)1 = negeVty T 4+ / epe Voo Wi t=s)yy—1145.
0

This clearly shows that

t
E[c(t)|r(0),n(0)] = n(O)eT(O)eW“tV7111 +/ er(o)eWOOSWmerl(tfs)Vfl]lds.
0



From now on, we assume that the system has reached the steady state. Then we have
Ec(0)c(t)
= D Ee(0)(1(0) =i Ele(t)|r(0), n(0)]
k

t
= ZEC(O)]{T(O):k} |:n(0)€r(0)€wutv_1]l—‘r/ er(o)eWOUSWmerl(t_s)V_l]ldS
k 0
t
= ZEC I{r(O k}vkekeW“tV 1]1+/ EC(O)I{T(O):k}ekBWOOSWm6W11(t_S)V_l]ldS
0
t
- ZHQk’U}gBkCWHtvil]].—F‘/ ulkekGWOOSWmeWu(tis)vil]].dS
0

t
= ,LLQV@WHtvil]]. +/ uleWOUSWmeW“(t*S)Vfl]lds
0

t
= (my 4+ mg)V Wty -1y +/ my V- leWoos i, Wi (t=s) =114,
0

where m; = —moSTW;;" and my = —2(my ST + moST?)W,,' are the steady-state values of the first and
second moments. Since the autocorrelation function is defined as R.(t) = Ec(0)c(t) — Ec(0)Ec(t), we finally
obtain the explicit expression of the autocorrelation function, which is given by

t
R(t) = (my +mg)VteWuty =11 4 / my V= teWoos Wy eV =y —11ds — (my V11)2 (14)
0

Here the autocorrelation function is expressed in matrix form. A more explicit expression can be obtained by

Wit gpd ¢Woos

expanding the matrix exponentials e in terms of their eigenvalues and eigenvectors. For simplicity,
we next focus on the timer strategy. The results for other control strategies can be obtained from the results for the
timer strategies by substituting the parameters N and N, for the effective parameters N and N, respectively (see
Sec. [B] for details). With these notation in Sec. [B] the autocorrelation function given in Eq. (T4) can be rewritten as
1 2, Diit pf ! Doos p/ Dy (t—s) p/ 2
Re(t) = — [(m1 +ma)M*Re" " " R'1 + miMRe”°° R'Wo1 M Re” "' "= R'1ds — (m1M1)
U1 0
This suggests that the autocorrelation function (power spectrum) is actually the linear combination of 2N — 1

exponential (Lorentzian) functions:

2N 2N 9\
=3 ue™, Gl&) =) oo e
k=2 k=2 A+ A
where A1, - -+, Ao are all the eigenvalues of W and W71, all the coefficients uy associated with the eigenvalues

of Wy are given by

1 XN: [m1 M R),[R' Wy MR];[R'1);

[ 5 2<k<N,
1

)

v = )\k — >\N+j

and all the coefficients u, associated with the eigenvalues of 17, are given by

1
UNIE = U—Q[(ml + mg)M2R]
1

/
122 [m1 M R]; RWOlMR]jk[R 1k C1<k<N.
1 =1
j=

Aj — AN+k

Here [m];; denotes the kth entry of the vector m and Ay, denotes the (k, j)-th entry of the matrix A. In fact, the
coefficients ug can be computed more explicitly. To see this, note that

/ 1 al 1 al —7—1
j=1

J:1



Thus all the coefficients uy, associated with the eigenvalues of Wy can be simplified as

N [mi MR [R"'Wo1 MR
e — \/;[m1 |1 [R'Wor ]kl’ | <k<N, (15)
(% )\k — )\N+1
and all the coefficients u;, associated with the eigenvalues of W71 can be simplified as
'I.I,N+k:0, 2§/€§N,
VN [m1MR];[R'Wo, MR (16)
Un41 = U2 [(ml +,,7,12>A]\42 Z 1 01 }
1

Aj — AN41

This suggests that the autocorrelation function (power spectrum) is actually the linear combination of only N
exponential (Lorentzian) functions:

N+1 N+1

(t) — Z uke)\kt7 Gc(ﬁ) _ Z 72”/&’)\]6
k=2 k

L e N

Since my =

—moSTW7,', it follows from Eqs. (8) and (T0) that

1
miMR = —m¢Wy W ;' MR = —NIL’WMMRDﬁl.

It is easy to check that

Wor = 8T = pBUlﬂdiag(l, oo 2BWNo=1)/N 9B No/N . 9B(N=1)/Ny

This shows that

N N
1 i—1
[m1 M R] ZWOlMU R;i[Diy ]kkz—mZ[WolM]jjwijc
_ vaf 225 DO-D/Nyi=1 4 Z 9(B-1 Jl)/Nﬂl
N32(d+a—2 Nawy) B
0
pBvf -NU (B=1)/N, yi-1 (B=1)/N ,, yi-1
_ - - - i-
= N a5 N am) Z(? wi) +/€,Z (2 wg)
| j=1 J=No+1
B vafAk
T ON32(d+a—2"Nawy)’
where
No
Ay = Z( 2B=D/N V=1 4 i Z (20B=1/N )71
j=1 j=No+1

11— £205=1) 4 (k — 1)208=Dw,No
o 1 —2B-1)/Ny, ’

with w = Ny /N being the proportion of cell cycle before replication. Moreover, we have

N
BuP A
[R'Wor MBli = Y[R} [Wor M];5[Rl1 = + Zwk [WorM];; = F==E.
j=1

It then follows from Eq. (T3)) that

pPB2Y 2 A2

= 1<k<N.
“ N2(d+a—2"YNaw)(d + awy, —2=Y/Na)” =~ = —

8



In addition, it is easy to see that

N
1
mi+m M2 (mq + ma) M?;Ri;1 = ——(mq + ma)M?1.
[( 1 2 ; 1 2 ]J g1 \/N( 1 2)

It thus follows from Eq. (T6) that

N N
1
UN41 = E(ml +m2)M2]]_ _ Zuk = <C(t)>2 _ Zuk.
k=1

To proceed, note that the concentration mean can be computed explicitly as

1 1
(c(t)) =m V1 = ~Nor VW W' M1 = fN—]l "Wor MRD{'R'1

1 i [Wo1M];; Ry [R' 1]
N’Ul

Jk=1 AN+k

1 N

= Wo1 M,
Nvl(d—I—a—Q*l/Na) JZ[ 01 ]JJ

i=1

B—1
pBvy A B
N(d+a—2-1Ng) v

Thus we obtain
N N
uni1 = (e()® = (c()® =Y uk =07 = > ux,
k=2 k=2

where o2 is the steady-state variance of gene product concentration.
In summary, we have proved that the autocorrelation function (power spectrum) is the weighted sum of N

exponential (Lorentzian) functions:

ol al 2upA
_ Art _ LU AE
=D uke™, Ge(@) =) 5y an
k=1 k=1 AT+ AL
where the exponents Ay are given by
/\k:—a(l—wk), 1§k§N—1,
Av=-d—a+2"Ng=—d-— a(l — e‘log(Q)/N) ~ —d—log(2)f = —des,

2kmi/N

with wg, = e being all Nth roots of unity, and the coefficients uy, are given by

pPB2 2 A2
N2(d+a—2"YNawy)(d + aw, —2~1/Na)’

N-1

_ 2 2 :
uN—ac— Uk,

k=1

with o2 being the steady-state variance of concentration and with Ay, being defined as

U, = 1<k<N-1,

1— k20D 4 (5 — 1)208-Dw,No
1—206-D/Ny,

(18)

k=

In the special case of perfect homeostasis (5 = x = 1), we have Ay, = up, = 0foreach1 <k < N — 1 and

thus the autocorrelation function (power spectrum) reduces to the following exponential (Lorentzian) function:

—202 degy

Rc(t) =o.€ ) Gc(g) 471_2&2 T d:“ .



In this case, both the autocorrelation function and power spectrum are monotonic decreasing functions and thus no
concentration oscillations can be observed.

If homeostasis is not perfect, the power spectrum for concentration can either be monotonically decreasing or
have an off-zero peak. When NV > 1, the position of the off-zero peak is equal to the cell cycle frequency f, the
width of the off-zero peak is given by D = 27 f /N. The absolute height of the zero peak is given by

Uk

Hyero = G(0) = =2 N

-

Moreover, the absolute height of the off-zero peak is given by

—211,1/\1 —2u1/\1 — 4 u1/\1
4r2f2 4+ 22 4Am2f2 4 N2 472 f2 + )2

Hoﬂ“fzero =

where Re(z) denotes the real part of z. Since we have normalized the power spectrum so that G.(0) = 1, the

height of the off-zero peak is then the ratio of the absolute heights of the off-zero and zero peaks, which is given by

H,ero _ 2Re(u1)\1/(47r2f2 + /\%))

H =
Hofi—zero Zg:l Uk/Ak

19)

Note that the height H is proportional to u;, which is proportional to |A;|2. It follows from Eq. (T8) that |A;|? is

proportional to
Cr(w, k, B) = |1 — k2D 4 (5 — 1)20-DwNo 2 — |1 — 28— (5 — 1)2F-Dwe2mwij2,
Therefore, the height H is also proportional to C (w, &, ) and thus vanishes if Cy (w, x, 3) = 0.

C.3 Height of the off-zero peak for unstable gene products

Here we focus on the power spectrum for unstable gene products. Without loss of generality, we assume that
at least one of § and « is not equal to 1. For unstable gene products, we have d >> a and thus |Ay 41| > |A\g| for

2 < k < N. Thus the power spectrum of gene product concentrations is approximately given by

i —2u;€)\k

G.(§) = ]; m7

2kmi/N

where A\, = —a + awy, withwy, = e and

232 26 2|Ak|2

Up = 3

a277

Note that the power spectrum can be rewritten as

G = B NZ Sl )
el 2 4262 + a2(1 — wy)?’

When N > 1, the power spectrum has the following approximation:

2BQ 2,8 2 [N/2]
Go(§) ~ Z |AkPGi(€

where
1— Wik 1- Wi

17 4 a2(1—wp)? | €t (1 — )2

Gr(§) =

10



Straightforward computations show that

sin? 0, (7262 + a? sin? 0y,
(262 — a2sin® ;)2 + 472€2a2 sin 6,

Gr(§) =

where 6, = kr/N. In fact, the function G, (&) characterizes the kth off-zero peak. It is easy to check that the
position of the kth off-zero peak is given by

&= gsin@k\/ZCosGk —1.
T

When N > 1, we have sin 0, ~ 0, and cos 6, ~ 1 and thus the position of the kth off-zero peak is approximately
given by

=D x iy,
s

and the function G (&) can be further simplified as

k(€2 + k2 f2
GO ~ N - k(2f2)2 + 4k)4w2f2£2'

(20)

In addition, we have

11— k20070 4+ (5 — 1)20- Vw02 Oy (w, k, B)
|1 —208-1/Ngy |2 T 1 —208-1/Ny, 2

| Akl =
where
Cr(w, K, B) = 22P=Vw (5 — 1) 4 (1 — x2871)2 4 200-Dwtl(  1)(1 — k2°71) cos(2kmw)
is a function of w, k, and 5. Moreover, note that

11— 2(5,1)/1\[&%‘2 =(1- Q(ﬂfl)/N)2 +2(B-1/N+2¢ip02 9,

AR + (log 2)*(8 — 1)?
~ e :

Thus we have

A |2 ~ Cy(w, K, B)N?
MU k2 (log2)2(B— 1)2

Thus when N >> 1, the power spectrum for unstable gene products can be simplified as

N 2p2B2vfﬁ72N = Cr(w, K, B)
Gl ™ = 2 T (g 2(p— )

where G, (€) is given in Eq. (20). Note that the maximum of G, (€) is approximately given by

2 1

~ 4kS72 f4 - 2k2m2f2°

Gr(kf)
Thus the absolute height of the off-zero peak is given by

2p2B2fufﬁ72N o C1(w, &, B) N 1
e 17+ (log22(B — 172~ 2727

H off-zero ~

Moreover, the absolute height of the zero peak is given by

2p232vf5_2N i Cr(w, Kk, B) G (0)

fn? Eakir? 4 (log2)2(B - 1)1
WEEON 1S Gl
B fn? Nz f2 4k?7? + (log 2)(8 — 1)2

HZBI‘O ~

k=1

11



Since we have normalized the power spectrum so that G.(0) = 1, the height of the off-zero peak is then the ratio of

the absolute heights of the off-zero and zero peaks, which is given by

Hoff—zero ~ 01 (w, K, 6>N2

~ 0o Cr(w,k,
Hzero 271'2(47'1'2 + (IOg Q)Z(ﬁ — 1)2) Zk:l 4k27r2+)z1(0g2)g()ﬁ—1)2

H =

Since (log 2)?(3 — 1)? < 472, the height of the off-zero peak can be simplified as

~ Cl(wvl{7ﬂ)N2
T on2C(w, k, B)’

where
- Ck (’LU, K, B)
C(w,k,B) = Z 2z
k=1
Therefore, the height H is also proportional to N2. We emphasize that while this conclusion is derived for unstable

gene products, it also holds for all gene products, according to our simulations.

D. Technical details for Fig 4

In (a)-(c), the model parameters are chosen as B = 0.5,a9 = a3 = 1,d = nf. The parameters p and a are
chosen so that (n) = 200 and (V') = 4. The remaining parameters are chosen as N = 50, Ny = 21,5 = k =
1,7 = 0.5for (a), N =50, Ng = 21,8 =0,k = /2,7 = 0.5for (b),and N = 80, Ny =60, =1,k =2,n =5
for (c).

In (d)-(f), the model parameters are chosen as N = 50, B =1, a9 = a3 = 1,d = nf. The parameters p and
a are chosen so that (n) = 100 and (V) = 1. The remaining parameters are chosen as Ny = 21,7 = 1 for (a),
Ny =21,k = 2 for (b) and 8 = 0,7 = 1 for (c). While we have assumed the adder strategy in the simulations,
similar results also hold for other control strategies.

In (a)-(f), the growth rate g is determined so that f = 0.1.

E. Technical details for Fig 5

In (e), the model parameters are chosenas N = 50, Ny =23, p=17,B=1,=1,k=2,d=0.1,np = 1.
The parameter a is chosen so that (V') = 1. The strengths o and o of size control are chosen as ag = o = 1 for
the upper panel (adder), ag = 0.5, a3 = 2 for the middle panel (timer-sizer), and ag = 2, 1 = 0.5 for the lower
panel (sizer-timer). The growth rate g is determined so that f = 0.1.

F. Technical details for Fig 6

In (a)-(c), the model parameters are chosen as N = 50, B = 1,k = 2, a9 = a3 = 1,d = nf. The parameters
p and a are chosen so that (n) = 100 and (V') = 1. The remaining parameters are chosen as No = 25,5 = 0,7 =0
for (a), Ng = 10,8 = 0, = 3 for (b), and Ny = 16,8 = 1, = 10 for (c).

In (d), the model parameters are chosenas N =30, Ng = 11,p=66,B=1,=1,k =2,d = 1,7 = 10.
The parameter a is chosen so that (V) = 1. The strengths a and o of size control are chosen as ag = oy = 1 for
the blue curve, oy = 0.5, a1 = 2 for the red curve, and og = 2, a3 = 0.5 for the green curve.

In (e),(f), the model parameters are chosen as N = 30, Ng = 18, ag = a3 = 1,d = nf. The parameters p
and a are chosen so that (n) = 100 and (V') = 1. The remaining parameters are chosen as B = 0.2, = 10 for (e)
and 5 =1, k = 2 for (f).

In (a)-(f), the growth rate g is determined so that f = 0.1.
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G. Parameter inference using synthetic data

Our model is complex due to the coupling between gene expression dynamics, cell volume dynamics, and cell
cycle events. A natural question is whether all the parameters involved in the model can be inferred accurately.
In fact, parameter inference for similar models has been made in our previous papers — the parameters related
to cell volume dynamics have been inferred in E. coli [6] and fission yeast [7] using the method of distribution
matching, and the parameters related to gene expression dynamics have be estimated in E. coli [8] using the method
of power spectrum matching. Suppose that the time course data of cell size and gene expression (mRNA or protein
abundance) can be measured along a cell lineage. Next we briefly introduce the parameter inference method for our
model and validate it using synthetic data.

1) Estimation of g. Note that the cell volume at birth V}, the cell volume at division Vy, and the cell cycle
duration 7T in each generation can be easily extracted from the lineage data. Since the growth of cell volume
is exponential, g = (log(Vy/V},)/T) gives an estimate of the growth rate, where the angled brackets denote the
average over generations.

2) Estimation of ag and a;. Suppose that the cell volume at replication V;. can also be measured, e.g.
fluorescent probes were used in [9]] to label individual nuclei in the G; phase red and those in the G3-S-M phase
green. In Methods, we prove that when the variability in cell size is small, the volumes at birth, replication, and
division are linearly related by V. — 21 =20V}, = ¢; and Vy — 2= )=y — ¢; where w = (log,(V;,./V})) is
the fraction of cell cycle before replication, €q is a noise term independent of V}, and €, is a noise term independent
of both V;, and V.. Then the slope of the regression line of V. on V}, gives an estimate of 2(1=@0)w from which ag
can be determined. Similarly, the slope of the regression line of V on V,. gives an estimate of 201~ (1=w) from
which o can be determined.

If V,. cannot be obtained directly from lineage measurements, then we can use step 6) below to estimate w
from which the volume at replication can be estimated as V,, = 2V},

3) Estimation of Vo and V. Recall that the generalized added volumes Ay = V%0 — Vbo' “and Ay = Vda1 -V
have Erlang distributions with shape parameters Ny and Ny = N — N, respectively. Once «g and a1 have been
estimated, Ny and N; can be inferred as the inverse CV squared of Ay and A1, respectively.

4) Estimation of a. The last parameter related to cell volume dynamics is the proportionality constant a for the
transition rate between cell cycle stages. This parameter can be determined by an optimal fit of the experimental to
the theoretical/simulated doubling time distribution using the least squares criterion. Specifically, we can infer a by
solving the following optimization problem:

L
mainz Ip(ai) — pla:)|” 21
i=1

where p(x) is the theoretical/simulated doubling time distribution, () is the sample doubling time distribution
obtained from experiments, x; are some reference points, and L is the number of bins chosen.

5) Estimation of d and 3. The degradation rate d can be determined by measuring the half-life of the gene
product [10]. For stable proteins, we may simply take d = 0 [8,[11]]. The degree 3 of balanced biosynthesis can be
determined by a priori knowledge. If the mRNA number in a population of cells scales linearly with cell volume,
we can take 8 = 1. If the mRNA number in G; (before replication) or Gy (after replication) phase does not scale
with cell volume, we can take 8 = 0 [10].

6) Estimation of pB and . Since the burst frequency increases from p to «p upon replication, we can fit the

gene expression data within each cell cycle by the solution of the following mean-field differential equation:

BV (t)? —dn(t), if0<t<wT,
gﬁ(t): pBV ()" — di(t) <t<w 22)
dt kpBV () — di(t), ifwT <t<T,
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where ¢ is the cell age. By fitting the time course data n(t) to the approximation 7:(¢), we obtained the least squares
estimates of pB and x by minimizing the (squared) distance Zfi 81 [n(t) — A(t)]? between the two, where M is
the number of time points measured within a cell cycle.

If the proportion w of cell cycle before replication cannot be obtained in step 2), then we can estimate p3, w,
and x simultaneously by minimizing Zt]\i 51 [n(t) — 7(t)]?, from which w can be determined.

7) Estimation of p and B. Note that pB has been estimated in 6). Finally, we can estimate p and B separately
by an optimal fit of the experimental to the theoretical/simulated copy number distribution of the gene product
using the least squares criterion.

To verify the effectiveness of our method, we use our model to generating synthetic lineage data of cell volume
and gene expression. We then perform parameter inference by fitting the noisy data to our model. The parameters
input to the synthetic data and the parameters estimated using the above method are given in Table A, where
three sets of input parameters are chosen to cover different biosynthesis patterns (balanced and non-balanced),
different degrees of burstiness (small, intermediate, large), different size control strategies (adder, timer-sizer, and
sizer-timer), different gene product stability (stable, intermediate, and unstable), and different degrees of dosage
compensation (perfect, intermediate, and no). It can be seen that fitting the lineage data to the model leads to
accurate estimation of all model parameters. Note that here d and 3 are determined by a priori knowledge or
additional experiments and do not need to be estimated.

first set of model parameters

g p B K B d
input parameters 1 500 0.2 1 1 0
inferred parameters | 1.00 4+ 0.001 | 490.56 +43.02 | 0.22+0.03 | 0.97 £+ 0.08 1 0
N No o7} (e %1 a w

input parameters 20 10 2 0.5 840 0.54

inferred parameters | 20.08 & 1.59 10.16 £1.19 2.08+£0.44 | 0.54£0.11 | 826.69 £168.07 | 0.54 +£0.01

second set of model parameters

g p B K B d
input parameters 1 150 1 1.5 1 1
inferred parameters | 1.00 £ 0.001 | 153.72 +£12.95 | 1.07£0.13 | 1.56 £0.13 1 1
N No ap a a w

input parameters 40 16 1 1 60 0.48

inferred parameters | 39.78 + 3.41 16.10 £ 1.73 1.00£0.17 | 1.03 £0.12 65.22 £ 12.62 0.48 £0.01

third set of model parameters

g p B K B d
input parameters 1 80 5 2 0 5
inferred parameters | 1.00 £ 0.001 83.96 £ 7.17 4.924+0.38 | 1.94+£0.21 0 5
N No o [e51 a w

input parameters 60 18 0.5 2 10 0.45

inferred parameters | 60.63 + 4.83 17.65 £2.12 0.53£0.09 | 1.99£0.21 10.54 £ 2.15 0.46 £ 0.01

Table A. Parameter inference using synthetic data. The lineage data of cell volume and gene expression are generated from
the model. For each set of model parameters, we generate synthetic data simulating 50 cell lineages, each composed of 200
generations. The frequency of sampling is chosen so that on average, 50 points are measured for each lineage, on par with recent
mother machine experiments [[11]. The value in each cell shows the mean and standard deviation of the estimated parameter
computed over 50 cell lineages.
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