Proof of Proposition 1.

Proposition 1. If DY is the DFE state of the SEIHR model (2), then D° is locally asymptotically
stable if Ry = p(G) < 1, but unstable if Ry > 1.

Proof. The proof of this proposition proceeds similarly to the derivation of the basic reproduction
number of the SEIR model of the study [44]. Since X = (S, E,I, Hy, Hy, H3, R1, Ra, R3) = D°, we
can assume that the susceptible group S is almost similar to the total population N, i.e., S = N
Therefore we can obtain the linear equations for E(t) and I(t):

E'(t) = BI(t) — o E(t)
I'(t) = o E(t) — pl(t). (1)

In order to easily handle the derivative term, we use the Laplace transforms of F(t) and I(¢):

/ E(t)e Mdt
I()\)—/O I(t)e Mdt (2)

with Re(A) > 0. Now, we apply the Laplace transforms on both sides of (1), then

/ E'(t)e Mdt
= [B(t)e ], + A/ E(t)e Mdt
= —E(0) + AE(\) = BI(\) — 0 E()), (3)
and similarly, we can calculate the Laplace transform of I’ (t):
L(I'(t) = —1(0) + M[(A) = 0 E(X) — I (N). (4)

where E(0) and I(0) are the initial conditions for E(t) and I(t), respectively. By the equations (3)
and (4), we obtain a linear system,

(_00_ ' jﬁ A) (l;((i\)) ) B (]JE((S))> : (5)

The eigenvalues A are the determinant of the matrix,

—0— A I} _
‘ o —u— )\‘ =0 (6)
It implies that

Mt (c+mA+o(p—B)=0
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Since o, 3 > 0,then (¢ — p)? + 403 has always positive sign, that is, the eigenvalues are real.

(7)

1. If Ry = 8/p < 1, then both AL < 0 and A_ < 0. Therefore the solution decays exponentially.
2. If Ry = B/p > 1, then AL > 0 and A_ < 0. So the solution grows exponentially.
3. If Ro=08/pn=1, then Ay =0 and A_ = —(o + ). The solution remains constant.



