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These supplementary materials include the detailed algorithm, theoretical
details of the proposed method, and additional figures. In Section A, we
develop the proposed algorithm. In Sections B and C, we include theoretical
details of the statistical consistency of the proposed clustering method and
convergence of the algorithm, respectively. In Section D, additional lemmas
with proofs are included. In Sections E and F, we include brief discussion
of time complexity of the algorithm and evaluation metrics used in the main
paper, respectively. Detailed data processing steps and additional figures are
provided in Sections G and H, respectively. Application to stomach cancer

is illustrated in Section I.

A Algorithm

Let F({Pn},{cm}, {wm}) be the objective function of (4) in the main paper.
Although F'(+) is not a jointly convex function, it is convex for one parameter
when the other variables are fixed. Hence we iteratively solve (4) as follows:

at the (i + 1)th iterate of each update,

{Cm}i—H = argmin F({Pm}i7 {Cm}> {wml}i) (Sl)
{wmtinn = al{fgmin F({Pn}i, {embivr, {wm}) (52)
{Pn}iy1 = ar{%;Dm}in F{Pn}, {cmbivt, {wmi}iv1) (S3)

until convergence. Note that (S1)-(S3) are convex optimizations.



A.1 Update {¢,}i1

Step 1: Update {c;,}it1
Form=1,--- M, let

ew:exp( (=e| PO + (S >P(%>—A||P75?||1)).
p

Then, we update {c,, };+1 by

4 MA(WZ'LH)
C%H):ﬁ forall m=1,---, M, (S4)
mCm

which is the minimizer of (S1).

A.2 Update {wy;}in1

Step 2: Update {wyq}isi

For fixed m € {1,--- ,M} and [ € {1,--- ,(},
exp (S (G, P1Y))

S exp (4 (Gp PY))

which is the minimizer of (S2).

(H—l)
ml

A.3 Update {P,};;1 via ADMM

Step 3: Update {P,,}i+1 via ADMM
Note that solving (S3) is equivalent to solving

min GZ e N Pl — Z s +AZ NPl + 1) 1P = By

{Pm}
m#j
s.t. tr( P,=C, 0=<P, =<1 (SH)



We solve (S5) using the general idea of ADMM. Consider the following equiv-

alent formulation:

(i4+1) P H—l z+1 /\ (i4+1) P P
min GZC N1Pull3 — ZC )+ ZC NPl + 1) |

m#j
s.t. Qm = (Qm) Ca 0= Qm =<1

By the augmented Lagrangian method, we solve

: (i+1) 2 (i+1) / Q(i+1) (i+1)
min P, Sy Pr) + A con N P
Y P B LA BE )+ APl
N
+ MZ“P Q]||2+Z ms m_Qm>+§ZHPm_QmH2
m#£j m
s.t. tr(Qm) =C, 0<XQ,, <1, (S6)

where the dual variables I',,’s are the Lagrangian multipliers and n > 0
is the penalty parameter. We iteratively update P,,, @,,, and I',,. Since
the optimization (S6) is convex, this ADMM guarantees convergences of the
iterates.

Let H{Pu}, {Qm}, {Tm} | {cm}ir1, {wmi}ir1) be the objective function
n (S6). At the (¢ + 1)th iterate of the ADMM, we solve for the minimizer

iteratively using the following steps until it converges:

A.3.1 Update {P,}!'!

Update {P,,}'*t = {P{*', ... [ P} by

{Pn}h = argmin H({P} {Qp} AT} | {embivt, {wmibis)-

m

— QI



This is equivalent to solving for each m =1,--- |, M,

Pt = argmin ecytV|| P13 — iV SETY, Y+ ATV Pl 4 i > (IP = Qhll?
P m#m
Ui
T P— Q)+ 2P = QL
Then by the KKT condition, we have for k,j € {1,--- ,n},

ZaﬁfUF%-—dﬁnsﬁ;?%_Aéﬁdkgnu%ﬂ4—miEZ(FQ——Q%kﬂ
M#m
ALk + 1(Phj — Qi) = 0.
Let t ) = C%H)SSE) — Dy Q0 k) + 210 52 @i gy Then,
(Pi s = (tmag = AT (2eci™ + 0+ 2u(M — 1)) i gy > AV

(P = (tmgg + AN (2Bt 1 420 (M — 1)1 i typy < —AiHD

m

(P = 0 i [l < Acf™Y.

A.3.2 Update {Q,,}'"!

Update {Q,,}**! = {Q4t!, .-+, Q4'} by solving for each m = 1,--- | M,
Qi = axgmin p 3 [P = QI + (-1, Q) + JIP5 - QI
s.t. tr(QTimC, 0=2Q=1,
which can be rewritten as

min|Q Tl st w(Q)=C, 0= Q=T

where Ty, = (200 52 PEt 4 T 4+ pPEY(2u(M — 1) +n)~'. Let B, =
(T,, + TT)/2 and B,, = U diag(u)U7 is the spectral decomposition of the



symmetric matrix B,,. By using Theorem 2 in Lu et al. (2016), we obtain

QI = U diag(A\*)UT, where A\* is the solution to
min A — ul> st. 0< A<, 1TA=C,

which can be efficiently solved as in Wang and Lu (2015).

A.3.3 Update {I,,}/™!

Update {T, }'*1 = {T4*, - T4} by Dot = T 4+ (P — Q4.

We repeat this procedure until convergence of sequences {P,,}*, {Q.n},
and {T',,}'. The obtained {P,,}' at the last iterate of the above ADMM is
updated as { Py, }i11 in (S3).

B Proof of statistical consistency

In this section, we prove statistical consistency of the proposed clustering
method as in (4) in the main paper. We first state Theorem S1 with its

proof.

Theorem S1. Suppose the n data points x1, xo,--- ,x, € RP follow the fol-
lowing sub-Gaussian distribution: x; = ,LL(f(i))—i-Zi, where z; := (z;, - - ,zip)T S
R? is a random vector with independent component satistying E[z;;] = 0,
Elz}] = 02, and || 2]y, < 04 for some positive constants ¢ and 0. Here,
p® o uC) represent the underlying center of each of the C* clusters. Sup-
pose min,_z |®) — W2 > 8po? + 64022 log n/c for some constant ¢ > 0.

Assume eyn < |Ty,| < (1 —e¢)n for some constant ¢; € (0,1/2). Let P be the



solution to (2) with A\ = C*/n?, e = 1/n3, W = D7Y28D~Y/2 and C = C*,

where the similarity matrix S = (s; ;) is constructed as s;; = Ky 4(z;,x;),

where
sz‘*lel2> s , . .
exp(—e— ifi € Ny(j) or j € Ny(i)
Kog(wis;) = & ’ ’ (S7)
0 otherwise,
where
o(pi + 1) ZjeNg(i) s — @4l
CGj =5 o M= P

for some positive number o and g < n. Let L be then by C* matrix consisting
of C* eigenvectors of P corresponding to the first C* largest eigenvalues.
Then, k-means clustering to the normalized row vectors of L guarantees the

exact clustering results with probability 1 — 2(C*)?/n.

Proof of Theorem S1. We first state the following curvature lemma (Lemma

S1), where the details and the proof can be found in Vu et al. (2013):

Lemma S1. Let A be a symmetric matrix and E be the projection onto
the subspace spanned by the eigenvectors of A corresponding to its d largest

eigenvalues \y > -+ > A\g. If 64 = A\g — A\gy1 > 0, then
B~ I} < (4,8~ F)

for all F' satisfying 0 < F' < I and tr(F) = d.

Note that S is the similarity matrix as in Theorem S1. Let S* be the
similarity matrix by adding 1/n? on some entries of S such that points
x; and x; in the same cluster have other samples zy,, -+, xy, in the same

cluster such that S;g,, Sk kos 5 Sky1,kys Sky,j have non-zero values, where

q—1,
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q,k1,-- ,k; depend on 7 and j. There are many ways to construct such
S*, but we consider the case that S* is constructed by adding the least
number of 1/n* on S. We can see that this least number is less than 2n.
Let D* = diag(d;,--- ,d}) be the corresponding degree matrix. Let W* =
(D*)~Y/25*(D*)~%/2 be the graph Laplacian and L* be the n by C* matrix
consisting of C* eigenvectors corresponding to the C* largest eigenvalues of
W*. By Lemma S6, with probability at least 1 —2(C*)?/n, we have W; =0
it £(3) £ /().

Furthermore, we can see that

\/f/ \/Zk Fk)=£(3) dz if 1= f(@)
0 if 1# f(i).

* —_
L;, =

Let P* = L*(L*)" be the underlying projection matrix. By Lemma S5, we
have with probability 1 — 2n™!, gexp(—10072) < df < 2gexp(—0.1072) for

all i. Hence, we have
exp(—9.9072) < eXp( 9.9072) <[ 2 exp (9.9072 2 eXp (9.90—2
2(1—cl)n - an() = L)

Since P is the solution to (2) in the main paper, we have

0

IN

e (IP*13 = 121%) + W, £ = Py + A (I1P*[ly = |1 P )

< Pt = Bllp+ (W =W, P— Py = (W, P = By A (1P = 1Pl
Let T = support(W) U support(WW*). We have |T| < 2n + 4ng < 6ng.
Let T = support(P*). Since P* is the projection matrix onto the subspace

spanned by the eigenvectors of W* corresponding to its C* largest eigenvalues



and A\ox(W*) — Ao (W*) =1 — 0 = 1, it holds that by Lemma S1,

I A * *|| D * * T * * >

SIP=PlE < eCUIP = Pillp+ (W =W P = P A (1P~ 1P
< P = P+ IV = Wrllmasll (P = PYrlls + A (1Pl = 1211)
< ' IP = Pllp+ A(IArI + 1P = 1P+ Azlh)

where A = P — P* and the second inequality follows from || — W*||max <
C*/n* = X\. Then, we have

1 * *
SIAIE < AAzlh + A7) + CelAllr < 22y/ng||Allr + C7el| Al .

Solving the above inequalities with € = 1/n?, we have
|Al|F < 4M\/ng + 2C*e < 5,/gCn =2,

Thus, we have ||P — P*||p < n~3/2. By using the sin® theorem (Davis and
Kahan, 1970), we have

|EET — (L) e S 7. (59)

Note that for ¢ and j from the same cluster (i.e., f(i) = f(j)), we have
(Lol (Lt L) —n

ILillalZill: ™ \/TEFE + 0372, [ L2 + no3r2
—1.5 * * 2
" (Li ) + Lig)
tE+ L g Ly =)
> 1 — n71/2’

~Y

where t := \/(L;"f(i)

inequality follows from (S9) and (S8). Thus, we have

)24+ nbs \/(L;’f(i))z + n~15 and the first and the second

Lif || Lil|2 — Lj/||Lj||2H2 <nlA



For samples ¢ and j from different clusters, we have

(LiLy) (i, Lg) +n %2
[ Lill2]| Ly]l2 VIILEE = =372 /|| LE||2 — n=3/2
< n—1/27

where the first inequality follows from the fact that (L;, L}) = 0 for the i

and j from different clusters. Thus, we have
| Lo/ 1Lilla = L/ Lsle], 2 v/2 =207

By Lemma S4, the k-means clustering algorithm with normalized L guaran-
tees the exact clustering results. This completes the proof.

]

We now move to the proof of Theorem 1 of the main paper. To better
understand the proof, we first present an overview of the proof with main

ideas, and then move to details of the proof.

Overview of the proof of Theorem 1. First, for each similarity matrix
Smi, we consider a new similarity matrix S, by adding a small value to
a few entries in S, such that samples in the same underlying cluster be-
come connected in each graph of the new similarity matrix S*, (see the
proof of Theorem 1 for details). Here, S, represents the similarity matrix
constructed by the Gaussian kernel K, ,, where o is the mth component of
{1,1.25,--- ,2} and g is the [th component of {10,12,--- 30}, respectively.

Second, for each data set (e.g. mth data set), we consider the weighted
normalized similarity matrix S;;, generated from the S, weighted by the

obtained w,, for [ = 1,--- ,£. Let P be the projection matrix onto the
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subspace spanned by the eigenvectors of S}, corresponding to its C* largest
eigenvalues. We show that P enjoys nice theoretical properties that actually
include a true clustering information.

Third, we compare two matrices B, and P}, where B, is the obtained
target matrix from the proposed optimization. We prove that P, and P
are close, which implies that clustering information contained in these two
projection matrices are close through the proposed method. Finally, by using
the fact that P}, provides the true clustering information, we prove that the
proposed method utilizing P, also provides the true clustering results with

high probability. O]

Proof of Theorem 1. The basic idea of proof is similar to Theorem S1.
Let S,; be the similarity matrix constructed by the kernel function K, ,
where o is the mth component of {1,1.25,--- 2} and g is the [th component
of {10,12,---,30}, respectively, as in Section 2.2 of the main paper. Let
{S:,} be the set of similarity matrices constructed by the multiple Gaussian
kernels by adding sufficiently small weights 1/n? on some components of
{S,u} as in the proof of Theorem S1. Let G, = (D},)"'/2Sx,(Dx,)~/?
be the corresponding graph Laplacian, where D, = diag(df,--- ,d}) is the
degree matrix and d; is a degree of the sample i. Let L be the n by C*
matrix consisting of C* eigenvectors corresponding to the first C* largest
eigenvalues of S}, = >, WG},

First, by Lemma S6, with probability at least 1 — 2¢(C*)?/n, we have
(Sp)ij = 0if f(i) # f(j). Furthermore, we have (L7,); 1) = SV

2 =t G
and (L%);; = 0 when j # f(i). Let P; = L’ (L))" be the underlying

11



projection matrix. By Lemma S5, with probability 1 — 2n~!, we have
gexp(—10) < gexp(—10072) < df < 2gexp(—0.107?) < 2gexp(—0.1/4).

for all 7. Hence, it holds that

2(1=c1)n 2n43;) = \HmJhf) = N1 (s) - cn

\/exp(—9.90—2) < \/exp(—9.90—2) < (L") < 2exp(9.9072) < 2exp(9.90—2).
(S10)

Since {Pm} is the solution to (4) in the main paper, by comparing the objec-
tive function values between {151, cee ]5M} and {]51, R P P AR ]f’M}

given {¢,,} and {w,, }, we have for each m,

Eémem“?J — Em (S, ) + Al | Pa 1 + NZ | — Pj||2F

j#m
< el PollT = em (S, P + Aol Pl + 1> |1Ph = Pil17,
j#m

where Sy, = >, Wy Gpy. Hence, we have

0 < etm (B33 = 1Bal:) + émlSms P — i) + N (Il = 1Pl

o (z 1Pn— B =Y B ﬁjn%m)

i#m j#m
~ % (12 > 2 *
< (e M) (B33 = 1Pul}) + (GnSm + 20> By, P — Pi)
J#Fm

2 (1151 = 1Pl

Since P is the projection matrix onto the subspace spanned by the eigen-

vectors of S¥ corresponding to its C* largest eigenvalues, and Ac:(SF) —

12



Ac++1(S)) =1—0=1, it holds that by Lemma S1,

s *
LB, - Eil <

IN

IN

AN

<

<S;7kw P;rkm - pm>
(Sk = S, P — P) + (Sp, PX — P,)

~

(S5, = S Py = Pd + (e + M/ 2) (125113 = 12

2w Y By, P = P+ A (1Pl = 1Pl
Jj#Fm
1S5, = S =20 Y _ Py/émllmax 1P — Punlls
JFm
A (1Bl = 1Bl ) + C* 1Al (e + M /o)
New (1P = Poll 15 = 1 Palls) + Cl[Anlli(e + 1 /o)

Mem ([Amlly + 1Pl = 157 + Amll) + C[[Am || p(e + pM /ér),

where A, = P,, — P* the third and fourth inequality uses || P% ||%, || Pn||% <
C* and ||S%, — Spllmax < 1/n% < X and p = /nA/(C*M). Since € = 1/n?,

we have
1

s

S

2N Aml[1/ém + C*||An|p(e + pM /)
2)‘\/ﬁHAm”F/ém + C*HAm”F(n_g + \/ﬁ)‘/@mc*))
A\/EC*HAmHF/ém

Solving the above inequalities, we have ||A,,||r < Ayv/nC*/ép,.
Since A = C*/n?, we have || Py, — P= ||p < 1/(6nn®2)< exp(3C*) /(Mn?/?)

due to Lemma S11 with a entropy penalty function. This means that all the

A

eigenvalues of P, are near zero or one, i.e., P, is very close to the following

original nonlinear space:

{P: tr(P)=C*, P= LL" for some L with L'L = I-}.

13



Hence, by using the sin © theorem (Davis and Kahan, 1970), we have
1L Ly, = Lo (L) T |r S M0 7572, (S11)

Let L = [élil, e ,éM[:M]. Then, for samples i and j from the same cluster,
it holds that
(Lol S () (L))
IEallallZslle /5220 e Liyill2 /S0, @01 (La, 12
N ML) (L)) — S, Mt

- M A " M 1 M . % M 4 1.
\/Zkzl GLR)ll? + 2oy M 032 \/Zkzl LRI + 2oy M 32
>1—n"l2

where we utilize (S11). Thus, we have

For the samples ¢ and j from different clusters, we have

Bk S (L) (L)) + AL, M2

Li|l2||Lsll2 M oy (7x M oar g M 27 M oay_1. _
IEallellEle [0 (Ll = AL, @btz \ /o @ L l12 = S, @M -2

<

Lo/ Eilla = Li/NLslls||| < n "

where the second inequality follows from the fact that ((Lj);, (L});) = 0 for

the ¢ and j from different clusters and (S10). Thus, we have
‘ > /2 —on-12,

Li/ILill: = L /|1 Ls1l2|),
By Lemma S4, the k-means clustering algorithm with the normalized L guar-

antees the exact clustering results. This completes the proof. O

14



C Proof of computational convergence

Throughout the proof, we write a = O(b) or a < b if a < Cb for some positive
constants C. If a > Cb for some positive constants C, then we write a = Q(b)
ora > b. We use a < b when a < band b < a. For an n by p matrix A, let
vec(A) be the np by 1 column vector obtained by stacking the columns of A
on top of one another. We first state the following Lemma S2 and Lemma
S3 with the detailed proof at the end of this section, which will be used to

prove the global convergence of the proposed algorithm (Theorem S2).

Lemma S2. Let F({P,},{cm}, {wm}) be the objective function of (4) in
the main paper. Let {P,.}i,{Gn}s, {Wm}s be the iterates of (S1)-(S3) by
assuming that {P,,};y1 is the minimum point of (S3) given {¢,}i11 and
{@Wi}is1 for each i. Then, the iterate { P}, {Cm}i, {Wm}: converges to
some stationary point { P}, {ck,}, {w?,} of F(-) in the sense that there exist

certain iy > 0, 0 € (1/2,1), and Cy > 0 such that
DB =Prllet) e —cille+) g —wy,|lp < Cy==0/270 (S12)
for all 1 > 1y. Moreover, it holds that

F({Pm}i—h {Em}i—h {U_Jml}i—l) - F({Pm}w {Em}za {U_Jml]%)
P oA _ a2, P T(i-1) _ 132
> gyl @ G I W

where &@ = [\ ... &N and Wi, = [0, - @'))T, that is, the objective

value F({Py}i, {Gm}i, {Wmi }:) is monotonically decreasing.

15



Lemma S2 shows the convergence property of the iterates { P, }4, {Gm }i, {@Wmi }4.
Note that the sequence {P,,}s, {¢m}i, {m}s is oracle in the sense that it
uses the optimal point of (S3) for updating {P,,};11 instead of updates via
ADMM.

Lemma S3 shows the difference of the ADMM iterates in (S3) when dif-

ferent sets of {¢,,}; and {wy, }; are entered in (S3).

Lemma S3. For fixed iterate number 1, let {Pm}” = {Plivt, e ’pj}[t}y
{Qm}zt = {Qzlta 762?\’;}7 and {fm}zt = {fllt, ,f‘ﬁ\;} be the t-th iter-
ate of the ADMM in (S3) given {¢,,}; and {W,};. Similarly, let {P,,};; =
(P PifY, {@udia = (@ @i}, and {Tadie = (T, T b
the t-th iterate of the ADMM in (S3) given {¢,}; and {Wyy;};. Then, we

have

~J

+ > QT = Qi e,
m

|25 = Pitlle S 1) —e)| + max|afy — | + [T =Ty e

Qs = Qitlle S DB = Bl + T = T
m/

I =Tl S I =T M le + 155 = Pille + 11Q3 — Qitlle

Theorem S2 is the main results showing the convergence of the proposed

algorithm.

Theorem S2. Let 0 be the constant as in Lemma S2. Let F({ P}, {¢m}, {wm})
be the objective function of (4) in the main paper. Let {Pm}z, {Cm }i, {Wmi }4

16



be the obtained iterate of the proposed algorithm in Section A. Then {pm}l =
(B Y (o) =& ), and {d}i = {ay), - iy} con-
verges to some stationary point of I’ in the sense that for a fixed tolerance

parameter 6 > 0,

STIBE) = Palle+ Y 16l —cn |+ 33 [l — wi,| < Coo
m m m l

for some absolute constant Cs > 0, with the iterate number i* =< §—(20-1/(1-0)

and the iterate number of ADMM for (S3) being t;» < log(d/i*)/log(u) and
v X tz*(tz* + 1)k_1 forall 1 <k <" —1.

We first include the proofs of Lemma S2 and Lemma S3 followed by the

proof of Theorem S2.

Proof of Lemma S2. Note that the iterates {P,,}s, {Gm }i, {Wmi}s are ob-
tained via block coordinate descent method (Xu and Yin, 2013) as follows:

at the ith iterate of each update,

{em}i = ar{gm}inF({Pm}i_l,{cm},{wml}i_l) (513)
{@mi}i = aﬁgminF({Pm}i,l,{Em}i,{wml}) (514)
{Pn}i = ar{%)m}inF({Pm}>{ém}ia{wml}i>' (S15)

17



We rewrite F({P,.},{cm}, {wm}) as follows:

F({Pn}, {em}, {wm})
= EzcmHPmHi“ - Zcm<5mvpm> +PJZ | P — ‘P]H%

m#j

+ 3 0elem) + DY gu(Wan) + XD el Pull
= P} fem}t {wmd) + XD el Pull,

where f({Pn},{cm}, {wm}) is a differentiable and block multiconvex func-
tion (Xu and Yin, 2013), and XY, cn||Pn|li is a convex block-separable
function. Now to apply the results in Section 2.3 of Xu and Yin (2013), we
check the following required conditions as in (A1)-(A5):

(A1) F({Pn}, {cm}, {wm}) is a continous function.
(A2) The F({Pn},{cm}, {wm}) is lower bounded as follows:

1Sl

dec,,

> —0oQ.

F{Pn} {em}, {wm}) > GZCmHPm”%_ZCm<va Pn) > — Z

(A3) f({Pn}, {cm}, {wm}) is a strongly convex function of any variable

given the other variables are fixed. Let P = [vec(P)T, -, vec(Py)"]",
c= ey, em]t, and w = [vec(wy)T, -+, vec(wy)T]E. Then, the following
hold:

f(P,c,w) — f(P,c,w)
f(P,c,w) — f(P,¢,w)
f(P,c,w) — f(P,c,w)

(Vpf(P,c,w),P = P)+pu(M—1)|P - P|

v

v

(Vef (P& w),c =) + e —

v

(Vuf (P,e,),w =) + £ fjw - @]

18



(A4) Vpf(P,c,w) is Lipschitz continuous on any bounded set because it

holds that

Vpf(P c,w) = 26[61P1T, e ,cMPA:Z]T — [clvec(Sl)T, e chec(SM)T]T
+ 2:“’(M - 1)[P1T7 e ?PAI;[]T - [VGC(Z PJ>T7 e 7V€C(Z F)j)T]Tv
i#1 M

thus we have

Similarly, we have

1
[Vef(Pre,w) = Vef(Pew)| < —lle—dll,

1
IVuf(Pc,w) = Vi f(Pe,m)| < ——|w— ]

for some positive constants ¢y, and wyiy,.

(A5) We note that f(P,c,w) and g(P,c) = XY, ¢nl|Pnll1 are both suban-
alytic and g maps bounded sets to bounded sets, thus f + ¢ is also subana-
lytic and satisfies the Kurdyka-Lojasiewicz (KL) inequality. See Xu and Yin
(2013) for details of KL inequality.

By (A1)-(A5) and Theorem 2.9 of Xu and Yin (2013), there exist certain
ip > 0,0 € (1/2,1), and C > 0 such that

1P* = P*|lp+ e’ = *llp + @' — w*|lp < Cim 0700070 (S16)
for all i > ig. Here P* = [vec(P})T,--- ,vec(P;) Y, ¢* = [c}, -+ ,cy]T, and
w* = [vec(w)T, -+, vec(w},)T]T is some stationary point of (4) in the main
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paper. Since M is finite, this completes the proof.

Proof of Lemma S3. Let

fm:éWZL)AWZL) th 1_‘_an1§1+2#2ta1

m#£m
Zm: %) 7(71) th1_|_77ta 1+2MZQH§1
m#m

Then, for fixed k,j € {1,--- ,n}, we have as in Section A.3.1,
(Bt = (g — N2 47+ 2u(M = 1)1 i Fppy > A
(P = (b + N (2D 44 2u(M — 1)75 if fpy < —A
(Bikg = 0 0f [yl <A

Similarly, we define (PZ)g; using &, x;. Since

n+2u(M —1) < 2D 4y 2u(M — 1) < 2eM + 1+ 2u(M — 1),

it holds that for all k,j € {1,--- ,n}

i i fmk‘_fmk‘l
Pz,t L Pz,t | < | ) )

thus we have
1P — Pitlp S |fEm — tnllr

<

~ | m

~

where we use [|[S9 |l < 1 and ||S% — S| < 55max; [0 — @], See

Lemma S7 and the proof of Lemma S8 for details of these inequalities.
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Sl — el max [y — @l T =T e+ 100 = Qe

(S17)

&) = @S e + @155 = Sl + T = Tl + )10 = Qn e
m



For the updating {Qm}” part, we have as in Section A.3.2,
Qb = argmin [|Q — T, |2 st. tr(Q)=C* 0=<Q=<1I,
Q

where T,,, = (2u D tm Pl 4 T 4 Pity(2u(M — 1) 4-1)~". Similarly, we

define T, using ]5;# and T'%~1 By Lemma S10, we have
1Q3 = Qitlle < T =Tonlle Y 1P = Pl T =T | (S18)

For updating {T', }se = {T%, -+, T%}, as in Section A.3.3, we have ' =
ff;ffl + n(ﬁ#f — ant) Hence

IT5 = Totlle S ITn ™ =T e+ 1B = Bt le + Q5 — QL. (S19)

This completes the proof.
]

Proof of Theorem S2. Note that the sequence { Py, }i, {m }i, {Wmi }: in Lemma
S2 is oracle in the sense that it uses the optimal point of (S3) for updating
{P,}is1. In this proof, we investigate the differences of the actual iterates
{pm}i, {ém}i, {tm }i and the oracle iterates { P, }i, {m }i, {@Wmi }i. Through-
out the proof, we use the hat(a) and bar(a) notations for the parameter a if

a is associated with the actual and oracle iterates, respectively.

For updating {¢,,}; = {égi), e ,ég\?} as in Section A.1, we have
MdS) Mdy)
s = Mdm oy Mdm
m TR ok
> o i > dm
where

9 = oo (L (PEOI 4 0 2 89 = 3 0G0
l
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(i ]_ = (i— a(i— H(1— Qe — (i
d% = exp (; (—€|| P[5 + (SE-1, Pl 1)>)) , S = E @) G-
l

By Lemma S8, we have

i) _ 70) a0 20 1)
o0 gy < M —di|  MdD|S, A -5, )

S o o o
g e A e L G (520)
For updating {w,; }; = {wﬁ), e ,UAJ](\?Z} as in Section A.2, we have

(1)

exp (% (G, PI)) exp (% (G, PI))

by = . L W= .
RO 5 (i—1) 59 5(i-1)
2mexp | =G, By ) 2mexp | =G, By )
By Lemma S9, it holds that for @) = [0}, - @"]" and @) =
[71)7(71)1, s 7w£}?€]T7
168) —aQr S I1PSY = BY Ve + (169 — @ p. (S21)

For updating {P,.}; = {Pl(i), e ,]5]5?}, note that we use the ADMM
as described in Section A.3. Let {Pn}i, = {P/',---, Py}, {Qm}iv =
{Q¥, - Q%Y and {[}iy = {I%, - ,T%} be the t-th iterate of the
ADMM given {¢,}; and {tw,,};. Similarly, let {P,}i; = {P/',---, Pir},
{QumYie = {QV, -, Q%Y and {T,,}iy = {TV, -+, T%'} be the t-th iterate
of the ADMM given {¢,, }; and {y, };.

For simplicity, let

) = )l =, )= 00 @O, e = (|PY = PO
¢ o= P = PUp, = Q7 ~ QY lp, = T T,

where P = V€C(V€C(p1(i)), e ,Vec(Pﬁ))) is the obtained output from ADMM

with the iterate number T}, which will be defined later, and & = (@), ... @{),)T
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and ¢ = (6§i), e ,ég\i})T. Similarly, P® = vec(vec(lf’l(i)), e ,vec(Pﬁ))),
w(l) = ODYI)’ U ’wg\l/[)E)T and 6( (Cg)v o 7E$\Z4))T'

By Lemma S3, we have
125 =Bt e S €04l 11Q5 = Qi llr S eP+el), T3 =T | S 260 +2¢00).
Using recursive formulas in Lemma S3 and the fact that M is finite, we have
E:HP” f”WF+§:HQ” Q”Hr+§:HVt Dol S 5' (el +el)). (S22)

Note that since (S5) is convex in {P,,}, it holds that for all ¢ and some
e (0,1) (Lin et al., 2015; Deng and Yin, 2016)

1P = PO < . (523)

y (S22) and (S23), we have

[P = PO S 5l + ) + 4. (524
Note that since et = ) = 0, we have eg) < p!t. Using recursive formulas

(S20), (S21), and (S24) with PW = P#7T5 for 1 < j < i, we have for each i,

PO — POl 4 9 — O 4 19 — O] $ 3 55hosn T, (525)
j=1
where letting 7;,; = 0. For fixed tolerance parameter § > 0, we choose the
iterate number i* =< §~20=D/0-9) where 6 is the constant defined in (S16)
in Lemma S2.
Let v < —logh/logu. We set the iterate number of ADMM as T+ <
log(§/i*)/log(p) and Tp_p < T (Tj= + 1)k for all 1 < k < i* — 1. Then
(S25) implies for all 1 <7 <i*,

||]5(i) _ p(i)HF + ||é(z') _ é(i)“F + ||@(i) — w(i)HF < C56i/i* (526)
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for some absolute constant C5 > 0. Note that we have by the results of

Lemma S2,

1PY = Plp + 129 = | + [0 — w||p S i/, (527)
Combining (S26) and (S27), we have

1P = Pl + 169 = ¢|lp + [0 — w*|lr < Csb

for some absolute constant Cg > 0. Since M is finite, this completes the

proof. O

D Lemmas and proofs

In this section, we include additional lemmas with their proofs that are used
to prove the main theorems. We write [K] to denote {1,2,---, K} for any

positive integer K.

Lemma S4. Suppose that C4,--- ,Ck C [n] are partitions of pointsyy, - -+ , Yy
which satisfying

ol < i i = Yilla >
Igg%igigé\|yz yill2 < a, min, min lyi — yill2 = b

with b > av/n. Then, the k-means clustering algorithm gives the clusters
Cla ) CK
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Proof of Lemma S4. Note that for the n points yq,--- ,y,, we have

ZHyi—yjH% = ZH%—%@—%H%

J = QHZH% yH2+2Z — ;)
_ 2nZHyz yuz+2z yf,ng—zyj>
= Y - ol ]

Thus, we have

argmin Z Z

(G Cr} gzt zey,

2

— argmin Z Z lz —yll3,

2 {017 7CK}]€ 1 zyGC

CbECk x

|Ci|

i.e. k-means clustering algorithm is equivalent to minimizing

FAC, -+, Ck}) Z Z lz = yll3.

7yeck
Suppose there exists a partition CT, - - -, O satisfying maxje(r) max; jecy ||yi—

yjll2 < @ and minge(x) miniecy, jecr |y — yjlla = 0 with b > ay/n. Then, ob-
viously,

¥l —1

FHCy, -, Cx}) < a2|k—:n—Ka2 2.
({1, Ok} < Zk: 5 ( Ja”/
For any other partitions Ci, - - - , Ck, there exists at least one pair of (y;,y;)
in some Cy, satisfying ||y; — y;]| > b. Let C},-- -, C[ be the partition of such
C}, such that C} = Cf N C), with at least two C} are non-empty. Then,
21 VICHIICH] . .
F({ClﬁvoK})z a |C| Zb2>(n_K)a2/2:F({Clav K})a
k

which implies {CY, - - - , C} } are the outcome of k-means clustering algorithm.
This completes the proof. O
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Lemma S5. Suppose conditions of Theorem S1. For fixed cluster Cy, let
di,- - ,d,, be the degrees of ny samples based on the matrix S* presented in
the proof of Theorem S1. Then, with probability 1 —2n~2, gexp(—10072) <
di < 2gexp(—0.1072) for all i € C,.

Proof of Lemma S5. We fix sample ¢ with ¢ € Cy. Note that since Sj; = 0
for j & Ci, we have dj = }7,c¢, 5. We see Sj = exp <_||xi—xj||2> _

1]° 2¢2.

)

2 ) e
exp (—%) for at most 2¢g number of j € Cj, where ¢; = M and
ij
2 jeng () 1=zl
Wi = —JGNfi(; !

Notice that 2% := z; — z; is a random vector with independent component
2/ which satisfying E[z’] = 0 and ||2)’||,, < 20.4. Hence, by Theorem 1.1
of Rudelson and Vershynin (2013), we have for any ¢ > 0,

g g 2 t
7112 7112 :
PG 111 > ] <20 e i g )|

for some absolute constant ¢ > 0. Since E[||2¥]]3] = 2po?, with t = 1602¢*logn/c,

we have with probability at least 1 —2n=4, |||2%]|3 — 2po?| < 16022 logn/c,

i.e.,

‘HZ”HZ — \/Q_paz < 40z¢m/(\/2_p02) - 4w\/g

Combined with 41, /282 < 0.5,/2po, we have 0.51/2po. < ||27]|2 < 1.5\/2po..

2pc

By the union bound, we have with probability 1 — 2n7=3,

I logn
pi = V2o <30 212 - V2| < 4y [ 220
jeNy (i) I pe

ie. 0.5v2po, < p; < 1.5y/2po,. Hence, with probability 1 — 2n=2, we
have 0.5v/2po, < p; < 1.5y/2po, for all ¢. Thus, for any ¢ and j, we have
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0.500.,v/2p < €;; < 1.500,4/2p. Hence, for i and j such that i € N,(j) or
j € N,(i), with probability 1 — 2n~2,

1.5%2po? | 2% — 272
-2 z *
exp(—1007") < exp (—m> < Sij = exp <_T

ij
0.5%2pc? 5
exp (—m> S eXp(—O.la ),

thus we have gexp(—10072) < di < 2gexp(—0.1072). This completes the

proof. O]

Lemma S6. Suppose conditions of Theorem S1. Then, with probability at
least 1 — 2(C*)?/n, N,(i) consists of the samples from the same cluster of i,

provided that g < min;e () n;.

Proof of Lemma S6. We calculate the probability that for any sample z; be-
longing to cluster k, its nearest g-neighborhoods also comes from the same
cluster k& with high probability. Let E; be the event that some of the nearest

g-neighbors of z; are from other clusters. Then, we have

P[E] = PlUjece{j € Ny(i)}]

< ) Plj€ Ny(i)]
jecs

= Y ) Plj € Ny(i)]
k#k JE€Ck

= Y mPlj € Ny(i) | j € Cy
k+#k

< Y mnpPlllri—wjlls < [lzi —mlla | j € Cr,l € Gy, (S28)
k#£k

where the last inequality follows from the inequality

{7 € No(0)} CUreci{llzs = z5ll2 < s — @ill2}
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because of g < ng, and the union bound. Note that since z; = ,u(f“) + z,

2= p® 4 2, and z; = u® + 2;, we have
s = @ille = Iu® = 1® + 2 = 2l 2 1P = 1Bl = 2 = 2.
lzi =zl =z = 22,
thus we have
Pllle; — zjlla < [lzs —2ill2 [ j € Cr, 1 € G

Plu® — 1@y < ||z — 21ll2 + 12 — 2l2)

IN

< P® — 1Oy < 2|z = zlo] + Plu® — 1Pl < 2]z — z2]
= 2P[|lz: — zjlla > [In™ — pP]2/2].
Notice that 2% := z; — z; is a random vector with independent component

2/ satistying E[z’] = 0 and ||27||y, < 20.¢. Hence, by Theorem 1.1 of
Rudelson and Vershynin (2013), we have for any ¢t > 0,

g g t2 t
7 (12 7|2 :
S e e )]

for some absolute constant ¢ > 0. Since E[||2%]|3] = 2po?, by letting t =

160%1)?logn/c, we have with probability at least 1 — 2n=%,

127]13 < 2po? + 160%* log n/c < min [|u® — u®[|3/4,
k£k

where we use the condition min,_; |u® — u®) 12 > 8po? + 64022 logn/c.

Combining with (S28), we have

PlE] < ann,;(2n_4) < 2(C*)*n2.
k#k
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Thus, P|U;E;] < 2(C*)?/n, i.e., the nearest g-neighborhoods also comes from
the same cluster with probability at least 1 — 2(C*)?/n. This completes the
proof. n

Lemma S7. Let Gy = D)>SpuD 1 form=1,--- , M andl =1,--- 55
be the normalized similarity matrix as defined in Section 2.2 of the main

paper. Then ||G|lr < 1.

Proof. For fixed [ and m, let S,y = (S;;) and D, = diag(dy,--- ,d,). We

have

|Gl = \/ (D S Dyt Syut) =

Since |S;;] < 1 by the definition as in Section 2.2, we have

52
(Z délt-) (Z didj) < (Z S5)? < (Z Sij)? = Zdidja

where the last equality follows from d; = ;5ij. Combining the above two

inequalities, we have ||G,||r < 1. This completes the proof. O

Lemma S8. Form=1,---,M, let

df) = exp (; (el PLD1% + (857, ,M)), S = 2 G
l

_. 1 .

& = oxp (3 (~elPL + (S50 A )8 DL

where G,,,; is defined in Lemma S7. Then, we have

exp(—(eC™ +VT?)/p) < D] < exp(+'C*/p)
exp(—(eC* + VT?)/p) < 1dD)]| < exp(v/T /)

) —d)1 S RS = B Vle + el — @l Ve
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Proof. First, since 0 < B} < I, we have
|| = \/tr((P,Si))Q) < \/tr(P,(,f)) _\JCr

Similarly, ||]57$f)|] r < V/C*. Hence, it holds that

P NE= PR NE < (LN e+ 1PN BY =P < 2VC BD =Pl
By Lemma S7, we have
1891 < g | G < 1.
Hence, we have
1S9 = SDNe = 11D )Gt — > @Gt
! !
< 55max [y — @y max |Gl

< 55 mlaxhbffl)l — wf;)l|

Hence it holds that

(S, BD) = (S, PN < SR B — B + 481 = 58, )|
< ISP = P+ 4S5 — 50, B)
< 1B = PRl +VETISY = Sl
< B = Blle + 55V max i) — )

Combining the above results, we have

(i 26 1 (i H(i
flog(di?) —los(dD)| <~ (e[ IPDIE ~ 1P| +

(S, By - (55, P

€ H(i (i 1 a i) Pl a(i) p(i
< S[IBDIE — 1PDIR| + - [(55, B — (59, PD)|

P P

2 C*E A — /. 1 A — /. ~ (7 (3
< SR = P+ (1B = P+ 55V0% max |l — o)

P
= .
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Since

[(SH Y B < ISR VIRl B Plle < VO, 1SS, PRI < ISR PIFI P lr <

it holds that

exp(—(eC* +VC*)/p) < |d9| < exp(V/C*/p)
exp(—(C" + VT p) < |49 < exp(vT/p).

Hence, by the mean value theorem, we have
) —d3)| < exp(vVC*/p) [log(dfy) —log(d)| < exp(VC/p).
This completes the proof. n
Lemma S9. For fixedl € {1,--- ,{} and m € {1,--- , M}, let
exp <%(Gml, ]57%_1)>>

('L) i— 1) ’
> exp | 2(G By )

exp (%(Gml, Péi‘%)

Sesp (4 (G P )
m €XP P) mly L

@ —

ml

)

(i
wml

where p, é@,é&? > 0, G,y is defined in Lemma S7, and ]5,%_1) and P,Sf_l)
satisfy the constraint (S5) with C' = C*. Then, we have

08 — @) S BEY — PV p 4[| — &),

Proof. We can easily show that

NT0L A(j) o S (*
55 exp <— ¢ ) < Zexp (%(Gml,f’g{l)) < 55exp ( pC’ ) .

Since ||Gpullr < 1, ]0~)| <1, and <Gml,Pz 1)> < VC*, we have

&) S e _ 1.0 .
G, PET) = (G, PEY)| <~ (6D PUD — D PG
p p p F
< ZIBG — P+ L) — )]
p p
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() .
Since %(Gml,Pg1)>’ < p , we have
A0 - & B
exp —<Gml,Pr(,§_1)) — exp —(Gml,anZ_l))
p p
N A0
<

V C* m (7
55 exp C—(sz, PUDY - (G, PUTY)
P P P
C'* 1 ., _ . c* . )
< s5exp (V ) (_Hpg,;—n P+ Y c5;3|>
P P P

= .

Note that we have

&) S
exp —<Gml,Pr(,§ 1)
P

2/ C* 5 i e VO :
< 3025exp ( > (—HP,SZ‘” — Pi Y| p + ——|[e® - 5‘”H> -
p p P

Combining the above inequalities, we have

| | 3025 exp (W ) y
o~ ml < y + p
e 3025 exp v/ ) 3025 exp (— 2/GE )

),

Lemma S10. For any n by n matrices Ty and Ty, let

< 2exp <

This completes the proof.

Qb = argmin ||Q — T1||%  s.t.
Q

Qyf = argmin [Q — Ti[} st (@) =C, 02Q
Q

Then, we have
1@y — @ llr < |70 = Thllr.
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Proof. Let mat(-) be the inverse of the vectorization operator such that

mat(vec(Q)) = @ for any n by n matrix ). Define the set
E = {qeR" | tr(mat(q)) = C, 0 < mat(q) < I},

which is a nonempty closed convex set of R". Note that Vec(Qf;f) and
vec(Qh) are the projections of vec(T}) and vec(T;) on the set E, respec-

tively. Hence by the Projection theorem (Bertsekas, 2009), it holds that

~

(vee(Th) — vee(@4)" (vee(@4h) — vee(Q3)) <0,
(vec(Ty) — vee(Qp)" (vee(@5) — vee(@)) < 0.
This implies

~

[vec(Qih) — vec(@i|* < (vee(Qil) — vec(Qi)) (vee(Thy) — vee(Th)),
thus Hvec(@fﬁ) —vec(QU)|| < ||vec(Ty) — Vec(Tl)H. Hence we have

Qi — Qitllr < 1Ty — Thllp-
This completes the proof. n

Lemma S11. Suppose conditions of Theorem 1. Then, ¢,, > M exp(—3C*)
forallm=1,---,M.

Proof. Note that {¢,,} is the solution to the following optimization problem:

min (—:ZcmHPmH% — Zcm<5m, P, + )\ZcmHPmHl + chm log ¢y,

{om} m m

s.t. Zcm =1.

m
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By the method of Lagrange multipliers, {¢,,} is the solution to the following

unconstrained problem:

{nir}l eZcmemH%—Z Cm (S, pm>+)\ZcmH]5mH1+chm 10g Crn+A (Z Crm — M)

for some Lagrange multiplier A\. The derivative of the above function with

respect to ¢, equal to zero gives the solution

—€|| P2 — (S, B) — M| Py — A —
ém:exp< el Pallf: = (Sons Pon) = Al Pl p>.
p

Since it holds that || By,[|% < C*, A||Pn|: < C*n=2nC* = (C*)?/n, and
(S B < 1S mll | Bnll - < || Bnllp x| G| < O

due to Lemma S7, we have ¢,,/¢,, > exp(—3C*/p) for any m,m’ € {1,--- , M }.
Since ¢, = M, this implies ¢,, > M exp(—3C*) as p = 1. This completes
the proof. n

E Time complexity of the algorithm

The computational complexity of the algorithm is O(Kn?), where n is the
number of data points and K is the number of iterations. In the experiments,
K is less than 30. Note that the traditional spectral clustering algorithm has
the complexity O(n?®). The proposed algorithm is still fast for the cancer data

set because n is quite small compared with the number of variables (genes).
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F Evaluation metrics

We use the following three performance metrics to evaluate the consistency
between the obtained clustering and the true labels: Normalized Mutual
Information (NMI) (Strehl and Ghosh, 2003), Purity (Wagner and Wagner,
2007), and Adjusted Rand Index (ARI) (Wagner and Wagner, 2007). Given
two clustering results U and V' on a set of n data points with Cy and CYy,

clusters, respectively, the mutual information is NMI is defined as

c c |UpNVy|
Zpgl Zq;/l |Up N Vq| log ﬁfplpx\‘/?qﬂ

max (_ 2551 |Up’ log %a - 25;/1 |V;1’ log l‘;_ql) 7

NMI(U, V) =

where U, and V, are the index sets of the pth and gth clusters of clustering
resultsUand V, forp=1,--- ,Cyand g =1,---,Cy, respectively. Here, the
numerator is the mutual information between U and V', and the denominator
represents the entropy of the clustering U and V. For Purity, each identified
cluster is assigned to the one which is most frequent in the cluster, and
then the accuracy of this assignment is computed by counting the number of
correctly assigned samples divided by the number n:

2_p maxy |Up N V|

Purity (U, V) = "

The value of ARI depends on the following four quantities: a,,, the number
of objects in a pair that are placed in the same group in U and V; a,, the
number of objects in a pair that are placed in the same group in U but in
different groups in V; a,, the number of objects in a pair that are placed
in the same group in V but in different groups in U; and a, the number of

objects in a pair that are placed in the different groups in U and V. ARI is
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defined as

(Z) (&UU + a) - [(auv + au)(auv + Clv) + (Gv + CL) (au + a)]
(g) - [(auv + a’u)(auv + CLU) + (av + Cl) (au + a)]
Note that the NMI and Purity take on values between 0 and 1, but ARI

ARL(U, V) =

can yield negative values. These metrics measure the concordance of two
clustering results such that higher value refers to higher concordance with

true labels.

G Data

We collect 22 major cancer types with sufficient patients from the TCGA
project, where three molecular profiles are used: RNA expression (RNA-
seq V2), miRNA, and copy number alterations (CNA). To reduce platform
differences, we only consider each molecular profile from one platform. We
consider the RNA data sets measured using the Illlumina sequencing tech-
nology with the log,(z + 1) transformed RSEM (RNA-Seq by Expectation
Maximization) values, the miRNA mature strand expression RNAseq data
sets measured by Illumina miRNA-seq, and the CNA estimated using the
GISTIC2 threshold method and compiled using data from all TCGA cohorts
(Weinstein et al., 2013). Specifically, CNA have values in {—2,—1,0, 1, 2}.
They are obtained by applying both low-level and high-level thresholds to
the gene copy levels of all the samples. The value 2 or —2 means that corre-
sponding gene copy levels exceed the high-level thresholds for amplification
or deletion, respectively, and those with 1 or —1 means that corresponding
gene copy levels exceed the low-level thresholds for amplification or deletion

but not the high-level thresholds, respectively (Mermel et al., 2011).
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We remove patients with missing molecular profiles with 6,976 patients

included in the clustering and survival analysis as follows:

e Bladder Cancer (BLCA), n=400, C=3.

e Breast Invasive Carcinoma (BRCA), n=741, C=4.

e Cervical Squamous Cell Carcinoma (CESC), n=289, C=3.
e Colon Adenocarcinoma (COAD), n=249, C=4.

e Esophageal Cancer (ESCA), n=180, C=5.

e Head and Neck Squamous Cell carcinoma (HNSC), n=471, C=6.
e Kidney Renal Clear cell carcinoma (KIRC), n=236, C=3.
e Kidney Papillary Cell Carcinoma (KIRP), n=283, C=3.

e Lower Grade Glioma (LGG), n=505, C=4.

e Liver Cancer (LIHC), n=357, C=4.

e Lung Adenocarcinoma (LUAD), n=442, C=5.

e Lung Squamous Cell carcinoma (LUSC), n=333, C=3.

e Mesothelioma (MESO), n=87, C=3.

e Ovarian Cancer (OV), n=297, C=4.

e Pancreatic Cancer (PAAD), n=176, C=4.

e Prostate Adenocarcinoma (PRAD), n=484, C=3.
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Thyroid Cancer (THCA), n=494, C=4.

Uveal Melanoma (UVM), n=80. C=3.

Rectum Adenocarcinoma (READ), n=87, C=3.

Stomach Adenocarcinoma (STAD), n=365, C=4.

Uterine Corpus Endometrioid Carcinoma (UCEC), n=170, C=4.
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Figure S1: Heatmaps of selected similarity matrices for the three data sets.

The patients are ordered based on their cancer types.
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Figure S2: The average Purity and one standard deviation of 50 replicates
for the 25 clustering methods when thirty patients were randomly selected
from each of the 22 cancer types. The methods are ordered according to the

Purity values.
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Figure S3: The average ARI and one standard deviation of 50 replicates for
the 25 clustering methods when thirty patients were randomly selected from
each of the 22 cancer types. The methods are ordered according to the ARI

values.
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Figure S4: The NMI for the 25 clustering methods when all patients were
included in the analysis. The methods are ordered according to the NMI

values.
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Figure S5: The Purity for the 25 clustering methods when all patients were
included in the analysis. The methods are ordered according to the Purity

values.
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Figure S6: The ARI for the 25 clustering methods when all patients were
included in the analysis. The methods are ordered according to the ARI

values.
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NMI

Figure S7: The average NMI and one standard deviation of 50 replicates for
the 25 clustering methods when about half of patients were randomly selected
from each of the 22 cancer types. The methods are ordered according to the

NMI values.
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Figure S8: The average Purity and one standard deviation of 50 replicates for
the 25 clustering methods when about half of patients were randomly selected
from each of the 22 cancer types. The methods are ordered according to the

Purity values.
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Figure S9: The average ARI and one standard deviation of 50 replicates for
the 25 clustering methods when about half of patients were randomly selected

from each of the 22 cancer types. The methods are ordered according to the

ARI values.
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Figure S10: Robustness of clustering for additive noises when the target
cluster number is varied between 2 and 30, when all patients were included
in the analysis. The adjusted Purity values are averaged over 100 runs for

each target cluster number. The error bars represent one standard deviation.
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Figure S11: Robustness of clustering for additive noises when the target
cluster number is varied between 2 and 30, when about half of patients were
randomly selected from each of the 22 cancer types. The adjusted Purity
values are averaged over 100 runs for each target cluster number. The error

bars represent one standard deviation.
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log P-value

Figure S12: Heatmap of log p-values of the log-rank test.
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Figure S13: The survival distributions of Pancreatic cancer patients treated

versus untreated for each of the four clusters identified by ‘MKerW-A’.
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Figure S14: Difference of survival time of all pancreatic cancer patients

treated versus those not treated with targeted therapy.

I Application to Stomach Adenocarcinoma

To gain further insights into the biological consequences of the identified
clusters, we have investigated how patients of the individual clusters respond
to different treatments. Note that four clusters are identified by our method,
‘MKerW-A’. Figure S15 shows the survival time of patients treated versus

those not treated with Radiotherapy for each cluster.
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Figure S15: Survival curves of STAD patients for treatment with Radio-
therapy in the different clusterings. The specified p-values are corrected for

multiple testing using the Bonferroni method.
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We observe that Radiotherapy is effective only in a subset of the identified
groups. Patients in Clusters 2 and 4 have a significantly increased survival
time when treated with Radiotherapy (log-rank test p-value < 0.05). Patients
in Cluster 1 also seem to have an increased survival time with radiotherapy
(log-rank test p-value = 0.08), but this pattern is reversed and the differ-
ence is very small after 5 years. For Cluster 3, we do not detect significant

differences in survival time between treated and untreated patients.
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