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Methods.

Synthesis of WS: nanostructures. The WS, spiral structures were synthesized following
previous reports.*2 WO; nanoparticles (Sigma Aldrich, nanopowder, <100 nm particle size)
dispersed in ethanol were drop cast onto a 300 nm SiO-/Si substrate and dried prior to the
reaction. 100 mg WS, precursor powder (Alfa Aesar) in an alumina boat was placed in the
first zone of a three-zone furnace. The substrates were placed between the second and the
third zone with the polished side facing up. 1 g CaSO42H,0 powder (Sigma Aldrich) was
placed upstream from the heating zone as the water vapor source and heated with heating
tapes. With 100 sccm argon flowing at 800 torr, the second zone was heated to 1200 °C at a
rate of 20 °C/min, and simultaneously the third zone was heated to 700 °C at the same rate,
while the CaSO4-2H>0O was not heated. Once the furnace temperatures were reached, the
CaS042H,0 was heated to 90 °C to release the water vapor. After all the temperatures were
stabilized, the WS, boat was pushed into the second zone by a magnet coupled positioner and
a quartz rod to initiate the reaction. After 15 min reaction, the furnace was opened and cooled
down rapidly.

Polarization resolved second harmonic generation (SHG) intensity patterns and imaging.
SHG measurement was performed using a Ti:Sapphire femtosecond laser with ~800 nm of
wavelength, ~100fs of pulse width, and 80 MHz of repetition rate. The laser beam was
mechanically chopped for signal demodulation to suppress the background noise. The
polarization of the input laser beam was controlled by a half-wave plate and focused through
a 50X long working distance objective lens. The generated SHG signal at ~400 nm was
collected through the same objective lens and separated from the input fundamental laser
beam by a harmonic separator. A polarizer filtered the polarization of the SHG signal, and
color filters were used to block the fundamental laser beam. A photomultiplier tube (PMT)
collected the SHG signal, which was demodulated at the modulation of the frequency of the
input laser beam by a lock-in amplifier.

Density-functional theory (DFT) calculations. DFT calculations were performed using
Vienna ab initio simulation package with projector-augmented wave pseudopotentials.® * The
generalized gradient approximation of Perdew—Burke—Ernzerhof was used for the exchange-
correlation functionals.’ The cutoff energy for the plane-wave basis was set to 450 eV. The
convergence criteria of energy and forces were set to 1x10™* eV and 0.05 eV A,
respectively. The van der Waals interaction was induced by using the D3 correction scheme of
Grimme.® For charge density difference calculations in twisted bilayer WS,, we explored 4x4
supercell as discussed in previous studies.” ® The bottom pristine monolayer WS, with Dsy,
symmetry has zigzag crystal orientation aligned with x-axis; the top layer with ~3% strain is
twisted clockwise by ~7° with respect to the bottom layer. The 4x4 grid of unstrained WS,
primitive cell was combined with the corresponding size strained WS, to build the supercell
of homostructure and allow relaxation for DFT calculations. The k-point sampling was
obtained from the Monkhorst—Pack scheme with a 4x4x1 mesh.

Raman and AFM characterization. Raman spectra were measured by a Raman
spectrometer (Renishaw Inc.) with a 488 nm laser as the excitation source. Sample
morphology was characterized by an AFM system (Vistascope, Molecular Vista) in the
tapping mode.
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Figure S1. SHG response of the supertwisted WS; spiral and monolayer WS;. (a) & (b)
SHG signal intensity as a function of photon energy and excitation laser (Ao(®) = 800 nm)
power in supertwisted WS, spiral. The SHG feature appears at the wavelength 400 nm (2),
and its intensity grows quadratically with the incident power, verified by the slope of the
fitted solid line to be 2.08 £0.03. (c) & (d) Optical microscopy of mechanically exfoliated
monolayer WS; (scale bar: 10 um) and its polarization resolved SHG intensity pattern.
Symbols are experimental data; curves are fitted via [ « |cos3¢|? (see details in the main
text).
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Figure S2. Simulations of SHG patterns in the supertwisted WS, spiral based on SH
field superposition theory considering the material absorption. (a) AFM mapping image
of the supertwisted spiral (scale bar: 1 pm), where the twist angles relative to the layer “c” are
labeled. (b) Calculated SHG patterns in positions of “c” — “f”” by SH field superposition
theory show six-fold SHG patterns and thus cannot explain the experimental results in Figure

1. The blue arrow indicates the average “armchair” orientations (J) at the position of “c”.

Based on the SH field superposition theory, for stacked bilayers with a twisting angle 6, the
total SH field (E)ZT w) 18 the vector addition of dipole moments (E T and E 2,) from two
electrically decoupled layers: EL, = EL, + EZ,, o cos3¢ + cos3(¢ + 6).° 2H stacked

bilayers (6 = 60°) yield a completely destructive interference of SH fields (E T, =0), whereas
6 = 0°, corresponding to the 3R-like stacking, yields a constructive superposition of SH fields.
Hence the SHG intensity increases with the increasing number of 3R-like stacked layers,'
explaining the enhancement of SHG intensity toward the center of the aligned spiral (Figure
2¢).

When considering the material absorption, the SH field from the Nth layer can be written as: '

EN o Tycos 3(¢ — 8y) (S1)

where [y = eAkIN-Dto=alN-1)t/2 {efines the attenuation factor of the SH field from the Nth
layer due to the material absorption, ¢ is the azimuthal angle between the armchair direction
and the incident laser polarization direction, & means absorption coefficient of WS, to be
0.086 nm™' at 400 nm,"" 7 is the thickness between the surface and the Nth layer of the sample,
ow 1s the twisting angle of the Nth layer relative to the layer “c” denoted in the left of Figure

4w
S2a, Ak = (@)
(o) and the SH (2w) light, 1y is the wavelength of the fundamental laser to be 800 nm, n(2®)
and n(w) mean the refractive index of WS, to be 3.78 at 400 nm and 4.10 at 800 nm,'?

o

respectively. According to the SH field superposition theory, the total SH field (E Totaly is the

(—n(2w) — n(w)) is the wave-vector difference between the fundamental

vector additions of dipole moments from each electrically decoupled individual layer (E M)
EISr(N,6) o 30 Tyycos 3(p — ). (S2)

Thus, the total SHG (139t o |ETSt% |2) at different positions were calculated in Figure S2b.
These patterns show full six-fold symmetry, indicating that the traditional SH field
superposition theory cannot explain the experimental two-lobe SHG patterns in the
supertwisted spiral (Figure 1). The average “armchair” orientations of ¢ fitted by SH field



superposition theory are consistent with those fitted by the modified bond additivity model in
Figure 5b.



Figure S3. Simulations of SHG patterns in WS, under strain. (a) Calculated SHG patterns
in monolayer WS; under various strains by Mennel’s model. (b) Calculated SHG patterns in
the supertwisted WS, spiral with the structure in Figure S2a as a function of strain, using a
model based on a combination of Mennel’s equation (eq S3), SH superposition theory, and the
material absorption.

Mennel et al. demonstrated that SHG intensity patterns of monolayer TMDs under uniaxial
strain are

I & 2 (Acos3¢ + Beos(2¢ +7))” (S3)

with A = (1 = v)(p1 + 2)(exx + &yy) + 2x0 and B = (1 + v)(p1 — P2) (&xx — &yy)." For
WS, p; and p, are photoelastic parameters to be 0.75 and -0.97 nm/V/%, &,y and &y, are
principal strains, y, is the nonlinear susceptibility parameter of the unstrained crystal lattice
to be 7.5 nm/V, v is the Poisson ratio to be 0.22, ¢ is the polarization angle, y denotes the
principal strain orientation.'* When setting y = 0° and &;,,, = 0, we calculated SHG patterns of

monolayer WS; as a function of various &y in Figure S3a. Considering the absorption-
induced attenuation factor (I'y) of the SH field from the Nth layer, we combined eqs S1-S3 to
obtain the SHG intensity formula for the supertwisted spiral under uniform strain

I o | 2221 Ty [Acos3(¢p — 8y) + Bcos(2(p—6y) + y)]|2. (S4)

Figure S3b shows SHG patterns of the supertwisted spiral with the structure in Figure S2a
under uniform &y strain (y = 0° &, = 0), which are inconsistent with experimental two-lobe

SHG patterns in Figure 1.
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Figure S4. COMSOL multiphysics simulations. (a) COMSOL model of the spiral structure.
(b) Sketch of a Euclidean aligned spiral and a non-Euclidean supertwisted spiral.

We determined the existence of heterostrain between adjacent layers in the supertwisted spiral
structure using steady-state finite-element method (FEM) calculations (COMOSOL
multiphysics with the Solid Mechanics module). Due to the challenge of building a
supertwisted geometry above the curved surface, the regular spiral model was created in
Figure S4a. An out-of-plane force was applied beneath the center of the aligned spiral to
qualitatively mimic the influence of protrusion on the formation of the supertwisted spiral in
Figure S4b, based on the mechanism of the “non-Euclidean” twist in our previous
publication.? We note that as a result of the spiral shape in the three-dimensional space, its
parallel cross section is not a complete triangle but a concave quadrilateral shape, as shown in
Figure 4b. When applying the out-of-plane force beneath the spiral, the deformation increases
from the upper layer to the lower layer (Figure 4b), suggesting the presence of heterostrain in
the supertwisted spiral.

We note that the FEM simulations only qualitatively demonstrated the presence of distinct
tensile strain among neighboring layers in the supertwisted structure, because real strain
values in each layer are largely defined by the size of the protrusion and the relaxation process
during the sample synthesis, which is challenging to be accurately simulated by COMSOL.
However, real values of heterostrains in the supertwisted spirals do not affect the main
conclusion of our work because a small heterostrain can be magnified about 10-fold, thus
significantly distorting the moiré pattern and breaking the overall symmetry, as shown in
Figure 4d.
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Figure S5. Symmetry transition induced by moiré magnification of heterostrain in
twisted TMD bilayers. (a)-(c) The upper layer is unstrained, but the lower layer undergoes
different strains of 0%, 1%, and 2%, hence forming moiré patterns with different shapes
(twist angle of 7°). (d) Strained and rotated unit cell of the lower layer (dashed line) with
respect to unstrained unit cell (solid line) in the upper layer.'> !¢ (e) Length distortion (M+/M-
— 1) between two vectors of the moiré supercell and the magnification factor (M+/M- — 1)/g)
as a function of relative strain (g) between neighboring twisted layers.

The two vectors of the moiré supercell in Figures S5a-c are modulated by heterostrain to be
a(l+eq)

2\/(1+6i)sin2 [(6+@1)/2]+€5 /4

Mi — .15, 16 (SS)

For WS,, the in-plane unit cell parameter is 0.315 nm; under a small strain approximation (&

<< 1), we get €4 = %(1 —3v)eand @4 ~ +V/3¢| % |15 16
is 0.22." The twist angle (0) is tailored to 6 + ¢ along two lattice vectors by heterostrain in

Figure S5d.

where the Poisson ratio (v)



When both layers have the same strain magnitude, the moiré pattern presents a regular
hexagon shape, marked by the light green color in (a). The regular hexagonal moiré pattern is
distorted into elongated hexagons for twisted TMD bilayers under heterostrain in (b)-(c).



Note S1. Eliminating the impact of oblique incidence on the SHG response.

The polarization resolved SHG patterns in Figure 1 were measured at positions away from the
protrusion beneath the supertwisted spirals to ensure the normal incidence. Furthermore, due
to the large ratio between the width (~200 nm) and the height (~0.7 nm) of the step, the stair
angle of the spiral is too small to affect the SHG patterns. It has been reported that when the
incident angle of the fundamental laser is 7, the SHG intensity can be expressed as I «

|cos?n - cos3¢|?.'7'® Thus, in our spiral structure, the # value is so small (<< 1°) that the
influence of oblique incidence on SHG is negligible.
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Note S2. Modified bond additivity model to fit SHG patterns of the supertwisted spiral.

The polarization dependent SHG signal can be evaluated by the bond additivity mode
(BAM)." Here, we consider a phenomenological mode by adding an effective bond to
introduce the observed asymmetric two-fold signal in the SHG pattern.

The twist in the spiral structure will not affect the D3, symmetry of each WS, layer, so the 6-
fold symmetry of the SHG pattern was initially expected to be preserved. However, our SHG
signal exhibits a stronger angular preference closer to the center of the supertwisted spiral,
where the heterostrain between neighboring twisted layers is enhanced. Based on the bond
additivity model, the asymmetric phenomena can be explained by introducing an effective
bond to describe the moiré magnification of heterostrain and the resultant elongated hexagon
moiré patterns in Figures 5d and S5.

We assume the incident polarized light with the electric field as
E = Eyé = Ey(sin¢, cos ¢,0)T

where ¢ is the angle between incident laser polarization and the y-axis of the lab coordinate, as
shown in Figure 5a. For the WS; layer with D3, symmetry, the SHG comes from three effective

linear bonds. Each of these bonds has the only nonzero hyperpolarizability tensor element

(2)

yyy = Bo, where y indicates the direction along this bond. Moreover, we consider an

additional effective bond with an angle « relative to y-axis of the lab coordinate, and its ,83(,?3, =

Bope'®. Now, in the lab coordinate, we have the total hyperpolarizability tensor
o = Bopei®(l- )R- D@D+ ) D B2 DE-R@ - A)
i Imn

where p = (sina,cosa,0)T is the direction of the additional bond in the lab coordinate, i
stands for the different WS, bonds within the D3, symmetry bond, and Imn indicate the bond
coordinate. We note that the z component of the effective bonds will not affect the SHG result.

The SHG intensity can be calculated as

2
P20) = €0 ) xR = €0 ) 2diiFjE
ik 7k

2 2
Ispe(9) = |€o Z Ei(zw))(i(jzk)Ej (W)Ex(w)| = |eo Z E;(2w)2d;j Ej(w)Ey (w)
ijk ijk
sin? ¢
2
Xxxx  Xxyy Xxzz Xxyz Xxzx Xxxy cos” ¢
d = |Xyxx Xyyy Xyzz Xyyz Xyzx Xyxy 0
Xzxx  Xzyy Xzzz Xzyz Xzzx  Xzxy 8
|2 sin¢ cos ¢

For the above incident field, we can write the nonlinear susceptibility tensor as

Xxxx  Xxyy 0 0 0 x xxy
Xyxx  Xyyy 0 0 0 x VXY
0 0 0 0 O 0

d=

The WS, bonds are
11



p1 = (0,1,0)"
py = (\/§/2,—1/2,0)T
ps = (—V3/2,-1/2,0)"
We can obtain

B =D D Bin(® DE- MG -) +pE-D)E-D)E- D)

i Ilmn
) 3
= [pe‘@ sin? @ cos @ — Z] Bo
Similarly, we have

(2) _ i0 <03
xxx — P€ S aﬁo

3
2 2
3(/x)x = ,Ex)y [pe sin a cos a — Z] Bo

B =B = p@-P)F PG p) = pe®sina cos’a B

@, =0 DG DG =[pe® cos @+ 2] b

Finally, we obtain

. 2
Ly (0) = NB2 |pe‘® cos3(a —¢) + %cos 3¢>| . (S6)

where N is the number of atoms participating in the SH response. Close to the center region,
the easy deformation nature and the overall C; rotational symmetry breaking response to the
second harmonic measurement.

Table I: Fitted parameters of SHG patterns for different positions in the supertwisted spiral
(Figure 1a).

-54.9
d -52.5 -40.3 0.62 95.4
e -48.9 45.2 1.06 105.7
f 45.8 -45.9 2.2 130.2
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