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S1. QUANTUM CAPACITANCE OF CARBON NANOTUBES

A general single-wall carbon nanotube is specified by a pair of the chiral indices (n1, n2)

and the basis vectors a1, a2 of the honeycomb lattice [1]. The length of the basis vectors

a = |a1| = |a2| =
√
3d, where d ≈ 0.142 nm is the distance between two carbon ions in the

bond. These data determines the circumference of a nanotube completely:

L = a
√
n2
1 + n2

2 + n1n2 = d
√

3(n2
1 + n2

2 + n1n2), (S1)

and its diameter

D =
L

π
=
d

π

√
3(n2

1 + n2
2 + n1n2). (S2)

We can also calculate the area per one carbon atom in a single layer sheet as A = 3
√
3

4
d2 =

2.62× 10−16 cm2, and its inverse quantity, the density of carbon atoms 1/A = 3.8177× 1015

cm−2.

A. Density of states

A carbon nanotube can show either the metallic behavior if (n1−n2) is an integer multiple

of 3, or the semiconducting behavior otherwise. In Ref. [2] the density of states per carbon

atom was found in a universal form:

ρ(E) =
1

Λ|Vppπ|
U

(
ΛE

|Vppπ|

)
, (S3)

where Λ = D
d
=

√
3(n2

1 + n2
2 + n1n2)/π is the dimensionless ratio of the CNT diameter to

the carbon-carbon (C-C) bond distance. We note that there is a typo in [2], where the

wrong factor 2 is retained in the denominator. Vppπ is the hopping amplitude of π electrons

in the graphene sheet [3], which we took |Vppπ| ≈ 2.5 eV according to Ref. [2]. In Eq. (S3),

the following function is introduced:

U(E) =
2
√
3

π2

∞∑
m=−∞

g(E, εm), (S4)

g(E, εm) =

 |E|/
√
E2 − ε2m, |E| > |εm|,

0, |E| < |εm|,
(S5)

g(E, 0) = 1, (S6)
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ε2m = (3m + 1)2 for semiconducting CNT ((n1 − n2) is not an integer multiple of 3), ε2m =

(3m)2 for metallic CNT ((n1 − n2)/3 is an integer).

B. Charge and capacitance

Following the standard procedure (see e.g. Sec. 6.4 of [4]) the charge density per one

carbon atom can be written as follows

Q(u) = e

∫ 0

−∞
dEρ̃(E)[1− f(β(E − µe))]− e

∫ ∞

0

dEρ̃(E)f(β(E − µe)), (S7)

where the first and second terms refer to the contributions of holes and electrons, and

µe = −eu is the electrochemical potential of the conduction electrons. Here we use the

notation u for the voltage, e for the proton charge, and f(βE) = 1/(exp(βE) + 1) for the

Fermi-Dirac function. In addition we introduce ρ̃(E) = 1
e
ρ(E/e) to make the calculation in

SI units.

After some algebra, we get for the surface charge density

Qq =
Q

A
=

e

A

∫ ∞

0

dEρ̃(E)[f(β(E − eu))− f(β(E + eu))],

=
2
√
3

π2Λ|Vppπ|A
∑

m=0,±1,...

∫ ∞

0

dEg

(
ΛE

e|Vppπ|
, εm

)
[f(β(E − eu))− f(β(E + eu))], (S8)

and find the quantum capacitance as

Cq =
dq

du
= −e

2

A

∫ ∞

0

dEρ̃(E)[f ′(β(E − eu)) + f ′(β(E + eu))],

= − 2
√
3

π2Λ|Vppπ|
eβ

A

∑
m=0,±1,...

∫ ∞

0

dEg

(
ΛE

e|Vppπ|
, εm

)
[f ′(β(E − eu)) + f ′(β(E + eu))], (S9)

where f ′(βE) = df(βE)
dβE

= − 1

4 cosh2 βE
2

= − exp(βE)
(exp(βE)+1)2

.

Note that Qq > 0 for positive u, which follows from eq. (S8) because f(β(E − eu)) >

f(β(E + eu)) in this case.

C. Numerical calculations

In case of numerical calculation it is useful to work with the dimensionless variables

defined as follows: E ′ = Λ
e|Vppπ |E, u

′ = Λ
e|Vppπ |u, T

′ = Λ
e|Vppπ |T , β

′ = e|Vppπ |
Λ

β. Then, the
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equations above can be rewritten as

Qq =
2
√
3

π2Λ2

e

A

∑
m=0,±1,...

∫ ∞

0

dE ′g (E ′, εm) [f(β
′(E ′ − eu′))− f(β′(E ′ + eu′))],

Cq = − 2
√
3

π2Λ2

e2β

A

∑
m=0,±1,...

∫ ∞

0

dE ′g (E ′, εm) [f
′(β′(E ′ − eu′)) + f ′(β′(E ′ + eu′))]. (S10)

Let us calculate the quantum capacitance of a metallic nanotube ((n1 − n2)/3 is integer)

at zero voltage. In this case, we can restrict the calculation by the lowest conduction band

m = 0. It is straighforward to show that∫ ∞

0

dE ′f ′(β′E ′) =
1

2β′

Introducing this expression to Eq. (S10), we have

Cq(u = 0) =
2
√
3

π2Λ2

e2β

A

1

β′ =
2
√
3e

π2Λ|Vppπ|A
. (S11)

The capacitance per unit length can be also calculated in the nanotube:

C1D
q (u = 0) = Cq(u = 0)πD = Cq(u = 0)πΛd =

2
√
3ed

π|Vppπ|A
. (S12)

It is clear that within this approach, the linear capacitance does not depend on the diameter

of the metallic nanotube, although the ab-initio simulations show some dependence on the

chirality indices of CNTs [5]. For instance, eq. (S12) gives C1D
q (u = 0) = 0.378 fF µm−1.

Parkash and Goel[5] obtained with ab-initio calculations (see Table 2 in ref. [5]): C1D
q (u =

0) = 0.366 fF µm−1 for the (12, 0) tube, C1D
q (u = 0) = 0.388 fF µm−1 for the (9, 0) tube, and

C1D
q (u = 0) = 0.207 fF µm−1 for the (9, 9) tube.
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S2. ELECTRICAL DOUBLE-LAYER CAPACITANCE OF SINGLE-FILE PORES

A. Exact analytical solution of a continuum 1D model

We consider a cylindrical nanopore of radius R (measured to the centers of the wall

atoms), with a potential difference u applied between the inner pore surface and a bulk

electrolyte (fig. 1a in the main text). We assume the nanopore is so narrow that it can only

accommodate a single row of ions, which we model as equally-sized monovalent charged hard

spheres of radius a. This single-file pore model can be mapped onto an exactly-solvable one-

dimensional model of interacting particles with electrochemical potentials µ± = µ ∓ eu,

assuming the same chemical potential for cations (+) and anions (−); here e is the proton

charge and u is the applied voltage.

An electrostatic interaction energy between ions of types α and γ located at r1 = (0, r1, 0)

and r2 = (z, r2, φ) (in cylindrical coordinates) inside a metallic cylinder of radius Re is [6]

βψαγ(r1, r2) = βψαγ(z, r1, r2, ϕ)

=
2λB
Re

∞∑
m=0

An cos(mϕ)
∞∑
n=1

Jm(knmr1/Re)Jm(knmr2/Re)

knm[Ym+1(knm)]2
e−knmz/Re , (S13a)

where A0 = 1 and Am = 2 for m ̸= 0, Jm and Ym are the Bessel functions of the first

and second kind and knm is the nth positive root of Jm. The Bjerrum length λB = βe2/ε

(in Gaussian units), where ε is the dielectric constant inside the pore and β = (kBT )
−1 the

inverse temperature (kB is the Boltzmann constant and T is the temperature). In eq. (S13a),

Re = R−δ is the location of the image surface screening the interactions. We took δ = 0.8 Å

[7, 8], which is slightly less than half of the radius of the wall (carbon) atom, ac = 1.685 Å.

For two ions on the symmetry axis of the nanotube, r1 = r2 = 0, eq. (S13a) simplifies to

βψαγ(z) =
2λB
Re

∞∑
n=1

e−kn0z/Re

kn0[J1(kn0)]2
. (S13b)

For large ion-ion separations, z ≫ Re, eq. (S13b) is approximated remarkably well in a wide

range of parameters by [9]

βψαγ(z) ≈
3.08λB
Re

e−2.4z/Re . (S13c)

Because of the exponential screening of inter-ionic interactions (eq. (S13c)), interactions

beyond nearest neighbours can be neglected. Such one-dimensional system of particles
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interacting solely with their nearest neighbours can be solved exactly using the method

presented in ref. [10, 11]. The equation of state is given by the following relation [11]:

e2βµ(η2++ − η2+−)− 2eβµ cosh(βeu)η++ + 1 = 0, (S14)

where

ηαγ(s) =

∫ ∞

0

dz e−sz−βψαγ(z), (S15)

and ψαγ is given by eq. (S13b), s = βp, p is the pressure along the pore. Note that η+− = η−+

and that η++ = η−− for the symmetric system considered here.

The ions densities are determined as follows:

ρ±(s) = −1

2

eβµ(η2++ − η2+−)− e∓βeuη++

eβµ(η++η′++ − η+−η′+−)− cosh(βeu)η′++

, (S16)

where η′αγ = ∂ηαγ/∂s. The charge per surface area accumulated in a pore is QIL = e[ρ+ −

ρ−]/(2πR) and the differential capacitance is CIL(u) = −dQIL/du. The analysis of eq. (S16)

shows that ρ+ < ρ− for u > 0, implying a negative charge QIL < 0 in this case.

B. 3D Monte Carlo simulations

We have performed grand canonical Monte Carlo (MC) simulations of a three dimensional

model to validate the exact analytical solution. The chemical potentials of the 1D and 3D

models, µ and µ3D
± , are related by [11]

µ± = µ3D
± − ψ̄±, (S17)

where

βψ̄± = − ln

(
2π

∫ R−ac−a

0

e−βψ±(r)r dr

)
. (S18)

In eq. (S18), r is the radial coordinate, ac is the radius of pore wall atoms, and ψ± is the

interaction energy of a ± ion with the pore wall. We assume that ψ± is the same for cations

and anions and consists of image-force interactions [6]

βψ±(r) =

λB
2πRe

∞∑
m=0

am

∫ 2π

0

dϕ cos(mϕ)

∫ ∞

0

dξ
Im(ξr/Re)

Im(ξ)
K0

(
ξ

r

√
r2 +R2

e − 2rRe cosϕ

)
, (S19)
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where am = 1 if m = 0 and am = 2 otherwise, Im(x) and Km(x) are the modified Bessel

functions of the first and second kind, respectively. Note that our considerations can be

straightforwardly extended to include dispersions or other interactions [11, 12].

In our simulations, we used potentials (S13a) to describe interactions between ions and

potentials (S19) for the ions and the nanotube surface. All ions interacted sterically with

each other and with the nanotube. Our simulations consisted of translational, Widom

insertion/deletion [13] and molecular-type swap [14] moves. We performed 106 MC steps for

equilibration and, depending on a system, from 106 to 107 steps in production runs. Periodic

boundary conditions were applied in the direction along the nanotube. In all simulations,

the tube length was 25 nm.
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S3. SUPPLEMENTARY PLOTS
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FIG. S1. Non-polarised metallic CNT (7,7). 1D ion density is shown as a function of the

chemical potential µ. Ion radius a = 0.25 nm, temperature T = 300K, and the in-pore dielectric

constant ε = 2.5 (a) and ε = 5 (b). The thin vertical lines show the values of µ that we used to

calculate the voltage dependence (see figs. S2 and S3 and fig. 2 in the main text).
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FIG. S2. Charge storage in the (7,7) CNT for the in-pore dielectric constant

εr = 2.5. Capacitance and stored energy densities for (a,d) ionophobic (ion chemical poten-

tial µ = −0.25 eV), (b,e) moderately ionophilic (µ = −0.17 eV), and (c,f) strongly ionophilic

(µ = −0.15 eV) pores (see fig. S1). In all plots, the ions radius a = 0.25 nm, temperature T = 300K,

and the tube radius R = 0.47 nm (the accessible radius Ra = R − ac = 0.3 nm and the screening

surface radius Re = 0.39 nm, where ac = 0.17 nm is the van der Waals radius of the carbon atom).
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FIG. S3. Charge storage in the (7,7) CNT for the in-pore dielectric constant εr = 5.

Capacitance and stored energy densities for (a,d) ionophobic (ion chemical potential µ = −0.3 eV),

(b,e) moderately ionophilic (µ = −0.1 eV), and (c,f) strongly ionophilic (µ = 0 eV) pores (see

fig. S1). In all plots, the ions radius a = 0.25 nm, temperature T = 300K, and the tube radius

R = 0.47 nm (the accessible radius Ra = R − ac ≈ 0.3 nm and the screening surface radius

Re = 0.39 nm, where ac = 0.17 nm is the van der Waals radius of the carbon atom).
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FIG. S4. Charge storage in semi-conducting CNTs. (a) Potentials uIL and uq = u − uIL

(see fig. 1a in the main text) as functions of voltage u applied to a CNT (10,3) with respect to

the bulk electrolyte. (b) Quantum (Cq) and electrical double-layer (CIL) capacitances evaluated

at uq and uIL, respectively, showing that the total capacitance C is smaller than Cq and CIL; C is

determined by C−1(u) = C−1
q (uq) + C−1

IL (uIL). In all plots, the ions radius a = 0.25 nm, the tube

radius R = 0.46 nm, the in-pore dielectric constant ε = 5, and temperature T = 300K. The ion

chemical potential µ = −0.1 eV. See also fig. 3 in the main text.
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