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Supplementary Note 1: Optical force in the z-direction

Figure S1 evaluates the optical force in z direction around the BIC with the nanosphere
having a z displacement of 1000 nm above the PhCS. Figs. S1A,B show the sign value of
F, for the upper and lower band. The optical force F; is negative within a circle region
around the BIC and becomes positive outside this region. The relevant absolute value of
optical force F; is shown in Figs. S1C,D, normalized to a value of Fo = 107 N. Fig. S1E
evaluates the net force defined as the buoyant force from water minus the nanosphere’s
gravity. When varying the density of the polymer nanosphere from 0.7 to 1.3, the net force
will gradually change from positive to negative. For practical consideration, there will be
a match between the net force and optical force F, by tuning material density and
nanosphere radius for stable levitation in z direction.
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Figure S1. Evaluation of force in z direction. Sign value of optical force in z direction
for the (A) upper band and (B) lower band. Absolute value of optical force in z direction
normalized to a value of Fo = 1071® N for the (C) upper band and (D) lower band. (E) Net
force of the polymer nanosphere when varying the material density and radius.



Supplementary Note 2: Effect of displacement in the z-direction on topological
distribution of optical force.

To evaluate the effect of displacement in z direction on topological distribution of optical
force, the nanosphere is positioned at 900 nm and 1100 nm above the PhCS. Optical force
distribution is obtained in Fig. S2. At the position of 900 nm in Figs. S2A-D, BIC on both
lower band and upper band generates converging force pattern that attracts objects to the
center. The corresponding angle of force vector is shown in Figs. S2C,D with the same
topological distribution. In Figs. S2E-H, the nanosphere is placed at a distance of 1100 nm,
and both BICs induce diverging force pattern that drives objects away from the center. The
same topology for both band is manifested in Figs. S2G,H, with a difference of 180°
between the two displacement in z direction.

Figure S3 demonstrates the relation between z displacement and converging and diverging
pattern of the topological force. The force direction in the first quadrant in momentum
space is characterized by sign[Fxy], that is, Fxy > 0, the value is 1; Fxy <0, the value is -1.
To realize converging pattern on one band and diverging pattern on the other band, the two
band cannot have the same value for one position. When sphere position in z direction is
placed between 975 nm and 1050 nm, switch from converging to diverging pattern can be
achieved by changing frequency band (indicated by a double arrow, as demonstrated in the
main text). For the z displacement is smaller than 975 nm, the red arrow indicates both
bands have converging force pattern as demonstrated in Figs. S2A-D. For the z
displacement is larger than 1050 nm, the blue arrow indicates both bands have diverging
force pattern as demonstrated in Figs. S2E-H.
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Figure S2. Topological force distribution with different z distance of nanosphere
above the PhCS. (A-D) z=900 nm and (E-H) z = 1100 nm. (A, E) and (B, F) are the force
distribution for lower and upper band, respectively. (C, G) and (D, H) show the
corresponding map of angle of the force vector.
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Figure S3. The value of sign[Fx,] in the first quadrant as a function of sphere position
in z direction for the upper band and lower band. The arrows indicate the converging

and diverging pattern of the force topology.



Supplementary Note 3: Evolution of the force zero with displacement of nanosphere
in the x-direction.

Figure S4 shows the evolution of force zero for the lower band when displacing the
nanosphere in x direction. When moving the nanosphere to the negative position of x axis,
the force zero will change to the position of positive kx (Fig. S4A). In Figs. S4B-D, the
nanosphere is continuously moved to positive position of x axis with a distance of 50, 100,
and 150 nm. The corresponding force zero shifts more far away from the I" point to offset
the displacement of the nanosphere. With in-plane displacement of the nanosphere, force
topology is maintained and the nanosphere will always perceive a force pointing to the I
point until the force zero and nanosphere position coincide at the center. Fig. S5 shows the
effect of nanoparticles for the eigenmodes of the PhCS with BIC. The resonant frequency
and quality factor of the PhCS remain the same when there are nanoparticles above the
PhCS at a distance of 1 um and when there is only the PhCS. Therefore, we verify that the
nanoparticles placed above the PhCS will not induce changes in the optical response
(resonance position, modulation, quality factor) of the PhCS. Obviously, the movement of
the nanosphere has no effect on the eigenmode of lower band. Due to the large contrast in
the shape, size, and index of the PhCS and nanosphere, the eigenfrequencies corresponding
to the eigenmodes of the PhCS and nanoparticle are very different. Thus, the mutual
coupling between PhCS and nanosphere is negligible.

The upper band has similar trend as shown in Fig. S6 with a displacement of 50 nm in the
positive x-axis direction. Fig. S6A shows the force distribution in momentum space and
two force zeros occur with the left one being the shifted force zero from I point. The two
force zeros have different topological pattern. The left one is enclosed by converging force
that attracts nanoparticles, while the right one is dragging objects in y direction and pulling
them away in x direction. Topological feature of the two force zeros is illustrated in Fig.
S6B, with the force vector winding around the zeros in opposite direction. Fig. S4C and
Fig. S4D show the value of sign[Fx] and sign[Fy] for showing the direction force in
momentum space, respectively.

Evolution of the force zero with varying x displacement at 50,100, 150 nm and -50 nm are
shown in Figs. S7A-D. The left force zero in Fig. S7A will shift outside the view and leave
only the right force zero in Figs. S7B, C. The force distribution pattern of Fig. 7B is given
in Fig. STE. This force zero is enclosed by y converging and x diverging force pattern, as
indicated by the four blue arrows showing force direction. Angle of the force vector in
momentum space is plotted in Fig. S6F.
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Figure S4. Force zero for the lower band with displacement of nanosphere in x
direction. The x displacement is -50, 50, 100, and 150 nm for (A-D).



Figure S5. Effect of nanosphere on the eigenmode. The calculated lower-band iso-
frequency surface and color-mapped quality factor of the PhCS (A) with nanoparticles and
(B) without nanoparticles positioned above the PhCS at a distance of 1 um.
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Figure S6. Force topology for the upper band with nanosphere displacement of 50
nm in x direction. (A) Force distribution with two force zeros showing different topology.
The arrows indicate the flow direction of objects when placed in the force pattern. (B) Map
of angle of the force vector. Map of sign value of optical force in (C) x direction and (D) y
direction.
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Figure S7. Topological force distribution with x displacement. (A-D) Absolute value
of optical force in log scale shows the distribution of force zeros on the upper band for x
displacement of -50, 50, 100, and 150 nm. (E) Pattern of force distribution for (B) with the
arrows showing the flow direction. (F) Map of angle of the force vector for (E).



Supplementary Note 4: Robustness of topological force against size and refractive
index of the nanosphere

Figure S8 evaluates the robustness of topological force when varying the size of
nanosphere to radius of 50 nm for Figs. S8A, C and radius of 200 nm for Figs. S8B, D. The
top row is the lower band showing converging force topology and the bottom row is the
upper band showing diverging force topology. In Fig. S9, the refractive index of the
nanosphere is modified to 1.4 for Figs. S9A, C and 1.8 for Figs. S9B, D. The top row is the
lower band with converging force topology and the bottom row is the upper band with
diverging force topology. Therefore, the topological force is very robust against size and
refractive index of the nanosphere.
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Figure S8. Effect of size of nanosphere on the topological force. Converging force
pattern for the nanosphere with radius of (A) 50 nm and (B) 200 nm. Diverging force
pattern for the nanosphere with radius of (C) 50 nm and (D) 200 nm.
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Figure S9. Effect of refractive index of nanosphere on the topological force.
Converging force pattern for the nanosphere with refractive index of (A) 1.4 and (B) 1.8.
Diverging force pattern for the nanosphere with radius of (C) 1.4 and (D) 1.8.



Supplementary Note 5: Three-dimensional trapping with x-shifted PhCS

When the top and bottom hole has displacement in x direction by 5 nm, the force zero
around lower-band BIC will shift to positive for objects above the PhCS (Fig. S10A) and
to negative for objects below the PhCS (Fig. S10B). This asymmetric force distribution for
objects in different position may be employed for achieving three-dimensional trapping
and manipulation.

As demonstrated in Fig. S10, by shifting the hole of two layers in opposite x-direction, the
nanosphere can be trapped at off-I" point with the converging force pattern. Here, we
propose a three-dimensional trapping mechanism for trapping objects at different positions
in the xy plane for different values z distance above and below the PhCS. The two holes are
shifted individually in x direction with a displacement of 5 nm (Fig. S10). Fig. S10
illustrates the evolution of trapping position as a function of z distance. Above the PhCS,
increasing the z distance from 880 nm to 980 nm, the trapping position (force zero in a
converging force pattern) will evolve from a point at positive kx to negative ky, crossing I
point in the process. Below the PhCS, the trapping positions will have a mirror symmetric
position with the case above the PhCS.
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Figure S10. Topological force distribution with displaced PhCS. Force distribution (A)
above the PhCS and (B) below the PhCS around lower-band BIC when the PhCS has the
holes displaced in direction by 5 nm.



Three-dimensional trapping

Figure S11. Schematic of the proposed three-dimensional trapping with x-shifted
PhCS for trapping position above and below the PhCS.



Supplementary Note 6: Field decomposition
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Figure S12. Schematics of radiation field decomposition for resonances of PhCS.
When external light is incident on the PhCS to excite the resonance mode, the excited mode
radiates outward to form the far-field polarization. We decompose the far-field polarization
into the x-y plane, as shown in Fig. S12. According to Bloch theorem for photonic crystals,

the electric field of resonance can be written as Ek”(p, z)=eik”"’uku(p, Z) . Here,

k, =ksin(0) =k x+k,y is the in-plane wave vector, p=xX+yy is the in-plane
coordinate, Uk is periodic function in p, and z is the normal direction. Then, we project uk
into the x-y plane through ¢, = p-(uk > , Where the brackets denote the spatial average over
one unit cell on any horizontal plane outside the PhCS (1). Similarly, we can decompose
the magnetic field of resonance into the x-y plane. By the equation (1) and (2) in the
manuscript, the in-plane force vector distribution can be obtained. Based on the relation

between the spatial angle ¢ and in-plane vector k;, the proposed topological feature of
optical force distribution can be realized not only in momentum space but also in real space.



Supplementary Note 7: Geometrical parameters for BIC

We note the lattice periodicity, hole side length, and thickness of the PhCS may affect the
BIC. The lattice periodicity of 574 nm is chosen for approaching the BIC condition around
the frequency of 200 THz. While for other wavelength or frequency, the lattice periodicity
and hole side length can be accordingly scaled to realize BIC at the targeted value. These
geometrical parameters are suitable for nanofabrication. Fig. S13 demonstrates the impact
of geometrical parameters on the BIC. With a fixed side length of the square hole at 330
nm, we change the lattice periodicity away from 574 nm and the quality factor is relatively
stable for both lower mode and upper mode in Fig. S13(a,b). The value of 574 nm is chosen
to allow more tolerance for possible fabrication imperfection. Fig. S13(c) compares the
quality factor as a function of k-vector for different values of lattice periodicity, and the
lattice periodicity of 574 nm has a larger quality factor at k-vector equal to zero. The impact
of side length of the square hole on quality factor is evaluated in Fig. S13(d), from which
we can see a deviation of the side length within a limited range doesn’t affect the BIC very

much.
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Figure S13. Evaluation of geometrical parameters on the BIC. Impact of lattice
periodicity on the quality factor at BIC for (A) the lower mode and (B) the upper mode.
(C) The quality factor in k space at different values of lattice periodicity for the lower mode.
(D) Impact of side length on the quality factor at BIC.



Supplementary Note 8: Possibility of enhancing the optical force

In order to enhance the optical force, the most direct way is increasing the excitation power
and since the PhCS operates around BIC with high field localization, the optical forces
should be larger than those without BIC. And there may be three potential methods to
enhance the induced optical force by promoting fields of the PhCS platform. The first
method is to introduce epsilon-near-zero (ENZ) materials, such as Indium Tin Oxide (ITO),
Aluminum doped Zinc Oxide (AZO), Gallium doped Zinc Oxide (GZO) and Fluorine
doped Tin Oxide (FTO). According to the conservation of the electric displacement vector,
the electric field localization can be greatly enhanced (40),and this method is also used in
several articles (41, 42). The second method is to suppress the lateral radiation of BIC by
changing the periodic boundary condition to photonic bandgap boundary condition(10).
The third method is to construct merging BIC by tuning multiple fundamental BICs to
merge at a chosen k point (5,43,44).
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