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Web Appendix A: Regularity Conditions

ASSUMPTION 1: The population-level equation ®(b) = 0 has a unique solution. The
matrices A,, A, Ay, B,, B, and By exist, while A is invertible. The function W¥,(-,")

satisfies
SupbeBHn_lzz'Iil\I’n(Wi> b) — ®(b)[| = 0,(1). (S.1)
In addition, the partial derivative €2; ;(b) = 0€2,(b)/0b; is such that

SuPpes, Amac {25 (0)} = Opln) (G =1,...,2p), (8.2)

where Apax () denotes the largest absolute eigenvalue of a matrix, b = (by,...,by,)T and By

is some open neighborhood of 3.

Assumption 1 is quite standard for an estimator defined as the solution to an equation. In
our setting, considering the fact that nilziNzlE{\I’n(Wi, b)} = ®(b) because of the case-
control sampling, the high-level condition (S.1) of uniform convergence holds, for example,
if the parameter space B is compact; see Example 19.7 and the discussion after Theorem 5.9
in Van der Vaart (2000). The condition (S.2) is needed to control the residual in Taylor’s
expansion of (16). In general, Assumption 1 imposes some fairly mild requirements to regulate

the behavior of the estimating equation (16).

Web Appendix B: An Auxiliary Lemma

LEMMA 1: For some fized integer M > 0, suppose U, 1,..., U,y € RP are mutually
independent sequences of random vectors satisfying that, for some p-dimensional vector w,,

and p X p covariance matric X,
Upm — N, ) (n—00, m=1,..., M) (S.3)

in distribution. Then S0 _ Uy — N(OM_ M 3, i distribution as n — co.

m=1
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Web Appendix C: Proof of Lemma 1

We have that, for any t € R?,

E{exp(it™>"M_U,..)} = [0 E{exp(it"U,,,)}
— I, exp(iptt — t73,,t/2)

= eXP{Z’(Z%:l“?n)t - tT(Z%ﬂEm)t/z} (S.4)

where ¢ is the imaginary unit. In the above, the first step uses the mutual independence of
U,1,..., U, p, while the second step is due to (S.3) and Levy’s continuity theorem. The fact

that (S.4) is the characteristic function of N(3X-M_ p S™M 53 ) implies the conclusion.

Web Appendix D: Proof of Proposition 1

We have
YL E[Si{g(X) — Di}Xih(0"X:)] = TNE[{g(X) - D}Xh(0"X) | S = 1]
= n 'TNE[S{g9(X) — D}Xh(0"X)] =0, (S.5)

where the first step is due to case-control sampling and the last step holds by the condition

(12). It follows that

SN B{Sig(X)X:h(07X,) — (1 — S)X;h(07X,)}
= >N B{S;DX;h(0"X;) — (1 — S;)X;h(87X,)}
= N[7E{DXh(0"X)|S =1} — (1 — 1)E{Xh(O'X) | S = 0}] = 0,
where the second step is due to the case-control sampling and the last step is because of
the definition (3) of . This verifies (13). Then (14) is from (S.5) and the fact that the

validation set {W, : R;S; =1,i=1,..., N} can be viewed as a random sample drawn from

the conditional distribution of (X', D, S)" given S = 1.
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Web Appendix E: Proof of Theorem 1
Write N, = 30 (1 - R)S, V={i:RSi=1,i=1,..., N, U={i: (1—-R)S;=1,i=
lI,...,N}and C = {i: S; = 0,i = 1,...,N}. Due to case-control sampling and the fact
that the validation set can be viewed as a random sample drawn from the candidate case
pool, the sets {W, : i € V}, {W, : i € U} and {W, : i € C} can actually be treated as
mutually independent samples randomly selected from P(X,D,S | S =1), P(X,S|S=1)
and P(X,S | S = 0), respectively. Here P(- | S = s) refers to a conditional distribution
given S =5 (s € {0,1}).

Denote ¥/ (W,b) = 0¥, (W,b)/db. The law of large numbers, Slutsky’s Theorem and

Assumption 1 give that, as n, N — oo,
n L LW )
=" { e T (Wi. 8) + i, Un(Wi, B) + X U0 (Wi, B)}
=n" Y ey (Wi, 8) + (T = 0 n) N i B (Wi, B) + (1= T)Ng ' 3, B (W3, B)

S A+ (T —8) A, +(1—T)Ag=A (S.6)

in probability.
Then denote ¢, = E{¥,(W,3) | S =1}, {, = E{¥,(W,3) | S = 1} and {, =
E{¥,(W,3) | S = 0}. By the central limit theorem, Slutsky’s theorem and Assumption 1,

we have
n'2{n 0¥, (Wi, B) — ¢} = N(0,B,)  (n, N — o0). (S.7)
Analogously, we can obtain that, as n, N — oo,

nl/Q{n_IZieuan(Wh B) - (T - 5)CU} — N{O7 5(7_ - 5)E'U}’ (S8)

n'2 {01, oW (Wi, B) — (1 —7)¢o} — N{0,6(1 — 7)By}. (S.9)

Considering the facts that {W; : i € V}, {W,; : i € U} and {W, : i € C} are mutually
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independent, and that

Cot (T =8)C, +(1=7)¢ = ®(B) =n' L E{,.(W;, 0)} =0
due to Proposition 1 and the case-control sampling, Lemma 1 and the convergences in (S.7)—
(S.9) imply that, as n, N — oo,
nT P LWL B) = nn A0 Wa(Wa B) + L (Wi, B) + e Wa( Wi, B)}
— N(0,B). (S.10)

The case-control sampling and Proposition 1 guarantee that

®(B) =n"'> " E{¥,(W;,3)} =0. (S.11)

Then, considering the condition (S.1) and the fact that 8 is the unique solution to ®(b) =0

from Assumption 1, Theorem 5.9 of Van der Vaart (2000) gives

~

B—0B (n,N— o) (S5.12)
in probability. By Taylor’s expansion and (S.6), we have
0=n"'S L0 (Wi ) = 0 'S0, (Wi8) + 0 UL W (Wi B)(B -~ B) + 1o
= 'Y UL (W, 8) + A(B - B) +u, + 1. (S.13)
In (S.13), the term u, = {n 'SV @' (W, 8) — A}(B — B), while r,, is a 2p-dimensional
vector, whose jth component is r,, ; = nfl(,@ — ,B)TQ;U(B)(B —B) with =8+ A(,@ =°)

for some diagonal matrix A = diag(Aq,...,Ay) and some \; € (0,1) (j = 1,...,2p). The

convergence in (S.6) and Assumption 1 give
1A | = 0,118 = BI))- (S.14)
Further, by the condition (S.2) of Assumption 1 and the convergence (S.12), we know that
gl =078 = B)2,;(B) (B~ B)| < 1718 — Bl Aman{€2,;(8)}
= o(IB-Bl) (G=1....2).
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which implies that

1A ]| = 0,(1I8 — BI)- (5.15)

Considering the fact that n= |3~ @, (W, 8)|| = O,(n""/?) from (S.10), (S.10) through

(S.15) conclude that |8 — B|| = O,(n"/2) and that

B -B) = A Hn V2NN W, (W, 8) + n3(u, +1,)}

= —nPATIYYN W, (W, 8) +0,(1) = N{0,A"'B(A" )T}

in distribution as n, N — oo.

Web Appendix F: Proof of Corollary 1

We have

N @ (Wi B8) = N 'Y 0ui(Wi, B) + N 'Y, w1(W5, 8)
— FE{U(W,B) | S =1} + (1— 7)E{T,(W,8) | S = 0} + O,(N-1/2)
= o,(n"?). (S.16)

In the above, the second step is due to the case-control sampling and the central limit

theorem, while the third step holds by the facts that 6 = lim, y— n/N = 0 and that

TE{®,(W,3) | S=1}+ (1 —7)E{®(W,3) | S =0}
= 71E{h(a™X)Xh(0"X) | S =1} — (1 — 7)E{Xh(8"X) | S =0}
= NIV B{Sig(X)X;h(0"X;) — (1 — S)X;h(87X,;)} =0
from (13) in Proposition 1. The result (S.16), combined with (17) and the fact that R;S; =

I(i < n) (i =1,...,N), implies (19). Then the asymptotic normality can be shown by

setting 0 = 0 in (18).
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Web Appendix G: Proof of the Equation (22)
Since E(D | X, S =1) = h(aTX), we have
E{¥,(W,8)|X,S =1} = E[{h(a*X) — D}XK(0'X) | X,S =1] =0,

which indicates

E{p(W,B8) | X,S=1}=EA{0,, ¥, (W,08)}" | X,5=1]=0. (S.17)
According to Theorem 4.5 of Tsiatis (2007), the tangent space corresponding to the semi-
parametric model M, given in (20), is

T ={g(D,S,X) e R?*: E{g(D,S,X) | X,S =1} = 0,cov{g(D, S, X)} < oo},

and the projection of the influence function (W, 3) of B onto 7 is

I{p(W,B8) [ T} =p(W,B8) — E{p(W,B8) | X, =1} = (W, 8)

due to (S.17). Then, using Theorem 4.3 of Tsiatis (2007), we know

Pere (W, B) = I{@(W, B8) | T} = (W, 8) = A7{0,, ¥, (W, 8)}.

Web Appendix H: Supplements for the Numerical Studies in Sections 4 and 5
[Table 1 about here.]
[Table 2 about here.|
[Table 3 about here.]

[Table 4 about here.]
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Table S1

Proportions E(D | S = 1) of true cases in the candidate case pool under the simulation settings (23) and (24) used
in Section 4. Here p is the covariate dimension while (a)-(e) are forms of the function p(x) in (23)—(24).

Model (23) Model (24)

p|(a (b)) () (d ()| @ ((d) () (d) (e
71039 055 045 0.61 043|065 0.56 0.61 0.50 0.65
131 0.33 0.57 047 0.62 0491 0.71 0.54 0.61 0.49 0.58
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Table S2
Results of the simulations in Section 4: biases, measured by the criterion (25), of the estimators for @_1 from the
validation-only estimating equation (VEE), from the naive estimating equation (NEE), from the parametrically
imputed estimating equation (PIEE) and from the unbiasedly imputed estimating equation (UIEE) under the
models (23) and (24) with the covariate dimension p = 7. Here n is the validation set size, N is the whole sample
size and p(x) is the function in (23)—(24).

N = 2,500 N = 5,000 N = 25,000

Model n p(x) | VEE NEE PIEE UIEE | VEE NEE PIEE UIEE | VEE NEE PIEE UIEE
(a) | 0.01 041 0.01 0.01 | 001 040 001 0.01 |0.01 040 0.01 0.01

(b) | 0.01 022 0.07 0.01 | 000 022 0.07 0.01 |00l 022 0.07 0.01

100 (¢) | 0.01 0.34 0.07 0.00 | 0.00 0.34 0.07 0.01 | 0.01 0.34 007 0.00
(d) { 0.01 021 005 0.01 |001 021 006 0.01 |000 021 0.06 0.00

(¢) 1001 033 0.09 0.01 |00l 032 009 0.01 |00l 032 0.09 0.00

(a) | 0.01 041 0.00 0.00 | 001 040 000 0.00 | 0.01 0.40 0.00 0.00

(b) { 0.01 0.22 006 0.00 | 0.01 0.22 007 0.00 | 001 022 0.07 0.00
(23) 200 (c) | 0.01 0.34 006 0.00 | 0.00 0.34 0.07 0.00 | 0.00 0.34 0.08 0.00
(d) { 0.01 0.21 005 0.00 | 0.01 021 006 0.00 | 000 021 0.06 0.00

(¢) 1001 033 0.08 0.00 | 000 032 009 0.00 | 000 032 0.09 0.00

(a) | 0.01 041 0.00 0.00 | 0.01 040 000 0.00 | 0.00 0.40 0.00 0.00

(b) | 0.01 0.22 005 0.00 | 0.00 0.22 006 0.00 | 0.00 022 0.07 0.00
400 (c¢) | 0.01 034 0.05 0.00 | 0.00 034 0.06 0.00 [ 0.00 0.34 0.08 0.00
(d) { 0.01 0.21 004 0.00 | 0.00 021 005 0.00 | 000 021 0.06 0.00

(¢) 1001 033 0.06 0.00 |00l 032 008 0.00 |0.00 032 0.09 0.00

(a) | 0.15 047 0.02 0.02 | 0.18 047 0.02 0.02 | 0.22 047 0.02 0.02

(b) { 0.15 043 015 0.02 | 0.19 043 015 0.02 | 022 043 0.16 0.02
100 (¢) | 0.17 048 0.10 0.02 | 0.20 049 011 0.02 | 0.24 049 0.11 0.01
(d) | 020 056 017 0.02 | 0.24 0.56 0.18 0.02 | 029 056 0.18 0.02

() | 013 040 0.10 0.02 | 0.16 040 011 0.02 | 0.20 0.40 0.11 0.02

(a) | 0.11 047 0.02 0.02 | 0.16 047 0.01 0.01 | 021 047 001 0.01

(b) | 0.12 043 0.14 0.02 | 0.16 043 015 0.01 | 021 043 0.16 0.01
(24) 200 (c¢) | 0.13 048 0.09 0.01 | 0.18 049 0.11 0.01 | 023 049 0.11 0.01
(d) | 0.16 056 0.16 0.02 | 0.21 0.56 0.18 0.01 | 027 056 0.19 0.01

(¢) 1 010 040 0.09 o0.01 | 014 040 0.10 0.01 | 0.19 040 0.11 0.01

(a) | 0.0 047 0.01 0.01 | 0.12 047 0.01 0.01 | 0.19 047 001 0.01

(b) | 0.08 043 0.11 0.01 | 0.13 043 014 0.01 | 020 043 0.16 0.01
400 (c¢) | 0.08 0.48 0.07 0.01 | 0.14 049 0.10 0.01 | 022 049 0.11 0.01
(d) | 0.10 056 0.13 0.02 | 0.16 0.56 0.16 0.0L | 025 056 0.19 0.01

() | 0.06 040 0.0 o0.01 | 011 040 0.09 0.01 | 0.17 040 0.11 0.01
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Table S3
Results of the simulations in Section 4: mean squared error ratios of the estimators for @_1 from the validation-only
estimating equation to those from the naive estimating equation (NEE), from the parametrically imputed estimating
equation (PIEE) and from the unbiasedly imputed estimating equation (UIEE) under the models (23) and (24) with

the covariate dimension p = 7. Here n is the validation set size, N is the whole sample size and p(x) is the function
in (23)-(24).

N = 2,500 N = 5,000 N = 25,000
Model n p(x) | NEE PIEE UIEE | NEE PIEE UIEE | NEE PIEE UIEE

(a) | 0.22 328 3.10 | 0.21 3.71 3.49 | 0.22 4.21 3.97
(b) | 043 159 2.45 | 043 1.68 2.86 | 042 1.69 3.19
100 (¢) | 0.24 1.68 2.66 | 024 1.77 3.03 | 0.21 160 3.21
(d) | 0.46 210 3.23 | 045 223 3.86 | 041 223 4.37
(e) {026 132 2.25 | 025 130 245 | 023 1.21 2.50

) | 0.11 257 247 | 010 325 3.10 | 0.10 433 4.14
) | 023 122 205 | 023 123 2.60 | 021 119 3.34
) | 012 126 217 (012 129 276 | 0.11 1.18 3.39
) | 024 150 245 | 023 156 3.27 | 0.21 152 4.70
)

(
(
(23) 200 (
(
() | 0.14 105 1.97 | 013 096 2.30 | 0.12 085 2.62

(a) | 0.06 1.73 1.70 | 0.05 246 2.40 | 0.05 4.22 4.06
(b) | 0.13 1.02 1.55 | 0.12 091 2.14 | 0.11 0.75  3.32
400 (c¢) | 0.07 1.04 1.60 | 0.06 096 2.21 | 0.06 0.79 3.40
(d) | 013 110 1.58 | 0.12 1.05 2.27 | 0.11 093 4.29
(e) | 0.08 0.93 1.57 | 0.07 074 1.99 | 0.06 059 2.62
(a) | 0.21 288 2.82 | 024 385 3.78 | 0.28 538 5.19
(b) | 027 124 258 | 031 138 3.30 [ 036 1.60 4.45
100 (c¢) | 0.23 183 3.14 | 026 215 4.29 | 032 269 5.81
(d) | 022 129 3.04 | 027 148 4.19 | 033 182 5.39
(e) | 0.25 1.52 247 | 029 1.72 3.19 | 034 206 4.33

(a) | 0.12 284 2.78 | 0.16 485 4.71 | 0.23 9.60 9.34
(b) | 0.16 1.02 2.66 | 0.21 1.20 4.29 | 0.30 1.62 8.19
(24) 200 (c) | 0.14 167 3.20 | 0.18 214 555 | 027 3.15 10.81
(d) | 0.14 107 3.18 | 0.19 1.32 5.57 | 028 184 10.14
(e) | 0.15 1.38 248 | 0.19 166 3.99 | 0.27 231 7.40
) | 0.06 2.00 1.99 | 0.10 4.61 4.53 | 0.19 1457 14.16
) | 0.08 0.82 1.98 | 0.13 097 4.32 | 024 150 12.71
) | 0.07 1.31 223 | 011 184 5.45 | 0.22 3.15 16.82
) [ 007 08 216 | 011 106 5.23 | 0.23 1.72 17.50
) | 0.08 1.10 1.80 | 0.11 138 3.81 | 0.21 224 11.10

(
(
400 (
(
(
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Table S4
Names, descriptions and summary statistics of the covariates considered in the data analysis of Section 5. Here
“SD” stands for “standard deviation”.

Variable name Description Mean SD
urineoutput Urine output (ml/kg/hr) 1532.4 1384.1
sysbp_min Minimum systolic blood pressure (mmHg) 82.0 17.3
Spo2_mean Mean fraction of oxygen-saturated hemoglobin relative to  96.5 3.1
total hemoglobin (unsaturated+saturated) in the blood
sodium_max Maximum sodium concentration in blood (mmol/L) 140.7 648
metastatic_cancer Having metastatic cancer (1) or not (0) 0.1 0.3
lactate_min Minimum lactate concentration in blood (mmol/L) 2.0 1.6
is_male Being male (1) or not (0) 0.6 0.5
cretinine_min Minimum cretinine concentration in blood (mmol/L) 1.6 1.3
bun_mean Mean level of blood urea nitrogen (mmol/L) 37.3 26.5
aniongap_max Maximum anion gap (mmol/L) 18.3 5.6

age Age (year) 68.5 16.9




