
Appendices

A Proof of Theorem 1

We consider the L2-metric

d(g1, g2) = ‖g1 − g2‖L2(P ) =
[
P (g1 − g2)2

] 1
2 ,

where Pf denotes the expectation of a measurable, data-dependent function f .
Now, by Condition C1, it is easy to see that the expected objective function is

M(g) = Pmg = −P (g − g0,i)2, i = 1, 2,

where g0,i is the true curve for the ith population. This implies the identifiability
condition

sup
g:g/∈G

M(g) < M(g0,j)

for any neighborhood Gi of g0,i.
For simplicity of presentation, we omit the subscript i in the remainder of

the proof, and note that the same arguments regarding the consistency of the
B-spline estimator hold for both groups. Then, following Kim et al. (2017)[1],
we define a linear operator map Q from G to the sieve space Gn, as:

Q(ψ) =

Kn+m∑
k=1

φk(ψ)Bm(x),

for any ψ ∈ G, where {φk}Kn+m
k=1 are linear functionals in L∞(X). Then we

define gn(x) = Q(g0). Arguments similar to those used by Kim et al. (2017)[1]
lead to the following inequality

‖gn − g0‖L∞(X) ≤ O(K−pn ),

which also implies that

‖gn − g0‖L2(P ) ≤ O(K−pn ). (1)

It is straightforward to see that

d(ĝn, g0) ≤ d(ĝn, gn) + d(gn, g0). (2)

To show the convergence of the first term in the right side of (2) to 0, we let
Mn(g) be the empirical objective function based on the data and Pnf(X) =
n−1

∑n
i=1 f(Xi). It follows that

sup
g∈Gn

|Mn(g)−M(g)| ≡ ‖Mn(g)−M(g)‖Gn

. ‖Pn(g − g0)e‖Gn + ‖(Pn − P )(g − g0)2‖Gn .
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From Conditions C1, C2, and the Law of Large Numbers, we have ‖Pn(g −
g0)e‖Gn = op(1).

For the second term we consider the class of functions Fn = {(g− g0)2 : g ∈
Gn}. A calculation by Shen and Wang (1994)[2] implies that N[](ε,Gn, L1(P )) ≤
(1/ε)c(Kn+m). Based on the set of ε-brackets {[lj , uj ] : j = 1, . . . , (1/ε)c(Kn+m)}
in L1(P ) for Gn, we can construct a set of ε′-brackets {[l′j , u′j ] : j = 1, . . . , (1/ε)c(Kn+m)},
where

l′j =
[
I(lj ≥ g0)(lj − g0)2 + I(uj < g0)(uj − g0)2

]
[1− I(lj < g0, uj ≥ g0)]

and

u′j = I(lj ≥ g0)(uj − g0)2 + I(uj < g0)(lj − g0)2

+I(lj < g0, uj ≥ g0) max((uj − g0)2, (lj − g0)2)

in L1(P ) for Fn. Therefore, N[](ε,Fn, L1(P )) <∞ for any ε > 0. This implies

that ‖(P−P )(g− g0)2‖Gn
as∗→ 0, and thus ‖Mn(g)−M(g)‖Gn = op(1). This fact

along with the inequality

M(g)−M(gn) ≤ −1

4
P (g − gn)2,

for any g with P (g − gn)2 ≥ 4P (gn − g0)2 (van der Vaart and Wellner, 1996
[3]) implies that d(ĝn, gn) = op(1). The second term on the right side of (2) is
o(1) by condition C3 and inequality (1) and this leads to d(gn, g0) = o(1) and,

therefore, d(ĝn, g0)
p→ 0.

For the rate of convergence we consider the key inequality

E? sup
P (g−gn)2≤δ2,g∈Gn

∣∣∣∣∣ 1√
n

n∑
i=1

(g − gn)(Xi)ei

∣∣∣∣∣ .
J̃[](δ,Gn(δ), L2(P ))

[
1 +

J̃[](δ,Gn(δ), L2(P ))

δ2
√
n

]

holds with Gn(δ) = {g : g ∈ Gn, d(g, gn) < δ}, given in p. 335 in van der Vaart
and Wellner (1996) [3]. The calculation by Shen and Wang (1994)[2] implies
that the ε-bracketing number for the class Gn(δ) is bounded by (δ/ε)c(Kn+m).
Therefore,

J̃[](δ,Gn(δ), L2(P )) =

∫ δ

0

√
1 + c(Kn +m) log

(
δ

ε

)
dε ≤ c(Kn +m)1/2δ.

Thus, the key function φn(δ) given in Theorem 3.4.1. in van der Vaart and
Wellner (1996) [3] is

φn(δ) = (Kn +m)1/2δ +
(Kn +m)√

n
.
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After some algebra we conclude that

n2pvφn

(
1

npv

)
≤
√
n

if pv ≤ (1− v)/2. Thus, if the rate rn = min(pv, (1− v)/2) then

r2nφn

(
1

rn

)
≤
√
n.

Also, it can be argued that Mn(ĝn)−Mn(g0) ≥ −Op(r−2n ) . If v = 1/(1 + 2p),
Theorem 3.4.1 in van der Vaart and Wellener (1996) [3] and (1) and (2) imply
that

d(ĝn, g0) = Op(n
− p

1+2p ).

Next, consider the test statistic based on two independent samples of size
n1 and n2

1

N

2∑
i=1

ni∑
j=1

[ĝ1(xij)− ĝ2(xij)]
2 ≡ PN (ĝ1 − ĝ2)2,

where N = n1 + n2.
Let us consider the consistency of the test statistic to the true L2 distance

between the two curves under the probability measure P underlying Xij , i =
1, 2, j = 1, . . . , ni. It is straightforward to show that∣∣PN (ĝ1 − ĝ2)2 − P (g1 − g2)2

∣∣ ≤ ∣∣PN [(ĝ1 − ĝ2)2 − (g1 − g2)2]
∣∣

+
∣∣(PN − P )(g1 − g2)2)

∣∣ . (3)

The second term in (3) is op(1), as a consequence of the condition C2 and the
law of large numbers. Now see that

PN (ĝi − gi)2 = PN


Kni

+m∑
k=1

[φ̂k,i(gi)− φk,i(gi)]Bmk +

[
Kn+m∑
k=1

φk,i(gi)B
m
k − gi

]
2

≡ PN


Kni

+m∑
k=1

[φ̂k,i(gi)− φk,i(gi)]Bmk + (gni,i − gi)


2

≤ 2


Kni

+m∑
k=1

[φ̂k,i(gi)− φk,i(gi)]


2

PN
(

max
k=1,...,Kni

+m
Bmk

)2

+2P (gni,i − gi)2 + op(1).

By the uniform boundedness of the B-spline basis functions and the consistency
of the estimator of the control points φ̂k,i(gi) from the fact that d(ĝi,n, gi,n) =
op(1) shown above, it follows that the first term in the right side of the above
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inequality is op(1). Also, the second term in the right side of the above inequality
is op(1), as it was argued above. Therefore,

PN (ĝi − gi)2 = op(1), i = 1, 2. (4)

(3) can be written into

∣∣PN [(ĝ1 − ĝ2)2 − (g1 − g2)2]
∣∣ ≤ 2∑

i=1

∣∣PN (ĝ2i − g2i )
∣∣+ |PN ĝ1(ĝ2 − g2)|

+ |PNg2(ĝ1 − g1)|

≡
2∑
i=1

AN,i +BN + CN . (5)

It is not hard to see that the first term of (5) becomes

2∑
i=1

AN,i ≤
2∑
i=1

PN (ĝi − gi)2 +

2∑
i=1

PN |2gi(ĝi − gi)|

≤
2∑
i=1

PN (ĝi − gi)2 +K

2∑
i=1

PN |ĝi − gi|

≤
2∑
i=1

PN (ĝi − gi)2 +K

2∑
i=1

[PN (ĝi − gi)2]1/2

= op(1),

where K represents a generic constant with K ∈ (0,∞). By C2 and (5), i = 1, 2,
we have that for a sufficiently large N

(BN + CN ) ≤ K
2∑
i=1

[PN (ĝi − gi)2]1/2 = op(1).

Therefore,

PN (ĝ1 − ĝ2)2
p→ P (g1 − g2)2.

This result along with Lemma 14.15 of van der Vaart (2000)[4] leads to the
consistency of the proposed test against every fixed alternative hypothesis with
g1 6= g2. Thus, the proof of Theorem 1 is complete.
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B Simulation Results

In Part B of the Appendix, we summarize the results from the simulation studies.
Details of the simulation were presented in Section 5 of the manuscript.

B.1 Comparisons of curve functions

We report the average type I error rates and power for parameter settings con-
sidered in the simulation. Simulations for curve comparisons were based on 1000
generated samples. Tests were performed at the 0.05 significance level.

Notation for each testing method in the Table 1 is consistent with that
presented in the main manuscript. Method 1 TB−spline: L

2 distance of point-
wise B-spline regression functions with k = 3

√
ni; Method 2 TP−spline: P-spline

regression functions with the default number of knots from GCV (k ≈ 6 in
this example); Method 3 T4: Kernel-based regression function g̃i(x), T4 =∑I
i=1

∑i−1
j=1[g̃i(x) − g̃j(x)]2; Method 4 T2: Variance estimating method, T2 =

σ̂2− 1
N

∑I
i=1 niσ̂

2
i ; Method 5 T1: The scaled chi-square test, T1 = 1

N

∑I
i=1

∑ni

j=1[g̃(xij)−
g̃i(xij)]

2.

[Figure 1 about here.]

[Table 1 about here.]

We report the average type I error rates and power for parameter settings
considered in the simulation.

Simulations for three-group curve comparisons were based on 500 generated
samples. Tests were performed at the 0.05 significance level. Simulation results
were presented in Table 2.

[Table 2 about here.]

B.2 Exploration of asymptotic property

To confirm the theoretical results that power increases with the sample size,
we randomly chose a scenario that d = 1, (σ1, σ2) = (0.2, 0.15) in two curve
comparisons based on 1000 simulated samples at the significance level of 0.05.
Numerical results are presented in Table 3, and power curve in Figure 2.

[Table 3 about here.]

[Figure 2 about here.]

B.3 Comparisons of surface functions

The average type I error rate and power for various parameter settings in surface
comparisons based on 500 simulated samples at the significance level of 0.05
are presented in Tables 4 and 5, where “TP-Spline”, “TP-Spline+” and “TP-
Spline−” indicate tests using thin-plate splines with 3

√
ni, 3
√
ni+ 1, and 3

√
ni− 1
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knots. “TE” indicates testing method using tensor-product basis functions,
“TP-Spline.p” and “TE-Spline.p” are tests using penalized splines. T4(Method

3): Kernel based estimating regression function g̃i(x), T4 =
∑I
i=1

∑i−1
j=1[g̃i(x)−

g̃j(x)]2; T2(Method 4): variance estimating method, T2 = σ̂2 − 1
N

∑I
i=1 niσ̂

2
i ;

T3(revised Method 5): T3 = 1
N

∑I
i=1

∑ni

j=1[ĝ(xij) − ĝi(xij)]2 ; T1(Method 5):

matching with a scaled chi-square distribution, T1 = 1
N

∑I
i=1

∑ni

j=1[g̃(xij) −
g̃i(xij)]

2.

[Table 4 about here.]

[Table 5 about here.]

B.4 Models with correlated data

We present the average type I error rates and power for simulation settings in
curve comparisons based on 1000 simulated samples with certain correlations at
the significance level of 0.05; see Tables 6. We generated 200 simulated samples
for comparison of the rejection probabilities between the proposed methods and
Zhang’s scaled χ2 testing method. See Table 7.

[Table 6 about here.]

[Table 7 about here.]
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C Package gamm4.test and its R Shiny interface

As described in the manuscript, we developed an R package, gamm4.test, to-
gether with an interactive interface for the implementation of the proposed tests.
In Part C of the Appendix, we briefly illustrate the use of the package.

C.1 Analysis of cross-sectional data: An example

Using the pubertal growth study data as an example, we compared the weight-
for-age curves between boys and girls, using only the baseline measurements.
The data are cross-sectional and uncorrelated.

R> library("gamm4.test")

R> data("outchild")

R> child <- outchild[order(outchild$SID,outchild$age),]

R> bs <- aggregate(.~SID, child, FUN=head, 1)

R> childcur <- bs[,c("SEX","WEIGHT","age")]

R> test.grpsex1 <- gam.grptest(WEIGHT~s(age, bs="cr"),

test=~SEX,data=childcur)

R> test.grpsex1

The output from the program thus far is as follows

Test the equality of curves based on L2 distance

Comparing 2 semiparametric regression curves

Penalized semiparametric regression is used for curve fitting.

Wide-bootstrap algorithm is applied to obtain the null distribution.

Null hypothesis: there is no difference between the 2 curves.

T = 71.92 p-value = 0.01493

The density function of the test statistic under the null hypothesis estimated
from the bootstrap samples can be obtained by using function

plot(test.grpsex1, test.statistic=TRUE).

The function provides the flexibility of displaying either a histogram or a
density curve through option test.stat.type. In Figure 3 we request a his-
togram by using

plot(test.grpsex1, test.statistic=TRUE, test.stat.type="hist")

[Figure 3 about here.]
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Function gam.grptest is the main function for comparing the curves. Op-
tions bs= and k= can be used in the model formula for changing the basis
functions and for specifying the number of knots. If no value for k is provided,
a penalized semiparametric model estimation with the default number of knots
will be used. The following are some sample commands:

R> test.grpsex1 <- gam.grptest(WEIGHT~s(age, bs="tp"),test=~SEX,

data=childcur)

#penalized thin-plate spline basis

R> test.grpsex1 <- gam.grptest(WEIGHT~s(age, bs="tp", k=5), test=~SEX,

data=childcur)

#thin-plate spline basis with five equally spaced knots

#over the range of variable age

Option N.boot specifies the number of bootstrap samples. The default value
is N.boot = 200. Option parallel=TRUE calls for parallel computing and it
distributes the computational burden to all available CPU cores.

R> test.grpsex1 <- gam.grptest(WEIGHT~s(age, bs="cr"),test=~SEX,

data=childcur, N.boot=300, parallel= TRUE)

R> test.grpsex1

The following code produces a plot of the estimated curves with a 95%
pointwise confidence interval. The plot is shown in Figure 4.

R> plot(test.grpsex1)

R> plot(test.grpsex1, se.est=TRUE)

[Figure 4 about here.]

Similarly, one could use the function gam.grptest for comparison of surface
functions. In the pubertal growth example, we express the body weight as a
function of age and height, i.e., WEIGHT = f(HEIGHT, age). The following
code produces a comparison of the function f between boys and girls.

R> childsurf <- bs[,c("SEX","HEIGHT","WEIGHT","age")]

R> test.grpsex2 <- gam.grptest(WEIGHT~s(HEIGHT,age),test=~SEX,

data=childsurf)

R> test.grpsex2

R> plot(test.grpsex2)

R> plot(test.grpsex2,type="persp",theta=-35,phi=40)

R> plot(test.grpsex2,type="plotly.persp")

with the following output:

Test the equality of surfaces based on L2 distance

Comparing 2 semiparametric regression surfaces
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Penalized semiparametric regression is used for surface fitting.

Wide-bootstrap algorithm is applied to obtain the null distribution.

Null hypothesis: there is no difference between the 2 surfaces.

T = 20.92 p-value = 0.4179

The option type=plotly.persp generates an interactive 3-D plot using the
R package plotly. The generated plots are shown in Figure 5 and plotly output
is uploaded on https://zhaoshi169.github.io/chap5plotlysuf.html.

[Figure 5 about here.]

The R package fANCOVA provides functions for kernel-based testing methods.
We made a minor correction for the function T.L2 in our package with a new
function name T.L2c, which helps to conduct two group comparison.

R> n1 <- 200

R> x1 <- runif(n1,min=0, max=3)

R> sd1 <- 0.2

R> e1 <- rnorm(n1,sd=sd1)

R> y1 <- sin(2*x1) + cos(2*x1) + e1

R>

R> n2 <- 120

R> x2 <- runif(n2, min=0, max=3)

R> sd2 <- 0.25

R> e2 <- rnorm(n2, sd=sd2)

R> y2 <- sin(2*x2) + cos(2*x2) + x2 + e2

R>

R> dat <- data.frame(rbind(cbind(x1,y1,1), cbind(x2,y2,2)))

R> colnames(dat)=c(’x’,’y’,’group’)

R>

R> T.L2c(formula=y~x,test=~group,data=dat)

R> gam.grptest(y~s(x,bs="cr"), test=~group, data=dat,

parallel=TRUE)

R> library(fANCOVA)

R> T.aov(dat$x, dat$y, dat$group)

R> T.var(dat$x, dat$y, dat$group)

In this simple example, all testing methods correctly reject the null hypoth-
esis. But as we have shown in the simulation studies, different testing methods
do have different operating characteristics.

C.2 Analysis of correlated data

We use the same example to illustrate the analysis of correlated data. Here, we
included data from all the visits for the analysis. The goal is to compare the
growth functions over age between boys and girls.

The R code for data preparation and testing is presented as below.
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R> data("outchild")

R> child.rep <- outchild[(outchild$age<16 &outchild$age>10),]

R> child.reptest1 <- gamm4.grptest(HEIGHT~s(age,bs="cr"),

random=~(1|SID),test=~SEX,data=child.rep)

R> child.reptest1

R> plot(child.reptest1,test.statistic=TRUE)

R> plot(child.reptest1)

The output is as follows:

Test the equality of curves based on L2 distance

Comparing 2 semiparametric regression curves

Penalized semiparametric regression mixed model is used for curve fitting.

Wide-bootstrap algorithm is applied to obtain the null distribution.

Null hypothesis: there is no difference between the 2 curves.

T = 33.91 p-value = 0.004975

As expected, the height-for-age growth curves are significantly different be-
tween the sexes (p<0.001). The empirical distribution of the test statistic under
the null hypothesis shows that the value of the test statistic, T = 33.91, is lo-
cated to the far right of the plotted range. At the same time, the 95% pointwise
confidence bands were relatively narrow, showing diverging growth patterns
around the time of puberty. See Figure 6.

[Figure 6 about here.]

The height-for-age scatter plot is presented in Figure 6. The corresponding
regression curves and the 95% pointwise confidence intervals from the semipara-
metric mixed model analysis were presented in Figure 6.

To implement surface comparisons, we conducted hypothesis testing on the
simultaneous nonlinear effects of height and age on weight between boys and
girls among blacks.

R> child.repw <- child.rep[(child.rep$RACE==1),]

R> child.reptest2 <- gamm4.grptest(WEIGHT~t2(age,HEIGHT),

random=~(1|SID),test=~SEX,data=child.repw)

R> child.reptest2

R> plot(child.reptest2,type="contour")

R> plot(child.reptest2,type="persp",theta=-35,phi=40)

which produces the following output:

Test the equality of surfaces based on L2 distance

Comparing 2 semiparametric regression surfaces

Penalized semiparametric regression mixed model is used for surface fitting.
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Wide-bootstrap algorithm is applied to obtain the null distribution.

Null hypothesis: there is no difference between the 2 surfaces.

T = 10.88 p-value = 0.0995

Plots are shown in Figure 7. The option type=plotly.persp generates an
interactive 3-D plot using the R package plotly.

[Figure 7 about here.]

C.3 The R Shiny Interface

To enhance the usability of the testing methods, we created an interactive R
Shiny interface for the gamm4.test package. This interface allows analysts that
do not use R to access the testing procedure through a web link. The interface
can be access at https://heather.shinyapps.io/shinygamm4/ and a youtube
tutorial is available at https://youtu.be/SHqaZXSLaMw.

To illustrate, we used the outchild data from the “gamm4.test” package as
an example.

We first put the observed data in the pre-specified format.

colnumes(childcur) <- c("grp", "y", "age")

Then click “Enter Data” to upload the dataset. To compare curves and plot
the estimated regression functions, click “Test summary and plots”.

For surface comparison, we first put the raw data in the specified format.

R> colnumes(childsurf) <- c("grp", "y", "x1", "x2")

We then compare surfaces by clicking “Enter Data” and “Test summary and
plots”.
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Table 1: Two group curve comparison: Power and Type I error rates.

d (n1, n2) (σ1, σ2) TB−spline TP−spline T4 T2 T1
0 (125, 125) (0.2, 0.15) 0.051 0.049 0.070 0.043 0.060

(216, 216) (0.2, 0.15) 0.048 0.057 0.071 0.046 0.067
(512, 512) (0.2, 0.15) 0.055 0.060 0.066 0.049 0.063
(125, 125) (0.25, 0.2) 0.049 0.051 0.065 0.043 0.060
(216, 216) (0.25, 0.2) 0.051 0.052 0.071 0.058 0.072
(512, 512) (0.25, 0.2) 0.060 0.047 0.065 0.057 0.066

1 (125, 125) (0.2, 0.15) 0.416 0.349 0.406 0.309 0.415
(216, 216) (0.2, 0.15) 0.688 0.621 0.655 0.529 0.666
(512, 512) (0.2, 0.15) 0.969 0.967 0.973 0.926 0.972
(125, 125) (0.25, 0.2) 0.274 0.226 0.321 0.208 0.302
(216, 216) (0.25, 0.2) 0.434 0.379 0.446 0.353 0.469
(512, 512) (0.25, 0.2) 0.824 0.802 0.850 0.735 0.848

2 (125, 125) (0.2, 0.15) 0.974 0.941 0.956 0.920 0.958
(216, 216) (0.2, 0.15) 1.000 1.000 1.000 0.995 1.000
(512, 512) (0.2, 0.15) 1.000 1.000 1.000 1.000 1.000
(125, 125) (0.25, 0.2) 0.844 0.764 0.830 0.725 0.821
(216, 216) (0.25, 0.2) 0.985 0.970 0.982 0.952 0.983
(512, 512) (0.25, 0.2) 1.000 1.000 1.000 1.000 1.000

3 (125, 125) (0.2, 0.15) 1.000 1.000 0.999 1.000 0.999
(216, 216) (0.2, 0.15) 1.000 1.000 1.000 1.000 1.000
(512, 512) (0.2, 0.15) 1.000 1.000 1.000 1.000 1.000
(125, 125) (0.25, 0.2) 0.995 0.990 0.992 0.981 0.995
(216, 216) (0.25, 0.2) 1.000 1.000 1.000 1.000 1.000
(512, 512) (0.25, 0.2) 1.000 1.000 1.000 1.000 1.000
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Table 2: Three-group curve comparison: Power and Type I error rates.

(d1, d2) (n1, n2, n3) TB−spline
(0, 0) (100, 50, 75) 0.044
(0, 1) (100, 50, 75) 0.074
(0, 2) (100, 50, 75) 0.166
(0, 3) (100, 50, 75) 0.356
(1, 1) (100, 50, 75) 0.134
(1, 2) (100, 50, 75) 0.296
(1, 3) (100, 50, 75) 0.512
(2, 2) (100, 50, 75) 0.482
(2, 3) (100, 50, 75) 0.698
(3, 3) (100, 50, 75) 0.864
(0, 0) (200, 100, 150) 0.054
(0, 1) (200, 100, 150) 0.110
(0, 2) (200, 100, 150) 0.346
(0, 3) (200, 100, 150) 0.760
(1, 1) (200, 100, 150) 0.256
(1, 2) (200, 100, 150) 0.618
(1, 3) (200, 100, 150) 0.906
(2, 2) (200, 100, 150) 0.888
(2, 3) (200, 100, 150) 0.986
(3, 3) (200, 100, 150) 1.000
(0, 0) (300, 150, 225) 0.064
(0, 1) (300, 150, 225) 0.148
(0, 2) (300, 150, 225) 0.494
(0, 3) (300, 150, 225) 0.894
(1, 1) (300, 150, 225) 0.402
(1, 2) (300, 150, 225) 0.790
(1, 3) (300, 150, 225) 0.970
(2, 2) (300, 150, 225) 0.960
(2, 3) (300, 150, 225) 1.000
(3, 3) (300, 150, 225) 1.000
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Table 3: Changes of power with sample size.

(n1, n2) (σ1, σ2) TB−spline TP−spline
(1000, 1000) (0.2, 0.15) 1.000 1.000
(729, 729) (0.2, 0.15) 0.995 0.993
(512, 512) (0.2, 0.15) 0.978 0.968
(343, 343) (0.2, 0.15) 0.871 0.837
(216, 216) (0.2, 0.15) 0.667 0.613
(125, 125) (0.2, 0.15) 0.408 0.345
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Table 6: Type I error rates and power of comparisons with correlated data.

d (n1, n2) σ′1 σ′2 σ1 σ2 Tsplinecorr
0 (50,60) 0.20 0.15 0.04 0.05 0.057

(50,60) 0.20 0.15 0.10 0.12 0.058
(50,60) 0.25 0.20 0.10 0.12 0.062

(100,120) 0.20 0.15 0.04 0.05 0.066
(100,120) 0.20 0.15 0.10 0.12 0.072
(100,120) 0.25 0.20 0.10 0.12 0.068
(150,160) 0.20 0.15 0.04 0.05 0.048
(150,160) 0.20 0.15 0.10 0.12 0.041
(150,160) 0.25 0.20 0.10 0.12 0.053

1 (50,60) 0.20 0.15 0.04 0.05 0.426
(50,60) 0.20 0.15 0.10 0.12 0.383
(50,60) 0.25 0.20 0.10 0.12 0.212

(100,120) 0.20 0.15 0.04 0.05 0.968
(100,120) 0.20 0.15 0.10 0.12 0.784
(100,120) 0.25 0.20 0.10 0.12 0.516
(150,160) 0.20 0.15 0.04 0.05 1.000
(150,160) 0.20 0.15 0.10 0.12 0.941
(150,160) 0.25 0.20 0.10 0.12 0.804

2 (50,60) 0.20 0.15 0.04 0.05 1.000
(50,60) 0.20 0.15 0.10 0.12 0.994
(50,60) 0.25 0.20 0.10 0.12 0.956

(100,120) 0.20 0.15 0.04 0.05 1.000
(100,120) 0.20 0.15 0.10 0.12 1.000
(100,120) 0.25 0.20 0.10 0.12 1.000
(150,160) 0.20 0.15 0.04 0.05 1.000
(150,160) 0.20 0.15 0.10 0.12 1.000
(150,160) 0.25 0.20 0.10 0.12 1.000
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Figure 1: Functions g1d(x) and g2d(x) with d = 0, 1, 2, 3 used in the simulation
studies
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Figure 2: Probability of rejecting H0 with d = 1, (σ1, σ2) = (0.2, 0.15)

20



Figure 3: Empirical distribution of the test statistic under the null hypothesis
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Figure 4: Estimated age effects on weight and associated pointwise 95% CIs in
boys and girls
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Figure 5: Estimated contour and 3D plots of height and age effects on weight
by gender
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Figure 6: Empirical distribution of the test statistic under the null hypothesis
and height over age by gender; height-for-age scatter plot; pointwise 95% CI by
gender
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Figure 7: Estimated contour and 3D plots of weight on height and age by sex
using correlated data
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