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Appendix A 1

In this appendix, we solve for spatial availability per capita (vi) for population center A (Shen’s synthetic example as discussed in Section 2.3) to 2

demonstrate its mathematical equivalence to the Shen-type accessibility measure (ai). The demonstration is shown in the following four steps. 3

First step: the population-based balancing factor F p
i used in Vi is defined as:

F p
i =

Pα
i∑N

i Pα
i

For population center A, F p
i is equal to:

F p
A =

Pα
A

Pα
A + Pα

B + Pα
C

Second step: the impedance-based balancing factor F c
ij in Vi is defined as:

F c
ij =

f(cij)∑N
i=A f(cij)

In this synthetic example, combinations of workers from population center A are permitted to go to all employment centers (1, 2, 3), so their
relative impedance value is experienced in all of the nine OD trip combinations. Therefore, all nine F c

ij are computed as follows, since they all
consider the impact of population center A trip combinations (i.e., either A1, A2, A3).

F c
A1 =

f(cA1)

f(cA1) + f(cB1) + f(cC1)

F c
B1 =

f(cB1)

f(cA1) + f(cB1) + f(cC1)

F c
C1 =

f(cC1)

f(cA1) + f(cB1) + f(cC1)

F c
A2 =

f(cA2)

f(cA2) + f(cB2) + f(cC2)
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F c
B2 =

f(cB2)

f(cA2) + f(cB2) + f(cC2)

F c
C2 =

f(cC2)

f(cA2) + f(cB2) + f(cC2)

F c
A3 =

f(cA3)

f(cA3) + f(cB3) + f(cC3)

F c
B3 =

f(cB3)

f(cA3) + f(cB3) + f(cC3)

F c
C3 =

f(cC3)

f(cA3) + f(cB3) + f(cC3)

Third step: when the balancing factors (F p
i and F c

ij) concerning population center A are assembled and divided by Pi, the denominators of
the denominators cancel out. The following equation is the assigned general form, with the strike-through indicating which values cancel out:

vi =
∑
j

Oj

Pα
i

Pα
i

���∑N
i Pα

i
· f(cij)

����∑N
i f(cij)∑N

i
Pα

i

���∑N
i Pα

i
· f(cij)

����∑N
i f(cij)

To demonstrate that the strike-through terms cancel out, the following following terms for vA are subbed into the general form:

vA =
O1

Pα
A

(

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA1)
f(cA1)+f(cB1)+f(cC1)

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA1)
f(cA1)+f(cB1)+f(cC1)

+
Pα

A

Pα
A+Pα

B+Pα
C
· f(cB1)
f(cA1)+f(cB1)+f(cC1)

+
Pα

A

Pα
A+Pα

B+Pα
C
· f(cC1)
f(cA1)+f(cB1)+f(cC1)

)+

O2

Pα
A

(

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA2)
f(cA2)+f(cB2)+f(cC2)

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA2)
f(cA2)+f(cB2)+f(cC2)

+
Pα

A

Pα
A+Pα

B+Pα
C
· f(cB2)
f(cA2)+f(cB2)+f(cC2)

+
Pα

A

Pα
A+Pα

B+Pα
C
· f(cC2)
f(cA2)+f(cB2)+f(cC2)

)+

O3

Pα
A

(

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA3)
f(cA3)+f(cB3)+f(cC3)

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA3)
f(cA3)+f(cB3)+f(cC3)

+
Pα

A

Pα
A+Pα

B+Pα
C
· f(cB3)
f(cA3)+f(cB3)+f(cC3)

+
Pα

A

Pα
A+Pα

B+Pα
C
· f(cC3)
f(cA3)+f(cB3)+f(cC3)

)
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vA simplifies to the following:

vA =
O1

Pα
A

(

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA1)
f(cA1)+f(cB1)+f(cC1)

Pα
A ·f(cA1)+Pα

A ·f(cB1)+Pα
A ·f(cC1)

(Pα
A+Pα

B+Pα
C )·(f(cA1)+f(cB1)+f(cC1))

) +
O2

Pα
A

(

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA2)
f(cA2)+f(cB2)+f(cC2)

Pα
A ·f(cA2)+Pα

A ·f(cB2)+Pα
A ·f(cC2)

(Pα
A+Pα

B+Pα
C )·(f(cA2)+f(cB2)+f(cC2))

) +
O3

Pα
A

(

Pα
A

Pα
A+Pα

B+Pα
C
· f(cA3)
f(cA3)+f(cB3)+f(cC3)

Pα
A ·f(cA3)+Pα

A ·f(cB3)+Pα
A ·f(cC3)

(Pα
A+Pα

B+Pα
C )·(f(cA3)+f(cB3)+f(cC3))

)

Notice,the denominator of the denominator is the same as the denominator of the numerator for each j (j=1, j=2, and j=3). Now, we remove
those strike-through terms (as indicated at the beginning of this step) and re-write va as follows:

vA =
O1

Pα
A

(
Pα
A · f(cA1)

Pα
A · f(cA1) + Pα

A · f(cB1) + Pα
A · f(cC1)

+
O2

Pα
A

Pα
A · f(cA2)

Pα
A · f(cA2) + Pα

A · f(cB2) + Pα
A · f(cC2)

+
O3

Pα
A

Pα
A · f(cA3)

Pα
A · f(cA3) + Pα

A · f(cB3) + Pα
A · f(cC3)

)

Fourth step: We can now cancel out one more term, Pα
A as follows:

vA =
O1

��P
α
A

( ��P
α
A · f(cA1)

Pα
A · f(cA1) + Pα

A · f(cB1) + Pα
A · f(cC1)

+
O2

��P
α
A

��P
α
A · f(cA2)

Pα
A · f(cA2) + Pα

A · f(cB2) + Pα
A · f(cC2)

+
O3

��P
α
A

��P
α
A · f(cA3)

Pα
A · f(cA3) + Pα

A · f(cB3) + Pα
A · f(cC3)

)

Which can be expressed as:

vA = (
O1 · f(cA1)

Pα
A · f(cA1) + Pα

B · f(cB1) + Pα
C · f(cC1)

+
O2 · f(cA2)

Pα
A · f(cA2) + Pα

B · f(cB2) + Pα
C · f(cC2)

+
O3 · f(cA3)

Pα
A · f(cA3) + Pα

B · f(cB3) + Pα
C · f(cC3)

)

And generalized to be formally identical to the Shen-type accessibility measure with competition as follows:

vi = ai =
∑
j

Oj · f(cij)∑
i Pi · f(cij)
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